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Abstract・ＬｅｔＡＯＢｂｅａｔｌｉａｎｇｌｅｉｎＲ３、Whenwelookatthistriangle
Bomvanousviewpoints，theangleLAOBchangesitsappearanＣｅ，and
itsIvisualsize，isnotconstant,Weprove1nevertheless,thattheaverage

visualsizeofLAOBisequaltothetruesizeoftheanglewhenviewpoints
arechosenatrandｏｍｏｎthesurfbLceofaspherecenteredat０.Wealso

presentalbrmulatocomputethevarianceofthevisualsize．

llntroduction

ＬｅｔＬＡＯＢｂｅａｆｉｘｅｄａｎｇledeterminedbythreepoints０，Ａ,Binthethree
dimensionalEuclideaｎｓｐａｃｅＲ３、WhenwelookatthisaI1gle，itsappearance
changesaccordingtｏｏｕｒｖｉｅｗｐｏｉｎｔＬｅｔｕｓｄｅｎｏｔｅｂｙ

ＬｐＡＯB

thedihedralangleofthetwofacesOAPOBPofthe（possiblydegenerate）
tetrahedronPOAB,ｓｅｅＦｉｇｕｒｅｌＴｈｉｓａｎｇｌｅＬｐＡＯＢｉｓｃａｌｌedtheWstlDl(ｍ,ﾉe
ofLAOBhomtheviewpointP,anditssize(measure)iscalledtheujsuulsjze
ofLAOBfromP・rbrananglewithHxedsize“(０＜いく汀),itsvisualsizecan

Ａ

Ｐ

Ｂ

Ｆｉｇ．１．Avisualangle

varyfiPomOto7Tdependingontheviewpoint・
ＦｏｒａｇｉｖｅｎａｎｇｌｅＬＡＯＢｉｎＲ３１ｔａｋｅａｒandompointPdistributedunilbrmly

ontheunitspherecenteredatO・ＴｈｅｎｔｈｅｓｉｚｅｏｆＬｐＡＯＢｉｓａｒａｎｄｏｍｖａｒiable，
whichiscalledthem〔mdomtﾉｊｓｕｑｌｓｊｚｅｏｆＬＡＯＢ､Itwillbeclearthatthisrandom

visualsizedependsonlyontheｓｉｚｅｏｆＬＡＯＢ・so,ｆｂｒａｎａｎｇｌｅＬＡＯＢｏｆｓｉｚｅ
ｕｊ(0＜LJ＜汁LwemaydenoteitsrandomvisualsizebyaJ．



Theoreml・Ｆｂア｡､ﾉα"gleqfsjze“(０＜四く汀)，ｔｈｅｅｚｐｅｃｔｅｄＤｄｌｕｅｑ/the
mndomUjsuuJsizeewjse9uultouj,t/iqtis,Ｅ(O凶)＝Ｌｕ．

ThusIwhenweobserveananglefiomseveralviewpointsIeachchosenat
random,theaveragevisualsizeisapproximatelyequaltothetruesize、

FbrpotentialapplicationsofTheoｒｅｍｌ，letllspresentafbrmulatocompute

thevarianceV(ａＪｏ｢Ｏｕ昨

T11eorem2.Ｖ(e四)＝Ｖ(ａ『_"）ｕ"。

(…u鵲…')),鶚`邇小成v側=ﾉＭＷＩ感,１－１
Thoughthislookscomplicated,wecaneasilycomputethevariancehomthis

doubleintegralbycomputer・ThefbllowingtableshowsthevaluesofV(０｡,)fbr
凶＝ルオ/12,ルー1,2,3,4,5,6.

９蝿,)''0.069910.187410.304210.398810.459510.4804

２ＰｒｏｏｆｏｆＴｈｅｏｒｅｍｌ

ＬｅｔＬＡＯＢｂｅａｎａＩｌｇｌｅｏｆｓｉｚｅＬＵ，ａｎｄｌｅｔＰｂｅａｒａｎｄｏｍｐｏｉｎｔｏｎｔｈｅｕｎｉｔ
sphereS2centeredatOinR3・ＷｅｍａｙｓｕｐｐｏｓｅｔｈａｔＡ,ＢｌｉｅｏｎＳ２・Thenthe

--

sphericaldistanceABofAandBisequalto`』.(Wedenotetheshortestgeodesic
--

connectingA,ＢａｎｄitslengthbytllesamenotationAB.)NoticethatLpAOB
isequaltotheinteｒｉｏｒａｎｇｌｅＬＰｏｆｔｈｅｓｐllericaltriangle△ＡＰＢ、SincePisa
mqndompointonS2，ｗｅｈａｖｅＯｗ＝ＬＰ、

Now,considerthe(Polar)dualtriangle△A*Ｂ鱒P*ofthesphericaltriangle
△ＡＢＰ：

△A､Ｂ藷P*＝Ｈ(A)ｎＨ(B)ｎＨ(Pl

whereH(A)denotesthehemispherewithpoleALｅｔＬＰ*(=:ア)denotethe
interiorangleatP＊ofthissphericaltriangle△Ａ*Ｂ*Ｐ*，ｓｅｅＦｉｇｕｒｅ２・Ｔｈｅｎ,by
theduality(see,eg.[l]Cllapter2),ｗｅｈａｖｅ

－～ －－

ＡＢ＋ＬＰ＊＝７T，Ａ*Ｂ嚢＋ＬＰ＝7T、
－－

HenceLP*＝而一QjandA.Ｂ－汀－０四.ＬｅＷｉ＝Ｈ(A)ｎＨ(B).Thentheangle
ofthelunedisequalto汀一幻,anditsareaisequalto2(冗一凹）Notethatsince
Pisarandompointon82,theboundaryOH(P)。ｆＨ(P)isarandomgreat

--

circle,andＡ*Ｂ率＝０Ｈ(P)ｎ/1．

HerewerecallSantal6，schordtlleorem：

Theorem[2]LetDCS26edsu6setobtQmedqsthemteiWsectio刀q/qmjm6erQf
AemisPhe71es・ＬｅｔＧ６ｅｑｍ"ｄｏｍｇｧ℃qtcjmcﾉe,ｑｎｄｌｅｔｐｂｅｔｈｅ化n9thq/ｔｈｅａｍｃ

ＧｎＪＺ(ＧｎＤ＝OjmPljesP＝0.）ＴﾉｊｅｎＥ(p)＝αneu(Q)/2．



Applyingthistheorem,ｗｅｈａｖｅ

Ｅ仏藝B率)＝竺竺ul＝術一②．
￣～

２

TherefbreE(汀－０四)＝汀一②,andＥ(仇)＝LJ・ThisprovesTheoremL
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Fig.２．Ｔｈｅｐｏｌａｒｄｕａｌ△Ｐ蝉Ａ､Ｂ＊

３ＰｒｏｏｆｏｆＴｈｅｏｒｅｍ２

Since7T-O“ｃａｎｂｅｒｅｇａｒｄｅｄａｓｅ汀一四，Ｏ`ｕａｎｄＯ而一幻havethesamevariance，

Ｎｏｗ，ｌｅｔＬＡＯＢｂｅａｎａｎｇｌｅｏｆｓｉｚｅＬＡｊｗｉｔｈＯＡ＝ＯＢ＝１，ａｎｄｌｅｔＰｂｅ
ａｒａｎｄｏｍｐｏｉｎｔｏｎｔｈｅｕｎｉｔｓｐｈｅｒｅＳ２ｃｅｎｔｅｒｅｄａｔＯｉｎＲ３ａｓｉｎｔｈｅproofof
TheoremLLet△A蝋Ｂ雲Ｐ＊bethepolardualof△ABP,andletA＝Ｈ(A)ｎ

－一

Ｈ(B),γ＝7Ｔ－幻.LetIpdenotethelengthofthearcA期Ｂ*＝０日(P)ｎA・Then
bySantalo，scho虹dtheorem,Ｅ(p)＝「.Sincep＝汀－０“byduality1weha八'ｅ
Ｖ(p)＝Ｖ(7Ｔ－Ｏ")＝Ｖ(ａＪ）so,weconsiderthevarianceofp・Letｙ＝ＬＡ＊

￣～

and紐＝Ｐ*A零,seeFigure2・Byapplyingtllesphericalcosinelawfbrangles(see
egIl])to△P率A*B､，

ｃｏｓＬＢ＊＝－cosTcosy＋sinTsinycosmｿ，

ＣＯＳＴ＝－ｃｏｓｙｃｏｓＬＢ＊＋ｓｉｎｙｓｉｎＬＢ＊ｃｏｓｐ，

Hence

cosT＋ｃｏｓＵｃｏｓＬＢ率
COSＰ＝

ｓｉｎｙｓｉｎＬＢ＊

ＣＯＳア＋COS"(－cosrcosg＋sinTsingcos砥）
ｓｉｎｙｓｉｎＬＢ＊

cosT-cosTcos2y＋cosysinTsinycos鉦

ｓｉｎｙｓｉｎＬＢ＊

cosTsiny＋cosysinTcosz

ｓｉｎＬＢ＊
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