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AbStract

DropjVsphericalcaps,eachofarea4汀.p(jV),atⅡandomonthesurface
ofaunitsphere，andletGpdenotetheintersectiongraphsoftheseran-
domcaps・AmongotheEs,weprovethefbllowing:(1)IHV(Ｎｐ)ね-1→Ｏ
ａｓｊＶ－十･･,thenPr(Gphasnocomponentoforder三〃)→１，ｗｈｉｌｅｉｆ
Ｎ(Ｎｐ)"-1今ｏｏｔｈｅｎＰｒ(GphasanMique）→１ａｓｊＶ→。｡．(2)If
P〈蒜logjV,ご〉OthenPr(化O)今1,whileifp〉帯logNthen
fbranypositiveinteger泥,Ｐｒ(Ｊ三協)→１asjV-＋｡｡,whereJden･tes
theminimumdegreeofGp．(3)Ifp＝六(logIV＋懇)thenthenumber
ofisolatedverticesofGpisasymptoticallyCV→｡。)distributedaccord-
ingtoPoissondistmibutionwithmeane-麺．(4)Ifp〉帯logjV,then
Pr(Gpis2-connected)→lasN→｡｡．

Introduction

Ｏｎｔｈｅｓｕｒｆａｃｅｏｆａｕｎｉｔｓｐｈｅｒｅｉｎ３‐space，placeatrandomlVsphericalcaps
C,,Ｃ2,…,CMeachofarea4叩(Ⅳ).Wesupposethatthecentersofthesecaps
areindependentlyandunifbrmlydistributedoverthesurfaceofthesphere・Then，
whatistheprobabilitythatthesphereiscompletelycovered？Thisproblemis
calledthecoverageproblem(see,e､gKendallandMoranl3],Santal6[9],Solomon
[10]),anditseemsdif][iculttogiveanexactanswerThefbllowingasymPtotic
answerwasgivenbyMaehara[5]:Ifp(１V)〈〒1゜9Ｎ,e〉Othentheprobability
thatthesurfaceiscompletelycoveredbyjVcapsｔｅｎｄｓｔｏＯａｓＮ→。○,whileif
p〉等logNthenfbranyintegem〉0,thepmbabilitythateverypointonthe
sphereiscoveredmorethan〃ｔｉｍｅｓｔｅｎｄｓｔｏｌａｓ１Ｖ→ＣＯ、

Inthispaper,ｗｅａｒｅｇｏｉｎｇｔｏｓｔｕｄｙｔｈｅａｓｙｍｐｔｏｔｉｃbehaviorofthefamilyof
jVcapsfbr☆〈p(１V)〈☆logNLeMdenotethecenterofthecapqThen
u1,Ｕ２,…，TWareindependentlyandunifbrmlydistributedontheunitsphere
LetG，＝Ｑ(Ｃｉｌｌ三t三Ｎ)betheintersectiongraphoftherandomcaps
C,,Ｃ2,…,ｑＶ,ｔｈａｔis，ｔｈｅｖｅｒｔｉｃｅｓｏｆＧｐａｒｅＵ,,u2,...,UMandtwovertices
TMjareadjacentifandonlyifCinCj≠0．
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Amongothers，weprovethefbllowing：

(1)Let〃beafixedpositiveintegerlfp＜Ⅳ-碗/("-1),then

Pr(GphasnocomponentofordaZ”)→１，

whileifp>＞jV-Tzルー')，ｔｈｅｎ

Ｐｒ(Gphasann-clique)→l

asjV→｡｡.(Notation:ノ＜９－ノ/,→０(jV→｡｡)）

(2)Ifp〈蒜log/V,ｅ〉0,thenPr(J＝O)→1,whileifp〉帯logjVthen，
fbranypositiveintegerA,Ｐｒ(Jどん)→１ａＭＶ→｡｡,whereJdenotesthe
minimumdegreeofGp．

(3)Ifp＝赤(logjV＋")then

岬｡fMM剛…iF舶等齪川→｡。，
whereノリ＝ｅ－錘．

(4)Ifp〉鶚logIVthenPr(Gpis2-connected)→laMV→｡｡、

Intheonedimensionalcase(circlecase),existenceofthecyclicorderingofthe
caps(arcs)enableusmuchdetailstudy,seeMaehara[4］

ProblemlFjM⑫constqiztc(ヴezists)ＭＭ/mtp＜〒logNimpliesthut
Pr(Gpjsco"nected)→０，(Ｍｐ〉等logIVjmp！iestAutPr(Gj,isco"nected)→
Ｌ（BZ/(2)`Ｍ(4昨ＵＣｈＣｍｕＳＭ化MUjee〃：(Ｍ；０"ｔｈｅ`Mo9Z/q/tAC
o,Mim…onalcqse,ｃ＝；Mij9M/pmMに）

２Ｎｕｍｂｅｒｏｆｅｄｇｅｓ

Ｌｅｔｒｂｅｔｈｅａｎｇｕｌａｒｒadiusofthecapofarea47Tp,andletDidenotethecapof
angulaJTadius2rwithcenterUi・ＴｈｅｎＣｉｎＣｊ≠Ｏ－ＵｊＥＤｉ・Providedthat
p(/V)＝｡(1),theareaofnisequalto(1＋o(1))4.4両pHence，

ＰⅢ(OinOj≠0)～4p、

(Notation:ノーリーノ＝(1＋o(1)妙)Similarly，

Ｐｒ(DinDj≠0)～16p

Let2denotethesetofedgesofGp,andl5lbeitscardinality．
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Theoreml｣ＷＶ２ｐ－>ＯｑｓｊＶ－》｡｡,ｔｈｅｎＰｒ(|ど|＝Ｏ)今ｌｕＭＶ－》｡｡,ｕＭｉｉ／
Ｎｚｐ－>ootAcMjrqnye＞0，

Pr(|糸-|<鬘） →ｌａＳﾉＶ－＞ＣＯ．

PmqfForeacllpairj,j(１二ｊ＜ｊ≦１V),let5ijdenotetherandomvariable
suchthatﾋﾟｶﾞj＝ｌｉｆＱｎＣｊ≠0,ａｎｄｅｊ＝Ootherwise・ＴｈｅｎｌＳ|＝Ｅﾋﾟｶﾞj,where

ljhesummationMakenover(小aMincetheexpectedvalueE(&')｡fﾋﾟｲjio
equalto4P,ｗｅｈａｖｅ

Ⅱ('ご'ﾙ(抄２Ｎ勘，
ＩｆＮ２ｐ－>ＯａｓｊＶ→ＣＯ，ｔｈｅｎ

Ｐｒ('91三1)＜Ｅ(|ど|)→ＯａｓＮ今oq

HencePr(lgl＝O)→１asⅣ→｡｡、

SupposenowN2p→｡｡､Ifi,j,MarealldifTerenMhen

E(鮴`)＝Ｅ(ﾋﾟｲj（鯛)～(4j，)2,anＭ((3)～4P

Hence

〃('ごドトE心ルい,+聾((沙．
～２１V2p＋(2Ｎ211)2～(2Ｎ劃p)2～Ｅ(|ど|)2．

Ｎｏｗ，applyingChebyshev，sinequality,ｗｅｈ２ｗｅ

Ｈ(|急-''三蘆)-P【(''Ｍｖ蟄巾…E('二猯ｇⅡ． －＞０．

■

Let△＝△(Gp)denotethemaximumdegreeofGp・

CorollaryljWV2p→｡｡(jV-》｡｡),ｔｈｅＭ,r川Ｅ＞０，

Ｐｒ(△＞4(l-eWp)－>ｌ叩Ｐｒ(5＜4(1＋ご)ﾉVP)-->１ｎＷ→｡。．

Ｐ７℃ｑｆＢｙＴｈｅｏｒｅｍｌ,theprobabilitythat

２(1-e)jV2p＜'91＜２(l＋EW2p

tendstolasjV今｡。､sinceⅣ△三２１Ｓ|,jVに2191,thecorollaryfbllowsu

ThefbllowingtheoremwasprovedinMaehara[6,Theo虹emlI

TM…"w,=…H('ど'=偽)→等`MH｡｡Ⅱ
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３Ｃｏｍｐｏｎｅｎｔｓｏｆｏｒｄｅｒｎ

Thenextlemmawillbeusedfrequentｌｙ

ＬｅｍｍａｌＬｃｔノーノ(/V),，＝ｇ(1V）ｂｅｔｌｕｏ腕on"…tiUeか兜ctio卿suMsupposc
ノー。(1)（１Ｖ→。｡)．Ｔｈｅ”（１－ノ)‘＜ｅ－/･gholds/ｉｏｒｓ噸Cie"tlyJmyelV・
FurthermorcW2.,＝。(1)ｵﾉｶe”(１－ノ),＝(l＋o(1))e-/⑲、

PmqfwillfblloweasilyfromMaclaurinexpansionoflog(１－t),Ｏ＜ｔ＜1：

log(1-t)=-1-示學ＷＯ<》<Ｌ

Ｌｅｍｍａ２ＬｅｔＡＣ｛1,2,…,jV}be側…cmptZ/sM6sctqfﾉﾌﾞzedsize伽＝|Al,(川
！etHA＝、(ＱｌｉＥＡ)伽ofefheintemSectjon9mPﾉhoﾂﾞ{ＱｌｉＥＡ}ＪＰ＝o(1)，
tAen

Pr(HAisco〃neCtCd)≦(4(、－１”)腕~ld

PmoqfSincetheassertionistrivialfbr〃＝１，weconsiderthecase〃＞２
WemaysupposethatA＝｛1,2,…,､}・IfHAisconnected,theneachangular
distancem(j＝２，…,ｎ)isatmost2(〃－１泥．（Forotherwise,HAcannotbe
connected.）HencetheconnectednessoMAimphesthateachui(i＝２，…,"）
mustfallinthesphericalcapofangularradius2(〃－１)rcenteⅡedatuLSince

汀(2(､－１)γ)2＝4(ｎ－1)z1Tr2～4("－１)2(4汀p)，

wehavePr(HAisconnected)≦(4("－１Ｗ)"-1u

Theorem3Letn＞l6ecLfzedjnte9er．

(j)〃/V(Ｎｐ)"-1→OaslV-十｡｡,the〃

Ｐｒ(G，ハaSnocomponC腕tqfoMerz”)→lqslV→｡｡．

(ｊｊ川ﾉVCVp)"-1→｡｡,ｔｈｅｎ

Ｐｒ(Gphqsqrl形cljWe)→１‘ｓＮ→ｏｑ

Ｐｒｏｏｆ（j)SupposethaMV(jVp)"-1→OJbreachsubsetAC｛1,2,…,jV｝
ｏｆｓｉｚｅｎ，ｌｅｔＸＡｂｅｔｈｅｒａｎｄｏｍｖａｒｉａｂｌｅｓｕＣｈｔｈａｔＸＡ＝１ｉｆｔｈｅｓｕｂｇｒａｐｈ
ＨＡ＝、(ＱｌｊＥＡ)isconnected,ａｎｄＸＡ＝OotherwiseThenPr(XA＝１)≦
(4(､－１沖)n-1byLemma2PutX＝Ｚ|Al=nXA､IfGphasacomponentoforder
z〃,thenXZLHence，

Ｐｒ(Gphasacomponentoforderz〃）
≦Ｈ(Ｘｚｌ)≦Ｅ(X)＝ＥＰｒ(XA＝1）

｜Ａｌ=ね

≦COⅢｗ１<Ⅲ')ｗ〃！ノV(jVpyl-1→0
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(ij)SupposethatjV(ﾉVp)鰯-1-十･･.FirstweshowthatPr(△(G，)三協－１)→L
SincePr(△(Gp)ｚｎ－１)isclearlymonotoneincreasinginp(thatis,Ｐ＞P'＝
Pr(△(Gp)ど施一1)ｚＰｒ(△(Gj,,)ｚ”－１)),weconsiderthecasejVp＝。(1)and
Ⅳ(/ＶＰ)"-1→｡｡､LetIfbetherandomva近iablesuchthatYi＝lifdeguj＝ｎ－ｌ
ａｎｄＩｆ＝Ootherwise・TheexpectedvalueofY＝Ｙｉ＋昭…＋ＹＭＳ

,(昨Ｎ川臺ＮＣＩ(二l)ｗいゆｗ
～占いＭｗＭＴ二TTi(』lw

Next,weestimatetheexpectedvalueE(Y;Zi),ｊ≠jbyconsideringthethree
eXClUSivecaseselle21e3；

ｅ，：ＤｆｎＤｊ＝Ｏ１

ｅ２：ＤｉｎＤｊ≠OandOinOj＝０，

ｅ３：Ｃｉｎｑ≠0．

NoticethatPr(e,)～(1-16p),Ｐｒ(e2)～12p,Ｐｒ(e3)～4P、

Ｐｒ(ｅ１ａｎｄｎｉｉ＝1）

＝Ｐｒ(e,)Pr(、;i＝ｌｌｅ,）

‐(1-町)('''二i)(ﾊＷﾙwJい,)…
〈(向(州-γ

Ｉｎｔｈｅｃａｓｅｓｅｚ,e３，ｓｏｍｅｕＩＣｓｍａｙｆａｌｌｉｎＤｉｎＤｊ・

Ｐｒ(e2andn/;i＝1）

＝Ｐｒに2)Pr(YiYi＝l1e2）

〈吻三(Ⅳ云靭)(要二i1二Ｊ)ＧＩ='二洲)ｗ(…’
〈l2pEIV2(”-1)-し(4p)2(烟-1)~腰くl2p凧(4jVp)2("-1)~("~')＝12p"(41Vp)瓢-1.

Pr(e3andn;＝l）

＝Ｐｒ(e3)Pr(YiXi＝l1e3）

〈`'言(Ⅳ云劉)Ｃｌ(二;=:)(質二;=”１W…
〈4pElV2("-2)~"(4p)ルー2)~し〈4p他－１)(４１Vp)"-２
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Thus，

＝Ｐｒ(、;＝1）

＝Ｐｒ(e1andYPGi＝1)＋Ｐｒ(e2andY;Yji＝1)＋Ｐｒ(e3andYnGi＝l）

<(向い,w悦棚wLHルｌｗｌｗ《

E(、;）

Hence

E(Y2）＝ＺＥ(YiXi)＝ＺＥ(Y;2)＋ＺＥ(恥）
j肯ｔ０７Ｊ

〈〃川Ⅳ霞(向(４Ｎ,w),
＋jV212pn(４１Vp)"~'＋１V2.4p(〃－１)(41Vp)禰~２

～Ｅ(Y)＋Ｅ(Y)2＋l2nwpE(Y)＋(､－１).ＯＭ－１)!E(Y）

‐`(Y１，(市+叶辮+(耐‐芸砦-1)')-川
SinceE(Y2)ｚＥ(Ｙ)2holdsgenerally,wehaveE(Y2)～Ｅ(Y)2Now,applying
Chebychefsinequality，

Ｈ(Ｙ＝O)≦ｐｒ(|Ｙ－Ｅ(Y)'三Ｅ(Y))＜Ｅ(Y2)￣Ｅ(Y)2→Ｏ
Ｂ(Y)z

HencePr(Ｙｚ１)→laslV→｡｡,andhencePr(△(Gp)三,２－１)→lasjV→｡｡、
SupposethattheintersectiongraＰｈＤ(Ｃｉｌｉ＝1,2,…,１V)。fthejVcaps

O1,…,CNhasavertexofdegreez冗一1.Toclarifytheargument,assumethat
C1intersectsOi，ノー２，３，…，〃、ThenD1containsui，ｉ＝２，３，．．．)”Inthis
case,U,iscontainedinD1nD2n…ｎＤ”Thisimpliesthat｛U,,tj2,…,u祠｝
fbrmsacliqueintheintersectiongraphQ(ｑｌｉ＝1,2,…,１V).Thus,ifGphasa
vertexofdegreeZ〃-1,ThenG4phasacliqueoforder血sinceⅣ(jVp)蝿-1→oo
implieslV(Ｎｐ/4)"-1→｡｡,theprobabilitythatthemaximumdegreeofG,/4ｉｓ
＞”－１tendstolasN→ooHencePr(Gphasan汁clique)→lasjV→｡｡Ⅱ

４Minimunldegree

Theorem4Lctp＝p(jV)＝片logjV.〃O〈ｃ〈;,ﾉﾊe"Pr(J＝O)→1,⑩Ｍｅ
ｖｃ〉;,ｔｈｅｎ/b…ypositjM加tc9…,Ｐｒ(わ〃)→ｌｑｓＮ→｡･

脇mqrMtispossibletoprovethatifc〉:,then

Ｈ(わ(=蒜Ⅳ-1)→､w…



Pmq/：（i)First,supposethatc〉；Ibrafixedinteger〃ｚ１，letW
denotethenumberofthosevertｉｃｅｓｉｎＧｐｔｈａｔｈａｖｅｄｅｇｒｅｅａｔｍｏｓｔ凪Ｔｈｅｎ
６＜、－Ｗ＞1．Fbreachj，’三,i三Ｎ,letWldenotetherandomvariablesuch
thatW1i＝lifdegui三河,ａｎｄＷｌ＝Ootherwise・TheｎＷ＝Ｗｉ＋Ｗ2＋､..＋Ｗ)v・
Ｌｅｔｒｂｅｔｈｅａｎｇｕｌａｒｒａｄｉｕｓｏｆｔｈｅｃａｐofarea47Tp,andletDibethecapofangular
radius2rwithcenteruf,asinSection2Thendegui≦〃ifandonlyifDicontains

atmost〃verticesUj,ｊ≠jHencetheexpectedvalueofWlis

川卜H僻D~二(Ｎか)い』ルー
～菫半｡-…<妄豈(M･ｇＮ１い…ＭＭ･ｇＮ１ｗ蛆

ThustheexpectedvalueofW＝Ｗｉ＋…＋ＷＭｓ

Ｅ(Ｗ)～/VE(Ｗｉ)～e(4clog/VyW1-4q

Sincec〉;,wehaveE(Ｗ)→OaslV→ooHence

Pr(5≦〃)＝Ｐｒ(Ｗどl)≦Ｅ(Ｗ)→ＯａｓＮ→｡｡．

（〃)Now,supposethatc〈;LetZdenotethenumberofisolatedvertices
inGp・TheｎＪ＝０－Ｚ＞１．Ｆｂｒｅａｃｈｊ１ｌ三tニノV，letZdenotethe
randomvariablesucｈｔｈａｔＺｋ＝１ifdegui＝０，ａｎｄＺｉ＝Ootherwise・Ｔｈｅｎ
Ｚ＝Ｚ,＋Ｚ２＋…＋Ｚｖ､SincedegUi＝OifandonlyifDicontainsnoUj,ｊ≠j，
theexpectedvalueofZiis

E(Ｚ）＝Ｐｒ(Ｚ＝1)～(1-4p)jv-1
～ｅ-47Ｗ＝e-4clogjV＝jV-4c．

ThustheexpeptedvalueofZ＝Ｚ,＋…＋ＺＮｉｓ

Ｅ(Z)～jVE(Z,)～ﾉVl-49

Next,weconsidertheexpectedvalueE(ZiZj),ｉ≠ｊ

Ｅ(ZjZj)＜Ｐｒ(DinDj＝O)(1-8p)jv-2＋Ｐｒ(ＤｉｎＤｊ≠0)(1-4p)jv-2．

SincePr(DinDj≠0)～16P,wehave

E(ZZj）＜（1-16p)(1-811)jv~2＋l6p(l-4p)jv-2
～e-8pN＋l6pe-4pjv

～N-8c＋(l6clogNyV-('+4c）

７



Hence

E(Zr2）＝ＥＥ(ZZj)＝ＥＥ(Zl)＋ＺＥ(1Ｚｊ）
ｉｊ ｉ≠ｊ

〈jV1-4o＋jV(Ⅳ－１)(」V-so＋(l6cloglVW-('+`｡)）
～jV1-4c＋jV2-8c＋(l6clog/V)N1-化

＝Ⅳ鰯仙'(志+'+二;砦全し）
～jV2('-4｡)～Ｅ(Z)2．

SinceE(Z2)三Ｅ(Z)zholdsgenerally,wehaveE(Z2)～Ｅ(Z)2Now,applying
Chebyshev，sineQIUalityl

H(Z=O)二pr(|ﾙEIZ)'三ＥＩＺ１)<E(Z差云;(Z１，→｡
Hence

Pr(J＝O)＝Ｐｒ(Ｚ三1)→lasjV-》｡。．

ofisolatedverticesatthethresllold５＃

ＳｉｍｉｌａｒｌｙｔｏＬｅｍｍａ２,thenextholds，

Ｌｅｍｍａ３ＬｅＭＣ｛1,2,…,１V｝beqimnem剛ｓｕＭｑ/sjzeq＝|Ａｌ,ｕＭｌｅｔ
Ｈ＝、(Ｄｉ１ｉＥＡ)ｄｃＭＭＡｃｊ"msect伽gwAqf{ＤｉｌｊＥＡ}．〃ｐ＝｡(1)，
ther2

Pr(Hisco施施CCM)二(16(α－１)P)｡~'・

ロ

Letｋ＞lbeafixedintegerlessthanjV，Forapartition

Ｐ＝{A1,Ａ２,…,Ａｍ｝

oftheset｛1,2,…,A}intomnonemptysubsets,let<ｱ>denotetheeventthat
(1)Ｃｌ,ｑ,…仏aremutuallydiSjoint,and(2)theintersectiongrapMl(Ｄｉｌｉ＝
1,2,…,A)ofD1,…,Ｄ聡hasmconnectedcomponentsHl＝｡(DjljEAi),ｉ＝
1,2,…,ｍ・LetZidenotetherandomvariablesuｃｈｔｈａｔユーlifandonlyif
degひi＝ＯｉｎＱ(ＣｌｌＯ≦ii三Ｎ),asintheprevioussection・

Lemma4Mp＝六(logⅣ＋").LetＡ〉ｌｂｃｑｊＭ伽切er⑫MletP6eq
lw鮒o〃｡/{1,2,…,KC｝伽omsubsetsJm＜MAcrl

Pr(〈ｱ>ｑＭＺ１Ｚ２…Zルー1)＝o(Ⅳ-k)．

８



Pmoq/:Letの＝{Ａ１，…,Ａｍ},andletqi＝|AilbethesizeofAjSincem＜A，
someqiisgreaterthanLByLemma3,Ｐｒ(Hlisconnected)≦(16(α`－１炉)α６－１，
fbreachに1,2,…,，刀.since回些,((Mi-1)＝ん－ｍ,ｗｅｈａｖｅ

TTL

Pr(<ｱ>）〈Ⅱ(16(〔Hi-1)p)｡ｊ－１
ｉ＝１

〈Ｋ､pk-汀`＝Ｋ･(ｫｌｏｇﾉV＋爵)ｋ－ｍ
ＮＡ－ｍ

TrL

whereK＝Ⅱ(16α`-16)｡`~lOntheotherhand・since0,,C2,…,Cﾙaremu-
i＝l

tuallydiSjoint,area(Dj,－，j)〉;area(Dj,)fbrl≦ｊ〈j'三kHence,fbreach
Aiofsizez2，

…(UDj)ご…(､j)+;…(Dか術(4叶21)=4術６１
ｊＥＡｄ

Ｌｅｔ（ｂｅｔｈｅｎｕｍｂｅｒｏｆｔｈｏｓｅｕｉｓｔｈａｔａｒｅｇreaterthanl・Ｔｈｅｎ（＞ｌａｎｄ

Ｐｒ(Z,…Zルー１１(ｱ)）＜（１－(ｍ＿()4p＿（〃)jv-A
＝（１－(4ｍ＋２２)p)Ⅳ-k～e-(4m+26)!ｗ
～jV-(ｍ+〃2)e-z(ｍ+C/2）

Ｈｅｍｅ

Ｈ((P)｡ndZムル１Ｍ($１．５Ｎ+:)蝋-Ｗ峨半牝…/，)=｡(Ⅳ-腱）
ロ

Ｏａｎｄｌ

ｔｈｅＡ－ｔハ

ＬｅｔＵｌ,Ｕ２,...Ｕ)vberandomvariableswhichmaytaketwovalues

only,ａｎｄｌｅｔＵ＝Ｕｉ＋Ｕ２＋…＋Ｕ)v・Then,fbrapositiveinteger府，

binomjulmomcIDtMAofUisdeflｎｅｄｂｙ

MFz`(M,ルM昨週(1)，
wherethesummationisoveralll三t，＜ｊ２＜…＜IiA≦１V,ｔｈａｔis,overall

lc-subsetsof｛1,2,…,/V｝Thenthefbllowinglemmaholds・Foraproof,see
Palmer[8]ppl39-l4L

Lemma5SupposctM/ｂｒｅｑｃｈＡ＝1,2,3,…，

MF等ｌｉｍ
ノV→ＯＣ

Ｔ/be〃/breuchirmtC9erjz0，

Ｏ＜仰ぐ○○．

umPルルニ;#ムⅣ→ＣＯ

ロ

９



LetZdenotethenumberofisolatedverticesofGp・

Theorem5Lefp＝六(logIV＋"）ＴＭＩ

叩=ｊ)→半蝿w→。.，
lDAere似＝ｅ－，．

ＰｍｑｆＢｙＬｅｍｍａ５,itisenoughtoshowthatfbranyinteｇｅｒＡｚ１,theA-th
binomialmomentofZtendstoWA1as/V→oqtMtis,

け(ｚＩｚＭ川筈鱸…
LetPbdenotethepartitionof｛1,2,…,ｋ｝intoAsingletonsets,thatis,Ｐｂ
{(1),(2),…,{ん}）Ｔｈｅｎ

E(Z,Ｚ…Ｚ鵬）

＝ＰⅢ(Z1Z2…ＺＡ＝１）

＝Pr((１，b>andZlZ2…Z聡＝1)＋ＺＰｒ(〈の)andZ1Z2…Zルーl）
Ｐ≠乃

since,fbranypartition7D≠月，

Ｐｒ(<ｱ>andZ1Z2…Ｚｋ＝1)＝。(Ⅳ-ｋ）

byLen皿na4,andsmcethenumberofdistinctpartitionsof{1,2,…,A}(known
asBellnumber)isclearlylessthaMk,ｗｅｈａｖｅ

ＥＰｒ(<の>andZ1Z2…Ｚｋ＝l)＝・(１V-ｋ）
ア≠Ｐｂ

Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ１

Ｐｒ((円>andZ1Z2…Ｚ胸＝1)＝Ｐｒ((Ｐｂ>)Pr(Z,…Ｚルー１１(プロb>)，

Pr((月))→lasIV→｡｡,and

Pr(Z,…Z&＝１１(月))～(l-4Ap)jv-k～e-4Apjv＝(e-通/Ⅳ)&

HenceE(Z1Z2…Z,J~WlVAasjV→｡｡,andhence

(､`Ⅱ腓鶚臺筈

1０



６Two-connectedness

ＩｎａｆａｍｉｌｙｏｆｃａｐｓＯ１１ｑ,…,qvwithcenterst）,,U2,…,Ujv,ａｃａｐＯｉｉｓｃａｌｌｅｄ
ａｎｃ`utrcmu/cqpifthereisagreatcirclethroughuisuchthatalltheneighborsoｆ
ひｉｉｎＱ(ＱｌＯ≦ｊ≦１V)lieinthesamesideofthegreatcircle,allowingsomeof
themlieonthegreatcircle

Thefbllowingtheoremisobtajnedin[7］

Theorem6LetC＝｛0,,α,…,Ｑｖ｝ｂｅﾛﾉtlmiJyq/cqpswMlspAcrc,α/M
tAesqmcsi…ｍｑ化ｒｔＭｑ/iemisphe7e,(Ｍ/etc＝、(C)ＭＭｒｉ"te癖ectjo〃
，ｍｐｈ.〃Ｃ/ｍｓｎｏｅｚｔｉｗｅｍｑ/cap,the〃Gjs2-con"ectedH

Theassumptionthatallcapsareofthesamesizeisnotnecessmyうsee[71.It
isalsoknownthattheanalogousassertionisnolongertrueinhigherdimension．

Theorem7Suppose伽ｔｐ＝猯logAMtAc〉;・川施

Ｐｒ(Gpjs2-comnectcd)→１ａｓⅣ→｡｡．

ＰｍｏｑｆＩｆｕｊＥＤｉ,thenthegeodesiclinethroughUi,ujdividesDiintotwo
halfcaps,andthehalfcapattheleftsideof癌isdenotedbyL(耐）Letus
callL(両)emptyifitsinteriorcontajnsnovertex、

Ｆｏｒｅａｃｈｊ＝1,2,…,Ⅳ,letMbetherandomvariablesuchthatH＝lif
Ciisanextremalcap,ａｎｄｌイーOotherwise・ＴｈｅｎＶｉ＝１impliesthateither
Dicontainsnoljj,j≠j,orthereisaUjEDi,ｊ≠jsuchthatL(耐)isempty・
Hence

Ｅ(豚）＝Ｐｒ(聰＝l）

≦（l-4P)Ⅳ-1＋ZPrOjjeDjandL(祠)isempty）
ｊ≠ｺﾞ

ー（l-4p)ﾉv-1＋(ｌＶ－１)(4p)(l-2p)Ⅳ-2～e-4pjv＋4pjVe-2pN
～lV-4c＋(4clogNyV-2c、

LetＶ＝I/i＋昭十…＋ＶｉＶ・ＴｈｅｎＶ＞１isequivalenttotheexistenceofan
extremalcapOi，ａｎｄｈｅｎｃｅ

Gpisnot2-connected→Ｖ＞１．￣

Ｎｏｗ，

Ｅ(V)＝jVE(Vi)＜１V(lV-4c＋(4clogﾉV)ﾉV~2c)～(4clogﾉV)jV1-2c～o(1)

Therefbre

Pr(G，,isnot2-connected)≦Ｐｒ(Ｖｚ１)≦Ｅ(V)＝。(1)

ロ
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Theorem8〃ｐ＝詩logﾉV,｡＞2｣ｔｈｅｎ

Ｐｒ(Gj,jsHamjlto"i`､)→１qslV→｡｡．

Pmoq/:LetCi,…,qvbelVcapsofangularradiusr,andGbetheirintersec-
tiongraphＤｅｎｏｔｅｂｙＤｆｔｈｅｃａｐｏｆａｎｇｕｌａｒｒａｄｉus2rconcentricwithCi・Then
theintersectiongraphofD1,…，ＤＮｃｏｎｔａｉｎｓｔｈｅｓｑｕａｒｅＧ２ｏｆＧ・HenceGp

containsthesquareofGp/4ＨＰ＝箭logjV,c〉2,then：〉半logjVfbrsomo
E＞OHencePr(G，/dis2-connected)→ｌａｓｊＶ→。。,ｂｙＴｈｅｏｒｅｍ７、Now，
byFleischner'stheorem([2]orsee[1,,thesquareofevery2-connectedgraphis
HamiltonianTherefbre,Ｐｒ(GpisHamiltonian)→ｌａｓⅣ→･on
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