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Abstract

Wesurveymanyoldandnewtheorems,andopenproblemsrelated

todistancegraphsinEuclideanspaces・Ｉｎｔｈｅｌａｓｔｔｗｏｓｅｃｔｉｏｎｓｗｅ
ｐｒｅｓｅｎｔｓomenewresllltswiththeirproofi３．Wecoverthefbllowing

topics：

LDistancegraphs

２．Rigidityofgraphs

３．Bipartitegraphsintheplane

４．Unit-bar-graphs

５．Algebraic-distancegraphs

６．DistancesetwithRC-property

７．Ａlgebraic-distancegrapllsoncircles

８．Integral-andrational-distancegraphs

９.VDLdistancegraphs

Distancegraphs1

LetＲ＋denotethesetofpositiverealnumbers,ａｎｄＤｂｅａｎｏｎｅｍｐｔｙｓｕｂｓｅｔ
ｏｆＲ+，ＷｅｒｅｆｅｒｔｏＤａｓｔｈｅｄｉｓｔｑ"ceset．ForanonemptysubsetXofa

EuclideanspaceR洞,wedefinetheD-djst(mce9vvMphonX,denotedbyX(Ｄ)，
asthegraphwithveEtexsetXandedge-set{:ＩＷｌｄ(⑰,y)ｅＤ},whered仏y）
istheEuclideandistancebetween鯵andソＴｈｅｎＸ(Ｄ)isasimplegraph

SupposethatDisapropersubsetofR＋ａｎｄａＥＤ,βＥＲ＋－，．

Then,fbranye＞0,wecanchoosetwonumbeHsq,bzmin{α,β}suchthat
aED,ｂＥＲ＋－Dandlq-61＜ａＦｏＨａｎｙ〃＞０，ifeissuHiciently
small,thereisannl-dimensionalsimpｌｅｘｉｎＲ価whoseprescribededgeshave

lengthqandremainingedgeshavelength6・Anygraphoforder7u＋ｌｃａｎ

▼
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berepresentedbytheD-distancegrａｐｈｏｎｔｈｅｖｅｒｔｅｘｓｅｔｏｆｓｕｃｈａｓｉｍｐｌｅｘ
ｉｎＲ孔．

TheoremL1［39]〃Djsupmpersl`6setq/Ｒ+,ｔｈｅｎｅＵｅｌＷ７"jtelrupAG
c(m6emepresentcd6yuD-djstnnceDmp/ＭｎｓｏｍｅＲ”．ロ

Theminimumdimension〃ｆｂｒＧｉｓｃａｌｌｅｄｔｈｅＤ－ｄｉｍｅｎｓｉｏｎｏｆＧａrldis

denotedbydimDGL

ByspecifyingthedistancesetDinvariousways,weobtainmanyinter-

estingclassesofgraphaForexample,bytaking（１）asthedistanceset,we
haveimjMst(mcc9mpAaWewritesimplyX(1)fbrtheunit-distancegraph
X({l})ｏｎＸＥＲ繩.AfamouspIoblemonunit-distancegraph(see[13,35]）
istoaskthechromaticnumberX(R2(1))oftheunit-distancegrapM2(1)｡、

…h､,｡…Ⅱ…pMⅧ………h合｡､Ｍｈｏ
/Wserbspjmlle[571whosechromaticnumberis4・Atpresentitisknown
that

４≦ｘ(R2(1))≦7．

Chilakamarri[8]provedthatthechromaticnumberoftheunitdistancegraph
ofanyMinkowskiplanealsoliesin{4,5,6,7}・

LetQMenotethesetofrationalpointsinR"､ＴｈｅｎＱ伽(1)isconnected
fbrnz5(Chilakamarri[7]).ThoughX(R"(1))isnotknownfbranynIz2，
thefbllowingisknown,seel9l

x(Q'(1))＝ｘ(Q2(1))＝ｘ(Q3(1))＝２andｘ(Q4(1))＝4．

Chilakamami[9]isanicesurveyonthechromaticnumberproblemon
unit-distancegraphs・

DenotebyZ＋ａｎｄqthesetofpositiveintegersandthesetofpositive
rationalnumbers,respectively・IfwetakeZ＋ｏｒＱ＋asthedistanceset,then

wehavejntEgmMism"ｃｅ９ｍｐｈｓｏｒｒ(ztjomLMjstunce9mpAs．

Theorem1.2(Anning,Erd6s[2]）〃Xisanjn/MesetjMYn(〃三２）
αＭｘ(Z+）iscomp/etc(ｔｈａｔis,qmZﾉｫODC〃e『ticesj〃Ｘ(Z+）α花qdjqcent)，
tAenthcsetX/ｉｅｓｏ〃ｕｓｔｍｊＷ/i"C･U

Follaproofofthecase〃＝２using`hyperbolas，，seethebooksHadwiger

andDebruner[23],KleeandWagon[35）
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lfwetaketheintervalf＝｛ｔ：０＜ｔ≦１｝asthedistanceset,then
wehave7Lnjtnejlhborhood9mpAs、Thesearealsoknownastheintersection

graphsofunitballs・ForafinitegraphG,dimIGiscalledthespAcrjcityofG
[21,27,39],anddenotedbysph(Ｇ）Thegraphswithsphericitylareknownas
theunitintervalgraphs,andtheyarecharacterizedandenumerated[24,38｝

Clearlysph(Kh)＝lfbr〃＞LItis,however,usuallydiHiculttodeter-
minespA(Ｇ)fbranarbitralilygivengraphG・Infactthefbllowingresultis
known,see[5,6,28］

TheoremL3(Breu,Kirkpatric[6]）Ｔ１/tcreco9"itjomq/Mej"tcrsectio〃
9ｍpﾉｶｑ/'`冗肱djsAsint脈plqneisNP-A側MU

Itisknown(Maehara,ReitermanR6dl,Siiiajova[54])thatthespheric-
ityofthecomplｅｍｅｎｔｏｆａｎｙｔｒｅｅｉｓａｔｍｏｓｔ３，andthereisatreewhose
complementhassphericity3・Fbrcompletebipartitegraphs,ｔｈｅbounds

〃＜SPA(Ｋ(","))＜3m/２ｆｂｒｍ＞４

areknown[41lMoserandPach[59]containsabriefsurveyongraph-
dimensions・

Eggleton,Erd6s,Skilton[15,16,17]studiedprjme-djstunce9mpAsinwhich
thedistancesetisthesetPoftheprimenumbersorasubsetofit・Among
others,theyprovedthatthechromaticnumberofＺ(Ｐ),theprime-distance
graphontheintegersZCR1，ｉＳｅｑｕａｌｔｏ４、

TherearemanypapersoncololingsofdistancegraphsZ(Ｄ)ｆｂｌＤＣＺ+・
VbigtandWalther[66]provedthatthechromaticnumberofZ({2,3,Ｍ,u+ｌ}）
is3fbranylzlOandu＝12-6/+３ＤeuberandZhu[14]gaﾊ'eaclassi6cation
ofthoseD＝｛α,6,c｝fbrwhicｈ６ｉｓａｍｕｌｔｉｐｌｅｏｆｑａｎｄＸ(Z(Ｄ)）＝３．
KemnitzandMarangio[31,32]determmedtheChromaticnumberofZ(Ｄ）
fbr4-elementsetDCZ＋ofthefbrmD＝{砥,y,ｚ＋y,ｙ－ｚ},⑪＜yoran
arithmeticalprogressionD＝{α＋Ｍｌｋ＝0,1,2,…},andprovedthatfbr
D＝｛鰯,2節,…,"3Ｗ}’9cd(z,y)＝１，thechromaticnumberofZ(Ｄ)isat
mostn＋2Ruzsa,TuzaandVOigt[61]provedthatthechromaticnumber

ofZ({d1,.2,…})isfinitewheneverinf{｡｛+,/di}＞1

２Ｒｉｇｉｄｉｔｙｏｆｇｒａｐｈｓ

Letusrecallheresomefimdamentalsontherigidityandflexibilityofgraphs
inR7L．
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ＢｙａｇｒａｐｈｉｎｌＷ２ｗｅｍｅａｎａｇｒａｐｈｗｈｏｓeverticesarepointsinR”

andwhoseedgesareline-segmentsconnectingvertices，AgraphinjWlis
alsoconsideredasarepresentmtjo〃ofanabstractgraph・ＡｇｒａｐｈＧｉｎ
Ｒｍｉｓｓａｉｄｔｏｂｅ此"j6/e・ifitadmitsaconti"ＭｏＭｓｄＧ/brmution,ｔｈａｔis,if

wecancontinuouslvmovetheverticesofGinRminsuchawaythat（１）
thedistancesbetweenadjacentverticesarelmcl]anged,ａｎｄ(2)atleasta
pairofnon-adjacentverticeschangetheirmutualdistance・IfGadmitsno

continuousdefbrmation，ｔｈｅｎＧｉｓｓａｉｄｔｏｂｅｒｊ９Ｍ、Equivalently1wemay
defineagraphGinRnwithvertex-setXClWotoberigidifthereisaJ＞O
suchthatanymapp：Ｘ→Ｒ”satisfying“(､),釘)＜Jfbrall⑫ＥＸ,and
叩(､川(y))＝。(鉦,Z/)fbralledgesaWofG,isanisometryonXHere,an
isometryonXisamaW'：Ｘ→Xthatsatis6esd(z,y)＝｡(妙(⑰Ｍ(y))fbr
alM,ｙＥＸ・

Fbrexample，thegraphconsistingoffburverticｅｓａｎｄｆｂｕｒｅｄｇｅｓｏｆａ
ｓｑｕａｒｅｉｎｔｈｅｐｌaneR2isHexible・Indeed,itdefbrmsintoafamilyofrhombi・
Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，thegraphobtainedasthel-dimensionalskeletonofa
MimensionalsimplexinR"(に〃)Mgidsincethisisthecompletegrapｈ
Ｋｋ+,、

AUecto『た!〃ｏｎＸＣＲねisamap/：Ｘ→Ｒ"・Whenwewanttoshow

thedomainofノexplicitly,weusethenotation/lXIfthevaluesofノare
obtainedasthevelocitvvectorｓｏｆａｓｍｏｏｔｈ`rigidmotion，ｏｆＸｉｎＲ､，ｔｈｅｎ
ノiscalledtTiWu！.Ａｎｊ城njtesinm/motjonofagraphGwiththevertex-set
XCRnisavectorfieldノlXthatsatisfies

(/(z)－ノ(y))･(鉦一y)＝０

fbralledges⑩ｙｏｆＧ，where・denotestheinnerproduct・Anontrivialin-

finitesimalmotioｎｏｆＧ１ｉｓｃａｌｌｅｄａｎＭ"jtesjmqMq/brmutjo〃ofGIfG

admitsaninfinitesimaldefbrmation,thenGiscalledin/mjtesimqﾉﾉy此zi6/e，

otherwise,GiscalledMnjtesjmaﾉﾑﾉri9M

IfagraphinRnadmitsacontinuousdefbrmation,ｔｈｅｎｉｔａｄｍｉｔｓａｓｍｏｏｔハ

defbrmation,see,ｅ､9,AsimovandRoth[３１IfagraphGinRnadmitsa
smoothdefbrmation，thenthevelocityvectorsoftheverticesatsomein-

stantconstituteaninfinitesimaldefbrmationofG・Hence``Hexible，，implies

"infinitesimallyHexible，，，ａｎｄ“infinitesimallyrigid，，implies“rigid"・
Ｎｏｔｅｔｈａｔａｒｉｇｉｄｇｒａｐｈｉｓｎｏｔａｌｗａｙｓinfinitesirnallyrigid・Ｆｏｒexample，

thegmphlzIM2MgidMnomnnnitesimaUWigid(Byassignmg
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averticalnonzerovectortotllevertexofdegree2，ａｎｄzerovectorstoall

othervertices,wegetaninHnitesimaldefbrmation.）
Formoreinfbrmationonrigidityor8exibility,see,e9.,[3,4,60］

Ｌｅｔｕｓｓｔａｔｅｈｅｒｅｓｏｍｅｒｅｓｕｌｔｓｏｎｔｈｅrigidityofaclosedpolyhedralsur-

face・Weregardaclosedpolyhedralsurfaceasahjn9e(l-puneﾉＬｍｑ"ｌｙＭｌ,that

is・aclosedtwo-dimensionalmanifbldinR3obtainedbvattachingrigidPanel‐
polygollsalongtheedgeswithhinges、Thenaquestionarisesnaturally：Is
thereaHexibleclosedpolyhedralsurface？Cauchyprovedthatthepolyhedral

surfaceofacompactconvexpolyhedronismigid（OuuchZ/brj9Mjtytheorem
fbraconvexpolyhedron）Gluck[20]provedthatalmostallpolyhedralsur-
facesthatarehomeomorphictoasphereandwhosefacesarealltriangles,are
rigidlnl976,however,Connelly[11]fbundaHexibleclosedpolyhedralsur-
facewithfacesalltriangles,homeomorphictoasphere,andyetHexible・His

flexiblesurfaceplFeservesitsvolume(content)undercontinuousdefbⅡmation，
thatｉｓ，thevolumeofthepolyhedronremainsconstantduringcontinuous
defbrmation、ＴｈｉｓｆａｃｔｌｅｄｈｉｍｔｏｔｈｅＢｃ"Cu）Conjectu7e、Itassertsthat
eachHexibleclosedsurfaceinH3conservesitsvolumeduringcontinuousde-
fbrmation、Recently1theaHirmativeanswertotheBellowConjecturewas

obtainedlbrHexiblepolyhedrainR3,see[12,62,631

３Ｂｉｐａｒｔｉｔｅｇｒａｐｌｌｓｉｎｔｈｅｐｌａｎｅ

Toconstructarigidgraphintheplane,weusuallyusetriangles(3-cycles）
so,itwouldbeaninterestingfactthatmostrepresentationsofK(3,3)ｉｎ
theplanearerigid

FortwodiSjoint,nonempty(possiblyinfinite)setsX,ＹＣＥ2,letＫ(Ｘ,Ｙ）
denotethecompletebipartitegraphwithpartitesetsXandYThesize(ＣａⅡ‐
dinality)ofXisdenotedbylXlItwiUbeeasytoseethatiflX|≦2,theｎ
Ｋ(Ｘ,Ｙ)isalwaysinfinitesimallyHexible

Theoremal(Bolker,Ｒｏｔｈ[4]）Ｓ翅ｐｐｏｓｃｔＭＸ,ＹＣＲ２ｑｒｃｔｍｏ耐
jomtsetsq/ｓｊｚｅｚ３ｓｕｃﾉＭＭ〃otAmeepoj"tsj〃ＸＵＹｑ７ｅｃｏﾉｌｊｎｅｑｒ．〃

Ｋ(Ｘ,Ｙ)qdmitsqnMnjtesjmQMG/brmqtjoMAenXUYljcso〃⑰conic

Pmq/[501Supposethatノ:ＸＵＹ－+R2isaninfinitesimaldefbrmation
ＣＭ(Ｘ,Ｙ),andletp1,胆,p3bethreepointsinXThenfbrany9Eγ，

（９－胸)･(/(9)－〃i))＝０（j＝1,2,3）（１）
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Hencefbreach9EY,thevaluef(9)isuniquelydeterminedbythetwovalues，
say,（p,),/(ル),andsimilarly〃)(ｐＥＸ－{p,,此})arealsodeterminedby
〃,),〃2)viasometwovalues(9),ﾉ(9')(9,9'ＥＹ).Therefbreノ|{p,,ル｝
mustbeaninfinitesimaldefbrmation,Ｌｅ.,(p1-p2)．(〃,)－〃2)）≠Ｏ

(Forotherwise,ノ：ＸＵＹ→E2becomesatrivialmotioIL）Now,letting
f(9)＝(u’０),ｗｅｈ…

（１）￣（q-p`ルブ(9)－(q-pi)･ルポ)＝０（j＝1,2,3）

‐(iEl綱illijlルド')薑(|）②
LetP`＝(α#,6｛）（i＝1,2,3),anddefineapolynomialF(z,Z/)ofz,ｙｂｙ

叩HM薑にＩ:雛豊離ill
Then,since(Ｐ１－ル)･(〃,)－〃2))≠Ｏａｎｄｐｍｐ２,p3arenotcollmeajFit
fbllowsthatＦ((P,＋化)/2)≠OHenceF(駈,U)isanontrivialpolynomialof
砥,ywithdegreeatmost2、SinceF(9)＝ＯｆｂｒａｌｌｑＥＹｂｙ(2),andsince
Fい)＝０(i＝1,2,3)asverifiedeasily,theset｛p,,陣,p3}UYliesonthe
conicF仏y)＝OSimilarlyｳfbranypEX-{p,,陣},theset{p,,p2,p}ＵＹ
ｌｉｅｓｏｎａｃｏｎｉｃ，Sinceapmperconicisdeterminedbyfivepointsonit，ｗｅ
ｃａｎｃｏｎｃｌｕｄｅｔｈａｔＸＵＹｌｉｅｓｏｎａｃｏｎicU

ThefOllowingpreciseresultwasprovedbyWhitely[67]:FortwodiSjoint
setsX,ＹＣＲ２(|Ｘ'三３，|Ｙｌｚ３)ｉｎＲ2,Ｋ(Ｘ,Ｙ)isinfinitesimallyflexible
intheplaneifandonlyifoneofthefbllowingholds：

(1)XandapointofYlieonaline．
(2)YandapointofXlieonaline．
(3)XUYliesonaconic．

WhendoesarepresentationofK(ｍ,"),ｍ,ﾂzz3,inR2admitacontin-
uousdefbrmation？

Theorem32(Maehara,Tokushige[56]）ＬｅｔＸ,ＹＣＲ２ＭｕｊＭ旬ｏｉｎｔ
/Ｍ…tssMMhqtlXlz3,ｌＹｌｚ５・ＴｈｅＭｒ(Ｘ,Ｙ)MmjtsqcontjmLousル
ノbrmqtiomiWMonJyヴＸｌｉｅｓｏｎＭｍｅＬａＭＹｌｊｅｓｗＭＭｅｐｅlTPeMjcUl(Mｒ
ｔｏＬＵ
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Toseetheヴpartofthepmof,supposethatX＝{p,,陣,p3,…｝lieson
thez-axisandY＝{9,,qW3,…}liesonthey-axis,withnoqjontheorigin・
Ｔｈｅｎｗｅｃａｎｐｕｔ

(71Ｍ77~千~7,0)，ｊ＝1,2,…，

(0,5ﾊ/57=7),j=1,2,…,

澱
的

whereTi,ej＝±１ａｎｄα1,ｔｚＭｊ＞UThenthelengthoftheedgepiqjis
equaltoczi＋６j，whichisirrelevanttot・Hencebyvaryingt,wecandefbrm
Iir(ｘ,Ｙ)．

Ｔｈｅｏｎﾉﾝｳﾞpartoftheproofisnoteasy．

WecannotrelaxtheconditionlYE5inTheorem32tolYlz4,bythe
fbllowingresult(seeWunderlich[68]）

Theorem3､３(Bottema）Ｔ/jereisa此麺ID！erep花sentqtioMY(Ｘ,Ｙ）ｑ/
Ｋ(4,4）inthep伽esucAtMthecwwe〃A秘ﾉﾉSCL/ＸｑＭＹｑｒｅ６ｏｔハreCt-
an91es．

Proq/mhesimultaneousequationonnW zcontainingaparametert

＝４

＝６

＝８

＝１０

(鰯一t)2＋(y-z)２
(z-t)2＋(y＋z)２
(鯵十t)2＋(y-z)２
(鰯十t)2＋(y＋z)２’

＝Ｗ),ｚ＝z(t)thatcanbesolvedeasily,andhasrealsolutions〃＝鰯(t),y
arecontinuousinsomerangeoft、Ｌｅｔ

(t,－z)，
(砥,－y)，

ｐ,＝(t,z)，ルー(-t,z)，’'3＝(-t,－z)，ｐ4二
９１＝(z,y)，９２＝(-鰯,Z/)，９３＝(-錘,－y)，914＝

andputX＝｛p1,1,2,P3,p4}，Ｙ＝｛9,,92,q3,9k}、Then，
range,wehaveacontinuousdefbrmationofＫ(Ｘ,Ｙ)Ｕ

vａｒｙｉｎｇｔｉｎｓｏｍｅ

〃Problem3・l0hqmcterjze ｔｈｅ此zj61e7℃presentqtions

K(3,4),Ｋ(4,4）Ｋ(3,3）

ｊｎｔ/Ｚｅｐｋｍｅ．
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Letuscallan(abstract)graphm6soMe/1/２－rilMifitadmitsnoHexible
rePreSentatiOninR2．

Ｐｒｏｂｌｅｍ３､２C7ha7vzcterjzeqOsolMtely2-rj9idg7YzpAs．

ＩｔｓｅｅｍｓｔｈａｔａｇｒａｐｈＧｏｆｏｒｄｅｒ＞２isabsolutely2-rigidifandonlyifG
canbeobtainedfromK2byrepeatingthefbllowingoperations:(1)attaching
avertexofdegⅡee2,and(2)addinganedge

４Unit-bar-graphs

Asubgraph(notnecessarilyanMucedsubgmph)｡ftheunit-distancegraph
R"(1)iscalledawljt-伽-9mpAinR"・Thusinaunit-bar-graph,apajrof
non-adiacentverticescanhaveunitdistance

ByTheorem3・Ｌｔｈｅｒｅｉｓａ‘bipartite，ｇｒａｐｈｔｈａｔｉｓｒｉｇｉｄｉｎＲ２・How
aboutunit-bar-graphs？ＩｓｔｈｅＨｅａ(nontlivial)rigidunit-bar-graphinthe
planethａｔｈａｓｎｏ３－cycle？ArilM6ipurtjfem"jt-M-9mphjntAepﾉanewas
constructedin[43lUnfbrtunately,thatgraphisnotjn/７njtesjmq"yrigid・
Aninfinitesimallyrigidunit-bar-graphintheplanethathasno3-cyclewas
givenbyMaeharaandChine、[521Figurelshowstheirgraph

Figurel：Atriangle-freerigidunit-bar-graphintheplane

Itisaneasyexerciseofelementarygeometrytoshowthattheunit-bar-
graphinFigurelisrigid・Theinfinitesimalrigidityofthegraphisshown
bycalculatingtheraｎｋｏｆｉｔｓ``rigiditymatrix，，．



MaeharaandTbkushige[55]constructedarigidunit-bar-graphinR3that
containsno3-cycle・Theirgraphconsistsof26verticesand78edges(unit-
bars）Itsinfinitesimalrigiditywascheckedbvcalculatingtherankofrigidity
matrix．

Problem4､１ＦＭ(Mmjn/Mesjm⑭ﾉlyri9jd6iP⑰rtjtetumM-伽-97Ⅶpハｍｔｈｅ
ｐ/α"e、

Problem4､２Ｆi"ｄｑ９ｅ"cMmetAodtoconsfructqtrjmn9/e-j･ee,in/Ｍｅｓｊ－

ｍａﾉﾉz/Tj9MwDit-6qT-97npAinR'2．

LetGbeaflexibleunit-bar-grapｈｉｎＩＷＬ，Then,byaddingsomeedges
ofappropriatelengths，ｗｅｃａｎａｌｗａｙｓｅｘｔｅｎｄＧｔｏａｒｉｇｉｄｇｒａｐｈｉｎ１ＷＵ．
Howaboutwhenonlyunit-bars(edgesofunit-lengths)areavailable？Ｃａｎ
ｗｅａｌｗａｙｓｅｘｔｅｎｄＧｔｏａｒｉｇｉｄｕnit-bar-graphinR"？Ifnecessary,wemay

continuouslydefOrmGasfaraｓｎｏｔｗｏｄｉｓｔｉｎｃｔｖｅｒｔｉｃｅｓｃｏｍｅｔｏｔｈesame

positionltwasprovedin[45]thatanyunit-bar-graphinR伽canbeextended
toarigidunit-bar-graphinR兜．

ThoughKWm三４)isnotisomorphictoaunit-bar-graphintheplane，
everyfinitegraphGis`homeomorphic'toaunit-bar-graphintheplane，ｔｈａｔ
is,byinsertinganumberofverticesintotheedgesofGr,wecanchangeGinto
agraphisomorphictoaunit-bar-graphintheplane・ThesuMujsio〃Ｍｍ６ｅｒ
ｏｆＧ(denotｅｄｂｙｓｄ(Ｇ))isdefinedtobetheminimumnumberofvertices
weneedtoinserttochangeGintoagraphisomorphictoaunit-bar-graphin

theplane､IfGhasmedges,thensd(G)≦mThiscanbeseenasbUows：
PuttheverticesofGinsideacircleofradius＜１ontheplaneFbreachpair

ofverticesthatshouldbeadjacentinG,connectthembyapathconsisting

of2unit-bars・Thenweobtainaunit-bar-graphthaｔｉｓｈｏｍｅｏｍｏｒｐｈｉｃｔｏ

Ｇ・Hencesd(G)三ｍ、Lett(､)denotethemaximumnumbemfedgesofa
graphon7zverticesthatcontainsno4-cycle・Ｉｔｉｓｋｎｏｗｎｔｈａｔ

#(”)≦;卿(Ｍ扇=颪）
AniceproofofthisinequalityispresentedinthebookbyAignerandZiegler
[1]・ConcemingthesubdMsionnumber,GewacioandMaehara[19]proved
thefbllowing：

(;） -`(")≦蟹仏)≦;("-2Ⅲ３１+2，
９
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SinceX(A+)isnotcomplete,wemaysupposethat⑩,,ル）ＥＡ＋Now
considerthepolynomialsノ(x),，(x)of2mvariablesx＝(z,,ｙｍ…,虹､,”)：

/(⑫,,z/,,…，z､,z/､）＝（zI-鉦2)2＋(y1-y2)２，

９(z,,y,,…,⑪､,y､）＝Ｅ{(鯉ｶﾞｰｭj)z＋(yi-yj)ｚ－ｅ３}２，
ijEE

whereeij＝。(p#,pj）Thenノ(x),g(x)aⅢepolynomialsovertherealalgebraic
numbers,ａｎｄｇ(p)＝qwherep＝(10,,座,…,pm）ＥＲ２ｍ・sinceノ(p)＝
叩,,陣)zisnotalgebraic,ノ(p)isnotamaximalvalueofノunderthecondi-
tiong＝OHence,fbranyJ＞0,thereisapointq＝(9,,92,…,9m)ER2m
suchthatd(pi,9i)＜Jfbrallii＝1,2,…,ｍ,ノ(q)＞ノ(p),ａｎｄｇ(q)＝ｑ
However,ｇ(q）＝Oimpliesthatd(9i,qj）＝。(ハ,坊）fbralledgespipjof
X(A+)Hence,recallingthesecondequivalentdefinitionoftherigidityofa
graph,wecanconcludethatX(A+)isnotrigidu

LetusidentifyRmwiththesubsetofRね+lconsistingofthepointswhose
lastcoordinatesareOLetG＝(１４Ｅ)beagraphwithvertexsetVCR流．
ASTLSPe"Sjo7DofGwithpo/ｅｓ

ｐ＝(０，０，…,0,z),９＝(0,0,…,０，－z)ＥＲ"+’

(wherez≠O)isagraphwithvertex-setVU{p’9}andedge-set

EU{ｐＵｌｐＥＶ}Ｕ{9ＵｌＵＥＶ}・

IfthesuspensionofGMexibleinlWm+lfbrsomez≠０，thenGissaidto
beSUSpe"siolz弧ezj6h

Corollary5・ｌＬｅｔＳ『ｂｅｑｓｐｈｅｒｅｑ/tMnsceMenMrMjusT＞ＯｊｎＲね．

T/teneUerZﾉﾉMeSU69mpAq/Sγ(A+）iSsMSpcnSio加汎ezj6化

Pmoq/:WemaysupposethatSγiscenteredattheoriginOoflWn、LetＧ＝

(V;Ｅ)beafinitesubgraphofST(A+)Letｚ＝､/75~＝〒すfbrsomeintegerA＞
Ｔ２,andletp＝(0,…,O,ご),９＝(0,…,0,-z)ＥＲ〃+'Thenthealgebraic-
distancegrapｈｏｎＶＵ{p’9｝isnotcompletebecaused(p’9)＝２V丙＝~戸
istranscendentaLHenceitisflexiblebytherigid-completetheorem、This

graphcontainsthesuspensionofGasaspanningsubgraph・HenceGis
suspension-flexibleU

Ｔｈｅｄｉｑｍｅｔｅ７ｏｆａｇｒａｐｈＧｉｓｔｈｅｍinimumintegermsuchthatanytwo
veｒｔｉｃｅｓｏｆＧｃａｎｂｅｃｏｎｎｅｃｔｅｄｂｙａｐａｔｈconsistingofatmostmedges，Ifa

graphisdisconnected,thenitsdiameterisoc．
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Theorem5､２(Ｈｏｍｍａ,Maehara[30]）LcfSr6eqspAereq/TMjusr＞
Oj"Ｒ凧,nZ3JMfAMjqmeterqfS,(A+)is2ヴrjs山e伽ＩＣ’(Ｍ３ヴ
ｒｊｓｔｍ７ＵｓｃｅＭｅｎＭ．

ＰｍｑｆＳｉｎｃｅＳ『hastwopointswithtranscendentaldistanceapart,the

diametemfS(A+)isatleast2・
Ｌｅｔ皿,ｙｂｅｔｗｏｐｏｉｎｔｓｔｈａｔａｒｅｎｏｔａｎｔｉｐｏｄａｌｔｏｅａｃｈｏｔｈｅｒ，ｔｈａｔｉｓ

ｄ他Z/)＜２r、ThenwecanchoosezESsothaM(極,ご)＝。(y,ご)ＥＡ+・
HenceinSXA+),anynon-antipodalpair鰯,ｙｃａｎｂｅｃｏｎｎｅｃｔｅｄｂｙａｐａｔｈ
ｗｉｔｈｔｗｏｅｄｇｅｓ

ｌｆｒＥＡ+,ｔｈｅｎanantipodalpairareadjacentinS八A+)．Hencethe
diameterofSr(A+)is2inthiscase・

Supposenowristranscendental,ａｎｄlet釘，ybeanantipodalpair・Then

qWcannotbeconnectedbyapathwithtwoedges,fbrotherwiseK2r)２
becomesalgebraicbyPythagoriantheorem,acontradictionItwillbeclear
thaｔａｌ１Ｚ/ｃａｎｂｅｃｏｎｎｅｃｔｅｄｂｙａｐａｔｈｗｉｔｈｔｈｒｅｅedges，ロ

Fbranym,〃ｚ３，theＡ+-dimensionofK(ｍ,")is2Thiscanbeseenas
fbllows:Letpi=Ｍ~T7F,0)EB2(i=1,2,…,､),qﾉｰ(O(/３－千~ﾌｰｰｰﾗﾃ)E
R2（j＝1,2,…,洞),andＸ＝{P,,…,P､},Ｙ＝｛9,,…,9,m}・Ｔｈｅｎ(ＸＵ
Ｙ)(A+)＝Ｋ(Ｘ,Ｙ).Hence,dimA十Ｋ(､Ｍ３)＝２１twasalsoprovedin[30］
that

dimA十Ｋ(:望L夢_Ｊ三m．
〃

Hence1dimA＋GisalsounboundedfbrfinitegraphｓＧ１．

６DistancesetswithRC-property

lnthissection，weconsiderthosedistancesetsthatcontainl・Adistance
setDissaidtohavethe〃-rj9M-comp/ete-pmpcrty("-RC-property)if,fbr
anyfinitesubsetXCR伽,theIigidityofX(、)impliesthecompleteness
ofthegraｐｈＸ(、）Bytherigid-completetheorem,theseＭ＋hasthe
”RO-propertyfOreveryn＞ｑ

ＷｈａｔｉｓｔｈｅｍｉｎｉｍｕｍｄｉｓｔａｎｃｅｓｅｔＤｔhathasthen-RC-Property？Ｓｉｎｃｅ

ｌＥＤ，ｉｔｗｉｌｌｂｅｃｌｅａｒｔｈａｔＺ＋ｉｓｔｈｅｍｉｎｉｍｕｍｄｉｓｔａｎｃｅｓｅｔｗｉｔｈｔｈｅl-RC-
property

AnumberびiscaUedａｓｍＭｍＬｍ６ｅｒｉｆぴcanbeobtainedfromOandlby

applyingafinitenumberofarithmeticoperationsandextractionsofsquare

1２



ｒｏｏｔｌｔｉｓｗｅＵｋｎｏｗｎｔｈａｔｇｉｖｅｎａｌｉne-segmentofunitlengthintheplane，

aline-segmentoflength1ケ|canbeconstructedbyrulerandcompassifand
onlyifぴisasurdnumber､See,e9.,Stewart[641

Ｎｏｗ，sinceourdistancesetscontainl，ｉｔｗｉｌｌｂｅｅａｓｙｔｏｓｅｅｔｈａｔａｎｙ
ｄｉｓｔａｎcesetwiththe2-RC-propertyconｔａｉｎｓｔｈｅｓｅｔＥ＋ofpositiveswwd

num6e凪Itisknown[47]thatanyrigid2+-distancegraphinB2withat
mostfiveverticesiscomplete・so,囚＋couldbeacandidatefbrtheminimum

distancesetwiththe2-RC-pmperty・Ｔｈｅ２+-distancegraphonapoint-set
iscalｌｅｄｔｈｅｓｕＭ－ｄｊｓｍｎｃｅ９ｍｐｈｓｏｎｔｈｅｐｏint-set・Ｉｔｔｕrnedout，however，

thatthereisasurd-distancegraphｉｎＢ２ｗｉｔｈｓｉｘｖｅｒｔｉｃｅｓｔｈａｔｉｓｒｉｇｉｄbut
notcomplete・Figure2showssuchasurd-distancegraphobtamedin[491
1tcanbeprovedthatnoneofthedistancesbetweennon-adjacentpairsof

verticesmFigure2isasurdnumber・Ｈｅｎｃｅ１ｉｔｉｓｉｍｐｏｓｓｉｂｌｅｔｏｃｏnstruct

acongruentcopyofthisrigidgraphbyrulerandcompassfromthedataof

edge-lengthsandthegraph-structureofthisgraph

shortedge＝１，longedge＝２

Figure2：Arigidsurd-distancegraph

EmployingKempe，sideａ[34],itwasprovedin[45]thatfbranypositive
algebraicnumberα,thereisarigidunit-distancegraphGrinR2thatcontains
twoverticesexactlydistanceaapart、ＴｈｕｓｉｔｔｕｒｎｅｄｏｕｔｔｈａｔＡ＋ｉｓｔｈｅ

ｍｉｎｉｍｕｍｄｉｓｔａｎｃｅｓｅｔｗｉｔｈ２－ＲO-property、

Thisresultcanbeextendedtoarbitrarydimensionn＞２．

Theorem6､１[45]ＴＡ…MpIosjtiひe山c6wzicmmzmM＋istAemjnjmum
dism兜cesettMAus癖RCLpmpertWbre⑰ＣＭ＞２Ｕ￣

７A1gebraic-distancegraphsoncircles

ＬｅｔＣｂｅａｃｉｒｃｌｅｉｎＲ２ｗｉｔｈｃｅｎｔｅｒＯａｎｄｌｅｔＫ＝、,ひ2…ｕ”ｂｅａｎ`oriented，

cyclemscrjMinO(thatis,ひ,,…,ＭｉｅｏｎＣ）Asaclosedpolygonal

1３



curve，KmayhaveselfLintersections・Ｆｂｒｅａｃｈ‘oriented，ｅｄｇｅｕＷｊ+，not
passingthroughthecenterO,letusassignasignej＝EOjJUj+,)asfbllows:Ｉｆ
Ｏ→ｕｊ－÷ｕｊ+，→Oiscour1terclockwise,ｔｈｅｎＥｊ＝＋１，otherwise,Ｅｊ＝－１．

Ｔｈｅｍｍｄｊ抑gnUm6erofK(aroundＯ)isdefinedbWulind(Ｋ)＝Oifone

oftheedgesofKpassesthroughthecenterOofthecirclｅＣ､ａｎｄ

ｍＭＫ１薑圭≦､叩岫
otherwise，ｗｈｅｒｅｕ冗十，＝u1andLujOuj＋lismeasuredinradians，０＜
と坊OUj+，＜mNotethatlujM(Ｋ)takesonlyintegralvalues・Thesj9"ｅｄ
ｑｒｅｑｏＭ(denotedbyq『eα(Ｋ))isdefinedby

７ｕ

（ｍｒｅａ(K)＝Zcjl△ＯＭｊ+11,
ｊ＝１

wherel△OUjUj+,listheaⅢeaofthetriangle△OMj+,、
ThefbllowingtheoremisaspecialcaseofConnelly，ssuspensiontheorem．

Theorem7,１（Connelly[10]）〃α〃orje"tedcycleKmscrjMjmlchwc！e
mR2iSSUSPenSioMeZj6ﾉe,tAeimujind(Ｋ)＝ａｒｅａ(Ｋ)＝0

PmoqfWeusethefbllowingfact:Ifthefunction

（⑪)＝q1COS-l(１－Cl鰯)＋…＋qmCOS-1(１－cm麺）（Cl＜C2＜…＜C､）

isconstantonanintervalofz，ｔｈｅｎα，＝α２＝…＝αｍ＝q

Thiscanbeseenasfbllows・Supposethatum≠OThensince〃)is
realanalyticontheinterval(0,2/c､),itisconstantontheintervalHence
thederivativeノ'(錘)＝OontheintervalHowever,ノ'(z)→ooas〃→2/Ｇ７&
aseasilyverified,acontradiction

Now,letＫ＝ｕ,Ｕ２…unbeanorientedcycleinscribedinacircleOwith
centerOSupposethatasuspensionofKisHexible，Thenwecancontinu-
ouslychange・theradiusofthecirclecircumscribedtoKWemayalsosup-
pose,bychangingtheradiusrifnecessary,ｔｈａｔnoedgeofKpassesthrough
OLetej＝。(ひノル+,).Then,fromthecosinelaw,wehaVecosLUjOuj+,＝
１－(1/2)(ej/γ)2Letting⑪＝l/(2r2),wegetL1jjOuj+,＝cos-l(１－e;錘）
Letc1,c2,…,cmbethedistinctnumbersin{e,,…,e"）Ｔｈｅｎ

“M(K)=夫,三噸(二戸)・゜圏-仏．!蜜）
1４



SinceluM(Ｋ)remajnsfixedunderasmallchangeoftheradiusr(recall
thatnoedgespassesthroughＯ),itfOllowsfromthefactmentionedinthe
beginingoftheproofthat

ＥＥｊ＝qforj＝',…,、．
ｅｊ＝ci

Hencem剛(K)＝qSincel△0ＭJ+,|＝;eｊ ,ｗｅｈａｖｅ

…(K)=;,皇(三Eﾙﾎﾟ r２－値/2)２ ＝０．

Thesuspension-Hexibleorientedcyclesinscribedinacirclearecharacter-
izedinthefbllowingway・

Theorem7､２[44]LefK6eqmorje"McZ/c/…scrjMinmcj1℃/e…ｅｑノ
uUhoseedlespqssestA7Du9ﾊｫﾊｅｃｅ"teroLftheci冗化Ｔﾉｶe",Kissuspensjoか

/7emi6ノビヴｑｎｄｏｒＤﾉ：ノヴe⑪cAed9eeq/Ｋ/ｍｓｑｐｕＴｔｎｅトビｄ９ｅｅ'lUjtﾉＭｈｃｓｕｍｅ

ｌｅｎ９ｔｈｑｓｅｑＭｏｐｐｏｓｊｔesj9mU

Corollary7・ｍＷｃＺ/cﾉＣｌ"Sc'･ibedjnucj”lejssuspensjon汎arj6lc,the〃ｊｔ

ｈｕｓｅＵｅｎｎｕｍｂｅｒｑ/M9es・ロ

Letadenoteapositivealgebraicnumber1andTdenoteapositivetran-
scendentalnumber．Ａcirclewithradius7isdenotedbyCr、Sinceanycycle

ofCT(A+)issuspension-HexiblebyCorollary51,0了(A+)hasnooddcycle
HenceCT(A+)isabipartitegraphDntheotherhand,anyconnectedcom-
ponentofCα(A+)isacompletegIaphThiscanbeseenasfbllows：Let
zyzbeaPathofOq(A+）Thenthealgebraic-distancegraphon｛0,z,Z/,z｝
isclearlyrigidintheplane,andhenced仇ご)ＥＡ+Henceanyconnected
componentofOα(A+)iscompleteThus,concerningthechromaticnumber
ofｑ(A+),wehavethenextresult．

｛
２０．２Ａ+）
｡。（ｒＥＡ+）

X(or(A+))＝

Theorem7､３[46]ＬｅｔＯ了Oecente↑ＭｑｔＯ,ｕＭｚ,Z/MtDopomtsomOγ
SmＣｈｔｈａｔＬＺＯｙｈａｓｑｍｔｉｏｎＭｄ印rCemeaSWe・ＴｈｅｎｔﾊｅｒｅｊＳ汎ｏＰｕｔＡｉｎ

Ｃγ(A+沖…ectm9z,ソ
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Ｐｍｑ/:SupposethereisapathPconnecting⑪andyLetpbetherotation
aroundOthroughtheangleLzOy・SinceLaFOyhasarationaldegree,there
isanintegernsuchthatハ釘)＝r・Thenbyconnectingthepaths

P,β(P),…,β凪-1(Ｐ）

endbyend,wegetacycleKofCγ(A+）ItswindingnumberaroundOis
clearlynotzero，acontradictiontoTheorem7.'・ロ

SinceeachconnectedcomponentofOα(A+)iscomplete,Ｃａ(A+)hasin-
finitelymanycomponents．（ＴａｋｅａＯ＞OsucllthatsinO巳Ａ+,andlet
p1,陣,…ｂｅｐｏｉｎｔｓｏｎＣａｓｕｃｈｔｈａｔＬｐｉＯｐｉ+，＝０．Thenthesepointsbelong
todistinctcomponents）AllcomponentsofCb(A+)areclearlyisomorphic
Bytheabovetheorem,itfbllowsthatCγ(A+)hasalsoinfinitelymanycom-
ponentsEachcomponentofC『(A+)isbipartiteasalreadyseenltisnever
acompletebipartitegraph､Toseethis,considerapatMzyzofCT(A+)such
thatd(u1,z)＝。(z,y)＝。(y,z)＜γ・TheＭ(ｕｊ,z）２Ａ+,fbrotherwise,in
the4-cycleauaWz，theedgetuzhasnopartner-edge，contradictingTheorem
72HencenocomponentofO7(A+)iscompletebipartite．

Problem7､１１３ｑ(A+)αAu(Wsjsomovphictoq(A+)？ｈｏ此ruj0rds,is
thereqOvcctionノ：Ｃ７－＋Ｑ『tAqtsqti城ｅｓｔｈｅｃｏＭｊｔｉｏＭ(z,y)ＥＡ＋－
．(/(鰯),/(y))ＥＡ＋？

８１ntegral-andrational-distancegraｐｈｓ

ⅡGisaHnitegraphrepresentedbyarational-distancegraphintheplane，
thenbyblowmguptheplanesuitably，wecangetarepresentationbyan
integral-distancegraphintheplane、Hence，anyfinitegraphrepresented
byarational-distancegraphcanbealsorepresentedbyanintegral-distance
grapｈｉｎｔｈｅｐｌａｎｅ、Ｔｈｉｓｉｓｎｏｌｏｎｇｅｒｔｒｕｅｆｂｒｇｒａｐｈｓｗｉｔhinfinitelymany
verticesasseenfromthefbllowingresult、

Let。｡＝|Z+|,andＫ(｡｡,｡｡)bethecompletebipartitegraphwithboth
partite-setsofsizeoo．

Theorem81dimQ十Ｋ(｡｡,｡｡)＝2,dimz十Ｋ(｡｡,｡｡)＝３．

Ｐｍｑｆ（j）ItisclearthatdimQ十Ｋ(｡｡,｡｡）＞１．LetGbeacircle
withradiusr＝Ｖ５，andletUi,ｉｅＺ＋bethesequenceofpointsonO「
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suchthat地,沙j+,)＝２，ｊＥＺ＋Thenbyelementarygeometry,itfbllows
that叩,,p3）＝､/pwhichisaniwtj0"(mlMmberlDhoses911q花isum-
tjonql・ApplyingPtolemy，stheoremtothequadrilateralu1u2u3u4，ｗｅｈａｖｅ
ｄ(u,,Ｕ４)＝。(Ｕ,,Ｕ３)｡(U2,Ｕ４)/２－２＝5,arationaLSimilarly,itcanbeproved
byinductionthat(1)if､,－lisodCLthen(l(u,,Ｕ”)isarational,ａｎｄ(2)
ifnI-1iseventheM(”,,uね）isanirrationalwhosesquareisarationaL
Hencetherational-distancegraphontheset{",,Ｕ２,u3,…}isisomorphicto
K(｡｡,｡｡)．

（jj)FirstweshowthatK(3,。｡)isnotanintegral-distancegraphinthe
planeSupposethatK(3,｡｡)isrepresentedbytheintegral-distancegmph
on{u,ひ,tu}UXintheplane,where{uブリ,⑪}isonepartite-setandXisthe
otherinfinitepartitesetForapoint懇ｅＸ,。(M,⑪),｡(Ｕ,ｚ)areintegers,but
｡(u,⑪)isnotanintegerHence鉦,剛,uarenotcollinear・Therefbre,nopoint
ofXliesonthelinesTLu，ｕｕ),ｔｍｕ、Ｎｏｗ,ｆｂｒａｎｙ⑩ＥＸ，

(3)

(4)

|d(u,z)－.(Ｕ,⑰)｜

|d(Ｕ,z)－.(､,釘)’
ｍ
、

areintegerssatisfying

O＜ｍ＜ｄ(u7U),０≦汎くれγu)）￣
(5)

Letusinterprettheseinthefbllowingway：Everypoints⑩EXcanbe
obtainedasanintersectionpointoftwohype7M(1s(3),(4)withfbciu,ひand
t),tufbrsomem,nsatisfying(5)Now・twohyperbolas(3),(4)intersectin
atmostfburpoints，andthereareonlvfinitelymanysuchhyperbolasby
(5)．TherefbrethetotalnumberofintersectionpointsmustbefiniteThis
contradictsthatXisinfinite・

Ｎｏｗ,let

Ａ＝{(cCs器,sin篝,O)|”＝1,2,3,…ル
Ｂ＝{(０，０Ｍ丁豆~＝T)|、＝2,3,4,…}・

Thentheintegral-distancegraphoMUBCR3isisomorphictoK(｡｡,｡｡）
ロ

Caneveryfinitegraphberepresentedbyanintegral-distancegraphin
theplane[58]？

Theorem8､２(Maehara,Ota,nkushige[53]）FbreDerWMe9mpAG，
tAereisqpomtsetXonacirclｅｓＭＭｈａｔＸ(Z+)jsjsomorpAjctoGD
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Thiswasprovedby,Hrstchoosingacompleterational-distancegraphon

apoint-setonacircle,andthenblowinguptheplanesuitablysothatonly

theprescribededgescometointegrallengths，
ThistheoremimpliesthatfbrafiniteconnectedgraphGwithmorethan

twovertices'

…-(;:蝿'に“
Sincedim1G,sph(Ｇ):＝dimIG,dimA+Gareallunboundedfbrfinitegraphｓ
Ｇ,thefactdimz+Ｇ≦２israthercurious・

KemnitzandHarborth[33]conjecturethateveryplanargraphｃａｎｂｅ
ｅｍｂｅｄｄｅｄｉｎｔｈｅｐｌａｎｅｉｎｓｕｃｈａwaythateachedgeisastraightlinesegment

ofintegerlength

LetKoodenotethecompletegraphwithcountablyinfinitevertices．

Theorem8､３(Klee,Wagon[35]）Ｌｅｔｑ６ｅａｃＭｅｑ/TMjusrJ此〃
the/bﾉﾉoujjn9tArceqree9ujMent．

(1)ｒ２Ｅ９+、
(2)Ｑ(9+）contains(M紬gmphisomorphictoK｡｡．
(3)ｑ(Q+)ComtnjnSq3-cZ/Cle・ロ

countablymanyverticesthatisnotanintegral-

LeMr6o-edenotethegraphontainedfromK6。
Thereisagraphwith

distancegraphｉｎａｎｙＲ'２．

byremovinganedge．

Ｔｈｅｏｒｅｍ８､４Ｔ/je97npハＫｏｏ－ｅｉｓ〃Ｏｔａ〃jnte9M-distqnce9nupAi〃any
ijmensiom,ｕﾉﾊﾙK6o-eisq7vLtio"z,ﾉｰdiismnce9mp/ｉｊｌｍｔｈｅｐｌ⑪､e、

Proq/:(i)SupposethatK6o-eisisomorphictoX(Z+)fbrsomeXC腋
Thentherearetwopointsp,qEXsuchthaM(p’9)isnotanintegerSince
theintegral-distancegraphonX-{p}iscomplete,Ｘ－{p}liesonalineby
Theoreml2Similady,Ｘ－(9)liesonaline,TherefbreXliesonaline・
Inthiscased(P,9)mustbeaninteger,acontradiction．

（ii)ＢｙＴｈｅｏⅡem83,thereisasetXofsizeooonthecircle｛(z,y,O)｜
鯉2＋y2＝２｝inR3suchthatX(Q+)iscompleteLetp＝(0,0,Ｖ面),ｑ＝
(0,0,-V面)．ＴｈｅｎＹ:＝｛p’9}UXliesonthesphereofradiusbinＥ３，
andＹ(Q+)isisomorphictoK6o-eTakeapointにＸ,andlet/denote
theinversionofR3withrespecttotheunitspherecenteredatu・Notice
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thatsince△秘uujissimilarto△i`/(u))川)foru,u)ＥＲ３－{皿川thedistance
d(/(u),/(､u))iscalculatedas

｡(Ｕ,、）
｡(（u),ノ(u）))＝

｡(t`,U)．｡(u,tDJ

Hence,itfbllowsthatthelFational-distancegraphon/(Ｙ－{卿})isisomorphic
toKoo-e・sinceノ(Ｙ－{腿})liesonaplane,K6o-eisamtional-distance
graphontheplane、ロ

Erd6sconjectuzedthatRm(Q+)iscountablychromatic､andthisconjec-j

turewasprovedbyKomidth[36]HomthisthenextfbUows．

Theorem85LetXCR狐ｂｅｑｎｉｉ,l/MesetsMcAtMX(Q+）jscom此tG
T1ﾉile〃ＸｊＳｃＵＣｏＴｍｆａ６ｌｅｓｅｔ．

LetusgiveadirectproofofthisfactJnl-dimensionalcase(〃＝l),the
assertionisclearlytrue､Assumingthattheassertionistrueupto(〃－１)-
dimensionalcase,letusconsider汗dimensionalcaseWemaysupposethat

Xcontainsnpointspﾙﾙｯ…,p凧thatspanan(〃－１)-dimensionalsimplex・
Then,fbranypoint妬ＥＸ,。(z,pi)，ｊ＝１，…",arerationals・Thuseach
pointsZEXcanbeobtainedasanintersectionpointofnspheresinR汎with

centerspi,ｉ＝１，…，THandrationalradii、Ｓｉｎｃｅｔｈｅ〃pointsp1,…,ｐ”span

an(､－１)-simplex,sucMspheresintersectinatmosttwopoints､Sincethe
numberofcombinationofnrationalradiiiscountable,thesetofintersection

pointsisalsocountable、HenceXiscountableU

Thus,acompletegraphwithuncountablymanyverticesisnotarational-
distancegraphinanydimension．

Problem8､１／Ｍｈｅ花qcotmtqﾙﾉＷ､/Me9vYLpAtAqtjs”otqmtiomLMsmnce

97YZPハｉｎ(mydjmenSjO〃？

Problem8､２ノSt/WeucowBtu6ﾉ1ﾉｉｎ/Me9mpAtAutjs〃ofqmtjonuMstqnce

9mphjｎｔｈｅｐｌｑ７ｚｅ？

Problem8､３IStAereqβnite9mpハtAqtisnotamtjonqMstqｎｃｅ９ｍｐＭｕ

ｔｈｅｐｌｕｎｅ？

Example81dimQ十Ｋ(3,3,3)＝２
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Letpdenotethecounter-clockwiserotationaroundtheorigininR2
throughtheanglel20o・Take9pointsinR2inthefbllowingway：

u3＝(－１３内,O）
03＝ｐ(u3）
､3＝ｐ(ひ3）

Ｍ２＝(11内,0)，
D2＝β(u2L
tU2＝β(り2)，

u,＝(2内,O)，
Ｕ,＝小,)，
､,＝β(り,)，

ThentheQ+-distancegraphofthese9pointsisisomorphictoK(3,3,3）

Example8､２ｄｉｍｚ+(Ｂ･×Ｋ２)＝dimQ+(PboxK2)＝2,ｕﾉﾊercPB｡×K2js
theCnrtesjmMwducfq/thetiuo-1uqy-in/MeputARoqMhSeeFigure３．

「
－
－
－
－
－
ゴ

ー
へ

へ
三
Ｆ
』

ヘ〉

[＞＜ＩＩ＞＜：
『
〆
－

l

Figure3：ＰｂｏｘＫ２

Example8､３dimQ十Ｋ(｡｡,｡｡,｡｡)≦3,dimQ+Ｋ(｡｡,｡｡,｡｡,｡｡)≦４．

Pmq/:(j)RepresentK(｡｡,｡｡)asarational-distancegraphonapoint-set
onthecircleofradius,/§centeredattheoriginintlleaW-planeasintheproof
ofTheorem8､1,andthentakeinfinitepoints(0,0Ｍ7~=面),、＝9,10,11,…
onthez-axis．

（it)ＬｅｔＸ,Ybepoint-setsonthecircles

{(z,y,0,0)ＥＲ４１ｚ２＋"2＝8%｛(O,い,u))ＥＲ４１ｚ２＋tu2＝8}，

respectively,eachrepresentingK(｡｡,｡｡)asinTheorem8・LThentherational-
distancegmphonXUYisisomoIphictoK(｡｡,｡｡,｡｡,｡｡)Ⅱ

FollowingStewart[651,letuscallan汁point-setXintheplanean腕-p⑫ｃＡ
ｉｆ

(1)nothreepointsofXlieonaline，
(2)nofburpointsofXlieonacircle,and
(3)Ｘ(Z+)iscomplete・

Itisknownthatthereisa6-pack,seeHarborth[251,HarborthandKemnitz

[261Thefbllowingisanopenproblem．
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[22,35,65］ ﾉ３ｔﾊerem7-lxLcﾙ？Problem ８．４

Thenexttheoremrelatestheexistenceofan汁packtotheQ+-dimension

ofacomplete"partitegraph・Ｆｏｒれど１，let

．諄(雁か(”JlW
Theorem8､６〃dimQ+Ｋ(α,,q2,…,α施)≦２the〃the死is`、"pucA・

Forexample,ifＫ(1,1,2,5,11,21,36)canberepresentedbyarational-
distancegraphintheplane,thenthereisa7-pack・

PmqfSupposethatthereare〃diSjointsetsYiCR2ofsizeqM＝
1,2,…,nsuchthattherational-distancegｒａｐｈｏｎＹ＝】/ｉＵＹｈＵ…Ｕ
脇isisomorphictoK(α,,α2,…,α狐）Then,ｈｍｅａｃｈｊ＝1,2,…,､,we
canchooseapointzjeYisothat｛z,,z2,…,zm｝satisfiestheconditions
(1),(2)｡f〃packToseethis,supposethatwecouldchoose{慾,,…,⑩,J,A＜
…tMying(1)and(2)Then{麹,,…,鞭囎}determme・(:)Unesand(:）
circlesNoneofthese(i)linescanc･ntainm…hanonepointofYk+し(Fo【
otherwise,sometwoofYK+lbecomeadjacentinY(Q+)）Similarly,noneof

these(:)circlescancontainmorethanonepomto川+し(rbrotherMse，
applyingPtolemy，stheorem,ＹＫ+lcontainsamadiacentpair.）SinceYL+，

…insqk十!＝(:)＋(:)＋lpoinMeM…IeastonepomtmYﾙ+]that
liesonnoneof(:)linesand(:)cMesHencew…ncho…にYisothat
X＝{z,,…，錘"｝satisfies(1)ａｎｄ(2)since。“,⑫j)ＥＱ+,bydilatingthe
setXsuitably,ｗｅｇｅｔａｎ〃packU

９ヘ/[7とdistancegraphs

LetW7denotethesetofpositiverealnumberswhosesquaresarerational
numbers，SincethedistancebetweenapairofrationalpointsinRnbelongs

toV可,thisdistancesetisofsomeinterestAsetXdW､iscalleda〃Lsct
ifX(〃)isacompletegraphThusasubsetofQ”ＣＲ蝿isaVひset、

Answeringtoaproblemin[511Kumadaprovedthefbllowingresultby
applyingthetheoryofp-adicnumberfield、

Theorem9､１(Ｋｕｍａｄａ[37]）EucrWﾜｰsetjMWsjsometrjcqﾉﾉyemM-
CM/eiｎｔｏＱ施+3Ⅱ
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Sincetheinteger7cannotbewritteｎａｓｔｈｅｓｕｍｏｆｔｈｒｅｅｓｑｕａｒｅｓ１ｔｈｅ
Ｖひset｛0ﾊ/7}inR1isnotisometricallyembeddableinQ3Hence,the
abovetheoremisbestpossiblemgeneral．

Example9､１Let｛鯵,p０，ルル｝αＭ｛Ｗ,０，P,,”｝ｂｃｔｗ〃-setsj〃ｔＡｃ
Ｐｌｑｎｃ〃P｡,P,,P2urEnotcollmcu『,the〃tAe5-lW〃t-sct{z’1ﾉ,PC,P,,ルル
ulsoqW7-set,seeFigure4(a）／、，〕(o’1）

え洩

鉦＝(-V２０） y＝(βo）Ｚ

く
(o,－１）

｡(r,y)ＥＶ・

〃弧Ｅｊｅ
ｙ
ｊ

ｍ
恥
い

’
ｌ

ｄ
ｄ

弧
→

(b）

Figure4：Example

Ｐｍｑ/:Wemaysupposethatpo＝０，theoriginThenwecanputz＝
入,P,＋入2”.WeshowthatA,,入2e9First,noticethatllull2,||ひ''2,.(肌,り)2E
Qimpliesu･ｕＥＱ,where・denotestheinnerproductNow,inthesimulta‐
neousequation

入,p,.p,+化p1･p2

A2p2･pl+北p2.陣

⑩
ｚ

●
●

１
２

，
旦
刀
型

ｏｎA1,A2，thecoefHcientspl・ｐｌ，ｐｌ・”,腕・ｐｌ，陣・p2areallrationals・Ｓｉｎｃｅ
Ｏ,ｐ,,”arenotcollinear,ｗｅｈａｖｅ

p1．ｐｌｐｌ、ル

ル・ｐｌｐ２・胸
≠0，

andhence,byOramer，srule,wehaveA,,入ze9Similarly,wecanputy＝

lulpl＋化p沖,,胸ＥＱ)TheＭ(鉦,y)2＝||い,＿ぬ)p,＋い２－牌)此ll2E9
U

Notethattheconditionpo,ｐ,,p2arenotcollinearisnecessaryinthis
exampleasseenfromFigure4(b）
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Apoint-setXCR冗issaidtobein9ene7ulpositio汎ifeveryk＋ｌｐｏｉｎｔｓｏｆ

Ｘｓｐａｎａ舟dimensionalsimplexfbrA＜〃Similarlytotheaboveexample1

thefbllowingholds．

Theorem9､２[48]Ｍｘ,Y6ctujo何-sctsinRね．〃t/icyshureutl…
"＋１ｐｏｌ"t…genem/posjfio"｣ｔｈｅｎＸＵＹｊｓｑＶﾜｰsetU

AnabstractgraphGwith／Ｖｖｅｒｔｉｃｅｓｉｓｓａｉｄｔｏｂｅ汗ｗＢｌＭｉｆｆＯｒａｎｙｓｅｔ

ＸＥＲ”oHVpointsjn9enemlposition,thecondition

（*)Ｘ(､/面)containsasubgraphisomorphictoG
impliesthatXisa､/つとset

Forexample,thecompletegraphK/visn-validfbrany”Itfbllowsfrom

Theorem92thatK)｡+３－{anedge}M-valid
LeｔｕｓｄｅｎｏｔｅｂｙＧｍａｇｒａｐｈｗｉｔｈｎＤｖｅｒｔｉces．

Theorem93[48］
(1)Ｆｂｒｕｎｚ/ｍ三協＋2,Ｇｍｊｓｍ－ｔＭｄヴ(Ｍ・"/1ノヴＧｍ＝Ｋｈ,．
（２）Ｇ勉+３is〃-Ｍｉｄヴ(Morllリヴ０m+3＝Ｋ､+３ｏｒＧ蝿+３＝Ｋね+３－

{`med9Ie}．
(3)Ｇｎ+４１is汗ｗＭＭ１ＷＭｏｎﾉﾝｳﾞﾉﾊﾋﾞcomP/eme"tqfGconmms…CQ／

tＡｅ９ｍｐｈｓｊｎＦｉｇｕｒｅ５Ｕ

、ハロＷ１/1１
3K２Ｋ(1,3）ｑＰｂ２Pｂ

Figure5：Theorem93

SimilarlytoTheorem83,thenextholds．

Theorem9,４ＬｅｔｑｌＩｅｕｃｊＭｃｑｆｍｄｊＭｓｒ・ｍｅ〃the/Moujjn9three(me

e9TLjUmle〃t・

（ｌｗＥＶ●．
(2)ｑ(何)ＣＯ池tqinsqsu69mpAisomorpAictoK｡｡．
(3)ｑ(VQi)ＣＯ"mmsq3-cycf
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Pmq/:SinceQ(Q+)isasubgraphofCr(〃),(1)implies(2)byTheorem
83・so,weshowthat(3)implies(1)SupposethatCrcontainsthreepoints
m,y，zsuchthatallq＝。(",y),６＝。(y,z),ｃ＝ｄに,⑪)ｂｅｌｏｎｇｔｏＷ７Ｌｅｔ
Ｏ＝Ｌｚｙｚ・Thenbythecosinetheorem,cosO＝(α2＋62-c2)/(2α6）Hence
cos20EQ+、Bythesinetheorem,２ｒ＝C/Sin０.Sincesin20＝l-cos20E
Q+,(3)implies(1)Ｕ

ThenexttheoremshowsthabW7Ldimensiondim何GfbrHnitegraphs
Gisalsounbounde｡．

dim厄K(1,2L2L夢-Ｊ＝凪Ｔｈｅｏｒｅｍ９５

ｍ

Ｐｍｑ/:(ii)FirstweshowthatdinWK(1,ﾐﾆ竺二JZnlTothisend，
河

weprovetheassertionthatifapoint-setXinsomeRjvsatisfies

x(,/っ)二K(1,2ﾆﾑﾆﾆｮ)，

thenXcontainsasubsetYthatspansａｎ圧dimensionalHatandsatisfies

Y(Ｖご)＝瓜十Ｌ
Ｉｆ７ｕ＝１，thenthisisclearlytrue・Supposethattheassertionistruefｂｒ

〃＝んＬｅｔＸＵ{p’9}beapoint-setinsomeRjvsuchthaｔ

（XU{Ｍ})(,/ご)二K(,,乙竺ﾆﾆﾆ)andX(,/ご)二K(,巴と姜当）
ん＋１ Ａ

Then,bytheinductivehypothesis,XcontainsaYthatspansaA-dimensional

HataｎｄＹ(何)二Ｋk+ＬＴｈｅｎＹＵ{p｝ａｎｄＹＵ(9)a,rebothW7Lsetslf
bothp’９１ieontheflatspannedbyY,thenbyTheorem92,γＵ{p,q｝ｉｓ

ａ１/ロムset,whichimpliesthatd(p’9)Ｅ〃,acontradiction・Hence,oneof
p,9,say,PdoesnotlieontheflatspannedbyY、ＴｈｅｎＹＵ{p｝spamsa

(ん＋1)-dimensionalflat,and(ＹＵ{p})(〃)二Ｋk+２．
（ji)Now,the､/ひdistancegraphonthe2”＋lpoints

（0,0,0,0,…,O)，

（､/20,0,…,o),(内,0,0,…,0),

(oﾊ/20,…,o),(o,､/5,0,…,o),

(0,0,o,…八/面),(0,0,0,…八/5）
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inRnisisomorphictoK(１，ﾐﾆ聖_JThiscompletestheproofU
河
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