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A NOTE ON MONOMORPHISMS

OF IRRATIONAL ROTATION C·-ALGEBRAS

INTO THEIR MATRIX ALGEBRAS

KAZUNORI KODAKA

1. INTRODUCTION

In this note we will show that there is a difference between the
irrational rotation C*-algebras corresponding to quadratic irrational
numbers and the irrational rotation C*-algebras corresponding to non
quadratic ones by studying monomorphisms of them into their matrix
algebras.

Throughout this note we will say monomorphism when we mean
unital monomorphism.

2. MONOMORPHISMS OF Ae INTO Mn(Ae)

Let () be an irrational number and Ae the corresponding irrational
rotation C*-algebra. Let r be the unique tracia! state on Ae and for
any n E N let Mn(Ae) be the n x n-matrix algebra over Ae. We
extend the unique tracia! state r to the unnormalized finite trace on
Mn(Ae). We also denote it by r. Let 4J be a monomorphism of Ae into
Mn(Ae) and E a conditional expectation of Mn(Ae) onto 4J(Ae). We
suppose that E is of index-finite type. Since Ae is simple, by Watatani
[8, Proposition 2.7.3] </>(Ae), n Mn(Ae) is finite dimensional where

PROPOSITION 1. With the above assumptions we suppose that () is
non-quadratic. Then for any non-zero projection q E </>( Ae)'n M n (Ae),
r(q) is a positive integer.

PROOF: Since q E </>(Ae), n Mn(Ae), there are integers k, I such that
r(q) = k + I() > O. Let 1/J be the monomorphism of Ae to qMn(Ae)q

Received October 31, 1991.

-25-



defined for any z E A8 by "p( z) = q4>(z). Let Tl be a tracial state on
A8 defined for any z E A8 by

1
Tl(Z) = k + 10 TO "p(z).

By the uniqueness of the tra.cial state on A8 , we can see that Tl = T.

Let P be a projection in A8 with T(p) = O. Then

1
Tl(P) = k + l(} TO "p(p).

Since "p(p) E qMn (A8)q C Mn (A8), there are integers 8, t such that
I + to .

T("p(p)) = 8 + to. Thus Tl(p) = k + 10· Hence SInce Tl(p) = T(p) = 0,

l(}2 + (k - t)O - 8 = O.

Since 0 is non-quadratic, I = O. Therefore T(q) = k > O. Hence we
obtain the conclusion. Q.E.D.

For any quadratic irrational number 0 we will show that there
are a positive integer n and a monomorphism 4> of A8 into Mn (A8 )

satisfying the following properties:
(1) There is a conditional expectation E of index-finite type of Mn (A8 )

onto 4>(A8 ),

(2) There is a non-zero projection q E 4>(A8 )' n Mn (A8 ) such that
T(q) rt N.

First we will give definitions and well-known facts on quadratic
irrational numbers (see Lang [5]).

Let GL(2, Z) be the group of all 2 x 2-matrices over Z with de
terminant ±1 and SL(2,Z) the group of all 2 x 2-matrices over Z

with determinant 1. Let 9 = [: :] E G L(2, Z) and 0 an irrational

m + nO .
number. We define gO = k + 10 and we call 9 a fraetlOnal transfor-

mation. Furthermore if 9 i= [~ ~] and [~1 ~1]' then we say that

9 is non- trivial.

From now on we suppose that 0 is a quadratic irrational number.
By Lang [5, Chap. I, §1, Theorems 1, 2, Corollary 1, and Chap.
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IV, §1, Theorems 2, 3] there is a non-trivial fractional transformation

h = [a1 b1
] E G L(2, Z) such that

C1 d1

()
__ C1 + d1(), o< a1 + b1() < 1.

a1 + b1()

If we consider h 2 E SL(2, Z), by [4, Lemma 3] we can see that there is

a non-trivial fractional transformation 9 = h 2 = [: ~] E SL(2, Z)

such that
()=c+d()

a+b()'
O<a+b()<1.

The quadratic equation for () can be written in the form

k()2 + I() + m = 0

where k, I, m are relatively prime integers and k > O. Let D = 12 

4km > 0 be the discriminant of (). Let 9 = [: ~] E SL(2, Z) be a

non-trivial fractional transformation such that

()_c+d() O<a+b()<1.
- a+b()'

Then [: ~] can be written in the following form:

[
a b] = [ lif- kl]
C d -ml t-,,"

where I, t are integers satisfying t 2 - DI 2 = 4 since ad - be = 1.

LEMMA 2. With the above notations let l' = a + b(). Then there is a
positive integer n such that,. + ,.-1 = n.

PROOF: Since k()2 + I() + m = 0 and D is the discriminant of (), () =
-I ± vfij . [a b] [ t~', kl]

2k . And smce c d = -ml t-,," ,

,. = a + b() = t + II + k,() = t + II + -II ± Ivfij = t ± IVD.
2 2 2 2

-27-



Hence 8
2 D = 41'2 - 4t1' + t 2. Since t2 - D8 2 = 4, we obtain that

1'2 - t1' + 1 = O. Thus 1'2 + 1 = t1'. Since l' > 0, t > O. Let n = t. Then
1'2 + 1 = n1'. Therefore we obtain that l' + 1'-1 = n. Q.E.D.

Let q1 be a projection in Mn(A/I) with T(qt} = l' = a + be and
q2 = In - q1 where In is the unit element in Mn(A/I)'

LEMMA 3. With the above notations [or j = 1,2 qj Mn(A/I )qj is iso
morphic to A/I.

PROOF: Since gO = c +~ = 0 and T(qt} = a + bO, in the same way
a+

as in [3, Lemma 7](see also [2, the proof of Theorem 5]) we see that
q1 Mn (A/I )q1 ~ A/I. Next we will show that q2 Mn(A/I )q2 ~ A/I. Since
q2 = In - q1, T(q2) = n - (a +be) = n -1'. Hence by Lemma 2 T( q2) =
-1' C + dO -1 -1 -c + aO

l' • Smce 0 = a + b(}' l' = d - bO. Thus g 0 = d _ bO = O.

Therefore in the same way as above q2Mn(A/I )q2 :: A/I. Q.E.D.

For j = 1,2 let 4>j be an isomorphism of A/I onto qjMn(A/I)qj.
Let 4> be a monomorphism of A/I into Mn (A/I) defined by 4> = 4>1 + 4>2.
Let E1 be the linear map of Mn(A/I) onto 4>(A/I) defined by

E1(z) = q1 Z q1 + 4>2(4)1 1(q1 zqt})

for any z E A/I and let E2 be the linear map of Mn(A/I) onto 4>(A/I)
defined by

E 2(z) = q2 Z q2 + 4>1(4)2 1(q2 zq2))

for any z E A/I. By easy computation we can see that E1 and E2
are conditional expectations of Mn(A/I) onto 4>(A/I). Furthermore let

E = ~(E1 +E2 ). Then by easy computation we see that E is a faithful

conditional expectation of Mn(A/I) onto 4>( A/I).

We will find a quasi-basis for E in order to show that E is of
index-finite type.

Let k be a positive integer such that l' -1 - k1' > 0 and l' -1 - (k +
1)1' < O. We will find an orthogonal family {q1;}7=1 of projections

in Mn(A/I) and a family {W;}7=1 of unitary elements in Mn(A/I) such
that q1j :s: q2 and q1j = wiq1 Wj for j = 1,2, ... , k.

For any unital C*-algebra B we denote by P1'oj(B) the set of all
projections in B.
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LEMMA 4. For j = 0,1,2, ... , k - 1 let f; be a projection in Mn (A 9 )

with T(fj) = 1'-1 - j1'. Then there is a projection /; in f; M n (A9)1;
such that T(!;) = 1'.

PROOF: Since I;Mn (A9 )1; is strongly Morita equivalent to A9 , by
Rieffel [7, Corollary 2.6] there are a positive integer h, a real number

17 and [:~ ~:] E SL(2, Z) such that

Hence by Rieffel [6, Proposition 1.3] we see that

Thus in order to see that there is a projection jj in I; Mn (A 9 )f; it
suffices to show that there are integers I, m such that

However since 1'-1 - j1' = h(a1 + b10), 17 = C1 + ~1: and l' = a + W,
a1 + 1

it is sufficient to show that there are integers I, m such that

C1 +d10 h0< m < .
a1 + b10

Let I = ad1 + bC1 and m = -ab1 + bal. Then by direct calculation I
and m satisfy the above relations. Therefore we obtain the conclusion.
Q.E.D.

LEMMA 5. There are an orthogonal family {tI1j }7=1 of projections in

Mn (A9 ) and a family {Wj 17=1 of unitary elements in Mn (A9 ) such
that for j = l,2, ... ,k

PROOF: By Lemma 4 for a projection q2 there is a projection till in
q2Mn(A9)q2 such that T(tIll) = 1'. We suppose that there is an orthog
onal family {tI1j}~1 (1 ~ m ~ k - 1) of projections in q2Mn(A9)q2
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such that T( ql;) = l' for j = 1,2, ... , m. Let 1m = q2 - L:j:l ql;.
Then TUm) = 1'-1 - m1'. Hence by Lemma 4 there is a projection
qlm+! in ImMn(As )/m such that T( qlm+t} = 1'. Thus by induction
we can see that there is an orthogonal family {ql; 17=1 of projections
in Mn(As) such that ql; ~ q2, T(ql;) = l' for j = 1,2, ... ,k. Since
Mn(As) has cancellation property, for j = 1,2, ... , k there is a unitary
element w; in Mn(As) such that ql; = wiqlw;. Therefore we obtain
the conclusion. Q.E.D.

Let q = L:7=1 ql;. We note that q ~ q2·

LEMMA 6. With the above notations there are a projection if and a
unitary element z in Mn(As) such that

- . -zqz = q2 - q.

PROOF: Since qlMn(As)ql is isomorphic to As, by Rieffel [6, Theorem
1] we see that

In order to see that there is a projection if in ql Mn(As )ql such that
T( if) = T( q2) - T( q) it suffices to show that there are integers I, m such
that

1'(1 + mO) = n - l' - k1', 0 < 1+ mO < 1.

Since l' = a + b() and l' + 1'-1 = n, we obtain that

I + mO = (n2
- an - k - 1) - bnO, 0 < I + mO < 1.

Let I = n 2 - an - k - 1, m = -bn. Then by direct calculation we
see that I and m satisfy the above relations. Therefore we obtain the
conclusion. Q.E.D.

PROPOSITION 7. With the above notations a family
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is a quasi-basis for a conditional expectation E defined in this section.

PROOF: We will show that for any Z E Mn(Ae)

Z = 2qIE(qIZ) + 2q2E(q2Z) + 2qIWIq2E(q2w~Z)

Ie

+ 2L wjqI E (qI WjZ) + 2zqE(qI Z *Z).
j=1

By easy computation 2qj E(Qjz) = qjzQj for j = 1,2 and since q2 2
w~qIwl by Lemma 5, 2qIwIq2E(q2w~Z) = qIwIq2w~zq2 = qIzq2.

Since L::7=1 wiqI Wj = L::7=1 qIj = q by Lemma 5,

Ie Ie

2 L wjqI E (qI WjZ) = L wiqIWjzqI = qzqI.
j=1 j=1

Furthermore since q ~ qi and zqz* = q2 - q by Lemma 6,

Hence

2qI E (qI Z) + 2q2 E (q2 Z) + 2qIwIq2E(q2W~Z)

Ie

+ 2 L wiqI E (qIWjZ) + 2zqE(qI Z *Z)
j=1

Similarly we see that

Z = 2E( zqI )qI + 2E(zq2 )q2 + 2E( zqI WI q2 )q2wi

Ie

+ 2L E( zwiqi )qIWj + 2E(zzq)qI z* .
j=1

Therefore we obtain the conclusion. Q.E.D.
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REMARK. By the above proposition E is of index-finite type. And by
direct computation we can see that IndezE = 4In . Furthermore by
the definition of 4J projections ql and q2 are in 4J( Ae)' n M n (Ae) and

1
T(ql) = a + b(), T(q2) = a + b()

THEOREM 8. If() is a quadratic irrational number, there are a positive
integer n and a monomorphism 4J of Ae into Mn(Ae) satisfying the
following properties:
(1) There is a conditional expectation E ofindex-finite type of Mn(Ae)
onto 4J(Ae),
(2) There is a non-zero projection q E 4J(Ae), n Mn(Ae) such that
T(q)rt. N .

PROOF: This is immediate by Proposition 7 and the above remark.
Q.E.D.
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