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Relationship of Parallel Model and Series Model for
Permanent Magnet Synchronous Motors Taking Iron
Loss Into Account

Naomitsu Urasaki, Member, IEEE, Tomonobu Senjyu, Member, IEEE, and Katsumi Uezato

Abstract—This paper investigates the relationship of parallel
model and series model for permanent magnet synchronous motor
taking iron loss into account. The expressions of flux linkage, ter-
minal voltage, and electromagnetic torque are compared. It fol-
lows from the investigation that the parallel and series models are
mathematically the same. In addition, the properties of the models
are exhibited. The parallel model is superior in understanding the
physical meaning to the series model. The series model is superior
in low order of the state variables to the parallel model.

Index Terms—TIron loss resistance, parallel model, permanent
magnet synchronous motor, series model.

NOMENCLATURE

d — q axes terminal voltages.

ldg d — q axes line currents.

; d — ¢ axes magnetizing currents.
d — q axes iron loss currents.
Wiq d — q axes flux linkages.

Wags d — q axes self-flux linkages for series model.
U ggm d — q axes mutual flux linkages for series model.
P Differential operator (= d/dt).

N, Rotor speed.

W, Mechanical angular velocity.

We Electrical angular velocity (= Pwy,).

P Number of pole pairs.

T Electromagnetic torque.

R Armature resistance.

L Armature inductance.

K. emf constant.

P; Iron loss.

R; Iron loss resistance.

R, Equivalent iron loss resistance.

L, Equivalent armature inductance.

Kem Equivalent emf constant.

19d Equivalent exciting current.

13dg Equivalent eddy currents.

Uaaq d — q axes flux linkages for eddy current circuit.
R3 Resistance of eddy current circuit.

14 Self inductance of armature circuit.

Ls Self inductance of eddy current circuit.

M;; Mutual inductance between ¢ and j windings.
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1. INTRODUCTION

s the employment of vector-controlled ac motors,
Aespecially induction motor and permanent magnet syn-
chronous motor (PMSM), has become standard in industrial
drives, the improvement of ac motor drives has been an im-
portant issue. Traditionally, vector control strategies have been
performed under the assumption that there is no iron loss in
motors. However, since the iron loss influences the flux linkage
and electromagnetic torque in ac motors, it has been necessary
to compensate the influence of the iron loss in vector control
strategies. For this reason, several authors have made an attempt
to consider the iron loss in vector-controlled ac motor drives.

In those studies, equivalent circuits with an iron loss resis-
tance are utilized. From a modeling point of view, they can be
classified as either parallel or series type. The parallel model in-
serts an iron loss resistance in the equivalent circuit with the par-
allel fashion and it is employed in [1]-[5]. By contrast, the series
model inserts an equivalent iron loss resistance in the equivalent
circuit with the series fashion and it is employed in [6]-[9]. In
this situation, however, the relationship between the parallel and
series models has not been clarified.

It is the purpose of this paper to reveal the relationship of the
two types of model for PMSM. In the first phase, the formula-
tions of both the parallel and series models are illustrated. In the
second phase, the expressions of flux linkage, terminal voltage,
and electromagnetic torque are compared. In addition, the prop-
erties of both parallel and series models are exhibited.

II. MATHEMATICAL FORMULATION OF PMSM TAKING IRON
LoSS INTO ACCOUNT

In the synchronous reference frame (d — ¢), the voltage equa-
tion for PMSM is expressed as [10]
Vd = de +P\I}d - ws\I}q (1)
vg = Rig +p¥y +w. Yy

where the first term in the right-hand side represents the voltage
drop due to the armature resistance R, and the second and third
terms represent the transformer electromotive-force (emf) and
speed emf, respectively.

From an expression of the d — ¢ axes flux linkages (¥ 4, ¥,),
it is possible to classify mathematical models for PMSM taking
iron loss into account into two main categories (i.e., parallel or
series type). In this section, expressions of flux linkage for the
two types of model are explained.

0885-8969/04$20.00 © 2004 IEEE
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Fig. 1. d— g-axes equivalent circuits for parallel model. (a) d-axis. (b) g-axis.

A. Parallel Model

Fig. 1 shows the d — ¢ axes equivalent circuits for PMSM
which are traditionally applied to consider iron loss [2]. In this
circuit, an iron loss resistance R; is inserted in parallel with the
magnetizing branch. Thus, the d — ¢ axes line currents (z4, 7q)
are divided into the iron loss currents (z4;, %4;) and magnetizing
currents (Zdm, tqm)-

The iron loss P; arises from the iron loss resistance R; and is
expressed as

P; = R; (i3 + i) - 2)

In steady-state condition, the iron loss currents (¢4;, ¢¢;), illus-
trated in Fig. 1, are expressed as

Qg = _wely

1 T Ri

e, } 3)
Zqi——q.

It is noted that since the d — ¢ axes magnetizing currents (Zgy,,
14m ) are dc quantities in steady-state condition, the transformer
emfs (Lpi gy, , Lpiqm) become zero. Thus, these components do
not appear in (3). As a result, the iron loss can be rewritten as
w2 (V3 + ) )
R : “)
Supposing the iron loss resistance R; is constant, (4) corre-
sponds to only an eddy current loss, because FP; is proportional
to the product of the square of electrical angular velocity w? and
the square of flux linkages (V3 + ‘115) For practical purposes,
in order to include a hysteresis loss into F;, the iron loss resis-
tance R; is usually treated as a function of the electrical angular
velocity R;(w.) [3].
The flux linkage equation for the parallel model is given as
Vg = Ligm + K.
U, = Ligm } )
where K corresponds to a permanent magnet flux linkage [2].

P, =

B. Series Model

A series type mathematical model for PMSM taking iron loss
into account is derived from a magnetic coupling between an
armature circuit and eddy current circuit [8]. In this model, the
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Fig. 2. d — g-axes equivalent circuits for series model. (a) d-axis. (b) g-axis.
iron loss P; arises from the resistance R3 of the eddy current
circuit (see the Appendix). In steady-state condition, from (A.2)
in the Appendix (pV¥3q = 0, p¥3, = 0), the iron loss P; is
expressed as

P;

Rs (i34 + 13,)
we (W54 + 93,)
Rs
_ we (Vi + V) 6
R ©

It is noted that the d — ¢ axes flux linkages (¥34, U3,) for the
eddy current circuit are equal to the flux linkages (¥4, ¥,) for
the armature circuit when (A.6) in the Appendix is presumed.

The flux linkage equation for the series model is given as
follows [8]:

Uy=Vgs + VYim

7
II'q:\IIQS"‘\Ilqm} @
\des = Lde + Kem
v o} ®
Vam = g } ©)
Vom = —}32’ (id + I%)

The equivalent iron loss resistance R,,, equivalent armature in-
ductance L,,, and equivalent emf constant K., are defined as
follows:

w?L?
o = g g tts (10)
R3
L, = o (11)
R2
Kem = 3 (12)

R34+ w2L? Ke.
The details of the above expression of the flux linkage for the
series model are explained in the Appendix. Since the expres-
sion of the flux linkage for the series model is described in terms
of the line currents (¢4, ¢¢), the d — ¢ axes equivalent circuits be-
come series fashion as shown in Fig. 2. As can be seen from
Fig. 2, added speed emfs appear in the equivalent circuit. The
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effects of the iron loss on the armature circuit are reflected by
these speed emfs. It is noted that the series model shown in Fig. 2
is expressive of only the armature circuit of PMSM. Thus, the
iron loss cannot be obtained directly from this equivalent cir-
cuit, because the iron loss in the series model occurs in the eddy
current circuit (see the Appendix). Nevertheless, since the se-
ries model includes the effect of the iron loss, it suffices for the
vector-control strategies taking iron loss into account. As proved
later, the iron loss in the eddy current circuit can be represented
by using the quantities of the armature circuit.

III. RELATIONSHIP OF FLUX LINKAGE FOR PARALLEL AND
SERIES MODELS

In this section, the expressions of the flux linkage are mathe-
matically developed and the relationship of the two types of flux
linkage is investigated. In these mathematical developments, the
following assumption is introduced. Both the resistances R; and
R are much greater than the armature reactance (w L). In other
words, the following relations are satisfied:

weL 2 welL 2
— 1 d —_— 1.
( R, ) < an (R3 ) <

A. Flux Linkage Equation for Parallel Model

From (3) and (5), the d — ¢ axes magnetizing currents (ig;,,
1qm ) are expressed as follows:

13)

wel .
—5lqm
R, 1

. . . . wel (. K.

tgm =1tq = lgi = g — R, "dm"'f :
Substituting (15) into (14) eliminates the g-axis magnetizing
current 44, in (14) as

. =i+ wel . wel (. + K.
tdm = 14 RZ lq RZ Ldm I .

Transforming the term (—(w. L/ R;)%i4,, ) in the right-hand side
into the left-hand side gives

2
we L . . wel 1 weK.
{1+<RL > }zdm:zd+ R <’Lq— R > (17

Finally, applying the relation indicated in (13) to (17) gives the
d-axis magnetizing current expressed in terms of the line current

(idv lq) as
. - wel (. weK.
Tdm = 1 1y — .
1 d RZ q R»L

In a similar way, the g-axis magnetizing current can be ex-

pressed as
) . wel (. K.
lgm ~ lqg — FL 1d + T .

Substituting (18) and (19) into (5) yields the flux linkage
equation described in the form of

\I[d 2Lid+K€,+ wé_LL'I/q }
U, ~ Lig — 2 (Lia + K.) ]

tam =14 = tai = id + (14)

5)

(16)

(18)

19)

(20)

B. Flux Linkage Equation for Series Model

Applying (13) to (10) simplifies the expression of the equiv-
alent iron loss resistance R,,, as

2

(%)
Ryp=—121
1+ (%E)

Applying (13) to (11) simplifies the equivalent armature induc-
tance L,,, as

w?L?
3
Rs

2y

1
I 2
1+ (%)

In a similar way, the equivalent emf constant K., indicated in
(12) is simplified as

L = L~L. (22)

K., ~K.. (23)

Thus, substituting (21) to (23) into (7) to (9) results in the flux
linkage equation described in the form of
Uy~ Lig+ K. + “;;fuq }
U, ~ Lig — %E2(Lig + K.) .

(24)

C. Comparison of Flux Linkage for Two Types of Model

It can be concluded from the following two points of view
that the iron loss resistance R; and the resistance R3 of the eddy
current circuit are identical.

1) The iron loss P; arises from an added resistance. The re-
sistance corresponds to R; in the parallel model and R3
in the series model, respectively.

2) From (4) and (6), the forms of the iron loss P; for two
types of model are the same. Furthermore, the iron loss
P; corresponds to only eddy current loss as long as both
the resistances R; and R3 are constant.

From the sameness of the resistances, (20) is identical to (24).
Thus, the expressions of d—q axes flux linkages (¥ 4, ¥ ;) for the
parallel and series models are mathematically the same. In other
words, expressing the magnetizing currents (4, , tqm) With the
line current (44, %4) as shown in (18) and (19) and replacing the
term (w?L?/R;) with the symbol R,,,, where R; = R3, convert
the expression of the flux linkage for the parallel model into that
for the series model.

The validity of the relations indicated in (13) will be con-
firmed. Fig. 3(a) shows the iron loss resistance R; versus rotor
speed IV, for a 160-W PMSM [11]. The specifications of the
PMSM are listed in Table I. As can be seen from Fig. 3(a), the
iron loss resistance R; is almost proportional to the rotor speed
N,.. The linear characteristic of the iron loss resistance qualita-
tively agrees with the results obtained in the literature [4], [S].
Fig. 3(b) shows the square of impedance ratio (w. L/ R;)? versus
rotor speed N,.. The ratio is calculated with using the electrical
angular velocity w, [rad/s] (= (27/60) PN,. [rpm]), armature
inductance L[H] listed in Table I, and iron loss resistance R;[()]
shown in Fig. 3(a). As can be seen from Fig. 3(b), the ratio is
much less than 1 (order of the ratio is 107%.) over the wide speed
range. Furthermore, similar results can be obtained from other



268

—_— = DN W W b
oS v O W O W O
S O O o O o O

Iron loss resistance R; [Q ]

N
o

(=]

500

]

(@

1000 1500 2000 2500 3000 3500

Rotor speed Nr [rpm]

g
o

._
n
:

=)

o
n

-0

o

gy

B
st

e
=]

Square of impedance ratio (0, L/R ,~)2

0 500

Fig. 3.

1000 1500 2000 2500 3000 3500

Rotor speed Nr [rpm]

(b)

loss resistance. (b) Square of impedance ratio.

TABLE 1
MOTOR SPECIFICATIONS

Characteristic of iron loss versus rotor speed at 160-W PMSM. (a) Iron

rated power Py 160 W

rated torque Tn 0.5N'm

rated speed Np, 3,000 rpm
armature resistance R 2.14Q
armature inductance L 0.0079 H

emf constant Ke 0.0658 V-s/rad
number of pole pairs P 2

motor parameters [2], [3], [9]. Accordingly, the relations indi-
cated in (13) are valid.

IV. RELATIONSHIP OF TERMINAL VOLTAGE FOR PARALLEL
AND SERIES MODELS

It has been clarified that the expressions of the flux linkage
for the parallel and series models are mathematically the same.
As can be seen from (1), the voltage equations for two types of
model are also the same. In this section, the essential properties
of them are exhibited.

A. Voltage Equation for Parallel Model
Substituting (5) into (1) yields the voltage equation described
in the form of
vqg = Rig + p(Ligm) — we Ligm } (25)
vg = Rig + p(Ligm) + we(Liam + K.) |

IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 19, NO. 2, JUNE 2004

The voltage equation for the parallel model is intuitively un-
derstandable (i.e., it is seen that the first, second, and third terms
correspond to the voltage drop due to the armature resistance
R), transformer emf, and speed emf, respectively. However, the
parallel model has the disadvantage of increase of state vari-
ables [i.e., the magnetizing currents (%qyy,, %4, ]. In addition, the
magnetizing currents should be estimated because they cannot
be obtained directly.

B. Voltage Equation for Series Model

Substituting (7) to (9) into (1) yields the voltage equation de-
scribed in the form of

vi = (R+ Rm)ia+p (Lmz'd + Lo z'q)
_ i _ Rn K.
We (LmL(I we L ) (26)
vy = (R+ Rp)iq +p (Lmz'q — En z'd)

+we(Lmid + Kem)

where L,, ~ L and K.,, ~ K,.. The series model has the
advantage that there is no need to estimate the magnetizing cur-
rents (édm., tqm ). However, itis difficult to intuitively understand
physical meanings of the formulation. For instance, although the
terms (R,,iq) and (R,,1,) in (26) are the voltage drops due to
the equivalent iron loss resistance R,,, they are physically ele-
ments of speed emfs ((weTy), (weTy)).

V. RELATIONSHIP OF ELECTROMAGNETIC TORQUE FOR
PARALLEL AND SERIES MODELS

A. Torque Equation for Parallel Model

The electromagnetic torque 7 for the parallel model is derived
from the interaction between the d — g axes line currents (4, 4¢)
and flux linkages (¥4, ¥,) as

T = P(\I/diq - \I/qid)
= P(\I/diqm — \I/qidm) + P(\I/quL — \I/qidi)
1 w2 (03492
=PKigm + _%

m

27)

where the first term in the right-hand side corresponds to the
output torque and the second term corresponds to the loss torque
due to the iron loss. It is noted that multiplying the second term

in (27) by the mechanical angular velocity w,,, gives the iron
loss P; defined in (4).

B. Torque Equation for Series Model

The electromagnetic torque 7 for the series model is derived
from the interaction between the d — ¢ axes line currents and
flux linkages, which is calculated from (7) to (9) together with
the relations R,, ~ (w.L)?/R3, Ly ~ L, and K., ~ K., as

2
) +L2}

T =P(Vaiy — Uyia)

Ry,
= PK, {iq -
We

R {(
Z{i‘i’
We

+P (28)

L
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From (19), the first term in the right-hand side in (28) is iden-
tical to the output torque for the parallel model as follows:

First term

L (. K
- = (1 )

= PK.igm. (29)

Multiplying the second term in the right-hand side in (28) by
the mechanical angular velocity w,,, gives

Second term X wy,

R, (. ~K\N* ,
We 1q + L +1q
K.\

It is noted that (30) is identical to the iron loss P;. Actually, sub-
stituting (24) into (6) and replacing the term (w?L?/R3) with
R,, yields (30).

It follows form above mathematical developments that al-
though the torque equations for two types of model differ on
appearances, they are mathematically the same.

= w,, P

(30)

VI. SUMMARY OF RELATIONSHIP BETWEEN PARALLEL AND
SERIES MODELS

The relationship of the parallel and series models for PMSM
is summarized as follows.

1) Although the flux linkage equations and voltage equa-
tions for two types of model differ on appearances, they
are mathematically the same. The mathematical equiva-
lence of them can be interpreted as the equivalent trans-
formation between parallel and series electrical circuits.
In addition, the torque equations for two types model
are mathematically the same although they also differ on
appearances.

2) In the parallel model, the iron loss P; arises from the
iron loss resistance R;. Since the iron loss resistance is
inserted in the armature circuit, the iron loss can be ob-
tained directly from the d — ¢ axes equivalent circuit of
PMSM shown in Fig. 1. In the series model, the iron loss
P; arises from the resistance R3 of the eddy current cir-
cuit. Since the armature circuit includes only added emfs
by the magnetic coupling of the eddy current circuit, the
iron loss cannot be obtained directly from the equivalent
circuit of PMSM shown in Fig. 2. Alternatively, the iron
loss is obtained directly from the eddy current circuit in-
dicated in (6). Fortunately, as indicated in (30), the iron
loss can also be calculated by using the quantities of the
armature circuit.

3) The parallel model is superior in understanding the phys-
ical meaning to the series model. The parallel model is ca-
pable of expressing physical phenomena evidently, while
the series model cannot be understood intuitively. By con-
trast, the series model is superior in low order of the state
variables to the parallel model. The number of the state
variable does not change even if the iron loss is consid-
ered. For the parallel model, the number of state variables

increases due to the magnetizing currents. In addition, the
magnetizing currents should be estimated because they
cannot be obtained directly.

VII. CONCLUSION

This paper has investigated the relationship for the parallel
and series models for PMSM taking iron loss into account. The
expressions of the flux linkage for two types of model are math-
ematically developed and compared. The investigation has re-
vealed the mathematical equivalence of the parallel and series
models. In addition, the properties of the models are exhibited.
The parallel model is superior in understanding the physical
meaning to the series model. The series model is superior in
low order of the state variables to the parallel model.

APPENDIX

Fig. Al shows the d — ¢ axes equivalent circuits of PMSM
taking iron loss into account. The d-axis equivalent circuit con-
sists of the armature circuit, field circuit, and added eddy current
circuit. The g-axis equivalent circuit consists of the armature cir-
cuit and the eddy current circuit. The iron loss arises from the
resistance R3 of the eddy current circuit.

From Fig. Al, the d — ¢ axes flux linkages for the armature
circuit are given as

Vg = Liiqg+ Miziza + Mi2i24 }

. . Al
\I/q = Lllq + Mlglgq ( )

The eddy current circuit is short circuit and its voltage equa-
tions is expressed as

0= R3i3q + p¥3q — w. V3, (A2)
0 = R3izg + p¥3q + weP3q '
where the flux linkages are given as
V3q = Lgizq + Mi3iq + M3aiag (A3)
Wi, = Laizg + Mi3ig ) '

In steady-state condition, the equivalent eddy currents are de-
rived from (A.2) and (A.3) as

2 2
; wy Ly M3 - Ryw.M;s ; w2LzMso .
13d = — RIFW2L2 14 + R§+w2i% g — RZFW2L2 12d
3 e 3 3 e™3 3 e ™3 (A 4)
_wilsMis . _ RywcMyg, _ Rgw.Ms .
RITWZLI" T~ RI4w?L2'd ™ R2IyoZLZ 2

’L3q

Substituting (A.4) into (A.1) results in the flux linkages ex-
pressed in the form of

2 2 2
_ w?LsM2, ) . |, RaweMZ . )
Wa = (L~ Sy )i+ myririo

2
w;L;g]\/[gg]\/[l;g .
+ (M12 T TR etz > t2d

2LsM? Rsw. M?2 (A-5)
_ _ WelsMyg ), fw3WeMy3 s
¥y = (- gy ) i - m
_ Raw.M3zo M3 -
R§+W§L§ 124 )

Neglecting leakage inductances in both the armature and eddy
current circuits gives the following relations:

L12L32M135L}

A.6
My ~ M3 ( )
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Fig. Al. d— q axes equivalent circuits of PMSM taking iron loss into account.
(a) d-axis. (b) g-axis.

Itis noted that (A.3) is equal to (A.1) when the relations are true.
Applying the relations to (A.5) results in the flux linkages as

R2 weL? R2
U,= 3___Li = Ryi 5K,
T Rrwzr? T Rz T el
R§ weL? welL
= o — Ryig— Ry K,
TR Rw2l? T R w2l 3(A'7)

where K.(= Mj2i24) corresponds to the permanent magnet
flux. Defining the equivalent iron loss resistance R,,, equivalent
armature inductance L,,, and equivalent emf constant K., as
(10) to (12), respectively, it is seen that (A.7) becomes (7).
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