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Introduction

The Milner number Jl. of the singuladty x 9 + y4 = 0 is 24, and the fL-constant

defonnation is given by

(0.1) F = - (x 9,!9 +y4/4) + tl X7y + t2x 5y 2+ i(,xGy 2+ tuox 7y 2=O.

Fur fixed t, the b-function of F = 0 is of the following form:

bF(s) = (s + l)bF(s),

bF(s) =IIo~p~ 7. 0:;:.q:;:'2(S + (p + 1)/9 + (q+ 1)/4 -ep,q),

where ep,q are functions of t and the values are 0 and l.

The parameter space is stratified into 7 strata, by the condition that on each

stratum ep,.q are constant"

The stratification is as follows.

]. tl =1= 0, t2 +3tl 2 =0,

f 1 1/ (P, q) =(7, 1), (6, 2), (7, 2),
epq= 1

, ~ 0 othenvise.

II. tl =1= 0, 2tz + 7tl
2 =O. 484, +2429tl

6 = 0

{
.l if (P, q) = (7. 1), (5, 2), (7, 2)

el)q=
, I 0 othenvise

Ill. tl =1= 0,. not either I or II

{
I if (P, q) =(7, 1), (5, 2), (6, 2), (7, 2)

epq=
, 0 othenvise

IV •. t l =O,tz*O
_ . { .I zf (f), q) = (5,2), (6, 2), (7, 2)

ep,q- l'o o{nerwtSe

V. 11=/'2=0, l6=t-O

e/J,q = {I if (P, q~ =(6, 2), (7, 2)
o othenuzse

V. t) = t2 = if; =0, /10'* 0

ep,q= {I if (p, q~ = (7, 2)
o 0 the1''W zse

VlI. t) = h = k, = flO =0

ep.q =a lor all (p, q).

III is divided into two strata :

fIh t l =f:. 0, ~ +3/1
2 =I=: 0, 21-2+ 7/1

2 =1= 0 then L(F) =3,

lIb t. =1= 0, 20- + 7t/' = O~ 48t6 +2429t/' =I=: 0 then L(F) = 4.
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The notations and the idea of the proofs are the same as those in the previous

paper [1] .

§l.
1.1. If t. =0 then by 1.5 of [I] ,IV'""-'VJj folJows.

From now on we assum,e 11 =1= o.
1.,2. A m = {feD: d(f)!i:.m/:J6} ,d(x)=1/9. d(y) =1/4.

A 36 = CX&y2 + CX 6y 2+ (F, Fx • Fy)O n A 36 •

An = CX· 4y2+ (Fx • Fy)(F, Fx , F;"JOn An.

A III 8 = (Fx , Fy )2(F, Fx , Fy)O n AlOE!,

ut

(1.2.1 ) Xo=xD'x/9 + yDy/ 4. Pds) =3'6(Xo- s).

Then we have

(1.2.2) . 6x(XoF-FJ+ t.yFx+5tl~x4Fy+5t/~x3Fx

+ (lOt. ~2+ 351]3 lz)xyFx +..
= (24. + 7t.,2)X 6y 2.

If n if 2i-.! + 7tl
2 0 th n

A 36 =CX 5y 2+ (F, F~, Fy)On A 36 ,

An = (Fx • Fy)(F, Fli' Fy)On An.

1.3,. By L.2, th foU wing flv elem nts of j;Js) are easily found:

(1.3. I) p•• (')) =x 2 Pds) /.xyDx - II -I (2t2 + 7t/)yp. (s)

+ (511tz - 2/, -I td2t2 + 7l/))(x'"Dy t1x 4Dx

f (212 t- 7t( 2)x2yDxJ- ... ,
0.3.2) Pu (") =xyPJs) r t1y 2Dx + (2/2 + 7t. 2

)x6Dy

+ td:.t2 -t 7/1
2
) 5D.li -I- St. h-x 4yDy + (51L2 t2 -I- (2t2: + 7t. 2F )x3yDx

+ tl (2t2 + 7t1 2)(24t2: + 4911
2

) xy 2Dx+. . . ,
0.3..3) P1ds) =y 2p.(<»+ lI X7 Dy + . .. ,
(1.3.4) P"ds) =y(PJ,.';;)-l)P.(s) - t.2 X6Dx Dy +... ,
(1.3.5) P~(s) = (Pds) - 6)(P.(s) - 2)(P1 (5) -l)Pds) - f/'x 4yD/'Dy + . ..

1.4. Let a be a root of brJs) , and Qa(QeC [Dx , DyJ) be the corresponding

,element of BPt with the properties (1.3.1), (1.3.2) of [lJ .

By FxQo = FyQo = 0 we have

(1.4.H Q" =. cD» Dy q, 0;£ fJ ~ 7, 0;£ q~ 2

where c is a nonzero constant and Q* denotes the homogeneous part of Q of the

lowest degree.

1.5. (p, q):j:: (7, 1), (7" 2).

Proof. Use the equality (XoF -F)Qo= o.
1.6. If (P; q) = (5, 2) then h. +3t. 2 =o.
Proof. Put Q=Dx

5D/+at,Dx 7Dy + . ...
Pu(o:)Qo=O implies 0:=-(6/9+3/4) a= -2/7, and (XoF-F)Qa=O impHes

t2 +3t,2= o.
1.7. If (p, q)=(6, 2) then 2~+ 7t,2=0; 484+2429t1 6 =0.
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Proof. Put Q=DX
6 D/+ a1 D'x8 DJ, + a2DXDy 4 + b2 Dx

IO

+ag DX 3D/ +a4 D'xsD/+asD:/Dy +. .. .
FxQo=PJ \ (a)Qa= 0 determines a. al. a2, lh, a3, 04. as, and (XoF - F1Qa= 0 implies

the desired equalities.
§2. 2t2 + 7t)2* 0.

2.1. By 1.2, there exists an equation

(2.1.1) ((Pds) -l)Pi (s) + t1
2 (2h + 7t1 2

)-1 (."CPI (s -l)D;>;

+ t1yDx2 +PI (s) - 32xDx) +. . .)Fs

=2(/z. +3/)2)xSy 2 sFs-l.

2.2. t2 + 3t} 2 = o.
By (2.1.1), there exi t an element of fF(S) :

(2.2.1) P2(s) = (PI(S) -l)PI (s)+ t] 2(2/2+ 7fJ 2)-1(xPl (s)Dx

+ PI (s) + 4xD,) + higher terms.

Let a be a root of bF (s), and Qo, Q*= DxPDyq be as in 1.4.

By 1.5, 1.7, (p, q) =1= (7, 1), (6,2), (7,2).

For (p, q) with 0 ~p+ q~ 1, by Pdex)Qa = 0, ex has at most two possibilities. that

is

for (p, q)=(O, 0), (0, 1), a=-((p+l)/9+(q+lj/4+k/36), k=O~ 1,

for (p, q)=(l, 0), a=-(2/9+1/4+k/36), k=O, 2.

For (p, q) with p+q~2, by P•.(ar)Qv=Plda)Qo=Pldex)Qa=O, a has only one

possibility: a = - ((p + 1)/ 9 + (q +1)/4).

Since bF~) ha distinct 24 roots, the above possibilities of a r ally give all the

roots.

This proves the case I of Introduction.

2.3. 2t2 + 7tj 2 =1= 0, &. +3tl 2 O.

L t« Q. Q. =DxPl)yq be as abov .

By 1.5, 1.6, .1.7, {P, q)::J::- (7, 1), (5, 2)~ (6. 2), (7, 2).

By 1.2. there exist an I m nt of A(s) :

(2.3.1) P3 (; ) = (PI ~ ) - 2)(P\ (s) - l)PI (s) + higher term'.

By (2.1.1), th r xists an 1 m nl f J,.·(s) :

(2.3.2) .gds) =X((PI (s) -l)P:l (;) + lI2(2~ 7112)-1 (xP. (s)Dx

+PI (s) + 4xDx)) - 2(t}, +- 3tl 2)(2~ + 7/1
2

) -1 XPI (s)

+ higher terms.

If (j), q) = (0, 0) th n, by Pdex)Qo= 0, a hasal most thr possibHiti s :

ex = - (l/ 9 + 1/4 + ;"/36), k =0, 1, 2.

If (p, q)=(l, 0) then, by Pn(a)Qo=O, a has at most two p ssibiliti ':

a= -(2/9+1/4+k/36), k=O, 2.

If (p, q) = (0, 1) then, by P~I (a}Qa =0, ex has at most two possibiliti s :

a= -{l/9+2/4+k/36}, k=O, 1.

If P q~2 then, by P1da)QQ=Plda)Qo=Pl3~a)Qo=O. a has only .one possi·

bili y : a= -((P+lJ/9+(q+ 1)/4).
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All of these possibilities give all the roots of br:(s).

This proves the case mJ of Introduction.

§3. 2t;. + 711
2 = o.

3~1.

By (1.2.2), we have an element of IF (s) :

(3.1.1) Plds)=xP.(s) + t1yDx + higher tern'tS.

By a routine computation we get an equation:

(3.1.2), ((P1,,(.fi) - 2)(PI (5) -l)P1(s) +- higher terms}F S

= (5/2)(484, +2429/1
6 )X6y 2sFs- l

•

3.2~ 2'-2+ 7/. 2 =0. 484J+2429t. 6 =0.

Ita. Q, Q·=D/'Dyq b as in 1.4.

By 1.5. 1.6, (P, q) =1= (7, 7), (5, 2), (7. 2).

y (3.1.2), w hay an el ment of fr.- (;) :
( .2.1) gl~)=(Pds)-2)(PL(S)-l)P.rs)+higher term.

If (/J q) = (0, 0) th n, by Pal (a)Qo= 0, a has at most three possibilities:

a= -(1/ 1/4+k/36J. k=O. 1 2.

[f (P, q) =(0, 1) th n, by P21 (a)Qo = 0, a has at most two possibilities:

a:' =- (1/9 +2/4 + k / 36), k = 0, 1.

If /) 7 or f/ 2 th 0, by PI 3 (a)Qa =P.4(a)Qo = 0,. a ha only one possibility:

(J:' = - ((j) + 1)/.9 + (q + 1)/4).

All til s" possibiHti s of ,a give aU the roots of brJs)'

'Thi' (r v . th cas II of Introduction.

,:t2. ...,4. + 711"- 0, I:, 2 ... l1 6 O.

By 1. , 1.6, 1.7, (P. q) (7, 1), (5, 2), (6, 2), (7, 2).

If (p, q)=(O) 0) then, by PI (a)Qo= 0, a has at most four possibilities:

a= -(l/9+1/4+k/36), k=O. 1) 2, 6.

If (p, q) = (0, 1) then, by P21 (a)Qo= 0, a has at most two possibilities:

a= -(l/9+2/4+k/36)J k=O, 1.

ff P~l or q~2 then, by PI da)Q<J = Pjt,{a)Qo= 0, a has only one possibility:

a= -((p+ 1)/9+ (q+ .ZJ/4).
All the e possibilities of a give all the roots of b.,(5), and this proves the case III2

of Introduction.
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