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Abstract

Group-theoreticalanalysisisfirstpresemedtothree-dimensionalbehaviorofanelectriccircuit・Allthemodesof

propervibrationarefbundandassignedtoeachirreduciblerepresentationofsynⅡnetricalgro叩ofthecircuitwithout

solvingitscircuitequationsJnorderthatanelectromagneticradiationffomtheoutsidemayinduceeachvibration,a

selectionrulewhichissimilartothatininfiParedabsorptionmustbefUlfilledThecircuitmaybeusedasadirective

antenna

representationsasmTableL

Weuseloopanalysiswhichismostconvenientto

ourpresentpurposcStateofthecircuitisspecified

byasetofloopculrentswhichsatisfyOhm,slawand

KirchhofT，sVoltagelaw・Thoughthecircuithasno

electricsource，therecanbesomeoscillatingstates

whichalelealizedasanesonancetoouterelectlDmａｇ]etic

fbrce・AccordingtotheweU-knowntheorem，the

numberofmdependentloopisb-､＋ｌｗｈｅｒｅｂｉｓｔｈｅ

ａｎｄｎ=4,therearethreemdependentloops・Theycan

beobtainedasfUndamentalloopswiththeordinary

procedureusingatreeandcotreesingraphtheory[3]．

inFig.Ｚ(a),wegetthreefimdamentalloopsiq,i６，and

iYasinFig､2(b)byaddingeachcotIeetolheumqUe伽e

pathsuccessively[3]・Anyculrentflowinginthecircuit

isasupelpositionofi｡`，ｉ６，ａｎｄｉＹ・Thesymnetry

operationsarewrittenasthefbllowingmatrices

mM…m1iil
β'１１１１①
除１１１１②

1.Introduction

Grouptheoryisusedinallfieldsofscienceand

technology・However〉therearefewexamplesofits

applicａｔｉｏｎｔｏｌｕｍｐｅｄｃｉｒｃｕｉｔｓａｓｌｏｎｇａｓｔheauthor

knows[1][ZlTheremightbenoresearchthatregards

theconversionofacircuitintoitselfasagroupyet・It

isconsiderablystrangebecauseelectriccircuitshave

alotofsimilarpropertiestomechanicalsystemin

whichgrouptheoryisfiFequentlyusedandmany

usefUlresultshavebeenachievedThuswepresentan

exampleofelectriccircuitwhichisanalogoustosuch

amechanicalsystemasamoleculeoracrystallattice．

２．ＡnExampleanalogoustoaMechanicalSystem

ＴａｋｅｔｈｅｃｉｒｃｕｉｔｉｎＦｉｇｌａｓａｎｅｘａｍｐｌcAsis

usualincircuittheory,weonlytakenoticeaboutthe

idealpropertyofeachelementandneglectitsactual

shape，size，orpositionwithinitsrelevantbranch

Thenthecircuitcanberegardedtobelongtopoint

groupD2withfbursynⅡnetryoperations(E,C2x,Ｃ２y，

C2z),whereEmeansidenticaloperationandC2x,C2y

andC2zreferto2-fbldrotationsaboutx-，ｙ－，and

z-axisrespectively・Thegrouphasfburirreducible
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irreduciblerepresentationfbreachsymnetIyoperation

RisgivenbyX(R),andthereductiondecomposesthe

aKbitmlyIepresentationmtonjilTeduciblerepresentations

withcharacterXj(R)，ｔｈｅｎthereductionisuniquely

givenby

〃,=;ＭＲ)wv几⑥
whereRissunmnedovereachsynⅡnetryoperation

andhisthenumberoftheoperations・Thenumberof

timestheoperationcontains

Ais［(1)(3)+(1)(-1)+(1)(-1)+(1)(-1)]/4=０，

Ｂ,，［(1)(3)+(1)(-1)+(-1)(-1)+(-1)(-1)]/4=１，

Ｂ２，［(1)(3)+(-1)(-1)+(1)(-1)+(-1)(-1)]/4=１，

andB3，［(1)(3)+(-1)(-1)+(-1)(-1)+(1)(-1)]/4=L

ThusthereductionyieldsB,＋Ｂ２＋Ｂ3．

Eachbasisfbritscorrespondingrepresentation

canbeobtainedbythefbllowingtransferprOjection

operators[4]．

「β'＝Ｅ＋Ｇ雛一Ｇ,一Ｇｚ，（６）

「且＝Ｅ－Ｇｘ＋Ｇ,－C2z，（７）

Ｊ'角＝Ｅ－Ｃ２ｊｒ－Ｇｙ＋Chz．（８）
Applyingtheseoperatorstoiu，fbrexample，the

fbllowingresultsareobtained．

「β'(い＝(い＋(-ｊα＋ｊ,)－(jβ－い_(-jβ）（９）
＝2４，

Ｆ脇(い＝(い-(－いい＋(jβ－ｉ,)-(-jβ）（,0）
＝2Ｃａ＋jβ－ｊ,)，

Fβ,(い＝(jα)－(-いい－(ｊβ－い＋(-jβ）（,,）
＝ＺＣａ－ｄβ）

NowwedefmethesecurrentsasiI,i2,andi3,neglectmg

themeaninglesscoeHicient2

JI＝Ｊγ, （12）

Ｕ２＝zα＋zβ－Ｊ７， （13）

Ｚ３＝Ｊａ－Ｚβ・ （14）

ＴｈｅｙａｒｅｓｈｏｗｎｉｎＦｉｇ３．

(3)

(4)

Ｚ

ｙ

Ｘ
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Ｃ
Ｌ
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Fig.１．ＡcircuitbelongingtopointgroupD2.（a）Its
three-dimensionalview．（b)Itscircuitdiagram

Tnblel、CaractersofilTeduciblerepresentationsfbrpoint
groupD2．

風
(⑳

「M河口灰 ､､R(］

口;三:Ｎｉ〉〈え、Fig.２.（a)Ａtree(solidline)andcotrees(dashedlines)．（b）
Fundamentalcircuitsmadeofthetreein(a)．

Ⅱ１ １２ １３

Fig.３．LoopculTentscorrespondingtoirreducible
representations．

Thesetofcharacter(thesumofdiagonalelements）

fbreachoperation(3,-1,-1,-1)canreducethematrices

intoirreduciblerepresentationsbytheorthogonal

theoremingrouptheory[4]、Ifthecharacterofthe

SincetheybelongtoilTeduciblerepresentations

Bl,B2andB3respectively,theyareindependentffom

Ｅ ＣZｘ ＣZｙ ＣZｚ

Ａ １ １ １ I

Ｂ １ １ -１ -1

Ｂ２ １ -1 １ -１

Ｂ３ １ -１ -１ I
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respectively・EspeciallyiftheffeqUencycoincides

withthecolTespondingone,alargeculrentwillflow

byresonancaTherefbreanelectromagneticwave

ffomtheoutsidewillbeabsorbedifitsfrequencyis

appropriate・Ifthewaveispolarized,theabsorption

willdependontheanglebetweenthewaveandthe

circuit・Suchacircuitbehavesasanantennathatcan

receivethethreeffeqUenciesseparatelybychanging

itsdirection．Theselectionruleisasfbllows：The

absolptionofanelectromagneticwaveisaUowedifa

loopofculTenttransfbnnsasthesameirreducible

representationofoneormoreoftheCartesian

coordinates[4]・Inthepresentexample,itissatisfied

byallthreecoordinａｔｅｘ，ｙａｎｄｚ,fbrtheybelongto

inPeduciblerepresentationsB1,B2andB3respectively．

eachotherThecircuitisregardedtobeasupelposition

ofthethreeindependentonesinFig4Thenwe

directlyobtainthefbllowingequationswithoutusing

anyordinaryprocessinloopanalysis．

（〃(2叩2L』)+孟咋０（'針）

（川L壯六)机 （16）

‘"2叩2鰐Mu71
Theygivefrequenciesoftheirpropervibrationsas

fbllows

l
（18）

のi＝,/ｒＺＴＴＺ刀乙7,
１

(19）｜厄一一四

１
(20）

圷厩 |堂

Ｃ
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Fig.５．Anequipmenttodetectresonantelectromagnetic
oscillations．ｂａ

３.AnExamplePeculiartoNetworksorGraphs

Theaboveexamplewasanalyzeｄｉｎａｌｍｏｓｔ

ｃｏｍｐｌｅｔｅｉｍｉｔａｔｉｏｎｏｆａｍechanicalsystem・The

symnetryofcircuits，however，exceedthatofa

mechanicalsystemconsiderably・Thesynmetrical

essenceofcircuitslieintheirconnectingstructures

andnotmtheSpatialconfigulations､Atruesymmetlical

operationonacircuitisanexchangeofnodeswhich

keeptheeqUivalenceofthecircuit．

と忘邑
Ｃ

Ｌ２

１
１

Fig4ThreeindependemcimuitscolT℃spondingtoin℃ducible
represerltations．

Wehavegotallthelesultsonlywithgluup-theoletical

method、Ｓｕｃｈａｐｒｏｃｅｄｕｒｅｉｓｖｅｒｙｓｉｍｉｌａｒｔｏｏne

obtainingnormalvibrationofamoleculeoracrystal

latticeWemaysayil,i2,andi3arenonnalcoordmates

ofthesystem・Figure4isnotaselfevidentconclusion

Theremiglltnotbeanothermethodofeasilyexplammg

whyanotherloop，fbrinstance，theloopoftriangle

a-b-ddoesnotcausethevibrationofnonnalmode・

SimilaritygoesfUrthertoaselectionruleofinfiared

absorption･ThesituationisshowninFig5・Whenan

altematingmagneticfieldisappliedalongx-，ｙ－，ｏｒ

ｚ－ａｘｉｓｉｎＦｉｇｌ，currentil，ｉ２０ｒｉ３ｗｉｌｌｂｅｉｎｄｕｃｅｄ

ｂ

Fig.6．Acircuitwithl2synmetryoperations、

Forexample，ｔｈｅｃｉｒｃｕｉｔｍＦｉｇ６ｈａｓｎｏｓｐａｔｉａｌ
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symmetryexceptareflectioninaverticalplanethat

contamnodebandthecenterofbranchde,butitkeeps

equivalencefbranymterchangebetweennodea,ｂａｎｄｃ，

andindependentlybetwcendande・TheciIcuitis

eqUivalentunderthefbllowmgl2pelmutationswhich

fbｎｎａｇｒｏｕｐ

ｑ＝(α)(2))(c)(の(e)，

Ｇ＝(a6c)(火)，

Ｑ＝(αc6)(α)(e)，

Ｑ＝(α)(6)(c)(火)，

ｑ＝(ａｂｃ)(の(e)，

Ｃｂ＝(αc6)(火)，

Ｃ７＝(α6)(c)(の(e)，

Ｃｈ＝(α)(6c)(の(e)，

ｑ＝(αc)(6)(α)(e)，

Ｃ,｡＝(α6)(c)(火)，

Ｃｌ,＝(α)(6c)(火)，

Ｃｌ2＝(CJC)(6)(火)．（21）

LetuscallthegroupG12fbrthepresentSinceit

isisomorPhicorequivalenttopointgroupC6v，its

iITeduciblerepresentationｓｒ１ｔｏＴ６ａｒｅｒｅａｄｉｌｙｇｉｖｅｎ

ikoHosoya
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Fig.７．Fundamentalci１℃uits．

112：ｉ,＝を （23）

Ｅ：を＝-3いjβ＋jj,＋も＋を．（24）

ｑし烈期 （25）

叩に鰍芒嚢い２①
TheresultantcurrentsareshowninFig8

ApplicationofKirchhofT，sVoltagelawineachgraph

givestheconditionfbraresonantorpropervibration
asfbllowS

Z,＝０（ｆｂｒｉ,)，

ZZ2＋3Ｚ＝0（fbri2)，

Ｚ２＝０（fbri3andi4)，

３Ｚ２＋ZZ3＝０（fbri5andi6)． （27）

Ｉｆｗｅａｓｓｕｍｅｔｈａｔ

■,ｺﾞ(ルートT几

乙ｺﾞ(皿｢たＬ
明仙-士）例

thentheresonantffeqUenciesaregivenasfbllows・

恥，=両〒

withtheircharactersasinTable2

THble2・Charactersofirreduciblerepresen
groupG12．

ationsfbr

ＣＣＣ

IfwechoosefimdamentalcircuitsaｓｉｎＦｉｇ７，

eachoperationonthemcanberepresentedina
six-dimensionalmatrixsｕｃｈａｓ

’’
０
０
０
０
０

０
０
０
引
０
０

１
０
０
１
０
１

１

０
０
’
０
０
０

１
１
１
１
１
０

１

０
’
０
０
０
０

(22） 2Ｇ＋3C３Ｇ＝
cDf3 ,

6ChG(2L2＋3ム）

１一厄一一必

Ananalysisbasedon（５）clarifiestllatany

cmTentsaredecomposedintor2＋ｒ３＋T5＋ｒ6.Their

basesareconstimtedasfbllows．

3Ｇ＋2Ｇ
cDf‘ (29）

6ＧＧ(3L2＋2L3）

Ｃ Ｃ2,Ｃ６ Ｃ3,Ｃｓ Ｃ４ C71C8,Ｃ， ＣＩＯ,ＣＩＩ,Ｃ 1２

｢ １ １ 1 １ １ １

「 ２ １ １ １ １ -１ -１

「 ３ １ -１ １ -１ １ -１

「 ４ １ -１ １ -１ -１ 1

「 ５ ２ １ -１ -２ 0 ０

「 ６ ２ -１ -１ ２ ０ 0
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Fig. 8. Independent currents belonging to the irreducible

representations.
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