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Connection Formulas for Appell's F2

and Some Applications

Mitsuo KATO

Abstract. In this paper, we derive several connection formulas for Appell's

F2 from which we obtain a monodromy representation of it. We determine the

irreducibility condition of F2. We also obtain a monodromy representation of

generalized hypergeometric function 3F2.

1 Introduction.

Appell's hypergeometric function

b V C C''X V) -
f ' ' ' f iy)"

where {a,n) = r(a + n)/r(a), satisfies the following system of differential equa

tions of rank four ([A-K]):

f x(l - x)zxx - xyzxy + (c - (a + b + l)x)zx - byzy - abz = 0
\ 2/(1 - y)zyy - xyzxy + (c' - (a + b' + l)x)zy - b'xzx - ab'z = 0

which we denote by E2(d}b,b',cic'). This is an extension of Gauss* hypergeo

metric differential equation

x(l - x)z" + (c - (a 4- b + l)x)zf - abz = 0

which we denote by E(a, 6, c).

If neither c nor c' is an integer then E2 has the following four linearly inde

pendent solutions defined at the origin ([A-K], [Kmr])).

h =F2{a)bib\cic']x)y))

f2 = ^"^(l + a - c, 1 + b - c, b\ 2 - c, c'; z, y),

h = Vl-C'F2{\ + a - c',6,1 + b' - c',0,2 - d\x,y)% (L1)
/4.= a:1-c2/1-c>2(2 + a - c - c\ 1 + 6 - c, 1 + 67 - c', 2 - c, 2 - c;; x, y).

In this paper, we always define the value of multivalued function of the form

Aa

by the condition that

arg(i4) = 0 if A > 0.
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In Section 3, we will construct other systems of fundamental solutions at

several points on the singular locus of E2. In Section 4, we derive connection

formulas among theses systems of fundamental solutons. Connection formulas

for AppelPs F2 have been obtained by several authors ([Skg], [Tky]) but for the

sake of self-containedness we derive the formulas in this paper.

Theorem 5.1 gives a monodromy representation of E2 with respect to a

system cji,cj2j^3,^4 (see (5.3)) of. fundamental solutions of E2. Other repre

sentations are also known (see [Sa-Ta]).

Theorem 6.1 and 7.1 give the irreducibility condition of E2, Table 6.1 gives

the complete list of the invariant subspaces of the solution space of reducible

E2.

Theorem 8.3 gives a monodromy representation of the generalized hyperge-

ometric function ^F2 with respect to a system of fundamental solutions defined

at the origin. Other representation is already known (see [B-H] and [Ohr]).
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2 Phafflan system.

Let A be a constant (n,n) matrix and A an eigenvalue of A with

rank(>l - XI) = n — m.

We suppose that any positive integer is not an eigenvalue of A - XI. Let 5(x, y)

and C(x, y) be (n,n) matricies whose components are holomorphic on the closure

of D = {(x}y) € (C)2 | |z| < r, \y\ < r}. Put '

ft = — + B(x, y) I dx + C(a;, yjdy

and we assume the integrabity condition

dJl = fi A ft.

Put Q(y) = C(0,2/). Then we have the following theorem ([Ktl, Theorem 1.1]).

Theorem 2.1. The differential equation

du = Slu (2.1)

has m linearly independent solutions of the form u = xxv(x) y), where v(x1 y) is

holomorphic in D. Then "the boundary value"

vo(y)=v(Q}y) (2.2)

of v(x, y) satisfies

Av0 = A^o, (2.3)

^ = Qvo. (2.4)
dy

Conversely, ifvo{y) satisfies (2.3) and (2.4) then there exists a unique solution

u = xxv(xiy) of (2.1) satisfying (2.2).

It is well known that the differential equation E2(aibJb/icic/) is equivalent

to the following Phaffian system:

du = Pti, (2.5)

where

u = t{z,xzx,yzy,xyzxy) (2.6)

and

P = P^+P/JL + P3JE. + P4J}L + p5^±A (2.7)
x y rr — 1 y-1 x + y -1
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Pi =

Pi =

Pi =

(0

0

0

0

0

0

0

1

0

1-c'

0

0

1

0

1-c'

c'-o-6'-l -1

y aoo oo 6(1 + a + b' - d) b j

( 0 0 0

0 0 0

0 0 0

\-abb' b'(c-1-a-b) b(d - 1 - a - 6')

0

0

0

1-2/

with \\ = c + c' - a-b-b'.

Remark. Prom (2.7) we know that the singular locus of E2 is a subset of

{{x, y)'e C2| xy(x - l){y - l)(x + y - 1) = 0}. (2.8)

In fact, it is known that the singular locus of

and Pj is (2.8).

with generic parameters otj
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3 Local solutions at (1,0).

We will have a blowing up at the point (1,0). That is we put

(3.1)

We will consider the local solutions along the exceptional divisor {xi = 1}. The

matrix P at (2.7) now has the following form.

P = {(P2 + P3 + P5)/(Xl - 1) + ~ 1)} dxl

- 1)} dyi. (3.2)

In order to use Theorem 2.1, we put A = Pi + P3 + P5 and Q = P2/2/1 +

P5Q/1-I). Then

and

( 0 0 1 0

—ab c — a — b— I -b 0

0 0 1-c' 0

\ 0 0 b(c' -a-I) c-a-b-lj

/0 0 1 0 \

(3.3)

Q =
00 0 1 .

2/1-1

0 0 1-c' 0

\0 0 0 1-c',

/ 0 0

0 0

0 0

0 \
0

0

\-abb' b'{c-1-a-b) b{c' - 1 - a - b')2 Ai - 2/

(3.4)

where Ai = c + d — a - b — b1.

The eigenvalues of A are 0, 1 - c\ c - a - b - 1, c - a - b - 1. We assume

that

these eigenvalues do not differ by integers.

We will apply Theorem 2.1 for A = 0,1 - c' and c - a - b - 1.

First let A = 0. Then the solution u of (2.5) has the form

u = vo{yi) + (1 -

where vo(y\) is a solution of

+ (1 - a?i)2t*(yi) + • • • ,

This implies that vq is constant, that is,

VQ = <(c - a - b - 1, ab} 0,0)

up to a contant multiplication.

(3.5)

(3.6)
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Let A = 1 — d. Then, by the same reasoning as above, (2.5) has a solution

u of the following form:

u = (1 - si)1"*'(vo(yi) + (1 - sijvifoi) + •••),

for some constant numbers *. Then, by (2.5), we know that all Vj(yi) are

multiples of y\~c inductively. Hence we have a solution of the following form:

u = ((1 - i

^o =*(1, *,*,*). (3.8)

Let A = c — a-6 — 1, then the solution of (2.5) takes the form

u = (1 - zi)c-a-6->o(yi) + (1 - a?i)vi(!/i) + •••)• (3-9)

By (2.3), vq takes the form

vo = t(0J(yl))0)9(yi)) (3.10)

and (2.4) is equivalent to

±(f\-(±(° i

where Ai = c + c' — a — b — b'.

Put

Xi-2j)\g
(3.11)

). (3.12)

Then (2.5) implies

-(c - a - b){c + c/-a-6-l)/i = (c + c/-a-6-l-

and (3.11) implies that h(y\) is a solution of Gauss' hypergeometric equation

E(a + b — c, 6', c'). Thus we have the following theorem.

Theorem 3.1. £?2(a, 6, b',c, c') has the solutions of the following forms along

the exceptional divisor X = {a^i =1}.

(1). /(xi,2/i); where f is holomorphic along X and /(l,2/i) is constant.

(2). ((1 — X\)y\)l~c f{xi>yi), where f is holomorphic along X and f(l,yi)

is constant.

(3). (1 — xi)c~a~bf{xi,yi), where f is holomorphic along X and f(l}yi)

is a solution of E(a + b — c, 6', c') as a function of y\.

Thanks to this theorem, we can define the following local solutions at three

points on the exceptional divisor X.

At the point x\ = 1, y\ = 0, the following solutions exist:

!),

,Vi),
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where (f>j are holomorphic at X\ = l,j/i = 0 and

ft(l,0) = 1 (1 < j < 4), ^(1,yi) = 1 (1 < j < 2).

At the point x\ — 1, y\ = 1, the following solutions exist:

^2(2:1,2/1) = (1 - X!)1"-0^!1-0'<4>2(xu2/1),
(3.14)

) (1 r-0-6^)

where i/ij are holomorphic at Xi = l,j/i = 1 and

^•(1,1) = 1 (1 < j < 4), ^(1,3/x) = 1 (1 < j < 2).

At the point x\ = 1, t/i = oo, we can choose

x2 = l/i/i and 2/2 = 2/i(l ~ rci)

as the local coordinates there, and the following solutions exist:

2,2/2) =2/2 "c'^2(2:2,2/2),

)c-a"^() }

where kj are holomorphic at x2 = 0, y2 = 0 and

^•(0,0) = 1 (1 < j < 4), ^(zs.O) = 1 (1 < j < 2).

We now have a blowing up

a: = (1-1/1)35!, y = yi (3.16)

at the point (0,1) and obtain the exceptional divisor

X1 = {yi = 1}.

By the symmety

(a, 6, b', c, c', x,2/) —-> (a, 6', 6, c', c, y} x), (3.17)

we obtain the following local solutions at three points on the exceptional divisor

X'. At the point x\ =0, y\ = 1, the following solutions exist:

10
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where <p'j are holomorphic at x\ = 0, y\ — 1 and

#(0,1) = 1 (1 < j < 4), tpfau 1) = l(l<j< 2).

At the point £i = 1, y\ — 1, the following solutions exist:

(11,1/1) = (1 -Z/i)1-^-^^!,^),

) (i)c/"a"fe^()

where ^ are holomorphic at xi = 1, 2/1 = 1 and

$(1,1) = 1 (1 < j < 4), fyixu l)El(l<j< 2).

At the point a;i = oo, yi = 1, we can choose

2/2 = 1/^1 and x2 = xi(l - yi)

as the local coordinates there, and the following solutions exist:

«i(rc2,2/2) = Aife,1/2),

where ^ are holomorphic at x2 = 0,?/2 = 0 and

^(0,0) = 1 (1 < j < 4), ^(0,2/2) = l(l<i< 2).

11
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4 Connection formulas.

In this section we derive the connection formulas among the fundamental sys

tems fj (see Section 1), ipj, ipj, kj ip'p tp'jt k'j (see Section 3) of solutions of

E2{a,b, b',c, d). In order to determine the values of these multi-valued solu

tions, we take the argument of positive number to be zero.

Formula 4.1 (The connection formula along {0 < x < I, y = 0}).

, T(c)T{c -a-b) T(c)T(a + b-c)

1 (c a)L (c b)1 (c — a)L (c — b) L\a)T\b)

T(2 - c)T(c -a-b) T(2 - c)r(a + b-c)

T(c)T(c + c'-a-b-l) I?(c)r(l + a + b-c-c')

T(c - b)T(c + c'-a-l)tf>2+ T{b)V(l + a - c')

T(2 - c)V{c + c'-a-b-l)

r(l-6)r(c'-a) V2
r(2 - c)r(l + a + b - c - d)

T(l + b - c)r(2 + a-c-d)lfi%

a + b- c)r(l - c) r(l + a + 6-c)r(c-l)

■b-c)J1' T(a)T(b)

_T(2 + a + b-c- c')r(l - c)

T(2 + a-c- c')r(l + b- c) *3
b-c-d)T(c-l)

■a-d)T(b) J*'

c-a- b)T{l - c) r(l + c - a - b)T{c- 1)

i)r(l - b) h+ r(c - a)T(c - b) '

T(c + d -g-fc)r(l-c) Tjc + c'-a- b)T{c - 1)

T(c' - a)r(l - 6) /3 + r(c + c' - a - l)r(c - 6)

12
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Formula 4.2 (The connection formula along {xi =1, 0 < y\ < 1}).

fi ='01,

_ r(c')r(c + c'-a-b-b') r(c')T{a + b+b'-c-c?)

r(c + c'-a-6)r(c'-6') T(a + b-c)T(b')

T(2 - c')r(c + c7 - a - b - b')

~ c-a-b)T(l-b') **

a + b - c - d)T(l + V-d)

+ a + b + V - c - c')r(l - d)

a + b - c - c')r(i + b> - d)

Tjl + a + b + b'-c- d)V{d - 1)

r(o + b - 6)Y{V)

_ T(l + c + c' - a - b - b')T(l - c')

t c- a —

r(l + c + d - a - b - fr')r(c7 - 1)

r(c + d - a - b)T{d - V) ^'

Formula 4.3 (The connection formula along {xi = 1, y\ > 0}).

_ r(c/)r(b/ + c - a - b) r(c/)r(a + t-y-c)

^3 r(c + c'-a- b)T(bf) *3 + T(c' - V)T(a + b-c) ^4>

r(2 - c/)r(fc/ + c - a - b)
~u A ^3

a + b-b'-c)

r(i - 6')r(i + a + 6 - c - d)K4

= r(i - c/)r(i + a + b - v - c)

~ a + b - c - d)n
a + b-b'-c) ,

e

_ T(l + V + c - a - b)r(l - cQ

-

13
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Formula 4.4 (The connection formula among / and tp).

T(c)T(c -a-b) r(c)r(cQr(a + ft - c)F(c + d -a-b-b')

T(c - a)T{c -by1* r(a)r(ft)r(c + d-a- b)T{d - b')
T(c)r(d)r(a + b + b'-c-d) ,

12
r(2-c)r(c-a-6)

r(2 - c)r(c/)r(a + b- c)r(c + c'-a-6-y)

a - c)r(l + b - c)r(c + (/ - a - 6)r(c' - b')

r(2 - c)T{cf)T{a + b + V-c-cf)

d-a-b-l)

r(c + c'-a- l)r(c - b) Yi

r(c)r(2 - d)Y{\ + a + b-c- d)T(c + d -a-b- b')

■ c- a-b)r(i + o - c)r(ft)r(i -

r(c)r(2 - d)T{a + b + b'-c-d)

■ a - c')r(6)r(l + b'-d)

T(d - o)r(l - ft) ^

T(2 - c)r(2 - c')r(l + a + b-c- d)T{c + d -a-b-b')

r(2 + a - c - 6 - e)r(l - c-a-b)

r(2 - c)r(2 - c/)r(a + ft + y - c - d)

r(2 + a - c - c')r(i + ft - c)r(i + ft' - c') ^4>

r(i + o + ft-c)r(i-c)

T{l+a-c)T(l + b-c)

r(2 + a + 6-c-

- c)r(c -

- c)

r(a)r(6) /2>

r(2 + a + ft - c - d)T{c -

r(2 + a - c - c')r(i + 6 - c) ■"• r(i + a - c')r(6)

- c)r(l - d)T(l + c-a-b)

r(i +

r(l + a +

r(i + a +

r(i + a +

a + ft

6 +ft'

a + b

b + b'

T(a

b + b'

- c - d)T{l +

- c - d)T(c -

- c - c')r(l +

- c - c')r(i -

6' - c')r(i - a)r(i -

l)r(l - d)T(l + c -

ft' - d)T(c - a)T(c -

c)r{d - i)r(c + c' -

+ ft - c)r(ft')r(c' - o)r(i - ft)

- c - c')r(c - i)r(c' - i)r(c + c' -

•&:

a

b)

a

a

)

-ft)

-ft)

-ft)

r(o + b- c)T(V)T(c + c'-a- l)T(c- b)

h

h

ft,

14
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r(i +

, r(i +

r(i +
1

,r(i +

c + c'

c + c'

T(c

T{cf

c + c1

-a-b

-a)T(l

-a-b

- a)T(c

-a-b

-a)T(l

-a-b

-6')r(i-c)r(i

. - 6)r(i - v)

-6')r(c-i)r(i

- 6)r(i - b>)

- b')T{l - c)F{c'

- b)T{c' - b')

- b')T{c - l)T(c'

-d)

-C)

-1)

-1)

h

c'-a- l)r(c - 6)r(c' - b')

15
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Formula 4.5 (The connection formula among / and k).

_ T{c)T(c -a-b) T{c)T(d)T(a + b - c)r{b' + c-a-b)

h T(c - a)T{c - b) Kl + r(a)r(6)r(t/)r(c + d-a-b)
r(c)r(c')r(a + b - b' - c)

r(a)r(6)r(C' - v

T(2 - c)r(c -a-b)

+ a - c)r(l + b - c)r(6')r(c + d -a-b) J

T(2 - c)Y{d)T{a + b-b'-c)

T(l + a - c)r(l + 6 - c)T{c' - b') *4>

_ T(c)T(c + c'-a-b-l)

~ ™~~ ^^(c + d — a — 1) K<*

' T(c)r(2 - c')r(l + a + b-c- d)T(b' + c - a - i

r(i + a - c')r(6)r(i

r(c)r(2 - c')T(a + b-b' -c)

a - c')r(6)r(l - b') '

c-a-b)

T(d-a)r(l-b)

T(2 - c)r(2 - a + b - c - >' + c - a — b)

T(2 + a-c- c')r(l + b- c)r(l + b1 - d)Y{l + c-a-b)

Ir(2 + a - c - c')r(i + 6 - c)r(i - v)

_T(l + a + b- c)r(l - c) r(l + a + b - c)T{c - 1)

~ -a - c)r(l + b - c) ^ + r(a)r(6)

_T(2 + a + b-c- d)T(l - c) r(2 + a + 6 - c - d)T(c - 1)

a - c - c')r(l + 6 - c) ■" + T(l + a - c')r(6)

a + 6 - y - c)r(i - c)r(i - c')r(i + c - a - 6)

r(i - a)r(i - 6)r(i -

+ a + b - V - c)Y{c -

+ a + 6 - c - d)

c-a-b)

r(c - a)r(c - 6)r(l - b')r(l + a + b-c-d)

+ a + b-b'- c)r(l - c)r(c7 - l)r(c + c'-a-

r(d - o)r(i - 6)r(c' - y)r(a + 6 - c)

+ a + 6 - y - c)r(c - i)r(c/ - i)r(c + c' - a -

r(c + c7 - a - i)r(c - 6)r(c' - y)r(o + 6 - c)

/l

/a

16
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lie

_ r(i + v + c - a - t)r(i - c)r(i - d)

- o)r(i - 6)r(i + v - d)

' + c-a- b)T(c- l)r(l - d)

c - a)V(c - 6)r(l + b' - d)

b' + c-a- b)T(l - c)T{d - 1)

T(d - a)T(l - b)T{b')

b' + c-a-b)r{c - l)T(d - 1)

By the symmetry (3.14), we have the following connection formulas. We

remark that

and fz are exchanged by (3.14).

17
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Formula 4.6 (The connection formula among / and i/1')-

= T{d)Y{d-a-b') T{c)T{c')T{a + V - c')T(c + c'-a-b-b')

J1 T(c'-a)r(c'-b')Wl r(a)r(6')r(c+c'-a-6')r(c6) Vs

r(a)r(6)r(6')

_r(2-c')r(c'-a-b')

73 r(i - a)r(i - v) Wl

r(2 - c/)r(c)r(a + y - d)r(c + c; - a - b - y)

r(i + o - c')r(i + 6' - c/)r(c + d - a - y)r(c - b)

r(2 - d)r(c)T(a + b + b'-c-d) ,

■ a - c')r(i + y - c')r(b) ^4>

_T(c')T(c + c'-a-b'-

72 r(c + c'al)r(c' 2

r(cQr(2 - c)r(i + a + y - c - c7)r(c + c; - a - b - V) ,

r(i + a - c)r(y)r(i - 6)r(i + c' - a - v) ^

r{c')T(2-c)r(a + b + b'-c-c')

r(i + a - c)r(y)r(i + 6 - c)

_r(2-cQr(c + ^-a-y-i)

74 T(c-a)T(l-b')

c)r(2 - c/)r(i +

a-c- c')r(l +

r(2 - C)r(2 - c')r(a + b + y - c - cQ ,

r(2 + a - c - c')r(i + b - c)r(i + y - c') ^4l

a + y -

r(2 - c)r(2 - c/)r(i + Q + y - c - cQr(c + d - a - b - b1)

T{2 + a-c- c')r(l + b' - c')T{\ - b)Y{\ + c'-a-b')

)

)Jla - c')r(i + v - d)Jl + r(a)r(b')

c) r(2 + a + ycc)r(ci)

r(2 + a - c - c')r(i + y - c')/2 r(i + a - c)r(b') /4>

T(l + a + b + b'-c- d)T(l - c)r(l - cQr(l + ^ - a - bQ

7- o + y - c - c')r(i + b - c)r(i - o)r(i - v)

+ a + b + b' -c- d)T{d - l)Y{l - c)Y{\ + d -a-b')

r(i + a + y - c - c')r(i + b - c)r(c' - a)r(c' - y)

r(l + a + fc + ye cQr(l cQr(c - l)r(c + </ - a - b;)

r(a + y - c')r(b)r(c - a)r(i - 6') h
+ b'-c- d)V{c - l)T(d - l)r(c + c; - a - b')

+ V - d)T(b)T(c + d -a-l)T(c' -V) 74
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-a-b-b')r(i-c)r{i-c/)

- o)r(i - 6)r(i - v)

r(l + c + c'-a- b- b')T{d - 1)I\1 - c)

h

T(d - a)T(cf - V)T(1 - b)

-c + d-a-b- b')T{l - c')r(c - 1)

r(c - a)T(l - b')T(c - b)

r(l + c + d-a-b- b')F(c - l)T{d - 1)

T(c + d - a - l)r(c - b)T(d - b')

h

h
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1

m
Iff
ii

Formula 4.7 (The connection formula among / and «/).

r(cpr(c/ - a - y) , r(c)r(<Qr(a + y - cQr(6 + c' - a - y) ,

r(a)r(6)r(6')r(c + c' - a -

I ""4.

73
0

r(i - o)r(i - 6') x

r(2 - c/)r(c)r(a + y - </)r(t> + c7 - a - y) ,

r(l + o - c')r(l + y - d)V{b)r(c + d -a-b')

: - c')r(c)r(a + b'-b-d) ,

a - y - c')r(c -
M>

r(c')r(c+c'-a-b'-i) ,

V(d - V)T(c + d-a-l) *">

H-e
b> - c - c'

r(i + o- c)r(y)r(i + b- c)r(i + c' - a -,

T(d)T{2 - c)T(a + b'-b-d) ,

■ a-c)r(y)r(i-6)

_ r(2 - c7)r(c + c' - a - y -1) ,

l~ r(c - o)r(i - v) *2

r(2 - c)r(2 - c7)r(i + a + y - c - c7)r(6 + c7 - a - y)

r(2 + a - c - c')r(i +1 - c)r(i + y - c7)r(i + c7 - a - y)

r(2 - c)r(2 - c>)r(o + b'-b-d)

+ r(2 + a - c - c7)r(i + y - c7)r(i -,

r(i + a + y - Q

+ a - c7)r(i + y - c7) •

r(2 + o + 6 - c - c')r(i -,

I

r(i + a + y - c/)r(c/ -

r(a)r(y)

r(2 + a + y - c -

r(2 + a - c - c')r(i + y - c7) ^

1 - b - c')r(i - c)r(i -

r(i + a - c)r(y)

+ c' - a - y)

- o)r(i - 6)r(i - y)r(i + a + y - c - c7)

r(l + a + b7 - b - d)T{d - l)r(l - c)r(l + c7 - a - i

T(c7 - a)T(d - 67)r(l - 6)r(l + a + b>-c-d)

r(i + a + y - 6 - c7)r(i - c7)r(c - i)r(c + c7 - a - V)

T(c - o)r(l - b')T(c - b)T(a + b'- d)

r(l + o + y - 6 - d)T{c - l)T(d - l)r(c + d -a-b')

■h

■h

1}

/4
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d-a- - c)r(l - d)

T(l - a)T(l - V)T(l + b - c)

. + b + d - a - b')T{c' - l)r(l - c)

+ b-c)

r(c - o)r(i -

V(c- - o - - V)T{b)

h

h

^(c-l)^
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Formula 4.8 (The connection formula among t/j and i

r{l + a + b-c)T{l-c)r(d)r(d-a-b') .,
iii = — — —-—-— ib,

F(l + a - c)r(l + b- c)T(d - a)T(d - b') Y1

r(l + a + b - c)T(c - l)T(d)T(c + c'-a-b'-l) ,

+ r(o)r(6)r(c + d-a- i)r(c' - v) ^2
r(l + a + b - c)T{d)T{a + b' - d)T{l + a + b' -c-c'

+ r(a)r(6')r(l + a - c)r(l + a + b + V-c-c')

. _T(2 + a + b-c- d)T{l - c)T(2 - d)T(d -a-b') .,

T{2 + a-c- d)T(l + b- c)T(l - a)T{l - b1) Tl

r(2 + a + b - c - d)T(c - l)r(2 - d)T{c + d-a-b'-l) ,

r(l + a - d)T(b)T(c - a)T(l - b') ^
T(2 + q + b - c- d)T(2 - d)T{a + b'- d)T(l + a + b'-c-d)

T(2 + a-c- d)T(l + a - d)T(l + b'- d)T{l + a + b + b'-c

T(c + d-a- b)T(l - c)T{l + c-a- b)T(d -a-b') „

-d)

- a)r(l - 6)r(c' - a)T(c + c' -a-b-b') *l

Tje + d - a - b)T(c - 1)T(1 + c-a- b)T{c + d -a-b'-I)

T(c - a)T{c - b)T{c + d-a- l)T{c + d -a-b-b')

r(c + d - a - b)T{a + b' - d)T{l + c-a- b)T(l + a + b' - c ■
^«.

- a + V - d)F{l - d)r{c)T(c -a-b)

a - d)T(l + b'- d)T(d - a)T(c - 6) ^
r(l + a + b' - d)T(d - l)T(c)T{c + d - a - b - 1)

T(a)T(b')T(c + d-a-l)r(c-b) ^
1 - d)T{c)T(a + 6 - c)T(l + a + b-c-d)

T(a)r(6)r(l + a - c')r(l + a + b + b' - c - d) rJl

■a + b'-c- d)T{l - d)T(2 - c)T(c -a-b)

T(2 + a - c - c')r(l + b' - c')r(l - a)r(l - b) ^

r(2 + a + b' - c - d)T(d - l)r(2 - c)T(c + d - a - b— 1)

- o)r(i - 6)

r(2 + a + V - c - d)T{2 - c)T(a + b- c)T{l b-c-d)

T(2 + a - c - c')r(l + a - c)T(l + b- c)r(l + a + b + b>

,, _T{c + d -a- b')T{l - d)T{\ + d - a- b')T(c -a-b)

- a)T(l - b')T(c - a)T(c + c' - a - b - b1) ri

T(c + d-a- b')T{d - l)T(l + d-a- b')T(c + d-a-b-l)

T(d -a)T(d -b')T{c + d-a- l)T(c + d -a-b-b') ^

r(c+ d - a - b')T{a + b- c)T(l + d-a- b')T(l + a + b-c-d)

r(i - v)T{d - fc'jr^rci + b - c)
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Formula 4.9 (The connection formula among k and «;').

= r(i + a + b -
-a-

r(c - i)r(c;)r(c + d - a - y -1) ,

T(a)T(b)T(c + c'-a- l)T{cf - V) *"*

V{d)T{b - a - y + d)T(a + y - c')r(l + a + b1 - c - cl)

r(g)r(6)r(y)r(i + a - c)r(i + b - c)

x e
1i7r(c/-a-6/) /

«3

•a-c)r(a)r(6')e"l7r6<)'
1=r(2 + a + 6-c-c'){ r(l-C)r(2-c')r(c'-a-

+

T(2 + a - c - c')r(l + 6 - c)r(l - a)r(l - 6')

r(c - l)r(2 - d)T(c + d -a-b' -1) ,

- a - d)T{b)r(c - a)r(l - b') 2

r(2 - d)T{b-a-b' + d)T{a + b'- d)V(l + a + b'-c-d)

■ a - c')r(6)r(l + b' - cf)T{2 + a-c- d)T(l + b-c)

x e

r(2 + a - c - c')r(l + a - c')r(l + 6' - c')

-a-b')V(l + c-a-b)F(c + c'-a-b) iw(a+6_c) ,

- a)r(l - 6)r(l - b')T(c' - a)T(c' - b>) x

r(c - i)r(c + <- a - y - i)r(i + c - a - t>)r(c + ^ - a - b)

T{c - a)T{c - 6)r(l - y)r(c + c' - a - l)r(c' - V)

X 6 ' /C2

H—5- (sin7rasin7r6sin7r6'
7T"4 .

— sin 7r(c — a — 6) sin 7r(c' - a — b') sin ?r(c + c' — a))

xr(i + g + y-c- c/)r(t -f- c; - a - y)r(g + y - cOr(i + c - a - b)

x T(c + c' - a - ^ei7r(c/-c+6-fc/) ^ I

+ r(i-6)r(c-6)r(c-a-6 + 6/) e ^4)
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= T(l + b +c-a-6)|r(1_a)r(1_6)r(c/_a)

+ r(c - a)T(c - b)V(c + d - a - 1) *2

r(6')r(l + b' - c')r(l + a + V - b - d)

T(l - d)r(c)T(c-a-b)

2r(a)V(b')T(c + d-a- l)T{c- b)

r(c)r(fr' - a - b + c)T{a + b- c)T{l + a + b-c-d)

r(a)r(6)r(6')r(i + a - c')r(i + 6' - c')

Air(c-a-b)

a-c')r(a)r(6)

ivb

e 4

C

r(i-c')r(2-c)r(c-a-b)

T{d - l)r(2 - c)T{c + d-a-b-l)

r(i + a - c)r(6')r(c' - a)r(i - 6) K2

T(2 - c)T{b' -a-b + c)V{a + b- c)r(l + a + b-c-d)

■ a - c)r(60r(l + b - c)r(2 + a-c- d)T(l + V - d)

T(2 - c)T(a + b-V -c) .

+ T(2 + a - c - c')r(l + a - c)r(l + b-c)e
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r(l - d)T(c - a - b)T(l + d-a- V)T(c + d - a - V) iw(a+6-_c

T(l-a)T(\-b)T{l-V)T(c-a)T{c-b)

r(c7 - l)r(c + </ - a - b - l)r(l + c' - a - y)r(c + c' -a-b1)

T(d - a)r(c/ - 6')r(l - b)T(c + d - a - l)r(c - 6)

7T13

-sin7r(c- a- b)simr(d - a - &')sin7r(c + d - a))

x r(l + a + b - c - d)T{b' + c-a- b)T(a + b - c)T(l + d - a - 6')

x T(c + d - a- b/)e*w(c-c'+b'-6) K3

— a — b1 + o)

i

i7r6

2

3
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5 A monodromy representation of E2.

We put

and assume in this section that

and

2nixe{x) = e

c, c',

c'-ayb,c-b, b\ d -b1

(5.1)

(5.2)

so that the following system u> of fundamental solutions of

E2{a)6,6', c, d) can be defined:

1

r(a)r(6)r(6')

V(c)T(c') h'

_ T(l + a - c)r(l + b - ,

T(2-c)V(c')

_ r(i + a - c')r(fr)r(i + v -

/a,

■h,

= r(2 + a - c - cpr(i + b - c)r(i + v -

r(2 - c)r(2 - d)

(5.3)

Put

(5.4)

for sufficiently small positive number r. Then the fundamental group ir\ (X,

with the base point Pq is generated by the following five curves:

71 = {{x,y)\x = reit 0<t < 2tt, y = r},

72 = {(x,y)\x = r, y = reil 0 < i < 2tt},

73 = {(a;)y)|x = y = l/2-(l/2-r)eit 0<* < 2tt},

74 = CdiagCx=lCdiag,

75 —

where

Cdias = {x = 2/ = 1/2 - (1/2 - r)e-" 0 < t < tt},

Ci=i = {x = 1 - re" 0 < t < 27T, y = 1 - r},

Cv=i = {3/ = 1 - re" 0 < t < 2ir, x = l-r}.

Let V = V(Po) be the set of germs of holomorphic solutions of Ei at Po.

Then V is a four dimensional vector space. For / e V and 7 € 7r1(Jf,P0)i the

analytic continuation /7» of / along 7 again belongs to V(-Po)- We write

/(TV). = = /7.7i
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if 7' is continued after 7. This defines a monodromy representation

TrxfX.Po)—>G£(V(P0)). (5.5)

We denote its image by

and call it the monodromy group of £2 (a, b, b1', c, c').

We will express the representation (5.5) by use of the basis ujj 1 < j < 4 of
V of (5.3).

It is easy to find the analytic continuation of ujj along 71 and 72, that is,

=^A: for /c = 1,3,

= e~2wicUk for A; = 2,4,

and

2* =cja: for fc = 1,2,

(5 7)
^72* = e-2*iefwk for Jfe = 3,4.

By Formula 4.4, we have

^73* - a;* = (e(c + c; - a - 6 - bl) - l)T(a + b + b' -c- d)^A 1 < k < 4.

(5.8)

By Formula 4.5, we have

- ^ = (e(c + c- - a - 6 - 60 - 1)

^74* - w* = (e(c + c' - a - 6 - 6') - 1)

(5.9)

Using again Formula 4.4 and 4.5, we have the following representation of

7i 1 < 3 < 4. By the symmetry (re <—> y, b <—> V\ c <—> c'), we also have the

representation of 75.

Theorem 5.1. Assume the non-integral condition (5.1). Then the analytic

continuations ljjj* of

U =

along 7^ are as follows:

27



/I

0

0

\o

/I

0

0

\o

/

/4

V

e(l

0

1

0

0

+ e3

0

-c)

0

6

0

0

e(l-

0

f1)
1

1

0

0

1

0

-c)

(731

0 \

0

0

c(l-c)/

0 \

0

0

e(l - d)j

\

,732,733,734)

/

C3 = 2ie ((c + c; - a - 6 - 67)/2) /si

731 = — sin7rasin7r&sin7r&/, 732 = sin7r(c — a)sin7r(c — b)sinnb\

733 = sin7r(c/ — a) sin7r6sin7r(c; — ft7), '

734 = sin7r(cH- d — a)sin?r(c — 6)sin7r(c' — b/))

W74* =

sunr{cf-V) \

sin7r(c/ - 6')

e((l-c/)/2)sin7r6/

Ve((l-c/)/2)sin7r67

(741,742,743,744) CJ,

e4 = 2ie((c + b1 - a — b)/2) /sinircsinird,

741 = — sin7rasin7rb, 742 = sin7r(c- a)sin7r(c — 6),

743 = e((c; - l)/2)sin7r(c/ - a)siii7r6,

744 = e((d - l)/2)sm7r(c + d - a)sin7r(c- fc),

\

sin7r(c-6)

e((l-c)/2)sin7r6

sin7r(c - b)

\

(751,752,753,754)

b- a-

751 = -sniTrasinTrb', 752 = e((c- l)/2)sin7r(c - a)sin7r6',

753 = sin7r(c' - a)sin7r(c' - 6'),

754 = e((c

Remark. Since 74 and 75 commute in tti(X, Po), we have

74*75* =75*74*.
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6 Irreducibility condition of E<i for c, d qL Z.

We assume in this section that c, d satisfy the non-integral condition (5.1).

Under this assumption, fj 1 < j < 4 of (1.1) form a fundamental solutions of

E2.

Definition. E2 is said to be reducible if there exists a proper subspace W

of V(Pq) which is invariant under the action of the monodromy group M2. E2

is said to be irreducible if it is not reducible.

We first consider the case when the condition (5.2) does not hold. Then we

find several reducible cases.

Assume that a is a non-positive integer. Then (/1) is an invariant subspace

of V because f\ is a polynomial.

Assume that a is a positive integer. If other conditions in (5.2) hold, then

Wj 1 < j < 4 of (5.3) form a fundamental solutions of E2 and Theorem 5.1

holds. We know, from this theorem, that {f2,h,f^} is an invariant subspace of

V. By continuity, (f2ifs,U) is an invariant subspace of V in general.

Assume that b1 = -n is a non-positive integer. Then we have

where F(a,6,c\x) is the Gauss' hypergeometric function. Hence (/i,/2) is an

invariant subspace of V.

Assume that b1 is a positive integer. If other conditions in (5.2) hold, then

we know, from Theorem 5.1, that (/3,/4) is an invariant subspace of V. By

continuity, (/3, /4) is an invariant subspace of V in general.

In the same way, we have the list of invariant subspaces of V = V(Pq). Let

Z<o denote the set of non-positive integers.

Table 6.1.

Z<0 N

a (/l) (/2,/3,/4)

1 + a-C (/2) (/l,/3)/4)

1+a-cf (/3) (/i,/2,/4)

2 + a-c-c' (/4) (fuf2ih)

b (fuh) (/2,/4>

t' (/l,/2) (/3,/4>

1 + 6- C (/2,/4) (/l,/3>

l + b'-c' (/3,/4> (/i,/2)

Rmark. The 3-dimensional invariant subspaces above can be expressed by

Appell's J«i. For example, if c + d - a = 1 then (/i, /2, fs) is the space of the

29



solutions of the differential equations satisfied by Fx (a, 6,6', d + b\ 1 - z, y). This

fact is equivalent to the classical functional equation ([Bly])

Now we give the ir'reducibility condition of i?2(&> bt &', c, d).

Theorem 6.1. Assume that c^d satisfy condition (5.1). Then

E2(aibib'icid) is irreducible if and only if condition (5.2) holds.

Proof. We have proved the "only if part by Table 6.1. So we will prove the

"if" part. By (5.2), Uj 1 < j < 4 of (5.3) is a fundamental solutions of E2 and

we can use Theorem 5.1. Suppose that there exists a proper invariant subspace

W of V under the actions 7^ 1 < j < 5. By the invariance under ju and 72*,

we know that W is spanned by a proper subset of {o>i,^2,^3,^4}. Then by

the invariance under 73*, W must contain all Uj. This proves the "if' part and

completes the proof of the theorem. □

Rmark. Assumption (5.1) on cyd in the theorem above will be removed in

Theorem 7.1.

„'■■■**

30

nalis
長方形



7 Irreducibility condition of E<l for general cases.

Theorem 7.1. E2(ai 6, b\ c, c') is irreducible if and only if condition (5.2) holds.

Proof The "only if part follows from Theorem 6.1 by continuity. So we will

prove the "if part.

Assume (5.2) holds. We put

f'3=T(l + a- d)T(b)T(l + b' - d) f3,

& = T(2 + a - c - c')T{\ + b - c)r(l + b' - d) f4,

for c, d £ Z.

We must prove the irreducibility in the case when c or c' is an integer. Since

Ei has the following "symmetries":

E2(a,b,b',c,c')~E2(a,b',b,c',c),

E2(a,b,b',c,c')~E2(l + a-c,l + b-c,b',2-c,c'),

E2(a, b, b', c, d) ~ £2(1 + a - d, b, 1 - b' - d, c, 2 - d),

E2{a,b,b',c,d) ~ E2{2 + a - c - c', 1 + b - c, 1 + b' - c',2 - c,2 - c'),

it suffices to consider two cases, that is, the case when c e N, d g Z and the

case when c, c' E N.

The case when c € N, d <£ Z.

Put

c = 1 + m - <5,

where m is a non negative integer and S is in a small neiborhood of 0. If S tends

to 0 then

- m + 6 + A; + fcQr(6 - m + ^ + AQIX*/ + fc#) ^.

El \a - m -t- k -t- k )i.\o — m -t- K)L(o + k ) k_m k>

.. . ,^n ri-m + k)T(c' + k')T(l + k)T(l + k') X V
k>mtk'>0 V /v / \ • / v • y

tends to

r(o-

0

which is equall to

Hence T(l - c)(/2/F(2 - c) - f{/T(c)) is holomorphic in c at c = 1 + m. equiv-

alently
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is holomorphic at c = 1 + m. By the same reason,

is holomorphic at c = 1 + m.

Now we put

Since

Trr(c')
52 = --7:

(7.2)

r(a - m + 5 + fc + fc')r(b - m + 5 + fc)r(b' + fc') fc_m+i fc-

■ fc')r(i + fc)r(i + fc') * y

k k,

k>) J

we have

where

521

- <5)r(c' + fc/)r(i

+ m) (7.3)

- fc)r(Q-m + fc + fc')r(b-m + fc)r(b' + fc') fc fc

j"1)1" r(c + fc'

a ^ na + fc + fc' + ^r^+fc + ^r^' + fc'

85 + fc + 8)T{1 + m + fc + (S)r(c' + fc')r(l + fc')
x y

By the same reason, we have

54|c=l+m = (~- ')x-myl~c'r(2 - c')x-my

6=0

(7.4)

(7.5)

where

m-l

1-m+A:

/c=0

T(ra - fc)r(l + a - d - :

8_

96

-c'

a-df + fc

/)r(b -ml fc)r(l + b1 - d + fcQ fc k>

-fc)r(i + fc') x y

/ + j)r(6 + fc + «)r(i + v - d + fc7)

rn -I- fc + 6)T(2 - cf + fc')r(l + fc;)

X Z* L (7.6)
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Ill

IE

Hence Qj 1 < j < 4 form a system of fundamental solutions of E<i for c = 1 -f- m

(and d <£ Z).

By the base change from u> to g = t(9ii 92^93^4) , Theorem 5.1 implies

072* =

0>

(1

1

0

0

0

- e

0

1

0

0

1

(-c))r(i

0

0

0

0

e(-c')

0

L - c)

0

0

0

0

e(-c)

0

0

\

e(-d)J

0,

0

0

1

(1 - e(-c))r(l -

o ^
0

0

c) e(-c)J

2ie{(c + d -a-b-b')/2)

sin ird

\

where

\

0

T{c)T{2-c')

0

(731,732,733,734)

731 = sin?r(c - a — 6)sin7r6//r(c)r(c/))

732 = — sin7r(c — a) sin7r(c - b) sin7r6//7rr(c/),

733 = sin?r(c + d -a- b)sinir(d - 6')/T(c)r(2 - c'),

734 = -sin7r(c + d - a)sin7r(c- b)smn(d - b')/itT{2 - d).

It is easy to see that there is no proper subspace of V = V(Pq) which is

invariant under the actions 71*,72* and 73*.

This proves that E2 is irreducible when c £ N and d & Z.

The case when c, d G N.

We consider the irreducibility for c = 1 + m, c' = 1 + m1. So we put

c = 1 + m - <S, c' = 1 + m' - 5'

and

9i=f[,

<?4 = r(c -

+ v{c -

At c = 1 + m, d = 1 + m', that is 5 = 6' = 0, gj 1 < j < 4 are of the following

- c)r(c' -

- C)r(i -

33



form.

01 = T(a)T(b)T(b')F2(a, b, f, 1 + m, 1 + m'; a;, 2/),

92 = (-l)1+m (Iogx5l/r(c) + T(c')x-mg21(x>y)),

93 = (-l)1+m' (logyffl/r(c') + r(c)y-m'931(x, j/)) ,

54 = (-l)m+m'(logs log yfll/r(c)r(c')

+ y~m' log x 531 (s, y) + aTm log y g2i {x, y) + x-my-m>g4l (i, y)),

where #21 is the same as (7.4) and £31 is of similar form as 021 Finally, #4i is as

follows:

I 941= Y^ (-1)™+™'
0<fc<m,0<A:'<m'

r(ro - k)T(m' - k')T(a - m - m' + k + fc/)r(6 - m + ib)r(y - m1 + fc;)

r(i + fe)r(i + jt')

f

— T (-

T(m' - Jfe')r(o -m' + k

0<k<m,k'>0

T{m - k)T{a -m + k + k' + 6)T{b -m + k + 8)T(V + k') k+m k.

X Vk + S)T(1 + m + k + 6)T(1 + k')

S')r(b + k + S)T{b' + k' + 6')

«=o

+ S)T(1 + m' + k' + S')T(1 + k'+ 6')

xxk+myk'+m')\
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Theorem 5.1 implies

1

0

1

0

(l-e(-c'))r(l-c')

0

0

0

1

0

0

e(-c')

0 (1 - e{-cf))T(l - cf) e(-c')

913* =

I

2ie{(c + c' -a-b-

\

where

(731,732,733,734) 9,

731 = sin7r(c + d - a - b - i/J

732 = — sin7r(c-f d — a — b')sm-K{c- b)/itY(c!),

733 = — sin7r(c + c' — a — 6)sin7r(c/ - bf)/irr(c))

734 = sin 7r(c + c' — a) sin n(c — b) sin 7r(c' — 6')/71"2-

Then it is easy to see that there is no proper subspace of V which is invariant

under the actions of 71*,72* and 73*. This proves the irreducibility of E2 with

c.c'GN,

This completes the proof of Theorem 7.1. □
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I*

8 A monodromy representation of generalized

hypergeometric function 3F2.

The generalized hypergeometric function 3F2 is defined by the following power

series:

ll?-o("J.") zn
(8.1)

This is a solution of a Puchsian differential equation

= 3^2(0:0, ai,a2;/3i,/?

of rank three with singularities at 2 = 0,1,00. The characteristic exponents of

3E2 at these singular points are

0, 1-ft, I-

0. 1.

at z = 0,

at 2 = 1,

at 2 = 00.

We put

and we assume in this section

a^a'^a'j £ZO' = 0,1,2), &,#,/?; 0Z(j = l,2).

At z = 0, 3E2 has the following fundamental solutions

(8.2)

(8.3)

/2(0)(z) = zl-

Assume

+ #2 - a0 - ai -

(8.4)

(8.5)

then, at z = 1, 3E2 has two linearly independent holomorphic solutions and a

solution of the following form:

(8>6)

where is holomorphic at z = 1 and take the value 1 there. Assume

(8.7)
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then, at 2 = oo, $E2 has the following fundamental solutions

^oo)w = (-^r°0
x 3^2(0:0,1 + olq - Pi, 1 + a0 - fo\ 1 + oto - Qi, 1 + a0 - a2\ 1/z),

x 3-^2(0:2,1 + a2 - /?i,l + <*2 -/32;1 + a2 - ao,l + a2 - aul/2).

Now we return to AppelFs F2.

Theorem 8.1. £?2(a, 6,6'jC, c7) ftas the solutions of the following forms along

the singular locus X\ = {x = 1}. **

^i/ /(x,y); i^ftere f{x,y) is holomorphic along X\ and /(1,2/) is a sohz- S

taon ofsE2(aibfil + a-c\c',l + a +b - c). y»

^. (1 - x)c~a~bJtb'y~b'f{x)y) where f{x}y) is holomorphic along X\
everwhere and /(l,y) = 1. J*

Proo/. We apply Theorem 2.1 to (2.5). Then matricies A and Q in (2.3) and t
(2.4) are v

A P Q (^ + ^) + ^^ j3, Q (^ + ^) + ^t^
y y ■*"

The eigenvalues of A are 0,0,0, c - a — b + b' — 1. We assume that

c-a-b + b' £Z

in this section.

Let A = c-a — b + b' — 1. Then Theorem 2.1 implies that E2 has a solution

u of the form u = (x — l)Ai>(£,2/) with ^0(2/) = ^(1>2/) satisfying (2.3) and (2.4).
This implies that vq is of the form

up to a constant multiplication. This implies (2).

Let A = 0. Then E2 has a solution of the form

u = uo(y) + (x- l)ui(y) + (x - l)2u2{y) + • • • ,

where uq satisfies (2.3) and (2.4). (2.3) implies that uq is of the form

uo = tU(y),9(y)ih(y)i -abf + (c - a - b - l)g - bh)

and (2.4) implies that f(y) satisfies the differential equation

3J52(a, b\ 1 + a - c; c', 1 + a + b - c). This proves (1).

This completes the proof. D
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Put

a0 = a, <*! = b\ a2 = 1 + a - c, ft = c', /32 = 1 ■+ a + 6 - c (8.9)

then Theorem 8.1 implies that (see (3.15))

(8.10)

By the symmetry (3.17), we know that k'4(x, (l-y)/x) is holomorphic at {x,y) =

(1,1) and «4(l,0) = eiirb, whence we have

<(1,1 - y) =

In the upper half plane

(8.11)

we choose the arguments

0 < arg(z) < 7T, —n < arg(l - z) < 0

to obtain the single valued holomorphic solutions /j0^ (see (8.4)) and fW (see
(8.6)) of 3E2(ao,ai,a2\P\,02)- Then Formula 4.9 implies the following theo
rem.

Theorem 8.2. Assume the non-integral conditions (8.3) and (8.5), then we

have

AO) =

A0) =

71 -

a2 - 0i -

a2 - 0X - 02)

- 0l - 02)

modulo holomorphic functions at z = 1. And we have

- 02)T(1 + 01+02-ao-al- a2)

- a0 - ttl - a2)

- 0f{)V{l - 0!{ - a0 - ttl - a2) j(
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We put

Vl := ET5^pzl"A^2^^^^^;*), (8.12)

Put

and

Co = {z = zQeu 0<t< 2tt},

. d = {z = 1 - zoeit 0 < t < 2ir}.

! Let V = V(zo) denotes the set of germs of holomorphic solutions of 3.E2 at zq.

j Then V is a three dimensional vector space. In the following theorem, we have a

I monodromy representation of 3E2. Other representations are known (see [B-H]

and [Ohr]).

Theorem 8.3. Assume the non-integral condition (8.3). Then the analytic

I continuation vCj* of '

i

along Cj are as follows: ',

A 0 0 \ :

vC0* = 0 e^l-ft) 0 \v, (8.13)

■ \0 0 e(l-p2)J

1. = I /3 + C1 1 (cxo.c11.cx2) I v, (8.14)

cio = sin ttqo sin irai sin 7ra2/ sin 7r^0i sin 7T/52,

Cn = sin 7rao sin 7rai sin ttq^/ sin irP{ sin tt/?^ ,

C\2 = sin 7rao sin 7ra" sin 7ra2 / sm ^i'sm t1*^-

Proo/. (8.13) is clear. (8.14) can be derived from Theorem 8.2.

39



ffll'- 9 Connection formulas for 3F2 along {z < 0}.

Put

*§;''■

which is an irreducible component of (2.8).

Theorem 9.1. Assume that c + c'-a-b-b' is not an integer. Then

E2(a, 6, b\ c, c') has tfie solutions of the following forms along X2.

(1). (1 — y)~af{x>y), where f(x,y) is holomorphic along X2 and if we

put

Si
then /(I - y, y) is a solution of zE2(a, 1 + a - c, d - 6;; c', 1 + a + b - c) as a

function of z.

(2). {x + y - l)c"l;c/-a-6-67(^, 2/), uAere /(x, y) is holomorphic along X2
and /(I -yty) = yb'~c> [\ - 2/)6~c ^ to a constant multiplication.

Proof We apply Theorem 2.1 to (2.5). Then matricies A and Q in (2.3) and

(2.4) are

b) Q (2+3) + I(1+4)

The eigenvalues of A are 0,0,0, Ai - 2, where Ai = c + cf - a - b - b1. We have

assumed that

Ax £ Z.

Let A = Ai - 2. Then Theorem 2.1 implies that E2 has a solution u of the

form u = (x + y - l)Xl"2v{x,y) with uo(y) = v(l - 2/,y) satisfying (2.3) and
(2.4). This implies that vq is of the form

up to a constant multiplication. Then (2.1) implies that the first element z of

u (see (2.6)) is of the form

li
where f(l-y>y) = yb'~"c'(l -y)h~c up to a constant multiplication. This proves
(2).

Let A = 0 and

u = vo(y) + (z + y - i)vi(y) + (x + y - 1)^2(2/) + • • •

be a solution of (2.5). Put

then (2.3) implies that

£4 = (abl/gi +1/(1 + a + b - c)g2 l/- cf)g3)/(X1 - 2).
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If we put

then (2.4) implies

(/ 0 0 1 \ / 0 -1 -1

- -ab c-a-b-l -b + \ ab a + b b I S g,
Z l 0 0 1-d) Z~ \ab' V a + b'!

' (9-1)

where g — t{giig2,gs)> The equation (9.1) above implies that (z — l)~a<7i is a

solution of 3E2(a, l + a-CjC' — b'\c'>l + a + b — c). This proves (1) and completes

the proof. □

In this section we use the variable

z = y/(y -1)

for functions 3F2 and induce connection formulas. The connection formulas for

F2 are derived under the condition that

Imz, Imy > 0.

Hence we must assume that

Imz <0 (9.2)

in this section.

Put

a0 = a, ai = 1 + a - c, a2 = d - b\ pi = c\ fa = 1 + a + b - c, (9.3)

then the restrictions of ^ and ipj (1 < j < 3) (see (3.14) and (3.19)) on X2 are

expressed by 3F2 in the following way.

Lemma 9.2. Put y = z/{z - 1). Let /j0) and /f00' 6e as m ^.^ and (8.8),
where ctj and @j are defined by (9.2). Then we have the following equalities.

where for z < 0, we choose

arg(-z) = arg(l - z) = 0, arg(z) = -?r.
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Proof. We will prove the equalities for t/^Ia^ and V^ta- ^om (3.14), we see

that

Since f(z) := (1 - z^-^^z^^foU* is a solution of 3^2(0:0,#1,0:2;ft,
we have

This proves the equality for

Since —z = y/(l — y), we have

x 3F2 (1 + a - c, 2 + a - c - c', 1 - b'\ 2 - c7,2 + a + 6 - c - c'\ -^— ] .
V y-i/

By the symmetry (3.17), we have

l-c

x 3F2 (1 + a - c', 2 + a - c - c', 1 - 6; 2 - c, 2 + a + b' - c - d\ —^— ] ,
V x- 1/

which proves the equality for t/^Iav Other equalities can be proved similarly.

□

In the lower half plane

we define the arguments of z and — 1/z by

-7T < arg(z) < 0, arg(-l/z) = -arg(z) - 7r,

to make /j ' and fj single valued holomorphic functions on —H. Then we
have the following theorem.

Formula 9.1. Between the fundamental systems (9.3) and (9.4), we have the
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following connection formulas.

- ao)r(g2 -

)r(a2)T(P1 -

- a1)r(g0 -

AO) = r(Ql - ao)r(g2 - go)r(ft)r(ft) (oo)

/0 T(a)r(a2)T(P a)r(0 - Q0) 7o

7l

r(g0 - aa)r(a1 - ga)r(ft)r(ft) (oo)

- g2)r(/32 - g2)/2 '

- ft)r(i - go)r(/32 - g0)

(1+fe-A)

r(g0 - g2)r(gx - g2)r(2 - ft)r(l + ft - ft)

((oo)

T(g2 - gi)r(g0 - gx)r(2 - ft)r(l +fo- Pi) .(

r(i + g2 - ft)r(i + g0 - ft)r(i - ai)r(A - ai)Jl

tw _ e»T(^-i) I x v"i ~ Qo)r(Q:2 - Qo)r(l + ft - /32)F(2 - ft) (oo)

,

- go)r(l - go)

F(g2 — gx)r(go — gi)F(l + ft — /32)F(2 — /32) (oo)

g0 - /

r(g0 - aa)r(ai - g2)r(l + ft - ft)r(2 - ft) (oo)

g0 - ft)r(l + gj - ft)r(ft - g2)r(l - g2) h

Aoo) = r(l + g0 - ai)r(l + g0 - oa)r(l - ft)r(l -

- aa)r(l + g0 - ft)r(l + g0 -

- i)r(ft -

g0 - ai)r(l + g0 - g2)r(/32 -

- aa)r(l + gt - go)r(l - ft)r(l - ft) (

- go)r(l + gx - ft)r(l + gx - ft) /o

- ga)r(i + ai - go)r(ft -

- g2)r(i, r(i + ai - g2)r(i + ai - go)r(ft - ft)r(/?2 -1) iir(1_A) f(0)

rCft-gajrCfla-gojra + gx-ftjng!) /2 '

.(oo) = r(l + g2 - go)r(l + g2 - gx)r(l - ft)r(l - ft) (o

12 r(i - go)r(i - ai)r(i + g2 - ft)r(i + g2 - ft)7o- go)r(i - ai)r(i + g2 - ft)r(i

g2 - go)r(i + g2 - gQr(ft - i)r(ft -

r(ft-go)r(ft-g1)r(g2)r(l

+ g2 - go)r(i + g2 -

Theorem 9.3. Assume Imz > 0 and c/ioose 0^(2:) = 0 for 0 < z < 1,
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arg(-l/z) = 0 for z < 0. Then we have

AO) Tja, - ao)r(g2 - ao)r(ft)r(ft) (oo)

/0 r(a1)r(a2)r(^1 - ao)r(ft - a0) /o

r(a2 - (oo)

r(a2)r(a0)r(ft -

r(aQ - a2)r(a1 - a2)r(ft)r(ft) (oo)

- a2)r(ft - a2) h ' '

- ao)r(a2 - ao)r(2 -

,
- a1)r(a0 - Ql)r(2 - (oo)

a2 - ft)r(i + a0 -

r(a0 - a2)r(a1 - a2)r(2 -

f(0) =

2

,

- ao)r(a2 - ao)r(l + A - /32)r(2 -

- Q!2 - /?2)r(^i - ao)F(l - ao)

r(a2 - Qi)r(a0 - ax)r(l + /3x - /?2)r(2 - ft) (oo)

r(a0 - a2)r(Qi - o;2)r(i -i- A - /?2)r(2 - p2) ,(oo)

(oo)

,

Aoo) =

a0 -

a0 -

- a2)r(l - a2)

a0 - a2)r(l - ft)r(l -

a0 -

- a2)r(i + a0 - ft)r(i + a0 - ft)

ap - a2)r(ft - l)r(ft - ft)

(0

r(ft - ai)r(ft - a2)r(a0)r(i + a0 - ft)

+ a0 - a^rci + a0 - a2)r(ft - ft)r(ft -

- a2)r(l - ao)r(l - ft)r(l - ft) (0

- a2)r(i - ao)r(i + Ql - ft)r(i + ai- ft)/o

+ Ql - a2)r(l + Ql - ao)r(ft - l)r(ft - ft) i

r(ft - a2)r(ft - ao)r(a1)r(i + ai- ft)

+ at - a2)r(l + ai - ao)r(ft - ft)r(ft - 1)

+ a2 - ao)r(l + a2 - ai)r(l - ft)r(l - ft) (o

- ao)r(l - ax)r(l + a2 - ft)r(l + a2 - ft) /o

a2 - ao)r(l + a2 - - l)r(ft - ft)

r(ft-ao)r(ft-a1)r(a2)r(l + a2-ft)

+ a2 - ao)r(l + a2 - a^IXft - ft)r(ft -

r(ft-ao)r(ft-a1)r(i

1} (

.D (o)
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Remark. If we use the notations a'j, a'j and /3J-, P'J in (8.2), the connection

formulas in the theorem above have the following expressions.

ao) = r(ai ao)r(q2 ao)r(A)r(/?2) ,(

/0 r(a1)r(a2)r(/31 - ao)T(p2 - a0) /o

r(a2 - ai)r(a0 - ai)r(/3i)r(/32) (oo)

- Q2)r(q1 - aa)r(j8i)r(jft) (oo)

- a2)r(/32 - a2) /2 '

(oo)

- ao)r(/?2 - a0)7o

(

7l
(oo)

(0) _ p«r(l-&) / 1 1<*1 ~ Off Jl ^2 ~ QqM U*i Jl (ffit J /(oo)

,(00)

«)r«)r(^' - a2')r^ - a2')

■'o - hi _ «. \r^i. _ a2)r(i + ao - ft)r(l + a0 - ft) /o

a0 -,aQr(l + q/0 - a2)r(l -

- a2)r(i + a0 - ^)

ag - a2Qr(l - ^)r(l - 0![) iw(fh-1)fl0)

(H-a0'-^)r(l + a0'-/32') h '

- ao)r(l - /32)r(l - 0p) (o)

- ao)r(i + ai - p2)r(i + ai- /3b)

a[ - a2)r(i + 04 - ao)r(i - /?2 ^^ (0

- a2)r(i - ao)r(i + ai - /?2)r(i + ai - p'o) h

^)r(i - /%) i7r(/32_1} (0)

y - %) h >-a2')r(i-a0')r(i + ay-/?2'

+ a2 - ao)r(i + q2 - Qi)r(i - /3o)r(i - ft)

- ao)r(l - ai)r(l + a2 - Pq)T{\ + a2 - ft)

+ a2-a0)r(l + a2-ai;

- ao)r(l - ai)r(l + a'2 - /?0

a2^ - ajQr(l - /30

- ao')r(i - «i')r(i + a2' - /3o')r(i + a2' - /3j'
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