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Abstract

LetSddenoteaunitsphereinthe(｡＋l)-dimensionalEuclideanspace
Hl+'(ｄｚ１）FbrasimplegraphG5withedgeset８，takeindependent
randompointszA,ＡＥＶ(Ｇ２),onSd,andletDCbetheminimumvalueof
thesphericaldistancebetween…jfbr(i,j}EaWeprovethatl8lDg
isasymptotically(aslgl→。｡)distributedaccordingtotheexponential
distributionwithmeandB(;,:),whereＢ(p’9)isthebetafunction．

llntroduction

LetSddenoteaunitsphereinthe(｡＋l)‐dimensionalEuclideanspaceRd+'(dz
1）consider〃mndompointsonSddistributedindependentlyandunifbrmly,and
letDdenotethesmallestsphericaldistancebetweenthesenpoints・Whatisthe
distributionofD？TbestimateitsdistributionisusefUlinstatisticalapplications．

'f〃＝２，thisproblemreducestotheproblemofcomputingthesurfaceareaofa
sphericalcapofagivenangularradiusonadLdimensionalsphere,ａｎｄｔｈｅｃａｓｅ
”＝２，．-十・.isconsideredin[1］Thecased＝１，伽→ooispartlyconsidered
in[３１Ｍorａｎ[5]consideredtheboundsfbrthetanofthedistributionofDto
studythedistributionofthelargestsamplecorrelationcoeHicientbetweenaset
ofnormallydistributedvariables，Here,wearegoingtodeterminetheasymptotic
distributionofDas〃→ｏｃｆｂｒｇｅｎｅｒａＭ＞１．

Letusconsiderinmoregeneralsetting：Ｌｅｔ

Ｇご＝(V１２）

denoteasimplegraphwithedge-sｅｔ８ａｎｄｖｅｒｔｅｘｓｅｔＶ、Ｔｈｅｎumberofedgesin
8isdenotedbWV;

Ⅳ＝|gl

Letzk(ＡＥＶ)berandompointsonSddistributedindependentlyandunifbrmly，
andlet

■－－

町=(珊達`‘廼j，
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wherM7HFiiisthesphericaldistancebetween⑰ｉａｎｄｍｊ・Ｔｈｅｎ、どisarandom
variable・WbaregoingtodeterminetheasymptoticdistributionofD2asN->ＣＯ・

Forapositiveconstantc,ｐｕｔ

(烏)Ⅲα＝αﾉＶ＝

ForeachedgeA＝{j,j}ofGc,definearandomvariableXAby

昨{;1；雲三二
Then“Ｄど＞α，，isequivalentto“ＥＡＥ８ＸＡ＝０，，Ｌｅｔ

β＝βd＝｡B(;,:)，

whereＢ(川)＝ｒ(P)r(9)/r(P＋9),thebetafunctionJorinstance，

β,＝汀,flカー4Ｗ８３＝3汀/2,β4＝16/3．

Weprovethefbllowing

Tlleoreml凡reczcハ伽切e「ん三０，

(c/β)ke-c/β
Pr(ＺＸＡ＝ん)→

ＡＥｇ

ａｓｊＶ－>ＣＯ．
Aｌ

SincePr(ＤＥ≦α)＝１－Ｐｒ(Dど＞α)＝ｌ－Ｐｒ(ＥＸＡ＝０),itfbllowsthat
Pr(Dど≦α)→１－e-c/βａＷ－>ooHence，

Ｐｒ(ⅣD:≦c)＝Pr(1VD:ニノVad)＝Pr(Dど≦α)→l-e-c/β・

Hencethenextfbllows・

Ｔｈｅｏｒｅｍ２ハｒ⑰ｒＤｙｔ＞０，

＝ｌ－ｅ－ｔ/β 、limPr(に|D:二ｔ）
lgl→。。

□

ThustheasymptoticdistributionoflglD:isirrelevanttothegraphstructure
ofGEBytakingthecompletegraphＫｈａｓＧｓ,wehavethenext・

CorollarylLetDderBotethesnDロルstSpAe7wicmMistlz"ccM1Dcen〃iMepcMc〃ｔ

ｍＭｏｍｐｏｍｔｓＤｎｓｄ・ｍｅｎ

H((;)､`≦`)→Ⅲ-……
□

２



IfwetakethecompletebipartitegrapMfb,ｑａｓＧＥ,thenwehavetllenext、

Corollary2ChoosejD‘7℃ｄｌｐｏｊ"ｔｓａＭ９‘MLC，Pojnts，αノノdist7j6lLtedjMepe”
｡e"tJ1/ａｎｄｍｎｉ/b7m/z/ｏｎｓｄ,(ＭｌｅｆＤｌｗｄｃｎｏｔＥｔｈｅｍｊ〃ｊｍＭｍＵｑｌＭｅｑ/・tAespAcr-
icuMstqnce/ｍｍｑｒｅｄｐｏｊ汎ｔｔｏＭＩｌ"epojnt、ＴＡｅｎ

Ｐｒ(p9D:,,〈t)→１－e-t/β“p9-÷｡｡．

□

２Ａｆｅｗ１ｅｍＴｎａｓ

Ｐｕｔ

，い)｣:髻器L
whereC(α)denotesasphericalcapofangulamadiusa,andqerq(･)denotesthe
d-dimensionalsurfacearea、ForacollectionofedgesA,'Ａ２，…ＡｓｏｆＧ２，let

G(A1,Ａ２,…,▲ ）

denotethesubgraphofG8withvertｅｘｓｅｔＡ１ＵＡ２Ｕ．．．ＵＡｓａｎｄｔｈｅｅｄｇｅｓ
Ａ１，Ａ２，．．．，Ａs、

Ｌｅｍｍａｌ〃the9mphG(Ａ１,Ａ２,…,Ａ燭)comtqimsmocZ/cＩＣ,the〃

Ｈ(ｘＡｌｘＡ２…ｘＡ｡＝1)＝Ｐ(α)．．

Pmq/:SinceG(Ａ１,…,AJcontainsnocycle,tllereisancMedge(anedge
thatisincidenttoavertexofdegreel）WemaysupposethatAs＝{ｊ,A}isan
end-edge,andthatAisavertexofdegreeLThen，bythesymmetryofthesphere1
wemayassumethat釘jisafixedpointonSd,andhenceXAoisindependentof
otherXAis、Ｎｏｗ,ＸＡ・＝ｌｉｆａｎｄｏｎｌｙｉｆｕＡｌｉｅｓｉｎｔｈｅｓｐｈｅｒｉcalcapwithcenter
zjandangularradiusaHencePr(ＸＡ－ｌ)＝ｐ(α).Ｔｈｕｓ

Ｐｒ(XA1XA｡…ＸＡ｡＝l)＝Ｐｒ(Ｘ,!…XAo-,＝1沖(α）

SinceG(A1,…,As-,)hasnocycle,thelemmanowbllowsbyinduction□

Lemma2LetEigdenotetAe〃um6crq/r-tup/es(A1,Ａ２,…,Ａｒ)Ｅ２７ｓＭｃＭｍｔ
Ｇ(A1,…,ＡｒＭ,rmsq/bmestTheMkど＝lVr＋Ｏ(Ⅳ『-1)．

Pmoq/:FbranyAedgesA1,Ａ２,…ＡＡ(Ａ＜ｒ),thenumberofedgesinthesubgraph

ofGtinducedby{A1,A2,…A臘}isatmost(ｻﾞ)Henco

凡圖ｚⅣ(jv-(;))(Ⅳ＿(;))(Ⅳ＿(3))…(Ⅳ＿(2(旨!)))＝ｌｗｏＷ－１）

３



ontheotherhand,clearlyFkg≦jVr・Hencewehavethelemma.□

Thenextresultisprovedin[4１

Ｌｅｍｍａ３ＦｂｒｑｒＷｍｔｅ９ｅｒｐＺ３,tAenl`ｍ６ｃｒｑ/p-cZﾉc/esjねＧｇｄｏｅｓ〃otcmceed

(筈)に阿扣
Finally,weneedalemmaconcerningPoissonconvergence・Ｌｅｔ】/1,Yb,…】'7v

berandomvariableswhichmaytakeｔｗｏｖａｌｕｅｓＯａｎｄｌｏｎｌｙ，ａｎｄｌｅｔＹ＝

Yi＋遇十…＋Ｙ)v、Then,fbrapositiveintegerT,ｔｈｅｒ－ｔＭｊｎｏｍｊｑ/moment〔ル
ｏｆＹｉｓｄｅｆｉｎｅｄｂｙ

皿＝EEO/ｈＬＭ)，

wherethesummationisoveralll≦ｊ，＜ｊ２＜…＜ルニ１V,ｔｈａｔis,overaU

r-subsetsof｛1,2,…,/V}・Thenthefbllowinglemmaholds・Fbrtheproof,see
Palmer[6]ｐｐ・'39-141.

Ｌｅｍｍａ４ＳⅧpposethut/breucAr＝1,2,3,…，

'肌=等,<…jV→○○

IﾙeMOreqcAintc9erhz0，

,ｉｍＰ砥(Ｙ＝A)＝ﾆﾆ｣ﾕﾑﾋ
ﾉV→○○ Ａ！

ロ

３ＰｒｏｏｆｏｆＴｈｅｏｒｅｍｌ

First,ｗｅｓｈｏｗｔｈａｔ

」M・)=;+o(ｗ)仏川→｡｡）
Letuddenotethevolumeofthed-dimensionalunitbalLThen,since

（sinα)｡Ｗ＜ａｒｅａ(O(α))＜αdUd，

andsinceα＝(c/Ⅳ)'/d,(sinα)｡＝(α＋Ｏ(α3))｡＝αd＋Ｏ(αd+2)asﾉV-÷｡｡,ｗｅ
have

ａｒｅα(C(α))＝Qdud(l＋Ｏ(α2))＝(c/ﾉV”｡(l＋Ｏ(/V-2/d))asﾉV→｡｡．

４



since
２７｢｡/２

“耐…叩珈-苧|拳ｆ
(see，ｅ９，Ｋendall[2叩35),ｗｅｈａｖｅ

岬い'－蒜/鵜'肝｡Ｉｗ１，
＝添剛鴬１１１Ｍ,ｗ１１薑佃,薫,(Ｍ１ｗ１，
＝；+o(ｗ｝

ProofofTheoremL

Denotether-thbinomialmomentofEXAbyUhthatis，

Ｕ１－ＺＥ(XA1XA1…XＡｒ)，

wherethesummationisovera]lr-collections｛A1,Ａ２,…,ＡＩ）ofedgesofGg．
Then,byLemma4,itwillbesuHicienttoshowthatU-÷(c/β)γ/r1asjV→｡｡、
Ｗｅｓｈｏｗｔｈａｔ

四=半十｡(ｗ)十。(N-M,）
LetZdenotethesetofthoser-collections{A1,Ａ２,…,Ａｒ}suchthatG(A1,A

arefbrestsByLelmna2,wehavelF;|＝FWr1＝ﾉWr1＋Ｏ(/V'－１).since
）G(A1,Ａ２,…,Ａ『

E(XAI…ＸＡＪ＝ｐ(α)「

for{A1,…,Ａｒ}EZbyLemmal,thecontributionoftheelementsinＺｔｏＵ
ｉｓ

Ｎｒ （ＭＰ(α)ｿ
７丁(1＋Ｏ(1V-1)沖(α)アー ｒ１（l＋Ｏ(jV-1)）

（c/β＋Ｏ(Ⅳ-2/d)γ(,＋Ｏ(Ⅳ-,)）
７！

（c/β)「
－丁「＋Ｏ(Ⅳ-2/d)＋Ｏ(ﾉV-1）

For{A1,…,Ａｒ｝notcontajnedin界,letγ＝γい,,…,Ａｒ)denotethe9jrtA
ofG(A1,…,Ａγ),thatis,thelengthoftheminimumcycleinG(A1,…,Ａｒ),and
letソーレ(A1,…,Ａｒ)denotethenumberofedgesinamaximalspanningfbrest
ofG(A1,…,Ａ『)Then,clearlyγ≦〃・Foreach(P,9,r),３≦Ｐ≦９＜γ,let

ど(Ｍ;r）

５



denotethesetofthose｛A1,…,Ａ『｝fbrwhich7＝ｐ,〃＝ｑｌｆ{A1,…,Ａｒ｝Ｅ
Ｃ(p’9;r),thenthenumberofverticesinG(A1,…,Ａｱ)isatmost29Hence,ｂｙ
Ｌｅｍｍａ３，

い:)し,）㈲ ＝Ｏ(jV9-(，/2-1)）IVp/２．Ｎ９－(''-1）に(p’9;r)|≦

Since

E(XA]…ＸＡＪ≦Ｐ(α)，，

fbr{A1,…,Ａｧ｝Ｅど(P,9;r),thecontributionoftheelementsin2(p’9;r)ｔｏｚ
ｉｓａｔｍｏｓｔ

Ｏ(Ｍ－(p/2-1)沖(α)，＝Ｏ(Ⅳ-(p/2-1)）
Therefbre

皿_喋十o(ｗ)+o(ｗ，
□
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