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Thestablesurfaceshapeofliquidsuchasahangingdrop
hasbeeninvestigatedbyFreundandHarkins・lTheyderived
aspecialfbrmappliｃａｂｌｅｔｏｔｈｃｈａｎｇｉｎｇｄｒｏｐｆｍｍｔｈｅｆa-
miliarequationofLaplace・ThroughthenumericalsoluUon

ofit，theyobtainedahlmilyofcurveswhichexpr巳ssthe
surfaceshapesofthedlcps､Moreover,somemvestigations
havebeenmadeintotheshapesofHoatingliquidzones2
betWeentwosolidrods3Asincethecrys[algmwthneedsthe
controlofthegeomeUicalconfigurationoftheliquidzone、
Ｋｅｃｋｅｒα1,3andHeywangandZieglef4determinedthesur‐
faceshapesofthefloatingliquidzonesftomthecurvesof

thesurfaceshapeofthehangingdrop，Accordingtotheir

views，ｔｈｅｃｕｗｅｓｏｆＦｒｅｕｎｄａｎｄＨａｒｋｉｎｓｃａｎｂeappliedto
thecaseoftheHoatingliquidzonebecausethehangingdrop
andtheHoatingliquidzonea”ｂｏｔｈsatisfiedbythesame

Laplaceequa[ionHowever，ｉｔｉｓｎｏｔｅｄｔｈａｔｔheboundary

conditionsfOrthefloatingliquidzoneareobviouslydifferent

fiPomthosefOrthehangingdlopHcnce，ｉｔｉｓｉｎｃｏｒｒ巳ctin

makingdirectuseofthecurves,exceptfOrthehangingdlop、
Inaddition,KeckaczJ.］assumedthevaluesofthetangentof
theliquidsurfaceatthesolid-liquidinterface，whichare

generallyunknown・Usingthefloatingzonemethod,ｗｅｒｅ‐
portedexperimentalresultsofbubblesinrubysingle
crystals5andrecognized[heimportanceofthecontrolofthe
geometricalconfigurationoftheliquidzone・Ｔｈｃｐｍｐｏｓｅｏｆ

ｔｈｉｓａｒｔｉｃｌｅｉｓｔｏｓｏｌｖeanalyticallytheshapeoftheHoaUng
liquidzonebetweentwosolidsandtodisplayitsstability
diagram・

FigulelshowsaschemaofthefloatingUquidzonebe‐
tweentwosolids;here2aandhindicatethewidthandheight

ofthelloatmgliquidzone・Ｔｈｅｐｒｏｂｌｅｍｉｎｔｈｉｓｓｔｕｄｙｉｓｔｏ
Ｈｎｄｔｈｅsmallestfreeenergyunderagivena歴ａｓ・Ｗｅｈａｖｅ
ａｎｉｎｔｅ妃stinthecasethatthechamcteristiclengthofthe

systemislargerthanthecapillaryconstant,Ｃ＝(2γ/log)ｌｎ
ｗｈｅ“γisthesurfacetension，pthedensityoftheliquid，
andgthegravitaUonalconstanLThefreeenergy,Ｆ,andthe
areaTS，ａＩｃｇｉｖｅｎｂｙ

…い,， (2)

wherepiSthepressureandaIthelineelementoftheliquid

surface､Theintegrzltionrangeisgivenas[0,〃]・Itisconve‐
menttomodifyEqs.(1)ａｎｄ(2)todimensionlessfbrmsWe
shaUletx，ｙａｎｄｘ’standfbrthecoordinatesandderivative
inthenewlmitofC,whereXI＝`ｴﾉ｡y・Equations(1)and
(2)become

川`-１ xy`y＋(l＋x'2)'物y， (3)

〃-い， (4)

Thepmcedureofthepnncipleofvariationleads

aﾉﾉax-d(a//鉱'Ｗｙ＝０，（５）

ノーエソ＋(1＋x'2)'､＋ﾊｴ， （６）

whereAisaconstant・IntegratingEq.(5)ｏvery,ｗｅｈａｖｅ

Ｊｔ'＝±(y2/2＋入y＋ＣＯ)/[１－(y2/2＋Ay＋ＣＯ)2]'ﾉ２，（７）

whereCoisanintegralconstant・IfEq.(7)hassomesolu‐
tionoEq.(7)shouldsatisfythefOllowingcon(ntion：

ly2/2+)Ｗ＋Col＜1．（８）

Thisequationgivesthestabilityconditionfbrthefloating
liqUidzone、ＡｓｓｅｅｎｉｎＦｉｇｌ，takingthesymmetlyinto

|,

F-い…ﾙし (1)
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FIG､２．FlomingsiliconshapeswiIhlh姪kindsofhcighlwheIM1＜Ｌ

shouldbulgeouttheliquidzonenearthelowersolidlfthe
volumeofthebulgeisbeyondtheIimitexp1℃ssedbyEq.(8)，
theliquidzonccannotsupportitselfandwilldrop、

Ｗｃｃａｎｄｅ｢ivethestabilityconditionfOrtheHoating
IiquidhromEq,(8).Ｌｅｔｔｉｎｇｇ(y)＝y2/2＋Ay＋ＣＯ，ｉｎｔｈｅ
ｃａｓｅｏｆ〃＞１，ｗｅｏｂｔａｉｎ

Ｃｏ＞０，

８(－入)＞－Ｃｏｉｆｌ２ｃｚ("－１)ﾉｶくh/2,

8(O)＞8(ん）ｉｆｌ２α('8-1)/ﾊﾆﾙﾉ2．（11）

Hencewhen〃＝I，thenecessaryconditionfbrEq.（８）ｉｓ
Ｃｏ＜LThisleads

h2n2＋6α("－１)/h＜1．（12）

Inasimilarway,ｉｎｔｈｅｃａｓｅｏｆ〃＜１，ｗｅｃａｎｏｂｔａｉｎ

ｈ２/12-6口("－１)ﾉﾉI＜１． （13）

The配fbre,thestabilityconditionfbrthefloatingUquidsur‐
faceisgivenby

α＜h(l-h2/12)/61"－１１．（14）

Figme4showsthestabilitydiagramfbrthefloatmgEquid
zonewhen"≠LInthecaseof"=Lthestableconditionis

givenash2＜12.Equation（14)ｃａｎｂｅｕ巳writteninthedi‐
mensionfbrm

ハ2/I2C2+6α|"-11/h＜Ｌ （15）

consideration,wechooSeapIussignofEq.(7).UsingEq．
(8)andintegmtingEq.(7)ｏvery,wehaveappmximately

エーｙ３/6＋ハy2/2＋Ｃｏｙ＋Ｃｌ． （,）

TheintegmIconstants,Ｃ()ａｎｄＣＩ，ａｎｄ入ａ唾detcrminedby
thevaluesofXa[ｙ＝Ｏａｎｄｙ＝α,ａｎｄＥｑ.(4),fbrexampIe，
ＣＯ＝A2/１２＋６(〃－１)ﾛﾉﾙ，ｗhe肥〃iSaposi(ive配alnumber・
Ｈｅ”thedimensionlessa1℃a，Ｓ，ｉｓｇｉｖｅｎａｓｎａｈ・Conse-
quently,ｗｅｈａｖｅ

Ｊｒ＝y3/6＋入y2/２－h(γ/2＋h/6)y＋α， （10）

whe妃ハーールノ2＋12口(１－")/ｈ、

FiguIc2showsthesurfaceshapesoftheHoatingsilicon
zoneinthecaseof〃＜LWeuseO､79[cｍ]3asthecapillaIy
constantofsilicon.TbenanDwnecksinFig､２釦℃scenwhen
thefloatingzoneisIirsIfbrmedbetweentwosolidsinthe

Hoatingzonetechnique・Z1ftheamountofIiquidisinsufH-
cienttosupporttheliquidzone,theliquidzonewillbIBak

aparLFigure3showsthesurfhceshapesoftheHoa[ingsili‐
ｃｏｎｚｏｎｅｉｎｔｈｅｃａｓｅｏｆ〃二1．ThoughKeckaaL3setthe
tangentSOftheliquidsurfacetozeroattheIiquid-solidin-
terface,thesefigurcsindicatcthatエノattheliquid-solidin-
にrfaceisalwaysunequaItozero・

Ｈｅ”wcconsidertheupwardmovementof[hcIiquid
zone・Ifonewantstogrowsolidswithlhelargerwidth,ｏｎｅ
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Equa[ioｎ（15)｢cpICsentsthcobviousconclusionthatthelong
liquidzoneholdsstableifthecapillaryconstantoftheliquid
hasalargevaIue

HcrCwcconsiderthequasi-staticgrowthofthelower
solidwhentheliquidzonemovesupwardIntheprocess，
partoftheuppersolidmeItsandtheliquidzonecrystallizｅｓ
ｏｎｔｈｅｌｏｗｅｒｓｏｌｉｄｓｉｄｅ、Thismethodfbrgrowthofsingle
crystalsisknownastheHoatingzonetechnique.ｚFirst,con-
sidertheconditionfbrthegrowthofcrystalswithaIixed

width・Weassumethattheshapeofclystalsisdependenton
theangleoftheliquidatthelowerliquid-solidinte｢face
LeUinｇｘ’ａｔｙ＝Ｏｂｅｅｑｕａｌｔｏｚｅｒｏ,ｗｅｈａｖｅ

ｈ]/α＝72(１－"）providedthat〃＜１． （16）

ThisistbeconditionfbrcIystalｇｒｏｗ[hwithafixedwid[h

Sccond，ｉｎｔｈｅｃａｓｅｏｆｍｃｒｅａｓｅｉｎｔｈｅｗｉｄｔｈｏｆ[hegrown
cTystals1wecanleadaconditionfbrthestablesurfaceshape

α二A(ｌ－ｈ２/4)/6("－１）prDvidedthat〃＞１，（17）

Ontheotherhand,inthecaseofadec【巳asemthewidthof

growncrystals,inasimilarway,ｗｅｏｂｔａｉｎ

ｑ＞ﾉｉ(ん2/4-1)/6(１－")，pmvidedthat〃＜１．（18）

FigulE5showsthestablesmfhceconditionfbrthequasi‐
staticgmwth・TheaI己aoftheletterPorQcmrCspondsto
Eqs.(14)and(18),ortoEqs.(14)and(17)．

Thus,weobtainthefbrmulasfbrtheshapeandstabiUty
oftheHoatingUquidzonebetweentwosolids．
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