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On Definition of Affine Algebraic Groups

Zensno Nakao·

1

O. IntmducUon

An affine algebraic group is defined to be an affine algebraic variety possessing an abstract

group structure satisiying the condition th.,at the group multiphcation and inversion are polynomial

map,s.

The objective of this paper is to sh,orten the definition to only one statement t~at the group

multiplication be a polynomial map. Two ex,amples are given in [N! with concrete computation,

where it is shown that, when K is an infinite field, the polYlJI.o:mia~ group multiplications on Ga(K)

and Gm(l() make the group inversions pO,!ynomial, i.e., algebra homomorphisms K[X] -+ K[X], and

K[X,l/X] -+ K[X,lIXJ, respectively.

1. Notations

If G is an affine group (or variety), then K[G] denotes the coordinate ri.ng of K-valued hmc·

tions on G· if m : G X G -+ G is a group multiplication, then we write m(x,y) = xy; and for a fixed

x E G. rnx denotes a left translatwon g:iven by miy) = xy for all y E G. Also, for f E K[G] and :x

E G, f.x designates a function. in K[G] defined by (f.x)(y)= f(xy} for all y E G. If f : G -+ H is a

polynomial map of varieties, then f" : K[H] -+ K[G] denotes the associated K-algebra bomommpb·

ism. BllIIIt if V is a K-vector space, then V" denotes the dual space oJ V,

2,,_ The Theorem

Therem. If G is ,an affine, variety possessin.g a polynomial group multiplication m. X -;. a?ld

an ,absl1"acl gmup i"wersion j : G - G, then the gtiou/J ,:nversion isalsQ a polynornial mat), i.,e., . is all

al/i'ne algebraic group.

Proof We will proc . dI in two st,eps:

(i) There exists an inj ctiv polynomial homom rphism fr m inLo a 15' n.. ra:l lin ar roup

GL(V) for some finit.e dim nsional K-lin ar spac V.

There is the co-mu.ltiphcation m" : K[G] -~ K[GI ® K[G] indu ed by th 1 l.ynomial group

multiplication m: G X G -+ G. For f E K[G], l l m"'(f) = I gi ® hi, wh r gi and hi ap'hsn

lineady independent Then for x,y E G. f(yx)' = f(m(y.x) ) = ~ g,i(y)hi(X)~ so for any 'Y - IG. 'f.y =
~gir(y)hi, hence f.y lies in the K-linear span of I hi I and also hi - f. be aus we an s tv" til
equation f.y = L gj(y)h j for hi by maksng g'jl(Yj) non-sinl,uIar lor slimitabl, Yj - . L t K[ ]1 =
K[XI .....XnJ and let V be the K-Iin'ear span of I Xi. Y : y E G. i = l, ....n I ,Th n V is €ini.t dim n·

sreona], is stable under (m,,)", and generat,es K[IG] as a K-alg bra sine all Xi E V.
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that G .s isomorphic to r(G) which is a closed affine algeb

br i . Thi ompl l s th proof.

o fin a r pr scntation r : G - end(V). the algebra of endomorphisms of V, by sending z to

(m z)" I V. In fact, we have (rn z)" I V E GL(V), the general linear group of automorphisms of V. For

(f.y) E V X vo, I l Xf.y be the matrix coefficient defined by XCy(T)= y(t(f» for T E end(V). Then

nd(V) is an affin vari ty with coordinate ring Klend(V)J = K[Xf.y : (f y) E V X V°]. Let D(T) be

th d 1 rminant f T E end(V). Then GL(V) is an affine algebraic group with coordinate ring

K[, (V)] = K[ nd(V)J [110].

Now. f r z E G. Xf.y 0 r(z) = y(r(zHO) = y«mz}"(f) = y(f.z) = y(~gi(z)nj)(where we set m"(f) =
L g. h. as b f r ) = ~ g,(z)y(h ,). i.e .. Xf.y 0 r = ~ y(h,)gj E K!G l. which means that r : G - end(V)

j a polyn mial map.

W furth r 1aim that r : G - GL(V) is a polynomial map. The polynomial function D 0 [ E

Kr 1 n v r vanisn s n . h nc it is a unit by Hilbert's Nullstellensatz. So the quotient 1/(D 0 r)

E K[ I. in 1/(0 0 r) = (LID) 0 r. the claim is established.

(ii) Th -m rphi m rO : K[ L(V)I- KIG] is surjective.

Sin V n r t s KI j, it is Dough to show that ach element of a basis I al, ....an I of V

h s a pr -imag . L t I yl .....yn I h the basis of V' dual to I al) •... ,an I . Then for aJ] T E

L(V), (a.) = k YJ(T(al»aj.

o fin h, KI .1L(V)j by lling b l = ~ aJ( )Xat'Yj' where is the id ntity element of G. Then,

for I] J (V). b.(T) = I a l ( )XII.'Y,(T) = L a J( )YJ(T(a.» = T(aj)(e). But then, for all z E G.

r (b,)(z) = I1 I (r(z» = b,«m,)" I V) = (mzr(a,)(e) = (a,.z)( ) = aj(z), a r'(b i) = ai, i.e., VC

r (KI' I ( )/).
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