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forward controller respectively and ”P”, ”H” and 
“P෨”,”H෩”,”C෨“are actual system, actual time-delay element, 
model system, approximated and  predicted time-delay 
element and model of loop shape controller, respectively.  

 
  Fig.4: IMC and FFC including a round trip time-delay elements, internal 

and external disturbance and feedback noise 

 
Through figure 5 the block diagram of IMC and FFC 
method, we obtained relation between signals and through 
equations which has shown below, we obtained the 
complementary sensitivity (4) of figure 4. 
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where, ∆ൌ ൫I ൅ PC෨൯
ିଵ
, ∆෨ൌ ൫I ൅ P෩C෨൯

ିଵ
, G ൌ H∆PC෨H, G෩ ൌ

H෩∆෨P෩C෨H෩, ∆G ൌ G െ G෩	and	M ൌ I ൅ K∆G  
 
Since, in the above equation (4) “dy” multiplied ൫I െ
∆PC෨HMିଵKH൯ , IMC method minimizes the effect of 
disturbance. As a result we consider the minimization of H2 
norm of this coefficient. Equation (5), below, shows how to 
derive “Kଵ” which is Internal Model Controller: 
 
min
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Theoretically, the optimum Controller “Kଵ” in equation (6) 
is calculated as follows: 
 
Kଵ ൌ C෨ିଵP෩ିଵሺI ൅ P෩C෨ሻ                            (6) 
 
where, “Kଵ” is the inverse system of stabled control plant  

model system. But note that to realize the controller, if the 
case of Kଵ is an improper system, it is required to add a 
filter the same as Kଵ’s dimension to make controller proper 
or strictly proper. The reason of this is for realization of 
model or controller, system requires to be a proper or strictly 
proper. 
 
5.  Uncertainty of Control plant and Time 

Delay Element 
 

In this case of IMC, we use the model of control plant and 
the actual control plant which it is an unknown system. So, 
as we obtained through equation (6) when IMC controller is 
the inverse system of model, it is optimum case. But, if this 
model system does not completely match with the actual 
system, it will be feedback the error between the model 
system and the actual system. So, the ideal case of this 
system is when M equal to unit matrix, that is:  when 
ΔG ൌ 0 therefore, M=I. 
 
In this case, the system is called nominal system which is 

an ideal case. Although in the case of internal model 
controller except the model system, we have to realize the 
predicted time-delay element. Therefore, we used the Pade 
approximation for “ L෨ ” approximated time-delay i.e. 
time-delay element”	H෩” shown as follows: 
 

H෩ ൌ PadeሺL෨, nሻ ൌ eିୱ୐෩ ൎ
∑ ሺିଵሻౡୡౡ୐෩

ౡୱౡ౤
ౡసబ
∑ ୡౡ୐෩ౡୱౡ
౤
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           (7) 
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ଶ୬!୩!ሺ୬ି୩ሻ!
					ሺk ൌ 0,1,2,… , nሻ 

 
Here we consider the realization of approximated time-delay 
element as below. 
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HH

DC

BA
H

~~

~~~
                             (8) 

 
But, remember that the dimension “n” of approximated 

system transfer matrix must be the same as control plant 
dimension. The reason of this is that in the multiplication of 
two system transfer matrix systems, both of them are 
required to have the same dimension, theoretically. Because 
of approximated time-delay element is considered as a 
system transfer matrix. 
 
6.  Simulation and Results 
 
For evaluating the hybrid system of IMC and FFC method, 

we have simulated for an unstable control plant with 
time-delay. Control plant is considered to be 6 dimensional 
MIMO system which has 2 inputs and outputs. 
 
The process of simulation is to confirm the stability of the 
closed loop system and compare the performance and 
stability of IMC and IMC+FFC method with their step 



response and singular values. Also for IMC+FFC method we 
have simulated the disturbance response of system and all 
these processes are simulated for nominal case and 
non-nominal case. 
 
Simulation conditions 
 
The transfer Matrix of actual system 
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Here we assume that the reference signal has 1 second 
time-delay to reach the control plant and 1 second to 
feedback the output signal to reach controller. Therefore, the 
actual time-delay L=1 and its transfer function is shown as 
fallows. 
 
H ൌ eିୱ୐Iଶൈଶ                                 (9) 
 
The transfer matrix of model system  
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For predicted time-delay element we assume that our 
estimated time-delay is 0.001 second and to realize the 
time-delay element in the model system we used 6 
dimensional Pade approximation. 
 
H෩ ൌ PadeሺL෨, 6ሻIଶൈଶ                          (10) 
 
IMC and FFC proper for nominal case and non-nominal case 
filters are set up with following conditions: 
 
(1) In non-nominal case IMC and FFC proper filter’s 

parameters are adjustable with uncertainty of time-delay 
∆L ൌ หL െ L෨ห  and in nominal case with actual 
time-delay. 
 

(2)  Initial values of IMC and FFC proper filters are equal 
to unit matrix. Q୍୑େሺ0ሻ ൌ I	, Q୊୊େሺ0ሻ ൌ I 

 
(3) IMC and FFC proper filters required be contain with 

stable poles. 
If system is nominal, in other words P෩ ൌ P	and	L෨ ൌ L 
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Else (non-nominal case) 
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Here Kଵand Kଶ are IMC and FFC controller respectively 
which are shown as follows: 
 
Kଵ ൌ C෨ିଵP෩ିଵሺI ൅ P෩C෨ሻQ୍୑େ                       (11) 
 
Kଶ ൌ C෨ିଵP෩ିଵ൫I ൅ P෩C෨൯Q୊୊େ ൌ C෨ିଵP෩ିଵ൫I ൅ P෩C෨൯ሺI ൅
Q୍୑େሻିଵQഥ                                         (12) 
 

 
          Fig. 5 step response without IMC method 
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Fig. 6 step response of IMC and IMC+FFC 

 
Fig. 7 disturbance response of IMC+FFC 

Fig. 8 Singular values of open loop system of plant, IMC and IMC+FFC 

 
Fig. 9 Singular values of uncertainty system 

Non-nominal case 

 
Fig. 10 step response of IMC and IMC+FFC 

 
Fig. 11 disturbance response of IMC+FFC 

 
  Fig. 12 Singular values of open loop system of plant, IMC and IMC+FFC 

 
Fig. 13 Singular values of uncertainty system 
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Through simulation results in Fig. 5 we can see that for 
time-delay system without IMC method it is unstable. 
Therefore IMC method is suggested. However in Fig. 6 and 
Fig. 10 we can confirm the performance of IMC and 
IMC+FFC for both nominal case and non-nominal case that 
IMC+FFC has better performance than IMC. For 
disturbance response of IMC+FFC method it is clear that in 
non-nominal case the response of system contains with more 
oscillation than nominal case. This is because of in Fig. 13 
the singular values of uncertainty system contains with peek 
and gain in middle frequencies compare to Fig. 9 the 
singular values of uncertainty system in nominal case. 
However the important thing is both in nominal case and 
non-nominal case in Fig. 8 and Fig. 12 the open loop of 
controller for IMC and IMC +FFC is shown and it is clear 
that for both case IMC+FFC method has small gain in high 
frequencies comparing to IMC. This means that IMC+FFC 
method is robust to disturbance, noise and uncertainty of 
control plant and time-delay and it can preserve the stability. 
 
7.  Conclusion 
 
In this paper we suggest the IMC+FFC method in order to 

compensate the performance of the step response and 
preserve the stability of closed loop system against 
disturbance and uncertainty. Also in non-nominal case the 
performance of system is adjustable automatically by 
uncertainty of time-delay in order to avoid overshoots. 
However our future works is to design a lower order of 
controller and preserve the stability against continuously 
external disturbance. 
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