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AMnAou)ｓＡｊｐﾉﾛ汎ｅｉｓａｐｌａｎｅｅｎｄｏｗｅｄｗｉｔｈａｎｏｒｍｔｈａｔｉsnotnecessarily

Euclidean・TheMinkowskilengthofacurveinaMinkowskiplaneisdefined
inamanneranalogoustothewayitisdefinedintheEuclideancase、Acircle

ofradiusrinaMinkowskiplanewithnormllllisthelocusofapointX
satisfyingllX－Ｐ||＝rfbrafixed“center，，PItisaconvexcurvethat
issymmetricwithrespecttoitscenter・Golab，stheoremshowsthatthe

Minkowskilengthofacircleofunitradiusliesbetween6and8(see[2]）Let
LdenotetheMinkowskilengthWeestablishthefbllowing：

Ｔｈｅｏｒｅｍｌ，ＬｅｔＡＢＯ６ｅｎｔｒｊｕｎ９ＪｅｊｎｑＭ"AolDsAjplqne，aMsupposetAqt
onejstAemjnimwTzmdjmsq/αｃ舵letAutemc/osestAetrimn9/eＡＢＣ．Ｔ/jen

4≦Ｌ(ABO)≦６

Sincethereisanarbitrarilythintrianglewithtwosidesclosetoadiameter
ofthecircle,thelowerbound4cannotbeimprovedinunyMinkowskiplane・

FbrthecaseoftheEuclideannormiｔｉｓｎｏｔｄｉｆＨｃｕｌｔｔｏｓｅｅｔｈａｔｔｈｅｕｐｐｅr

bound6canbereducedto3内[llHowever,inthemax-normll(2Ｗ)|'｡｡＝
max{|⑪|,lｙ|}anythreecornersoftheunitcircle(whichisaEuclideansquare）
fbrmatrianglewithperimeter6，Hencetheupperboundofthetheorem
cannotbeimprovedingeneral．

Pmoq/：LetrbeacirclecircumscribedaboutABCinthesensethatithas

smaUestradiusamongaUcirclesthatcontaiｎＡ,Ｂ，andCintheirconvex
hulls・Itiseasilyseenthateitherthecenterofthecircleisinsidethetrianｇｌｅ
ｏｒｏｎｏｎｅｏｆｉｔｓｓｉｄｅｓ，orthereexistsacongruentcircumscribedcirclewith
thisproperty・ＳｏｗｅｍａｙａｓｓｕｍｅｔｈａｔｔｈｅｃｅｎｔｅｒｏｆｒｉｓｔｈｅｏｒｉｇｉｎＯａｎｄｌｉｅｓ
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ｉｎｓｉｄｅＡＢＣｏｒｏｎｏｎｅｏｆｉｔｓｓｉｄｅｓ・ＴｈｅcircleTissupposedtohaveradiusl・

SincellA-B''三2,llB-Cll≦2,ａｎｄｌｌＣ－Ａ''三2,wehaveL(ABO)≦O
WehavetoshowthatL(ABO)ｚ４１ｆｌｌＡ－Ｂｌｌ＝２，ｔｈｅｎ

ｌｌＡ－Ｂ''十ｌｌＢ－Ｃ||＋|ｌＣ－ＡｌｌｚｌｌＡ－Ｂ||＋|ｌＢ－Ａ||＝４

Henceweconside正thecasethatllA-BllllB-Ｃｌ|,amdllO-Allarealllesｓ
than２．ＮoticethatinthiscaseOliesinsideＡＢＣ,ｗｈｉｌｅＡ，Ｂ,ａｎｄＣａｌｌｌｉｅ
ｏｎＴ．
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ＬｅｔＤ,Ｅ,ＲＧＨ,andIbepointsonthesidesoMBCsuchthatADOI，

BFOE,andOHOGareparallelograms(seeFigurel）Ｔｈｅｎ

ｌｌＡ－Ｄ||＋||Ａ－Ｉ|｜＝ｌｌＡ－Ｄｌ|＋llDllZllA||＝1”

ｌｌＢ－Ｅ||＋ＩＢ－Ｆｌ｜＝ｌｌＢ－Ｅ||＋||EllzllB||＝１，

｜|Ｃ－Ｇ||＋||Ｃ－Ｈｌ｜＝｜|O-G11＋||Ｇ''三||Ｃｌ|＝L

TbpEovethatL(ABO)Ｚ4,itisenoughtoshowthat

llD-El'＋||F-G11＋|ｌＨ－Ｉ||＞Ｌ

ＡｍｏｎｇｔｈｅｓｉｍｉｌａｒｔｒｉａｎｇｌｅｓＤＥＯ，ＯＦＧ，ａｎｄＩＯＨ，wemaysupposethat

DEOisthebiggestandIOHthesmallest・ThenllD-EllzllFllZllIll
LetJbethepointsuchthatOFOJisaparallelogram，ａｎｄｌｅｔＫｂｅｔｈｅ

ｉｎｔｅｒｓｅｃｔｉｏｎｏｆＧＪａｎｄＡＯ，ThenthetriangleKGCisatranslateｏｆＩＯＨ，
aｎｄ

ｌｌＤ－Ｅｌｌｚｌ|Ｆ||＝llJ-G11＞||Ｊ－Ｋｌｌ，

ｌｌＦ－Ｇ|｜＝｜|Jll

llH-I1＝’'０－Ｋ|Ｉ
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Therefbre，

|ｌＤ－Ｅｌｌ＋llF-Gll＋||Ｈ－Ｉ|｜＞｜|Ｊ－Ｋｌｌ＋||J||＋llo-Kll

ZllCill＝Ｌ
Ｕ

ＲｅｍａｒｋＴｈｅｌｏｗｅｒｂｏｕｎｄｉｎｔｈｅｔｈｅｏｒｅmisvalidfbranyclosedcurve

insteadofatriangleMoreprecisely，ｌｅｔｎｂｅａｓｉｍｐｌｅｃｌｏｓｅｄｃｕｒｖｅｉｎａ
Ｍｉｎkowskiplane,ａｎｄｌｅｔｏｎｅｂｅｔｈｅｓｍａｌｌｅｓｔｒａｄｉｕｓｏｆacirclethatencloses

nThenL(Q)三４
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