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APPROXIMATION PROCESSES OF
BERNSTEIN-TYPE OPERATORS

TOSHIHIKO NISHISHIRAHO

ABSTRACT. We give a generalization of the Bernstein polynomi-
als on the closed unit interval of the real line, and consider the
uniform convergence and the degree of approximation by the gen-
eralized Bernstein-type operators.

1. Introduction

Let N denote the set of all natural numbers. Let f be a real-valued
continuous function on the closed unit interval I = [0, 1] of the real
line R and let n € N. Then nth Bernstein polynomial of f is defined
by

W Bo@=3s( H()ea-ar e,

It is well-known that the sequence { B,(f)}nen converges uniformly to
fonI(ct [7]).

Nowadays there are various generalizations of (1) and one of them
is the following ([3], cf. [2], [12]):

@ Clhomn) =3 3 () (et - o

Sn 520 k=0 7+ Sy

where {s,}nen is a sequence of natural numbers. If s, = 1 for all
n € N, then C,.(f, sn, z) = B.(f)(x).
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In this paper, we further generalize (2) to the multidimensional
case and consider its uniform convergence with rates in terms of the
modulus of continuity of functions to be approximated.

2. A theorem of Korovkin-Volkov type

Let 1 < p < 0o be fixed and let X be a locally closed subset of the
r-dimensional Euclidean space R" with the metric

. » 1/p
dp(a:, y) — {(Zi_l lxi - yil ) (l <p< OO)

max{|z; —y[: 1< i< r} (p = 00),

where
T = (iL’l,l'z,'... 13"1‘)1 y= (yhy21-~- 1y1‘) ER".

Let V(X)) denote the linear space of all real-valued functions on X. Let
B(X) denote the Banach space of all real-valued bounded functions
on X with the supremum norm || - ||x. Also, we denote by C(X)
the linear subspace consisting of all functions f € V(X) which are
continuous on X and set BC(X) = B(X)NC(X). 1x stands for the
unit function defined by 1x(z) =1forallz € X. Fori=1,2,...,r,
e; denotes the ith coordinate function on R" defined by

ei(z) = x;

for all ¢ = (zy,z2,... ,2,) € R". Then we have

(3) (dplz,9)? < C(p,g,7 Zlezx)—egy)l (z,y eR", ¢ >0),

where
/P (1<p<oo,p#q)
C(p,q,r) =41 (1<p<oo,p=gq)
1 (p = 00).

Let Y be a compact subset of X. A subset G of C(X) is called
a Korovkin test system for BC(X) if for any sequence {L}nen of
positive linear operators of C(X) into V(Y), the limit relation

Jim ||L.(g) —glly =0 forallge G
implies that
Mm [|L.(f) — flly =0 for all f € BC(X).



For the background of the Korovkin-type approximation theory, we
refer to the book of Altomare and Campiti [1], in which an excellent
source and a vast literature of this theory as well as the Bernstein-type
operators can be found (cf. [4], [5], [6])-

Theorem 1. Let s be any fized even positive integer. Let
Gy ={Ix}uU{el:1<i<r 1<j<s)}

and
Ke =Gy U{el +es+---+el}.

Then K, (and hence G,) is a Korovkin test system for BC(X). In
particular, Ky (and hence Gq) is a Korovkin test system for BC(X).

Proof. In view of (3), this follows from [9, Theorem 4].

3. An estimate of the rate of convergence
Let f € B(X) and 6 > 0. Then we define

wp(fa 6) = sup{lf(:c) - f(y)‘ : z, y € X7 dp(x7y) S 6}’

which is called the modulus of continuity of f. Obviously, w,(f,-) is
a monotone increasing function on [0, 00) and

wp(f,0) =0, wp(f,6) <2(|fllx  (6=0).
Also, f is uniformly continuous on X if and only if
Jim wy(f,6) =0.
Now we here suppose that X is convex.

Theorem 2. Let {L,}nen be a sequence of positive linear operators of
C(X) intoV(Y) and let g > 1. Then forall f € BC(X),z€Y,neN
and all 6 > 0,

(4) |La(F)(2) = ()] < |f(@)]|La(lx)(z) — 1]

+ (Lﬂ(lx)(m) + C’n(Q: 61 m))wp(.ﬂ 6))
where
(n(g, 6, 7)

= min{C(p, ¢,7)6 pa(q, z), (Ln(1x)(2))'"C(p, ¢, 7) 96 tn(q, =)/}



and
n(2, ) ZL (les — ex()1x1%)(2).
In particular, if L,(1x) = 1x for alln € N, then (4) reduces to
|La(f)(z) — f(2)| < (1 + Calg, 6, 2))wp(f, 6)
and
¢n(g,6,7) = min{C(p, ¢, 7)6 (g, 2), C(p,q,7)"/%67 pn(g, )"/}
Proof. We have

wp(/[,66) < (1+&)wp(f, 6)
(

for all §,6 > 0 (cf. (8, Lemma 3 (ii)], [10, Lemma 1 (b), [11, Lemma
2.4 (b))). Therefore in view of (3) the desired inequality (4) follows
from [9, Corollary 3]

4. Bernstein-type operators

Let n € N. Then we define
Pn,j(a, B) = (?)ﬂj(a - B~ (0,B€R, 7=0,1,2,...,n).

Lemma 1. The following equalities hold:

) >3 ) -
© %SG+ K ) = ma (ng + D)
3=0 k=0
(7) imz: .7+k pn,;)aﬁ)
J: k=0

B m(n(" — 1)0""26% + mnar1g 4 T 1)(26m - l)a”).

Proof. This follows from elementary properties of binomial coeffi-
cients.



Lemma 2. Let o, 8 and v be real numbers. Then the following equal-
ity holds:

®) % (1 +8) ~ B) pusle 8
§=0 k=0
=mB*((a— n7)? = n7?)e™? + mBy(ny — (m—1)(a - ny))a™!
+ ;m(m — 1)(m - i)fy a™
Proof. By (5), (6) and (7) in Lemma 1 we have
> X_: (G + &) - ) Pnjla,B) =7 Xn:mZ—: (7 + k)*Pai(a, B)
7=0 k=0 3=0 k=0
A S G4 Kpes(@ ) + S puspasian)
j=0 k=0 3=0 k=0

= m(n(n —1)y% - 2nay + az)a”'2ﬂ2 + m’y(mn'y —afm— 1))01”‘1,3

* s 1)(26m = oy’ = m((n’Y —a)® - n'y2)an_2ﬁ2
_1)2 B
P A e

which implies the desired equality (8).
From now on let X be a locally closed subset of the region of the
first hyperquadrant

R, = {(21,22,...,2,) ER":2, >0, 1 <i<r}

and let b = (b1, by, ... ,b,) € X, where b; > 0 for i = 1,2,...,r. Let
Y be a closed subset of X N H,, where

Hb:= {(:El,xg,... ,x,) cR": Zi Sbi,‘i = 1,2,... ,7'}.

Let {tni}nen, 2 = 1,2,... ,7, be strictly monotone increasing sequences
of positive integers and let {mu;i}nen,? = 1,2,..., 7, be sequences of
positive integers. Let {n,i}nen,? = 1,2,...,7, be sequences of posi-

tive real-valued functions defined on Y Wthh satisfy
’771,(.7‘1).7'27 v 1jr; kla k27 ree k’l‘)m)
= (Y (2)(G1 + k1), Yo2(2) (G2 + k2, - W () (Gr + Kr)) € X



for ali z € Y and all n € N, where j; = 0,1,2,... ,v,; and k; =
0,1,2,... ,mp; —1 (i =12,...,r). Let n € N,f € C(X) and

z = (z1,22,...,%,) € Y. Then we define
(9) B (fiMats e v M Yards -+ 2 Yo B)(2)
Vn,1 Mp,1—1 vp2 my2—1 Yn,r Mp,r—1
= H m "nt Z Z Z Z Z Z
=1 Maib; 51=0 k1=0 3j2=0 ky=0 3r=0 k=0

f(7n(jlaj2a vee 7jr; kla k21 cery kr; :IJ)) Hpun,i,ji(bi1 xi)a
i=1
which forms a positive linear operator of C(X) into V(Y).
Remark 1. Let r=1,by =land X =Y =1 If vp; = n,mu; = 5
and yn1{(z) = 1/(n+ s, —1) forall n € N and all z € Y, then
(9) reduces to (2). Also, let X = Y = I" be the unit r-cube and
b=(1,1,...,1). Kmyu; =1and y(z) = 1/vps forallne N,z €Y

and for ¢ =1,2,... ,r, then (9) reduces to the form
Yn,1 Vn,2 Vn,r ~2 j
Vn Wn,2,- ,Vnrf - Ty e T
om0 331G )

r
x ]I (Vn,) (1 = y)mis

i=1

(cf. [7]).

Theorem 3. If

(10) n!l)r{olo ”'Yn.i”Y =0 (7' =1, 2) e JT)‘)

(11) nli_,ng-o“mn,i’yn,i”}’ =0 (7' =12,... :7'):
and

(12) Jl_)l'lgo “Vn,i’)’n,i - b"-lX”Y =0 (7’ = 11 21 oo 7T)a

then for every f € BC(X),

(13) nll,ngo “an.l.m e (S5 M1y ooy M Yo,y - -« Ynrs 0) = flly = 0.



Proof. We set

T.(f)(z) = BVn,ly---yVn,r(f; M1y -y Mg Yals - -« 2 Yo D)(Z)
(neN, feC(X), z€Y).
Then by (5), (6) and (7) in Lemma 1, we have that for all n € N,z =
(z1,22,...,z;) EY and fori =1,2,...,7,

Tn(l}()(w) = 11

1 Mpi — 1 n,i\T
To(e:)(&) = 2 = - (vmepns(z) — bz + i = Vi),
and
ZTi\2
T(@)(@)=a} = (3) ((ni1mi(2) =)+ 2007 () =b3) =V, 17ns(2)
mn,«iVn,i’Yg,i(w)

1 2 1 9
s =i+ 5 (s = Dasl®)) + 5mas = 1)704()-
Therefore, it follows from (10), (11) and (12) that
lim [|Ta(1x) — 1x[ly =0,
1,}_13.10 "Tn(ei)-'ei”Y =0 (7'= 1)21--- ,7’)

and
Jim ITn(e?) =€y =0 (i=1,2,...,7),

and so Theorem 1 establishes the desired result (13).

Theorem 4. Let {€,}.en be a sequence of positive real numbers. Then
forall f € BC(X),z = (%1,%2,... ,%,) €Y and alln €N,

(14) |Bun'1,...,un,r(f; M1y s Mne; Yndy -0y Yngrs b)(.’E)l
< (1+ pn(2))wp(f, €n),

where
() = 0in{ C0,1)5? 3 pns@), /O r)e,:l.\iun,,-(m)},
i=1 i=1
_yrr (1<p<oo,p#2)
cnr) = {1 (p=2 0
and

pni(®) = (0 = tnmod(2))? = voir2o(a)) (2



+ Yoi(2) (Vg Vnd (%) = (Mg — 1) (b — 12, am(x)))b—“

+ %(mn,i - 1)(mn,i - %)’)’ﬁz(x)

Proof. Let T, be as in the proof of Theorem 3. Then by (8) in
Lemma 2, for ¢ = 1,2,... ,7, we have

Tu(les — z:1x|%)(z)

1 Un.i Mni—1
bun, Z Z ('Yn,z(m)(]z +k;) - xz) pun,,m(bza-'nz) = pni(2).
M, 5i=0 k;=0

Therefore, applying Theorem 2 to L, = T,,,q = 2 and § = ¢,, we
obtain the desired inequality (14).

Theorem 5. Let {€,}nen be a sequence of positive real numbers. Sup-
pose that vy i ¥ni(z) < b; foralln e Nz €Y and fori=1,2,...,r
Then for all BC(X),z = (21,22,... ,2,) €Y and alln €N,

(15) |Bu s me (F3 M1y - o o s Mo Y1y - - - 5 Yo 0)(2))]
< (1 + Ta(z))wp(f, €n),

() = mln{C(p,'r)e Zrmx) VC(p,r)e, ,lZTm(a:

Zi\2
Tn,z'(x) = (‘b_) (bi - Vn,i’Yn,i(m))2 b Vn 27n z(m)

where

and

+ 300 = 1) (s — 2 24(a).

Proof. We have p,(z) < 7,:(z) for all n € N,z € Y and for
=1,2,...,r and so p,(z) < 7,(z). Therefore, the d%lred inequality
(15) 1mmedlately follows from (14)

Let {@nilnen,t = 1,2,...,7, be sequences of nonnegative real-
valued functions deﬁned on Y. We define
1
Vn,i(Z) =

Vn,z' + mn,i + (pn,i(m) ~1
forallne N,z €Y and for i = 1,2,... ,r. Suppose that

’)’n(jl,jg, Ce ,j,.;kl,kz,.. . ,’G,-;IL‘) & X



for all z € Y and all n € N, where 5; = 0,1,2,...,v,; and k; =
0,1,2,... ,mp;—1(=1,2,...,7). Then Theorems 3, 4 and 5 can

be applied.
In the rest of this section, we restrict ourselves to the special case

where
b=(1,1,...,1), ¢ni(z)=0 meN,zeY,i=1,2,...,7).
Therefore, (9) reduces to the form

BVn,l:”n,'.’p--- yVn.r(f; mn,l) m‘n,z’ R mm,f)(z)

T 1 Yn,1 Ma,1—1 v 2 Mp,2—1 Va,r Mpr—1
i=1 M, j20 £1=0 jo=0 ko= 3r=0 k=0
f( j1+kl j2+k2 jr‘l‘kr )
Vn,l +mn,l - 1’ Vn,2 +mn,2 - 1, ’ Vn,r +mn,r -1

% H (U'_".’i)m.{i(l _ xi)""’*"j‘.
i=1 \ Ji

Theorem 6. Suppose that

. mn,i
lim
n—oo Vn,i

Then for all f € BC(X),

(16) nll»ngo "Blln'l,lln’g,...,lln,r(f; mn,l’ mn,2; LRI 7mn,1') - f”Y = 0

=0 (i=1,2,...,r).

Proof. We have

1
li dly = I =0 (i=1,2...,7),
Jim lynlly = lim pppr— (i r)

mn,i

lim (I, pnilly = lim - M — 1
‘ n,: 7,2

n—oo
and
. BT Mp; — 1 _ .
Jim [Jvniyni — 1x|ly = Jim it =1 0 (:=12,...,r).

Therefore, by Theorem 3, (13) implies the desired result (16).



Theorem 7. Let {€,}nen be a séquence of positive real numbers. Then
for all BC(X),z = (x1,22,...,2+) €Y and alln € N,

(17) IBVn,l,Un,z,---,vn,r(f; Mp1,Mn2,. .. v'rnn,r)(x) - f(x)l
< (1 + mn(2))wp( f, €n)s

where

T(z) = min{ o2 an(w) VC(p,7) Znn,z }

ond

2 My — 1 )2 Vn,iZi
tala) =2t () 4 e
1

1 1
+ g(mn,i - 1)(mn,i - 5) it = 1

Proof. This immediately follows from Theorem 5, since b; = 1,7, :(z) =
1/(vpi+mp; —1) forallneNzeY andfori=1,2,...,r

Theorem 8. For all f € BC(X) and alln € N,

(18) ”B”n 1Vn,2e sVn, Afimag, Mg, .o mag) — flly
(1 + mln{Mr YC P, v T,YC(p1 })wP(f1
where 1
M,y = max{||e? + §1x||y 1i=1,2,...,7}

and

Z(( Mp; — 1 )2+1).

Vn1+mnz_1 Vn,i

Proof. For all n € Nz = (z1,%9,...,2;) € Y and for i =
1,2,...,r, we have

1 Mpi — 1 2
' — (22 n,i
Te,i(T) (fl‘; + 3) (Vn,i gy 1) ‘
Vn,i%i y 1 mei—l
(Vn,z’ + Tnn,i - 1)2 6 (Vn.i + mn,i - 1)2

1 Mpi—1 2 PniTi 1
2 7,1 n,idi
< (zf+=
(x’ + 3)(1/,,,,- + My — 1) + v + 120y, ;

; 1 \2 1y 1
= (xzz + 5) (Un,i’,j'n;;ln,i — 1) * (:1:,' " 1—2-) Vi




1 1
< MT’Y((Vn,.in-:-n:nn,i _ 1)2 + l/n,'i,).

Therefore, we obtain
Mn(z) < min{M,yC(p,r)€;20%, \/ M,y C(p,7)e;'0,},
and so taking €, = 6y, the inequality (17) reduces to
|Bur s wmsee wnie (Fs M1y M2, - -+ s Minp ) (@) — f(2)]

S (1 + min{Mr,yC(p, 7'), V Mr,YC(pa r)})wp(f! 071)’

which implies the desired inequality (18).
Remark 2. Since M,y < 4/3 and

T Myi — 1 1
< Y
gn - g(un,i + My — 1 + Vn,i)
r Mpi — 1 1

< _ =

- Z;( Ung + \/Vn,i) b
the inequality (18) yields
(19) ”Bb'n.l,un,z,..-,vn,r(f; Mp,1, Mu2y- - ,Mayr) — f"Y

C .

< (1+2f22Nur6)  (feBOX), neN)

Therefore, the inequality (19) improves the estimate given in [3, The-
orem 2| forr =1,b; =1,X =Y =1 and v,; = n. Also, we can get
the following estimate for all f € C(I") and all n € N (cf. [10], [11]):

L1
(20) ”BVn.I:Vn,Z,--‘ ,Vn,r(f) - f”ll" S -’fn(P, 'r)wp(f; €n Z _)1
i=1 “n,t
where {€, }nen is a sequence of positive real numbers and
Clp,r) C(p, "’)}
42’ 2, J
In particular, if v,; = nforalln € N,i =1,2,...,r and B, =

mar wnr then (20) establishes the inequality

18.(1) = fle < (1-+min{ 21, VIR, (7 1)

for all f € C(I") and all n € N.

Ep,r) =1+ min{

B,

n,
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