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An Independence Test

of a Multivariate Exponential Distribution

Zensho NAKAO* and Zeng-Zhong LIU t

Abstract
An independent test of a certain multivariate exponential distribution
is done with respect to the equivalence of the marginal distributions,
where simple restrictions are imposed on its parameters,

1. Introduction

Bemis et al [1] and Bhattacharyya and Johnson [2] did the independence
test of a bivariate exponential distribution (BVED) with respect to the equivalence of the
marginal distributions. Because the notion of a multivariate exponential (MVE) model
is much more complicated than that of a BVE model, it is very difficult to do the
independence test of a MVED. In this paper we perform only the independence test
of a certain MVED.

Consider a model F(t;,««+,ts)=exp{—Aiti—Astz **« —Axta—Aemax(t,, tz, =+, tu)},
120, i=1,+ kyAEA, where 3=(A,, *+, A, o), A={A:0£A<00,i=0,+, k Ao+
A>0, j=1,2--+, k). We assume that A, =A,=Ay=+++ =1,. The notations below are
the same as those in [3].

2. Notations and the model

In a parallel system of k elements, assume that T,, -+-, T\ indicate the failure time of
elements 1,2, - -+, k, respectively; {Z(t):t>0},i=1,2,-+«, k is an independent Poison
process with intensity A;; Z{t) shocks the i-th element, i=1,2, <+« k; Zo(t) shocks
simultaneously k elements. Obviously, T,=inf{t: Z/(t)+Zs(t)>0}.  If Uy, U,, «++, Uy
denote the time of the first appearing event from Z,(t), « -+, Z.(t), respectively, then we
have T, =min (U,, U) according to a generalization of a theorem in [4]

Theorem: T~MVE(k, A) if and only if there exist k +1 independent exponential
random variables (U}, with intensity A, and T\=min(U,, U)),i=1, -+, k.

Assume Ey is a k-dimentional Euclidean space, Ei ={t EE.: tix0,i=1,2, -+ k}
and the following notations will be used throughout the paper:
(i) toy=min(t,ts, **, t).
( ll) t(k)zmaX(tl. tz, e, tk)-
) 0={l S5 e
1, there exist i, jli=j) with
(iv) S(p)= ti=t;=tuw,
0, otherwise.
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We use an abbreviation V,(t)=V, and random variables are denoted by upper case
letters.

Assume {T;=(Tyy, Tay, ---, Tw): i=1,2, +++,n} are samples from MVE(k, 4), (L},
denote the coreesponding sample values, V;;=V,(t)) and S;=5(t,).

Define (i) no=§lS,, n|=g}:Vu
(i) af?=3}(1=Vu)(1-8$))

(i) noi)=2 (1= Vi)Sy=n—ni—nf?,

where i=1,--+, k; random variables will be denoted by the upper case letters N,, N,
Noli) below. The interpretation of the symbols n,, n,, no(i) above are the following:
.ni=the number of samples for which the failure time of the i-th element is strictly smaller
than that of the system; n, = the number of samples for which at least two elements
fail at the same time; no(i)=the number of samples for which the i-th element fails
with some other element at the same time; n{”=the number of samples for which the
i-th element fails last and fails with no other element at the same time. With the
notations above we can obtain the following resulit.

Lemma: P(S=0)=P§‘,10., where 0.='£mu.exp(—-u.t)]HllF,(t)dt, i=1,---,k;
wni=Ai+A4q Fi(t)=1—exp(—A;t).
Proof: P(S=0)=F::'P(V,=0, S=O)=§;P(T.>U,, for all j=i, j=*0)

=3 [“ve I Fodt=3 0
(1 ! J&0,4 ! 1=1 I

3. Likelyhood ratio test

As mentioned in [4], an MVED includes a singular part under the Lebesgue measure.
However, it is possible that the MVE is absolutely continuous under a new measure.
In [3] is defined a new measure under which the MVED is absolutely continuous and
has a density. The measure is defined as follows:

p(A)=um(A)+ D p-ra(AN{LEEN tu=tiz=+- =tir=tw}), AESB(Borel sets),

{ir, -+ -, irJtakes all subsets of (1,2, --+,k}, r=2,3, -+, k.

The MVED has a density function given by:

k

(e, _/1)=A8[HAY‘V?“”‘"'"""]WL).

1=1

The sample likelyhood function of the MVE(k, A) is defined by:
n k n k n
L(A) =[l £t D) =8 [LAP™ P50~ wexp( ~ 514, -tu=o o)
3 n ok n
=8 T AT exp(~ 2 5 Aity— 203 tu)
When A,=0, we obtain:

P(No>0)=1-P(No=0)=1-[I P(s,=0)=1—[P(s=0)]"=1—(:§a.)"



Bull. Faculty of Engineering, Univ. of the Ryukyus, No. 37, 1989 33
oa . n o)l n
=1—{kfo Aexp{—Ait)[1—exp(—A t)])*" dt} =1—{[1—-exp(—/ht)]" 0}

=]—(1-0)"=0.

Thus, No=0(a.s.), and hence, S,=0 for all j and n,+nf{®=n. Therefore, the likelyhood
function above becomes:

X n ok
L(A1, Az, o=, Ay, 0)=|=I];/1?exp(—-§l§l/htu).

The hypothesis we want to test is, then:

Hot/]n’:()

Kn: /]o >0
Assume §>0, we first test the hypothesis:
Hi:Ao=0 «——— K,: A,=4.

Obviously, when No>0, we must reject the hypothesis 1,=0. When N,=0, we can use
the conditional lykelyhood ratio test: in accordance with the theorem of Neyman-
Pearson, the MP test of the hypothesis is

L)
LI e, A 2CACe>0)

0, otherwise,

L(/l) [Iiilj,f(/ll’ '..»AMAU)_ #Hi"" n o 8“ )
LAr, -, A, 0) —f[f(/h.“' 0 =y exp(—ag‘it(m)——u exp( Etm; )
=1 ’ ]

where

(Note:n—nmgni")
So when j:thuo,é.c(ar, A1), we reject hypothesis Ho. (cla, A1) is a constant which
depends on ¢ and A,.) Obviously, the rejection region is
{Ne>0}u{ B twzeta, A0}

The value of c(a, A,) is computed in the following: Assume the significance level
is a. Then we have

n
Pi,=o {No>0}+P;‘,=o {No=0. g‘.ltn‘uéc(a, Al)}"—‘d-
Due to the result above, P;,-o{No>0}=0, and hence,
a=PAo=0{ét(kMéc(a;/ll)}'
I=1

Now, Pual(Aitan<t)=[IP(ti <t/A)=[1-exp(~t)]"
Below we find the distribution of 3 Aitay. Assume y)=Aita. Then (y} is inde-
pendent and the same distribution as well, j=1, +++,n. Performing the transformation:
Z, =é¥;.
Z, =Yy2,
Zo=1n
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we have Z,2Z,+Zs+++++Z,. Thus the joint density of (Z,, ---, Za) is:

£(Zy, » Zn)~[Ik[1 exp(—yi)]* 'exp(— y,)|g" an.)|

=l<“11:712[1—exp(—Z,)]""exn(—ZJ)-{J—exm’—(Z.~§:ZZJ)]}k ‘exp[—(z.f—

2z,
So the marginal density function of Z, is:
n . a %1 i
g(Zn):f...f k",Hg[]_exD(_Z’)]k '{1~exp["(4"‘,2221)]} -exp(~7Z)dZs+ -dZ,
Z\ 22+ 42
:f-..f knflz[]._exp(_zl)lk ‘:‘ZP:C"\ I("‘l]"
22,4 - +Zn

zléo' izzc .'vn
expl*(l-i-i)Z,]exp(iﬁzZ;)de-'-dZ..:k":Z_(:CL (= D'exp[—(1+i)Z,]-

/' "filz[l—exl)( -Z)! 'exP(igZ))de---dZn.

izt Zn
Z|>.0, i=2, ceen

ACla Ay}

Therefore, C(a, A) is a constant such that ar=fo 2(Z.)dZ.. In other words, if c* (a)

Ce(a)
satisfies a=j: g(Z,)dZ,, then c(a, A\)=c*(a)/A, because the critical region given above

does not depend on the constant ¢, so the test

' n
1, No¢>0 or l__f_.‘.ltm;éc(a. Ar)
0, otherwise

()= {

is a UMP test of the hypothesis Hy: Ag=0 «———— K,: A,>0.

Now we calculate its power function Bu(As):

BolA) =Py 1 {Nu>0}+Pase {No=0, Stanscta 40).
Pio(No>0}=1=PriadNo=0) = 1= [Ps.4(S;=0)]"=1 - | Ps.2,(S=0)]",
where Pi.a($=0)=30i=3 [viexp(—mt)[1-exp(~A,t)~'dt

=32 [T(A+ Ao)exp(— (i + Aot - [1—exp(— APt

'2 ’+A {exp(—/].,t)[l—exp( —/lxt)]"I:

1=1

+j; Aoexp(—Aot)[1—exp(—~At )]"dtl
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k(/“+/10)f AoceXxp{— /]nt)ECk(""l)lexD( —idit)dt

At -
=M A ek — 1) [Aoexp [ (Au+id)t]de
- dutd g _ Aol dn) &
ECk( I)A(IA + /1 A ZCR( l)‘/‘ +|/l

To calculate the density function of tu,. we first find its distribution function:
CF(ty, ce t) =F(0, -+, 00=F(ty, 0, ++ -, 0)=F(0, tz, +++,0)— -+ —F(0,0, -+, tu)
+F(th, t2, 0,000,004+ +F(0, «+ -, tuo, t) ==+ A=1F(ts, =+, tu).
Thus,
Pi-soltaa<t) =Pisn(ti<t, «+ -, ta<t) =1—k exp[— (A, +a0)t]+Ciexp(—2At—

Aat) ==+ -+ (= 1)exp(—kAit = Aot ) =1+ 23(~1)' Clexp(—idit = Aot).
So the density function of ty, becomes:
fm(t)=§‘i(—l)'0'((—i/l.—/lo)exp(—i/ht—/lot).
Assume y,=tay, j=1, -+, n. By transforming
Zl:gyl
22y,
ZoZyn,
we get Z,2Z,+ - -+ +Za. Therefore, the joint density function of (Z,, +++, Zx) is:

HZs, o, =p[( 1'CU~idi= do)exp( —idigi—Aey) |
=l [B(- DGl —idi- Aexp(~idiZy=442) |

ﬁ(—1>'c.z<~m.~a.,)exp<(—ia.—ao)(z.—gz,»]

i=1

=

(—1)'CH—it— Ao)exp[{—id: —A0)Z1] 'exP[(i/lx‘i’/lo)éZj]‘

= EM*

{2(—1)'c;(—ml—/x.,)-exp[—m.—ao)z,]}.

So the marginal density function of Z, is:

h(Z0)= 3~ 1'Cl—idi= Adexp(—(idi+AlZ2)-

f fexp[(l/l +/1n)221]p[2( —1)'Ci —idi— o)]'

Z\2xZy+ v Zn
Z,>0,i=2,**,n

exp[(—i/l. —/Io)Zj]er * 'dZn.
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Finally, the power function F4(A,) is given by:
BelAe) =Pics{ No >0+ PA:An(N():O}PA.:Ao{g ta £C(e, /11)]’

- __’1'3("..1+_ /‘")n[u v 1 P AR A +A) & 1 Jp petadit
=1- AR Bcu-v gty [+ A4 Bo- vt [ iz,
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