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A Simple Pfaffian Form Representing

the Hypergeometric Differential Equation

of Type (3,6)

Mitsuo KATO

1 Introduction.

The system E(kin) = E(fc,n;ai,a2, • • • ,am) of differential equations of type

(A;, n) is defined on the Grassmanian Gk,n and has many symmetries. Thanks

to these symmetries, we can reduce the system E(k, n) to the system E(ki n)1 =

E(kin\alia2, • • • ,am)/ of differential equations on c^"1^"-*"1) of rank (£~J).
In [MSY], Matsumoto, Sasaki and Yoshida studied the system £(3,6) =

jE(3,6;a1,a2> ••• ,ae) and explicitly got the reduced differential equations

£(3,6)' = £(3,6; aXi a2) • • • , a6)' on C4 with rank 6. They represented £(3,6)'
in the form

(Theorem 1.7.1 in [MSY]). They also obtained an equivalent Pfaffian form

du = uu) (1-2)

where

u = (n.tii.ua.iia,^,^), uj = —. mj

(see [MSY, pp.52-55]). Unfortunately, this Pfaffian form is somewhat compli

cated.

In this paper, we replace u with u := Ku, where A is the diagonal matrix

with elements 1, a:1, x2, x3, x4, D2 := xlxA - x2x3. Then the Pfaffian form

(1.2) changes to the following simple form :

where Pj are constant 6 by 6 matrices and fj are defining functions of irreducible

components of singular locus of £(3,6)' in C4 (see Theorem below).
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2 Main theorem.

The system J5(3,6) has six parameters a^; 1 < j < 6 satisfying the relation

]T a,j =3. We denote

ciij = a,i + a^ and a^*. = a* + aj + a/c.

The reduced system jB(3,6)/ on C4 is written in the form of (1.1), where

xj (1 < j < 4) are the coordinates on C4 and u = u(x) is the unkown function.
Let

Uj = du/dx\ mj = d2u/dxidxj,

Px = {xl - l){x4 - 1) - {x2 - \){xz - 1), D2 = ^xx4 - x2x3.

The singular locus of £?(3,6)' are defined by

4

V ) (1 2)(1 3)(2 4)(3 4) = 0

(see [MSY, p.51]).

Theorem . The system J5(3)6;ai,a2,-• • ,a6)' zs equivalent to the following

Pfaffian form:

du = urn,

Mere
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and
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Proof. Since u = Ku (see Section 1 for the terminologies), the Pfaffian form

(1.2) given in [MSY, pp.52-55] changes to

u = (dA + hu))h~lu.

A direct computation proves the theorem. D

Remark . The (5,5)-element o>| of uj given at [MSY,p.55] is wrong; it shoud

be corrected as

1 - x2)

+ (1 - a5)dlog{xA - x2) + (1 - a^dlog^1 - x3).

The characteristic exponents along the singular locus of £(3,6)' in C4 are

given in [MSY]. Those along the plane at infinity L^ can be easily obtained by

use of the Pfaffian form in the above theorem.

Corollary . Assume ai$ + a^ is not an integer. Then the characteristic expo

nents of £(3,6)' along L^ are

^23> ^23> ^23) 2 - CI56, 2 — a^Q} 2 — a^Q.
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