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Abstract

Letlhdenoteagraphobtainedasatriangulationofan汁gon
intheplane・AcycleofZMscalledanenclosingcycleifatleastone
vertexliesinsidethecycle､ItisprovedthataZhadmitsastraight-line

embeddingintheplanewhoseboundedfacesareallacutetrianglesif
andonlyifThhasnoenclosingcycleoflength≦４．Thosenthat
admitstraight-lineembeddingsintheplanewithoutobtusetriangle
aJPealsocharacterized．

Introduction１

Byatriangulationofapolygonwemeanasubdivisionofthepolygoninto
nonoverlappingtrianglesinsuchawaythatanytwodistincttrianglesare
eitherdiSjoint,ｈａＮ/eavertexinconunon,ｏｒｈａﾊﾉeoneelltireedgeincommon、
1,1960,MartinGardner[4,pp39-42]proposedaproblemtoaskhowmany
acutetrianglesarenecessaryfbranacutetriangulatiollofanobtusetriangle、
WallaceManheimer[9]gaN'easolutionthatthenumberissevenCassidyand
Lord[3]showedthatasquarecanbetriangulatedintoeightacutetriangles，
eightistheminimumnumberofacutetrianglesfOrasqu麺eMaehara[7］
showedthaLeveryquadrilateralcanbetriangulatedintoatmostlOacute

triangles,andthereisaconcavequadrilateralthatrequireslOacutetriangles・
Ｎｏｗ，inthefirstplace，doeseverypolygona〔hnitanacutetriangulation？
ThisisansweredaiIirmativelybyMaehara[８１

Asavariationofacutetriangulationproblem,letusconsiderthefbllowing
problem・Givenatriangulatedpolygon，ｗｈｅｎｉｓｉｔｐｏｓｓｉｂｌｅｔｏｄｅｆｂｒｍｔｈｅ
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triangulatiollintoanacutetriangulationofapolygon？Inotherwords,given
agraphGobtamedasatriangulationofapolygon，whendoesGadmits
astraight-1ineembeddingintheplanewlloseboundedfacesareallacute

triangles？AstmCzj9ht-Jj"eem6eddi"９ofagraphisanembeddinginwhicllall
edgesarestraighthnesegments

ltwasprovedbyKaneko,MaeharaandWatanabe[5]thatanymaximal
planargraph(embeddedintheplane)with、＋１facesadmitsastrajght-1ine
embeddinginwhidlatleast｢m/31facesareacutetriangles,andthisbound
cannotbeimprovedgeneraUy､Itwasalsoprovedthateverymaximalouter-

planargraphadmitsastraight-lineembeddingintlleplanewhosebounded

facesmeallacutetriangles・
Inthispaper,wecharacterizethosegraphsthatadmitstraight-lineem-

beddingsintheplanewhoseboundedfacesareallacutetriangles・Fromnow
on,byatrjan9tLlqtio〃ｏｆａｎ〃go､,wemeana2-connectedsimplegraphｅｍ－

ｂｅｄｄｅｄｉｎｔｈｅｐｌａｎｅｓｕｃｈｔｈａｔｔｈｅboundaryoftheouterfa妃ｅｉｓａｎ〃cycle，

andallotherfacesaretriangles・Atriangulationofann-gonisdenotｅｄｂｙ

Ｚｈ､Verticesnotlyingontheouter汗cycleofZHarecalledj"Tzerwrtices・

ＡｃｙｃｌｅｏｆａｇｒａｐｈＧｅｍｂｅｄｄｅｄｉｎｔｈｅｐｌaｎｅｉｓｃaUedanencJosj几,ｃ"ｃｌｅ
ｉｆａｔｌｅａｓｔｏｎｅｖｅｒｔｅｘｏｆＧ１ｉｅｓｉllsidethecycle、Ａｓｅｐａｍｔｉ"９cycleofGis

acyclewhosebothsides（theinsideandtheoutside)containsatleastone
vertexofG．

TheoremlAtrjq"gulqtjonZMBdmitsastmj9ht-ljneembeddjn9iMZePlqne
u）AoseboTMed/tDcesqmealmcmtetria"9lesヴｑＭｏ"ｌＺノヴZMZqs〃oenclosjn9
cZﾉcJeけlen9仇≦４．

LetI4＝１４(Zh)denotethesetofthoseinnerverticesofTMhathaﾊﾞﾉe
degree4．Ａ〃on-obtusetriangleisanacutetriangleorarighttriangle、

Theorem2Atmqn9ulutjonnuﾉitハmwwethan5Uertlicesqdmitsqstnzj9ht-
Jmeem6eddi几gCuhosebou"deCMzcesqmeqll〃０，－０伽setrjqn91esヴロ"ｄｏｎＪｙ
ヴＺｈｓｑｔｉ城estｈｅ/Mou）in9th7weecoMjtio"s：

(1)ｎｚ５，
(2)LCC"mjnsmo”ace"tpd砿
(3)Zh-IMjQsnosePqmti"9cZ/cleq/ＪｅＭｈ≦４

ItwiUbeeasytoseethatatriangulationZhwithatmost5verticesadmits

astraight-lineembeddingintheplanewhoseboundedfacesa庇enon-obtuse

triangleswheneverZhisoneofthegraphsinFigurel．
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△□の囚八

Figurel：Ｆｉｖｅｇｒａｐｈｓｏｆｏｒｄｅｒａｔｍｏｓｔ５

LetＧ＝(V;Ｅ)beaplanargraph、Ａｐ７Ｄｐｅ’Mej9Mn9ofGisamap
/:Ｖ→[0,｡｡)suchthatthereisastraight-lineembeddingofGintheplane

whoseeveryedgeⅧaslengthV地)＋/(ひ)ThisembeddingofGiscaUed
thestrajght-lineembeddingassociqtedｗｉｔｈノ．

Ibprovetheabovetheorems,weusethefbllowingtheorem．

Theorem3LetZhbeqtriqn9ulqtionqfa〃〃９０冗仇dtsqtjqﾉﾌﾞｅｓｔｈｅｃｏ"dj-

tjons(1)～(3)ｑ/刀leo，wem2The"t/WejsqZ)mperWe吻肱"9ノq/IHS剛cﾉｊ
ｔＭノ(u)＞Ｏ/breUer1/fﾉe花ezUJ1ﾉ伽o〃theomter〃c1/cleqfTh．

ThistheoremcanbederivedfromtheｕﾉｅｑＡｏｒｔｈ四onqJccIplqMin9theG

rembyKotlov,LovdszandVempalal6lwhichisanextensionofatheorem
duetoAndre1ev[1]andThurstonl111Wepresenthereadirectproofalong
thelineintheproofbyBrightwellandScheinerman[2]andintheproofof
Koebe，stheorembyPachandAgarwal[１０｝

２ＰｒｏｏｆｏｆＴｈｅｏｒｅｍｓｌａｎｄ２

AssumingTheorem3,ｗｅｐｒｏｖｅＴｈｅｏｒｅｍｓｌａｎｄ２Ｔｈｅｏｒｅｍ３ｗｉUbeproved
later．

ＬｅｍｍａｌＬｅｔＡＢＣＤ６ｅｑ９ｍｑｄｒｊｌｄｔｅｍｌｍｔｈｅｐｌｑｎｅｎＭｌｅｔ

ＡＢＸ,ＢＯＸＣＤＺ,ＤＡＷ

bemutMy〃o〃oUe刑(lppj"９４tｍ【m9Iesco"tqj"edjnABCD(seeFj9腿me2)，
uﾉﾉZemethepointsX,YZWqmenotnecessqrilZ/ａｌＭ城7wzt.〃the4triq"g1es
q7℃ａｌｌｎｏ形obtTLsetrian9Jes，ｔｈｅ〃ｔｈｅ４ｔｒｊａｎ９ｌｅｓｃＬｍｅｑｌｌｒｉ９ｈｔｔｒｊｑｍｌｅｓ，ｃｚＭ
ＬＸＢＹ＝ＬＹＯＺ＝ＬＺＤＷ＝ＬＷＡＸ＝0．

３



０

Figure2：Ｌｅｍｍａｌ

Ｐｍｑ/miomtheassumptionitfbllowsthatthesUmofallinteriorangles
ofthe4triangles(＝4打)islessthanorequalto

(ＬＡ＋とＢ＋とＣ＋の)＋(ＬＡＸＢ＋LBYC＋ＬＣＺＤ＋とＤＷＡ)，

whichｉｓ≦２７T＋２７T・ＨｅｎｃｅＬＡＸＢ＋ＬＢＹＯ＋ＬＣＺＤ＋とＤＷＡ＝２７T，

thatis,ＬＡＸＢ＝ＬＢＹＣ＝ＬＯＺＤ＝とＤＷＡ＝汀/２Thisimpliesthat
LXAB＋ＬＸＢＡ，とＹＢＣ＋とＹＣＢ，ＬＺＯＤ＋ＬＺＤＣ，ＬＷＤＡ＋LWADare

allequalto7T/２Therefbre，

２７「＝ＬＸＡＢ＋ＬＸＢＡ＋とＹＢＣ＋とＹＣＢ

＋とＺＣＤ＋ＬＺＤＯ＋ＬＷＤＡ＋ＬＷＡＤ，

ａｎｄＬＸＢＹ＝とＹＣＺ＝ＬＺＤＷ＝ＬＷＡＸ＝0．□

Similarly)thefbllowinglemmaholds．

Ｌｅｍｍａ２ＬｅｔＡＢＣｂｅｑｔｒｊａ"g1ei〃tAepJqne,ｕ７ＬｄｌｅＭＢＸ,ＢＣＹ;CAZ6e

mUtuqll"ｎｏ汗oue71qppm93trjm"g1escontqjnedj〃ＡＢＣＴ/jenqtleqsttu)ＣＱ／

ｔｈｅ３ｔｒｊｑ町Ｊｅｓｑ花obtusetriun9les．□

Lemma3LetZh6eatmqn9ulqtjoｎm）ｉｔﾉMpmpermej9htin9ノ,qMlet⑰Z/ｚ

６ｅａ/tLce(t河α"9Je)ｑﾉｫﾉZestmi9At-li"eemMM"９ｑ/TMlssocjate(柵ｵﾊﾉ．
ｍｅｎ

ｏＬＺＺﾉZ≦7T/２１uithequu胸ｏｎｌｙ⑩ｈｅ〃ノ(Z/)＝０(ｈｅ凧CeeUemWiq"g1edS
q"ono6tusetrjq"9Je)，

ｏｄｅｇｙｚ５－ノ(Zﾉ)＞0,(Ｍ

･ノ(u)＝Mre0erZ/ｕＥ４
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PmoqfSince

,頑=,/7T7TT7ET両=,/7TZT〒7F万,巾)＋/(9)2Ｗ＝

itfbllowsfromthecosinelawthat

/⑪
＞０．cosLZﾉー

/(")＋加） バリ)＋/(z）

(sinceノhastheassociatedstraight-nneembedding， /(u)＋/(D） ＞Oｆｂｒ

anyadjacentpairu,ｕ)HenceLy≦7T/2,withequalityonlywhenノ(Zﾉ)＝O
1ff(Zﾉ)＝０，theninanytrianglewithvertexy,itsinteriorangleatUis
7T/２１nthiscase,Z/isneverthecommonvertexofmorethan4triangles
Thus,degZ/ど５ilnpliesthat/(y)＞0Letubeaninnervertexofdegree4
Tllen,ｓｉｎｃｅｔｈｅｓｕｍｏｆｔｈｅ４ａｎｇｌｅｓａｔｕｍｕｓｔｂｅｅｑｕａｌｔｏ２７Ｔ,itfbllowsthat
（U)＝ｑ□

ProofofTheoremlSupposethatThadmitsastraight-hneembedding
whosefacesareallacutetrianglesexcepttheouterfaceThen,ｂｙＬｅｎｕｎａｓ
ｌａｎｄ２,Ihcontajnsnoenclosingcycleoflength≦４．

Nowtheconverse、Ｉｆｎ＜４andZhhasnoenclosingcycle,thenclearly
Zhadmitsastraight-lineelnbeddingintheplallewhoseboundedfacesare

acutetriangles、so,suppose〃＞５．SinceZ1acontainsnoenclosingcycleof
length≦４，everyinnervertexhasdegreez5､Tllusn＝０，ａｎｄＺｈ－ｎ＝IH

hasnoseparatingcycleoflengtl'三４HellceZhsatisfiestheconditions(1)
～(3)ofTheorem2withn＝OTherefbre,thereisaproperweightingノof
Zhsuchth乱ノ(ひ)＞Ofbreveryvertexontheouter〃cycleSinceallinner
verticeshaｽﾉｅｄｅｇｒｅｅｚ５,allboundedfblcesofthestraight-1ineembeddingof
lhassociatedwithノareacutetrianglesbyLemma3□

ProofofTheorem2SupposethatZMsembeddedintheplanewith
straight-lineedgeswhoseboundedfacesareallnon-obtusetriangles、Then，
ｂｙＬｅｍｍａｓｌａｎｄ２,itfOUowsthat〃＞４.Supposethattwoverticesz,ZﾉEL
areadjacent,andletzZ/zbeatriangleofZhwithsideqW、Sincethesum

offburnon-obtusean91esatvertexzisequalto2汀,wehaveLyzz＝汀/２
SimilarlyiL鯵ｙｚ＝汀/２Then,twoanglesofatrianglemeequalto汀/２，
acontradictionHencenotwoverticesinnareadjacent、Supposethat
Zh-Lhasaseparating4-cycleubcd・Ｔｈｅｎthequadrilateralq6cdcontaills

５



fburnon-obtusetrianglesq6zu,bcZ/,cdz,ｄａｍ，wheretheverticesz1Z/,ｚ,ｕﾉare
notnecessarilyaUdiflerent、ＢｙＬｅｍｍａｌ，ｔｈｅｒａｙｓｑｚａｎｄｑｕノcoincide、
Ｈｅｎｃｅｕノー⑰，fOrotherwise，ｏｎｅｏｆｔｈｅｆａｃｅｓｑｂａＦ，daTucontains4vertices

onitsboundaJFyBThus，ｕノーｚ＝Zノーｚ，ａｎｄnoothervertexcanliemside

qbcd・ThiscontradictsthataMおaseparating4cycleofZ1n-I4・Similarly，
Tｈ－Ｉ４ｈasnoseparating3-cycle、

Theconversefbnowssimilarlytothecorrespondingpartoftheproofof
TheoremL□

３Existenceofaproperweighting

Ｌｅｍｍａ４ＬｅｔＣ＝喝beqtrjq7D9MLtjonけQtrja1UleuﾉﾊjcハノmsnosepcL7Yzt‐

jn9cZ/cleqﾉﾉe"ﾘｫﾉｶﾆ4,CMletfjbe`wertezqMe9reez5LetH＝(UlEtJ）
beａｓ胸，nphq/Ｇ－ｕ,ＱＭｌｅｔＴＭﾉZe"um6erCl/3-cZ/ｃｌｅｓｍＨＪｒｌＵｌＺ４
`ＭＨis〃otq4-cZ/cle,the〃|Eu'－７/2＜21Ｕ'－４．

PmoqfIflEu|≦3,thenthelemmaisclearlytrue・SupposethatlEU'三４，
ａｎｄｌｅｔｒｂｅｔｈｅｎｕｌｎｂｅｒｏｆｆａｃｅｓｏｆＨＡpplyingEuler,sfbrmula,ｗｅｈａｖｅ

４≦２１Ul-21Eul＋2r(theequalityholdsifHisconnected）Now,prepare
21Eulpebbles,andfbreveryedgeeofH,placeonepebbleoneachside
ofaThe､，ｓｉｎｃｅＧｈａｓｎｏｓｅｐａratingcycleoflength≦４，every3-cycle
ofHboundsafaceofＨ，andthefaceofHcontainingthevertexuofG

containsmorethan4pebbles,Hence21EU|＞４(ｒ－Ｔ)＋３７＝4r-T,that
Ls,2γ＜|EU|＋γ/２Therefbre

4＜21Ul-21EUl＋(lEul＋γ/2)＝21Ｕ|－(|EUl-7/2)，

ａｎｄｗｅｈａｽﾉｅｔｈｅｌｅｍｍａ．□

Theorem4MG＝(V;Ｅ)be(Ltriq"gulatio〃qfqtriq伽glemjthmo泥thcm
sizue対ices,dMIet岡ｂｅｔｈｅｓｅｔｑ/tAoseuerticesq/ＣｕﾉitMe9mee4、SUP-

poseth(zt(α)1'2CO"tams〃o”qcemtpQir,α"｡(6)the9mPhG-1/【,ｈａｓ〃o
sepqmClti"gcZﾉｃｌｅｑ肱螂ハニ４．Ｔ/De7u,/brq"Z/Tﾉertezu）qfd印mee三５，Ｇ－ｕノ
ノｍｓｑｐｍｐｅｒｕ)ei9肺、．

PmqfReservingtheletterzfbrnolrnegativerealnumbers,letusdenote
theverticesofGbyl,2,3,…,ｍ,wheretu＝ｍＬｅＭＶ(⑩)denotethesetof
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neighborsofu）,andletA＝'１V(tu)－１'2,'’２＝'１V(u）)、'､1.Thendegm＝A+２．
since随hasnoadjacentpajr,ｗｅｈａｖＭ≦ん,andsincelD＋’三５，ｗｅｈａ凡ｒｅ
Ａ＞３．Ｗｅｍａｙｓｕｐｐｏｓｅｔｈａｔ

ｌ,２，３，．．．，Ａ＋（

aretheneighborsofcu，inthecyclicorderaroundtD・Noticethatthecycle

l23…(k＋2)hasnochordthatconnectstwoverticesimV(tu)－VMbr
otherwisethischordandthetwoedgesfromuﾉtotheendpointsofthischord
wouldfbrmaseparating3-cycleinG-I/５，.Therefbre,ifルー３，then’三２and

atmostoneedgecanliebetweenthethreeverticesinjV(⑩)－１'H,､Similarly，
ifＡ＝４thenatmost3edgeSarepossiblebetweenfburverticesimV(fu)－M

Assigntoeachvertexj＝1,2,…,ｍ,aweightziE[０，｡｡)suchthat
zub＝Ｏｆｂｒｊｄ/１，ａｎｄｚｊ＞OfbrjEV-VH1、FbreachtrianglejjAofG，
makeacardboardtrianglepdpjpkwithside-lengths

耐＝,/三下可,、＝,/H57T75丙,耐=vz5xT了瓦
NotetllatthisisindeedpossiblesinceMIcontainsnoadjacentpair,ａｎｄ

,/三~〒了57+,/557丁瓦>何両
Iirytogluetogetherthecardboardtrianglescorrespondingtothetriangles

ofG-malongtheiredgesinｔｈｅｓａｍｅｗａｙａｓｔｈｅｙａｒｅｃｏｎｎｅｃｔｅｄｉｎＧ－ｕﾉ．

If,ｂｙchance，thesecardboardtrianglesperfbctlyfittogethermtheplane

withoutanygapsandwithoutanyoverlapping,thenwehaveastraight-nne

embeddingofC-ujassociatedwiththeweightingV-{fu｝ヨひi吟ｚ`e
lO,｡｡),andtheweightingturnsouttobeaproperweightingofG-mLetus
representtheweightingoftheverticesofG1bythevecto通ｘ＝(",,z2,…,〃､)，
andletOi(x)denotethesumoftheanglesatpiofallcardboardtrianglesthat
havepiasoneoftheirverticesIfOd(x)＝２７Tfbrk＋2＋１≦'三ｍ-1,then
thecardboardtrianglescorrespondingtothetrianglesofG-u）perfbctly

fittogether・Therefbre1itissuflicienttoshowthatthereisaweighting

x＝(z,,…,z､)ｗｉｔＭｊ＝Ofbrje岡andalJ＞OfbrjEV-MIsuchthat

（0ｋ十２+,(x),ルビ+2(x),…,8m_,(x))＝(27T’2汀,…2打）

Tbthisend,weprovethefO11owingstrongerassertion：Thereisaweighting

x＝(z,,…,zm)withz`＝OfbriEVHandzj＞OfbrjEV-V[Isuchthat

（0,(x),…,8m(x))＝(り,繩,…,り胸+’’2万,2汀,…2両)，（１）

７



where

”-(埠綱IlIq鷺
Ifjd'MheninanytrianglepimjpA,wehaveLpi＝汀/２ Hence，

0#(x)＝27TfbreveryieVH． (2)

Denotetherighthandsideof(1)by(〃,,…,，MSinceGhas2m-4triangles
(aseasilyseen),ｗｅhave

2(Ｍ)術=圭峨（３）ＡＤ
ｉ＝１

汀Ｄ

ＺＯ`(x)＝(2ｍ－４)打＝2汀(ｍ－Ａ)＋ＩＣ×
i＝１

Ｈｏｍｎｏｗｏｎ，ｌｅｔｕｓｒｅｇａｍ妬,,…,zmasvaJiables・Sincetheangleofa

trianglepipjpkatpfisgivenby

(両ﾃﾞｳﾄﾞﾃﾞ両）Lpz＝cos-1 (4),

itisacontinuousfilnctionofqc1,…,zm,whichis(strictly)monotonede
creasinginmj，monotollenon-decreasinginothervariables,andLpi→０ａｓ

⑩i→ooHenceO(x)iscontinuous,monotonedecreasinginzi,monotone
non-decreasinginothervariables,andOj(x)→Oaszi-十･･．

Nowstmtingfromx(1)＝(zl1),…,"M))where

（
ｉｆｊＥＺ

ｉｆｉＥＶ－Ｍ，

０

１
Z!)＝

麗競搬磯;蝋9iiii6hlBliMJ鮒nA:;;鞭}W､y：
Sup‐

釘!）
麺！")＋＆（

●
の
⑩
ロ
の
巴

［画》皿・●面加暉叩，

く
一
ン

、
、
■
口
■
〃
〃
ず
□
ｎ
口
日
日
□
〃
〃

．
ｎ
口
■
〃
Ｐ
ｈ
、
■
〃
〃

し
似

〃
ロ
日
田
、
〃
Ｊ
Ｂ
Ｉ
、

ｘ
ｘ

Ｊ
〃
■
Ⅱ
ｕ
Ⅱ
、
〃
ロ
グ
Ⅱ
Ｕ
ｕ
ｎ
、

■
の
①
。
●
の

（ｍ】“〉〉《夘如『』》〉

か
。
■
■
△
ぬ
■
。
■
日
（

●
・
■
■
▲
０
・
■
０
０

範!"+'）

where‘istheuniquevaluesatisfying

Oi(zl"),…鰯11Ｍ")＋`,z鮎,…,駆淵))＝〃渉
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Notetll…｜ｿ+')三趣｛し)fbreachi,andifjEI'Mhenby(2),wehaⅣｅ
Ｏ＝⑳!)＝皿12)＝z13)＝ ．…H1rthermore,sinceOj(x)ismonotonenon-
decreasinginzj,ｊ≠j,itfbllowsthat

O#(x(''))三恥=－０`(x(〃+'))どり`． （５）

Let

Ｕ＝{j:鴎Z!)＝｡｡}・

IfU＝Otheneachsequence鰯!),慾12),虹13),…,convergestoadefinitevalue
z1,andfromthedefimtionofx(し),ｗｅｈａﾊﾉｅ

Ｏ`(zル,廼擶)＝鵬＆(⑫{し),…z｛非!+'),z鮎,…,z淵))≦〃か

Hence,by(3),wehaﾊﾞｸﾞe(1)so,letusprovethaW＝U
SupposethaW≠０.ThenUnVZl＝０１f〃issufIicientlylarge,thenｂｙ

(5),0i(x(し))三〃iholdsfbralldeUThisimpliesthatUisapropersubset
ofV-VII,fbrotherwise,from(2)itfbllowsthatOi(x(し))どりifbrsufliciently
large〃andfbreveryj＝1,2,…,ｍ,and(3)impliesthat＆(x("))＝〃i,which
impliesU＝0,acontradictionBrom(4),matrianglepipjpk,wehaｽﾉｅ

ＩｉＥａｊ“ＡＥＵ－鴎とp掴＝０，

‘,jeUMノー鴎(４，`+４Ｍ=吾
ｊ,j,Ａｅｕ一隅(とp`＋と乃十ＬＡ)＝汀＝ (;+謡） ●

汀
一
《
Ｚ

LetＨ＝(UEU)betheSubgraphofGinducedbyUThen,itfbllowsfrom
thefirstoftheaboveimplications,thatHcontainsnoisolatedvertex、Ｆｂｒ

ｅａｃｈｅｄｇｅｅｏｆＨ，placeｏｎｅｂｌａｃｋｐｅｂｂｌｅｏｎｅａｃｈｓｉｄｅｏｆｅ，andineach

triangularfaceofH,placeoneredpebble、Then，ｆｒｏｍｔｈｅｓｅｃｏｎｄａｎｄｔｈｅ

ｔｈｉｒｄｏｆｔｈｅａboveimplications，weseethateachblackpebblecontributes

汀/2andeachredpebblecontributes-汀/2toEにulim"→oo0i(x(")）Thus，
fbrsuHicientlylaJ｢ｇｅ〃，

Ｚ0t(x("))－|Eu|術一γ派/２，
にＵ

whereTisthenumberoftrianglesmH．

９



SinceHhasatleasttwovertices,Ｅにuり`三2×坐諄』Z=:汀,andhenceH
containsatleasttwoedges,andlUlz3RecaUthatifAD＝３thenatmostone
edgeispossiblebetweenthethreeverticesinjV(u）)－１/HHence,ifUCjV(⑩）

theＭ三4,andhenceEにu恥zmin{3×21￥ｌｚ,2×聖子』Z+2打}=37T・
ThusHcontainsatleastthzeeedgesthatdo〃otfbrmatriangle（IfHis

atriangle,thethreeedgescontribute3x7Tandonetrianglecontributes-：
tonEulimO`(x(")),withtotal3万一：,whichislessthan3兀）Therefbre
lUlZ4・IsitpossiblethatHisa4-cycle？Ifso,ＵｌＺＷ(u)),andDEuりiz

3x21学1Ｚ+27｢>5打ThisimpliesthatHmustcontainatleast5edges
HenceHisnota4cycle・

Now,byLemma4,wehaﾊﾉelEUl-γ/2＜21U'-4,thatis,lEul-γ/2≦
21Ｕ'－９/2Letｓ＝ｌＵｍＶ(Tu)|Then,since

２万(ｌＵｌ－ｈ)＋27『ん(k－２)≦2万(|Ｕｌ－ｓ)＋2Ts(ルー2）
んＡ，

ｗｅｈａｖｅ

2㎡'U'一句+断胖2)≦2薇('Ⅲ)+肺(:-2）
Ｚ峨三Zoi(x(し)）
にＵｊＥＵ

(|ＥＵｌ－Ｔ/2)汀≦(21Ｕ'－９/2)7T，

(21Ｕ'－４)汀
一戸

acontradictionHenceU＝Ｏ□

ProofofTheorem3・Letu1u2…u"betheouter汗cycleofZh・ＬｅｔＷｈｎ＝

ｑ鋼十K1beawheel(thejoinof2汗cycleCh凧ａｎｄＫ,)withcentermLet
Z/,z1y2z2…鮴z”ｂｅｔｈｅ２〃ｃｙｃｌｅｏｆｔｈｅｗｈｅｅＬＬｅｔＣｂｅｔｈｅｇｒａｐｈｏbtained

fromthediSjointunionZhUWhnbyattaching3nedgesujzf-,,ujZﾉｾ,ujzf,ｚ＝

1,2,…,、，ｗｈｅｒｅｚＯ＝ｚ〃．Then1Gisalnaximalplanargraph，Fromthe

assumptiononZhitfbllowsthatGsatisfiestheconditions(α)ofTheorem4，
andinanyplanarembeddingofGthereisnoseparatingcycleoflength≦４，

satisfyingthecondition(6)ofTheorem4Hencethereisaproperweighting
ノofG-uﾉ.Sincetheverticesu1,U2,…,Ｕ"ｈ…degree厚eaterthan4inG，
restrictingthisweightingtoZnwehaveadesiredproperweightingofn.□

Acknowledgementlwishtothanktherefbreefbrhiscommentsandsugges‐
tions、ThestatementofTheoremlbecomesmuchsimplerbyhissuggestion．
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