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1．Introduction

LetFbeanon-archimedeanlocalfieldsuchthatCqrd.〃"(F)＝〃where

似れ(F)＝{ｍＥＦ:Ｚｎ＝1}．

Ｌｅｔ

（，沖:ＦｘｘＦｘ→似鰯(F）

bethe施一thorderHilbertsymbolofF・Themetaplecticgroup辞)(see[2Disa
centralextensionofthegenerallineargroupGr＝ＯＬ(r,Ｆ)overFby似､(F）（ＣＥ
Ｚ/〃Z)：

Ｉ一似ね(F)当ＣＩＰ)当Ｇ炉→I

Herewechooseasection且:Ｇｒ→辞)ofpsothatsishomomorphismonthe
uppe疎riangularunipotentsubgroupNandtheluが(F)-valued2-cocycleDonGr，
whicharisefrom且,ｉｓgivenonthediagonalsubgroupHofGァｂｙ

｡(Ｍ')＝Ⅱ(Ｍ伽(ｄｅｔＭｅｆｈＩ)；
ｉ＜』

for九＝｡』“(恥),ｈ'＝diQ血;)ＥＨｗｉｔｈｈｄ,ｈＩＥＦｘ(1≦ｉ≦r)．
WefixeaninjectivecharacterE:似ね(F)→CxoncefbralL
LetusconsideranadmissibleirreducibleE-represenｔａｔｉｏｍｆｏｆＧがonacomplex

vectorspaceV,ofwhichtherestⅡictiontoi(｣u"(F))coincidestoEWwhereIVis
theientityoperatorofV、

Ifeisanon-degeneratecharacteroftheupper-triangularunipotentsubgroupN
ofG,wedefineWh(行)ｂｙ

{入ＥＶ':＜入,行(")ｆ＞＝e(､)＜Ｍ＞ｆｂｒｎＥｊＶ,/ＥＶ）

ｗｈｅｒｅＶノｉｓｔｈｅａｌｇｅｂｒａｉｃｄｕａｌｓｐａＥｅｏｆＶｗithabilinearfbrm＜，＞・Ｗｅｃａｌｌ行

djstm”sbedif伽mcWh(行)＝1．
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ＬｅｔＺｄｅｎｏｔｅｔｈｅｃｅｎｔｅｒｏｆＧァａｎｄｓｅｔ

Ｚ＝ｐ-1(Z)．

WefindthatZplaysaninterestingroleinthefbllowingsense・FirstZisisomorphic
toacentralextensionofF×ｂｙ似､(F)．Ontheotherhand,fbranyadmissible
imeduciblerepresetation行ofGr,ZactsnaturallyonWh(行)wherei(似"(F))ａｃｔｓ
ｂｙＥ・Weshallproveinthenextsection・

Propositionl．〃Ｇヤハcuscudjs"町勉jshede-71ep7℃se”tQtio",抗e”Zisu6eJm凡．

Proposition2．Ｔﾉbe9mUpZisubeJizwzヴα犯ｄｏ１ｚｌＺノヴ

バｒ－１＋2cr)三Ｏ(､)．

LetusseetherelationbetweenZandthecenterZ(ＱＪｏｆＧが.Fbranydivisor
mof7L,ｓｅｔ

Ｚｍ＝ｐ-1{Ｚｍ:ＺＥＺ}・

WerecallthatthecenterZ(Gr)isgivenby2m'where”'＝、巾,ｒ￣’＋2cr)(see
[2,；

ＺｎＣＺ(ｑ)CZ

ThusthecenterZ(Gが)isequaltoZifandonlyifr-1＋2cr＝O(〃）Thisisthe
casewhereZ(G『)isthebiggest・IfthecenterofCMsthesmallest,ie・thaLis

givenbyZn,andifZisabelian,thenｒ三Oい）Converselyifr＝O(〃),thenZis
勾鈩･

abelianandthecenterofG,isgivenbyZn．
’ｆ行isadistinguishedE-representatiｏｎｏｆＧ,.，weobtainaonedimensional

representationロ(分)ｏｆＺｂｙａｃｔｉｎｇＺｏｎＷｈ(分）Therestrictionof6D(行)tothe

centeZZ(G『）isnothingbutthecentralquasicharacterof元Ｗｈｅｎｒ三Ｏ(凡)，
thequasicharacterの(行)contamsinfbrmationabout行,morethanitscentralquaF
sicharacter,whichisrathermysterious

HomCD(汁)wecaneasilymovetoaquasich麺acter(Ｕ(行)ｏｆＦｘ・Thenweobtain
amapplng

行→Ｌｕ(行）

fromthesetoftheisomorphismclassesofdistinguishedE-repr巳sentationsofG7uf
tothesetofquasicharactersofFx，

Ｗｈｅｎ「＝〃ｍｗｈｉｃｈｃａｓｅｉｓｔhemostinteresting,thismappingseemstobethe
inverseoftheconjecturalcorrespondence

四→行(幻）

fromthesetofquasicharactersofFｘｔｏｔｈｅｓｅｔｏｆｔｈｅｉｓｏｍｏｒｐｈｉｓｍｃｌａｓｓesof
distinguishedE-representationsofGm-Wecancalculatｅｔｈａｔｉｎｔｈｅｆｂｌｌｏｗｉｎｇ
ｃａｓｅｓ．

（１）IfCJisaquasicharacterofFxsuchthat“いれ(F))＝1,wecanconstructa
distinguishedE-representation行(幻)asanimageofanintertwiningoperator
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ofcertajnprincipalseriesrepresentationsofGnsuchbhat`J(行(`J))＝囚(see
［2]）

（２）Ⅱ〃isprimetotheresidualchamctreristicofFandif`Jisaquasicharacter
ofFxofwhichrestrictionto似"(F)isinjective,thenwecanconstructa
supercuspidaldistingushedE-representation行(②)ofGninducingfroma
modulocentercompactsubgroupsuchthatu(行(囚))＝u'(see[1])．

TheadvantageofourmappingisthattheautomorphicpropertyisalmosttriviaL
LetAbeaglobalfieldcontainingaprimitiverootofunityandAtheringofits
adelesLetG涙(A)betheglobalmetaplecticgroupwhichisacentralextensionof
G八A)＝ＯＬ(r,Ａ)ｂｙ牌(ん)andcontainsadiscretesubgroupG:(ん)isomorphic
toQ(ん)＝ＧＬ(ｒ４ＬｅｔＥ：似､(k)→Cxbeaninjectivecharacter､Weconsider
irreducibleadmissibleerepresentations7rAofGr(A)ofwhichtherestrictionto
thecentralsubgroupisomorphicto〃ね(ん)isgivenbycThenwehavea，，tensor
decomposition，，

７ＴＡ＝②U7TU

inthesenseof[2]whereUrunsoveraUplacesofAand行Uisanirreducibleadmissi‐

bleE-representationofGKAＵ).Wecall汀Adistinguishedifallmaredistinguished，
andautomorphicifith2uﾖarealizationonthespaceofautomorphicfUnctionson
G(A)withrespecttoα(ｋ).If汀Aisdistinguished,wedefine

‘J(ぬ)＝ⅡJ(而畑）
U

asaquasicharacterofAx＝11゜ｋＪ．
Inthelastsectionweprove

Theorem．〃qdist伽uisAedE-nep花Sc〃tqtiomrAけＧｎ２(A)isGutomomhjc,the〃
(`）(汀A)is(llSoGUtOmOmﾉiic、

２．ＴｈｅｓｕｂｇｒｏｕｐＺ

Ｐｍｑ/q/Pmposjtio〃ＬＬｅｔ行beadistingishedrepresentationoｆＧ、Thenby
definitiondimCWh(行)＝LWeobtainanirreduciblel-dimensionalZ-module

Wh(行）Ｈerethecentralsubgroupi(ＭＦ)ofZactsonWh(行)byE・IfZisnot
abelian,onehasdmmcWh(行)＞１.TherefbreZisabelian

P7Dq/q/P7℃posjtdo肥2.ＦｂｒＭ'ＥＨ＝ｐ-1(Ｈ)withｐ(h)＝diqg(恥)andｐ(ｈ')＝
diQ9(ん()wehave

r

柵-1('一』＝i(Ⅱ(Ｍ)戸](defP(ｈ),det.p(('))畳2゜）
ｉ＝１

１f２，z'ＥＺ,thenｐ(2)＝ｚ･Ｉａｎｄｐ(z')＝z'・Ｉｗｉｔｈｚ,z'ＥＦｘ・Hence

滋-12-1＝i((z,z')戸『.(ｚＭｒ)牌。）

=i((z,z')貢+，．z('+2｡))
＝i((２，z')群-1+2.鈩)）

Thisprovestheproposition．
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3.Thequasi-character(DOT）

Ｌｅｔ(汀,WbeadistinguishedrepresentatioｎｏｆＧｎ２，ThenZisabelianand
Wh(7r)isal-dimensionalZ-module・Hencethereexistsaquasi-characterD(汀)of
theabeliangroupZsuchthat

入(汀($)/)＝(⑯(汀)地)入(/）

fbrall入ＥＷｈ(汀)，/EVandzEZrbraquasi-characterXofＦｘ,ｗｅwrite
汀②(Ｘ･`et)fbrtherepresentationofCnfdefinedby

g-十行(9)x(detp(9)）

ｆｂｒｇｅＧｎ２,Then7T②(Xodet)isalsodistinguishedbecause

Wh(汀)二Ｗh(汀⑭(xodet)．

Propossition3．Ｏ〃ｅｈＱｓ

□(?『③(xodet))＝(､(汀)xねＡ

ＨｂｍｅＸねＥｉｓｃｏ"sidemedaqua8jchamcterq/Ｚｂｙｐ：Ｚ→Ｚ＝Ｆ×、

PmQfC1emF、

4.,ｍｍ(､(汀)ｔｏ`J(汀）

Ⅱ〃isodd,thenＺ＝i(此(F)）且(Z)iscanonicallyisomorphicto似れ(F)ｘＦｘ；
hence⑯(汀)isexpressedas

ExuJOT）

withauniquelydeterminedquasi-character`J(汀)ｏｆＦｘ・Ｉｆniseven,thenZis
isomorphictothefiberproduct

拠れ(F)×似2(F)Fx

whereFxistheuniquenontrivialextension

I→｣U2(F)→Ｆｘ－十Ｆ×→L

ThereexistsagenuinechaJcacter⑩ofFxderivedfromWeilrepresentation(see
[1]).LetEbethecharacterofZassociatedtoEand妙.ThenCZ1(汀)isexpressedas

ExLJ(汀）

withauniquelydeterminedquasi-character幻(汀)ｏｆＦｘ・

Thus,toanydistinguishedrepresentatiｏｎ７ＴｏｆＧｎ,wecanassociatethequasi-

characteru(？「)ｏｆＦｘ：
汀→幻(?『）

IfXisanyquasicharacterofFx，then

LJ(汀⑭(Xodet))＝`J(汀)X"．
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４．Thethetarepresentation

EachmetaplecticgroupCIP)hasaninterestinge-唾presentationiwhichcorre‐
spondstothetrivialrepresentationofareductivegroupoveralocalneldThis
representation，whichwecanthethetarepresentation,isconstructedastheimage

ofanintertwiningoperatorofreducibleprincipalseriesrepresentations(see[2])．
Fbrthesakeofsimplicity,weassumethatnisprimetotheresidualcharacteristic

ofFandthatthecenterZ(CIP))iseqUaltoZ"､ThemtegerringRFofFis
maximalisotropicwithrespecttothe〃thHilbertsymbol、Themetaplecticcover

p：Ｇγ→Ｑ＝ＧＬ(γ,Ｆ)splitsoverK＝ＧＬ(γ,ＲＦ);ＧがhasasubgroupK*which
isisomorphictoK、ＩｆｗｅｄｅｎｏｔｅｂｙＷｔｈｅｇｒｏｕｐｏｆｐｅｒｍｕｔａtionmatricesm
K,ｗｅｕｓｅｔｈｅｓａｍｅｓｙｍｂｏｌＷｆｂｒｔｈｅｃｏｒｒｅspondingsubgroupofK*、恥ｔＨ＊be
thesubgroupofHdefinedby

｛ん＝dm9(ｈｉ):〃Ｅ(F×)施鴎）

ｗｈｅｒｅＲＦｉｓｔｈｅｉｎｔｅｇｅｒｒｉｎｏｆＦ、Thenthesubgroup

H窯＝ｐ-1(H率)ｃＨ

ismaximalabelian、Fbraquasi-characterLJofLsuchthaLLAj0oi＝Ｅｗｅｄｅｎｎｅ

Ｖ(uj)tobethespaceofsmoothfimctionsノ｡ｎｃＩｃ)seutisfing

巾h9)＝`J(h川(p(ｈ))ｆ(9)ｆｂｒｈＥＺＬ〃ＥⅣ

whqMsthemoduluscharacterie似(ｈ)＝Ⅱ‘<’１ﾙ/hjlW2fblfh＝djo血)ＥＨ・
Thenweobtainanadmissiblerepresentation(汀,Ｖ(６J))byrighttranslationlf

りＥＨ,wedefineanelement入りＥＷｈ(Vい)ｂｙ

<Ｍ>=帆))－１ﾉＩｉ， ｆ(刀､r〃)Ｅ(〃)“ｆｂｒノＥＶ(凶）

whereouristhelongestelementinW・Ｔｈｅｎ

Ａｈ,,＝囚(九)ＡＶｆｂｒｈＥＨ噸．

Itisproved(see2DthatthevecorspaceWh(Ｖ(LJ))overChasabasis

｛入り:りＥＨ人Ｈ｝

Let(ｄｏ(resp．（Ajl)beaquasichamcterofH率definedby

Ｕ,(曇(ｈ))＝Ⅱ|ﾙﾉﾙｌＦｆｍＭｊＥｚＬ
ｊ＜ｊ

(resp‘J1(且(九))＝Ⅱ|Ｍ２,|丙］ｆｂⅢhEH｡）
ｊ＜』

－１０１－



Ｔｈｅｎｗｅｈ誠eanintertwiningoperater

I(凹嵌):ｖ(い,)一十Ｖ((Jj)．

where

］川')(,)=ﾉIi,'(…
Thethetarepresentation(汀0,Ｖ(8))isdefinedby

v(8)＝1ｍ(I(uﾙ):ｖ(uﾉ0)一十Ｖ(Ul))．

Ｔｈｉｓoperatorinducesalinearmap

Zb:Ｗh(V(いＩ))→Ｗh(V((ﾍﾉﾀ)）

whosema力rixcoeflicientsか(り',り)for〃',りEHAHaredefinedby

zb入り,＝Ｅｗ,ワル
刀ＥＨ･lH

Thespa心eWh(Ｖ(8))isidentifiedwithIm(Tb);inparticulaエ

dimCWh(Ｖ(8))＝、〃ん.Zb・

AnyelementinWh(V(8))iswrittenas

Z｡(り)入。（入可Ｅｗｈ(v(`J,)）
刀ＥＨ人H

wherecisafunctionHsatisfying

c(ん叩)＝幻0(ｈ)－１c(り）ｆｂｒｈＥＨ＊

andthefbllowingcondition・
Fbrf＝(んん,…,（)ＥＺがｗｅset

汀f＝dju9(汀内)EH

Letα＝(j,i＋1)ｗｉｔｈ’三t＜ｒ・Wesetfa＝ハーバ+landfbr⑰Letα＝(j,i＋1)ｗｉｔｈｌ＜ｊ＜７.Wesetfa＝ハーバ+landfbr⑰ＥＦｘ

ｈａ(⑰)＝且(dia9(1,…,⑪,ｚ-1,…,1))EH

wherezisinthed-thposition・Wedefine，，Gausssum''９(7Ｔ２)ｆｂｒｌ＜’wherezisinthed-thposition・Wedefine'１Gausssum''９(汀f)fbrl≦’＜’０ｂｙ

,(ﾎﾟ)=鰍ﾋﾞﾙ．(:)“
Ｔｈｅｎｔｈｅｃｏｎｄｉｔｉｏｎｏｎｃｉｓｔｈａｔ

（１）iffa＝〃-1,thenｃ(且(汀f))＝０，
（２）ifＯ≦『｡＜72-1,then

ｃ(hα(汀-fo-1).且(7rf))＝ｇ(汀心)c(且(汀f))．
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Proposition4．〃γ＝〃，ｔｈｅ〃ｃｊｓｄｅｔｅｍＬｍｅｄＵｐｔｏｃｏ汎sta汎ｔｍｕｌ抑ｌｅｂﾘｫﾉie
cUboUeco協djtjo7Ds，ハe"ｃｅ

ｄｉｍｃＷｈ(Ｖ(8))＝１．

此partjc皿kLrLUehpUe

。(譽冊…外{::IDI,譽鱒(笠)伽…
PmoQfThefirstpartisoneofmajnresultsof[2](see[2]）Weprovethesecond
parhlnHwehave

且(汀(-''-1,…'-1))＝

且(7r(０，…,0,-ね))ん("-,,,)(汀-"+1)…ｈ(23)(汀-2)h(12)(汀-1)．
Therefbre

C(且(汀(-1,-1,…,-1)))＝(J,(且(汀(0,…,0,-,,)))9(汀施－１)…9(,T2)9(汀)C(且(1)）

＝q巖，(派"-1)…，(痂塾)，(術)c(曇(1)）

since,(汀2)g(7Tn-2)＝E(汀２，－１)FqF1,theasse■tionfbllows、

５．Automorphicdistinguishedrepresentations

Pmqfq/Theomem・LetVZ4bearepresentationspaceof7TAconsistingofautomoB
phicfunctionson

GiAGzn(A)．

LeteAbeanon-trivialcharacteroftheadelicunipotentgroupjV(A)whichis

trivialonthesubgroupN(ん)ofrationalpoints・ThemetaplecticgroupGMA）
hasasubgroupwhichiscanonicallyisomorphictolV(A);wedenoteitbyMA）
too､ＩｆｄＥＶＡ,thenweset

ハ(｡)=ﾉIiw卿伽,(蝸伍)“
ThenAisaWhittakerfUnctionalonVD4withrespecttoeA、

Ｉｔｉｓｅａｓｙｔｏｓｅｅｔｈａｔ

Ａ(汀A(勿沖)＝Ａ(の）ｆｂｒ⑩ＥＺＡｎＧｉ"(ん)．

Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ,since

（汀A,ViA)＝②Ｕ(汀⑩,γb)，

ｗｅｈａＸ/ｅ

Ａ(7TA(’)`)＝Ci)(汀A)(ｙ)A(①）ｆｂｒｙＥＺＡ・

Thusp(，rA)istrivialonZAnGiね(A)．
If知isodd,thenthequasicharacteru(汀A)onAxistrivialonthesubgroupル×．
Iｆ犯ｉｓeven，thenthesanleconclusionholdsbytheautomorphicpropertyofthe
Weilrepresentation．

－１０３－
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