
琉球大学学術リポジトリ

The b function of a μ-constant deformation of
x^7+y^5.

言語: 

出版者: 琉球大学理学部

公開日: 2008-12-01

キーワード (Ja): 

キーワード (En): 

作成者: Kato, Mitsuo, 加藤, 満生

メールアドレス: 

所属: 

メタデータ

http://hdl.handle.net/20.500.12000/8328URL



Bull. College 0/ ciePLce. ,JlilJ'. 0/ the R ltkJ~(. • o. 32. 1981.

The b function of a p-constant deformation of x7+y5.
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Introduction

The er al deformation of th plan UT ingularity x 7 +y5 =0 ha 2 J-

dimensional parameter pace c ntaining 4-dim n ional p-con tant subspace.

The p-constant deformation is given by

(l/7)x 7 + (l/5)yS - t1x 3y 3 - t4X5
) 2-/fl x 4

'y3 - t'lx 5y 3 =O.

In this paper we stratify the 4-dim n ional param t r pa into 7 trata, b

the condition that on each tratum the b fun tion i con ant. Th 7 trata ar

{t, :f=. 0, I.. + 6i,4 =t= O}, {f, *- 0, to! +6t, .\ =O}. {II =OJ (44, =/= O}, {II =O. t4 =1= 0,

t = O} , { L, = 0, t4 =0, Ii; =1= O}, { II =14 = I~ = 0, til =/= O} ,and { " = .~ =it; = t1 I =
O}

The id a of calculation is es entially du to Yano [4] .

Definitions

N : the set of natur I numb r , No=Nu {O}

o : the et of germ of holomo:rphi fun ti n in a n iborho d f 0 in C'H '.

D = O[d/a.~, ... , a/axn] .
lAs) = {P(;')€D[s] :P(s)fs=O} ,wh r jeo.
BpI = Do= C [aj dXo, ...• a/axtl ] 0, wh r 0 i: th ·8 function whos

upport i {O}.

L tie , the unitary g n r,ator f th id at {b(;) C[s J : P(s)fs+ 1= b(s)foS /01'
som P(:)e "[ ]} jaIl h b fun tim? of I and d not d I b (s).

If 1(0) = 0" bA) i d vid db. 1, and W l put fj (;-) - b;r[s)/(s I 1),

L:>t d bad gr on (), lh n w ,an t nd d n.l 1.0; 1 , B,.t h tb rlll:s

d(a I ax,) - - d(x,). d(~) = drs) - O.

For fi o. fr.r;;) D[s] ,f t mld P'(s) 'Ilote th l hOlllog'cn u:-; p rl .. )f I an I

Pr....). f th t w sl d ~

o = Cf. 0 : d(() m}. "J i () - (fi : tI(/) 1'n}

"I.

) J (Th ()Y?m of Bri sk'()nl Phmn)

fullt ... '. x,,)=. 0 '" .l~n. Tip ·h.{/.r(Jc/~J7:')ti· Imi momial ()! llz'.J load

nwnodromy 0/ if 1(0). 0) is gi 11 by

6 (0 -= n (l - aot:f.. . •an),

l Jz 11 adl a, rang ov r all ~ tlz roots 0/ unit olh r IJwn 1.

FOT lh pro f. Miln r [2]

.2. (algrtmg [1])

f has an isolat d singu[luity, th?n we have

* pI. of J [ath.. niv. of th Ryukyus.
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{the eigeJwalues of local monodmmy} == {exP(271Ha) ;" vda) = O}
And t.he degree 016,(5) is not greater than jJ., the At/ilnor number of (/-1(0), 0).

] .3. (Kf/.·.;hiwara Yano)

Assume f has an iWJlated singularity, LeI Of be a root 0/ ods), then there

exi.sts ~ €B~l with the f(Jllowing prope,1ies .-

(1.:3:. H! 1\ -= () ,. (af lax,)6. =O. i =O. . , ,n.

(1.3.2) For all P(s)eJr(S), P(a)~ =0.

The converse is aL-;o lrue.

IA., Let !{x, y)=(l!m)xm+ (l!n}yO, (rn n)= 1, and F be a lJersal de/onna

tio'rl defin d by F(x, Y)::- !(x, y) - ~tl.jXlyj. where the sumnwtion rmlges all (i, j)

satiifying {} _ i _. m - 2, O:£j;;; n - 2 and il m + j/n ~ I. Then for each fixed t,

F 1(0) has til same local rno'fwdromy a.r; /-1(0), and by 1.1, the eigenvalue are

{!xp(2nJ-:-:J( (i-I J)!m+{j''!-!}/n)) .. O~i~m-2; O~j~n-2.

!J,r(.'} is known 1o be Il (:,,>,,1 (i+ JJlm +(j+ l)/n), where the product ranges

o . i ,m-2. O.. j n 2; (Miwa [3] ).
1.5. L {

P(x,Y)' - (II m)xrn + (lln)yO - "i. ic:O tlXtl~ ybl where (m, n) =1, to *0, r= (001
m) I· (I~,I 12) - I> O. and 0, ~ t4J. bl~ 00/01' i;;;; 0.

W(! ll~fj8mn thal (ao. boY satisji s th following condition :

( *; If OJ, (/) sali~fi?s

05.1) () P m-2, ()=q~n-2,

(1.5:) r- (p/m)+(q!n)- J=kr for some natural number k.

theN ti' 11m (' f> 'au. l/ Do.
Thw

(1..5.3) ~..f) = H0:;; iCC-m-;,'. O~j~ 11-2 (s+ (t'+ l)/rn + (j+ l}/n - ei,j)

where ei,J == {I if i~ ao, j ~ bi},
o otherwise.

We first prove the following lemma.

1.6. lAemma.

Let F be as in 1.5. Assume (u, v)eNo X No satisfies

(1.6.11 u/rn+vln-2==k1' /01' sorne keN.

The,z we have

(1.6.2) xUy lie(x Uly til, x U2y uz, XU3y IJ3)O+(F,'(" F~.)(F, Fx, Fy)O, for some (u" vrJ

€ N (\ x N I) sat1~fying

n.6.3) ur/m. +vi/n- 2 = (Il + 1)1'.

Proof.

By(1.6.l), we may assume, without loss of generality, that u~m.

Th'n
(1.6.4) xUyUe(xU-III+ lyt!F x, x u- m+aoy V+bO)o.

Sin 1 (itt, - m, v) satisfies 0.5.2:1 in 1.5, at least one of the following three
conditions ho~ds:

(1.6.5) v~ n-1.
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(1.6.6) ll- 'tJ'l ~ 1J'l-.1,

(l.6.7) u-nl~Go, v;;;/Jo.

If (1.6.5) holds we have
(1.6. ) xuyuE (FxF~" XU allJlU-'HbO, xu-:m+l20)t ll+ bO xu-m+2ao) V-11+2bOjO.

If (1..6.6) holds we havle
(1.6.9) .rUyvE(F/, X Ii- mUQyfJ+bO, xll-2m+2aOytl+2bOjO.

U (l.6.7) holds we have

(1.6.10) XUyve(F."(. (F-XoF), x u- m aOyo+MjO, whe'y, Xo=(J!1:n)::,Dx+Oln}yDy.

IDn either case, (1.6.2) holds.

1.7. Proof of 1.5.

Let F be a in 15, d be the d gr defin d by d(x) = 1/1'11" d(Y)= lin. and, 0

be the Euler operator: Kg = (l/m)xD."e+ (l!n)y/J.l"

ince F has an isolated singularity, th re exists mEN a that

(1.'7.1) AmrOc (F."(, FyYO.

X o has the property:

0.7.2) F-XoF='2.I'it.ol'd,xQiy bi, where l',::=aJm+bi/n-l, J'o=r.

Hence (F - XoFJ2e(x2QO
) 21}{))0, and th n by Lemma 1.6, we hav~

0.'7.3 (F-XoFpe{Fx• F;,).. (F,Fx.F;,I) + AmrO

c (Fx,Fy) • (F,Fx,Fy).

Thi means that ther exists an operator g'(s)eD [s] of th form

(1.7.4) g'(s)=,(- +r-Xo)(s-X~)+(higherterms w£th respect 10 d),

so that
(1.1.5) g'(s)Fs=g(x,y)sF$-J, with ge(Fxx)OnA,;+-O+ (Fxy)OnA r 0

+ (fyy}OnA r 0+ (xay,I')nA,:+OC[F )OnAr+O+tFyJOnAr+O (x(iy b)nA 1,-'·O.

H n hav an 0 ratar P2(s)e,!F·(.<;,) ()if th form

n.7.6) P2 (.~) = g' ,(.~) +!lo(x,y),(s -'0) -1 III (.t,y)D -K2t ,y)l :,..

'with d(go) > O. dfltJ) > r + d(xJ, d(g,) > ?' +d ()') .

W also have operators of '''ordr l'" in Jd;;,) :
(1.7.7) PIl(s)=x",-all-l(s_' 0') -(high l' l Y'WlS)"

1.7.) Plds)=y'l-iJ()-I.(S-~·0)-1 (higlte'l' l'rrl'l:s).

ow w d t rmin lids) b L3.

L. t a be a rool of 0., r.,,)', and I rDx.D ,)0 b;; I.h ~ I' 0 respol1ding I :l nl of Bill

~ tat d in 1..3. By (1.3.1). we hav,C'

(1.7.9) r'1lPB= FyPo- (F - XoF)P&= O.

Taki;oJ{ th homogeneous parts of lh low st d gre , w ~ K,ll

(1.7,9)'" x m- JP''''8=),''-IP''€5=xay bP"cf==O.

This m an

1.7.10) P'''=D:lD.v q with O~/}::!m-2, O:iq<b or O:i/J a, O<q~n-2.

By (1.3.2), appli d to Pill, PI? and pz. w g l

1.7.11) (x m- ao - I (a - Xo)'· ... )/;),8= (y" W-I (a - XoJ'+ .. .)IJ,8= 0,

n.7'. 12) ((a , r - X{)Xa - Xo) , • . .)/ (1=O.

ince XoD~/D}.qo= - ((/J V/m - (q- l)/n)D:/lJy
Q8, lh ' man

7
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(L7.UY x m- ao- I {a + (P +1)/m + (11+ 1) / n)DxPD/lo
=yn-bO-I(<<+ (p + l)/m + (q+1J/n)D/JDyqo

=0,
(1.7.12)· (a+ r+ (p+ l)/m+ (q+ IJ/n)(a+ {P+ l)/m+ (Q+ IJ/nJD;,/Dy

Qo= o.
If

(1.7.13)/J~m-{J,j-lor q~n-bll-l then by (1.7.11)*,

(1,7.14) a=-((p+lJ/m+(q+l)fn)

If
(1.7.15) 1>< 1tl-OQ-.1 and q< n- bo-l then by (1.7.12)*,

(1.7.16) a=-((p+l)/m+(q+,lJ/n) or -((p+l)jm+(q+l)/n+r)

The laUeris equal to - ((p +00, + l)/ m + (q + Go + 1)/ n -1).

By 104. and 1.2. Dv(S) has distinct '(m-l){n-l) roots, henoe (1.7.14) and (1.7.16)

,giv all the roots. This proves. 1.5.

§ 2. Example. F:::::.{1/7}X7+{l/5)yS-t,x3y3_t4XSy2_4,X41y3_tuxSy3.

A

tl*O
2.1.
did fined by ,d(x) = 1/7, d(Y)=1/5, and X o =(l/7)xDx +(l/5)yDy •

It is asily s-cn that
(2J.l) A:HlO/(F.Fx.Jf~JnA350is generated by X 5y 2 over C.

A10 =~"(F .yFy ) .' A35 0, and

..t' .11 2
• x 1 -:;y'1,F,.2. x5<y z. yf)==.!,-L(F-XoF)x2 Fy (mod higher terms), hence we have

1(2.1.2) 11 10 0;;;;; ((F",.l·,)nA:J501 • ((F,.F~,Fy)nA350)

This. ,assures that there exists an equation:

(2.1.3) (F-XoFj2 - (l/35J2(t]2y 2Fx Fy +3t]3x 2y Fy
2-3t]3X3FxFy+ 18t]3X2(F-XoF)Fy

+9t."y 2F/+ . .. )=0

This together with (2.1.1) imply the existence of an operator Pds)eD [s] of

the form:

(2.1.4) Pz(s) = (s+1/35-Xo) (s-Xo)-(1/35F (tL2y2DxDy+3t13x2yDy2

+3tl
3X3 DxDy+ 1BlJ3x 2(s-1- Xo)Dy + 9tJ4y 2Dx

2 +50lt]3X2Dy+ . . .)
so that we have

(2.1.5) H'(s)PS = -(12/352) (t.,+6t~4)X5y2sFs-1.

2.2.
By (2.1.l) and (2.1.2) we have an operator Pds)e}F (s) of the form :

(2.2.1) Pa(s) = (s+4/35-Xo) (s+ 1/35-Xo) (s-Xo) + (higher terms).

'Ne also have operators in Ids) of "order 2 and r' :
(2.2.2) P2ds) =xPds)+ . . - 1 g2(S) =yPds)+ . .. ,
(2.2.3) Pll(S) = x3(s-Xo)-{l/35)(f,y3D'x+3f,x2y2Dv+9IJ3x5Dy+ . .. ) ,

Pu(s) = y(s- Xo)-(1/35)(t1x 3 Dy+3t/y 2 Dx+ 9t1
3 X 2yDy

+ tl -. (27f, 4, +4(4 )X 2 (5 - Xo) +. . .).
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2.3. Assume a be a root of fIr: (s), and P(Dx,D'y) u be the corresponding

element of Bpi with the properties (1.3.1), (1.3.2).

Then

(2.3.1) P* = DxPDyq for O~P~5, O~q~3.

2.4. If P~ 3 or ,q ~ 1 then the corresponding root a is equal to

-( (p + 1)/ 7 -I- (q + 1)/5).

Proof. Apply (1.3.1) togds), PlZ (<;).

2.5. (P,q) cannot be either (3,3), (4,3) or (5,3)

Proof Use the equality (F - XoF}P 0 = O.

2.6. (P,q) cannot be (5,2) unless 14+ 6f1" = O.

Proof. Let (p, q) = (5,2), a =-(6/7 + 3/5). Put

(2.6.1) P = DxsD/+aIDx2D./ + ~DX6Dy -I- a3Dy3D} -I

The coefficient of Dxzo in FyPu is -(24/35) (al + 15t\).

The coefficient of 0 in (F - XoF)Poi -0/35) (36a3t(-960t"J.

The coefficient of Dy 3 0 in Pll(a)Po i (l20ad!L18a3-1080t\3)/35.

ince all these coefficients must be zero, we get t" + 6tl
4 = O.

2.7. Assume t" -I- 6/. 4 *- 0

If P=1 or 2 and q= 0, then by use of Pzds), we know that a is equal to

(2.7.1) -( (P+l}/7+1/5) or -( (P-I-l}/7+1/5+1/35) = -( (P+3-1-1}/7+

(..j -I- 1)/5 -1}.

[f P = q = 0 then by use of P3(s)~a ]s equal to

(2.7.2) 1/7+1/5 or 1/7+1/5+1/35 = 4/7+4/5-1

or 1/7+ 1/5 +4/35 == 6/7 +3/5 -1.

Sine (p,q) cannot be (3,3), (5,2). (4,3), (5,3) we find that 2.4. and (2.7.1) and

(2.7.2) giv all the roots of ods),
By (2.7.1), (2.7.2) tog ther with ., 2. , and 2.6, w hay

(2.7.3) o...{s) = ITo f>:ii.5.0 q :I (s + (P +1)/7 + (q+ 1) /5 ep,(1),

where ep,q ={1 if (p,q) = (3,3), (5,2), (4.3), (.5,3).

o othe-rwise.

2.. A sume t.. + 6LI
4 = O.

In this case Pds) at (2.1.4) b longs to Jds). Applying 1.3. to Pds), we know that

for 0 ~/) ~ 2, q = 0, a is equal to

(2.8.1) -( (/)+1)/7+1/5) or -( (/)+1)/7+1/5+1/35) = -( (/)-1-3+1)/7

+ (3 + 1)/5 -1J,

We get fJds) :

(2.8.2) ods) = nO:ii.p.~5.0:;;q:ii..J (c;+{J)+l)/7+(q+l)/5-e/J,q),

where ep,q ={l if (P,q) = (3,3), (4,3)~ (5,3),

o otherwise.

2.9. Assume 14 =1= 0, 4, *- O.

We have following operators in Jr,{s):

9
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(2.9.1) ~(s)= (s+ 6/35 -.Xo)(s+4/35 -Xo)(s -Xo)+ higher terrns.

(2.9.2} Qz(s) = y(s + 4/35 - Xo){s -Xo)+ higher terms.

(2.9.3} Q•• (s) = y2(S - Xo) -I- higher terms,

Ql2 (s) =(2t4ix - 3lr,y)(s - Xu) + higher terms.

By these operators we can determine Dr (5):

1{2.9.4) lJp(S) = TI O~/J:;;'5. O~q~3 (5 + (P+ 1)/7+ (q + 1)/5 - ep,q),

, _ {I if (P",q) = (5,2), (4,3). (5,3),
where ep,q - 0 th ..

o ..e1Wl/.Se.

2.]0. Assume t4 tr, = O.

We can apply 1.5.

{
J if (p"q) =(5,2), (5,3)

(2.HU) If t. =I=- 0; te = 0 then ep,CJ = O.J .at ze:roJ,tse.

{
I if (P.q) = (4,3), (5,3)

(2.10.2) If ~ = 0, 4, *0 then ep...q= 0 h .ot enmse.

. '" {.1 if (P,q) =(5,3)
(2.10.3)1 If tl = ~ = 0, til =F 0 then ep,q = 0 .h "

at erwzse.

('2.10.4) If .all ,'s are zero then by lA, amI ep,q are zero.
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