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Abstract: We give a rigorous proof for the existence of complex-valued

symmetric a-stable random measures.
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1. Introduction

Let (Q, F, P) be the underlying probability space, (E, £, m) a o-finite
measure space, M(-) a symmetric stable random measure on (F,€)
with control measure m, {f;, t € T} a family of measurable functions
on (E, &) satisfying suitable conditions, where T is an index set. Many
real-valued non-Gaussian stable stochastic processes {X (), ¢t € T},
for example, sub-Gaussian processes, stable Lévy motion, moving av-
erage processes, Ornstein-Uhlenbeck process and fractional stable mo-
tion, can be defined as a family of stable stochastic integrals of the
form X; = / fi(x)M(dz), where M is a real-valued stable random
measure. T h%re are, however, some non-Gaussian stable stochastic
processes, such as harmonizable processes, that are defined as sta-
ble stochastic integrals with respect to complex-valued stable random
measures. The stable integrals can be defined in several ways. If

it can be assumed that the random measure does exist, then it is
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straightforward to construct the integral as a bona fide integral. How-
ever, showing the existence of random measures is not an easy task,
and this problem has seemed to be ignored unsuitably. The exis-
tence of real-valued stable random measures is discussed thoroughly
by Samorodnitsky and Taqqu (1994) in their excellent book. The same
authors also briefly discuss the existence of complex-valued stable ran-
dom measure, but the proof is not given. In this note we present a
detailed proof for this by using similar auguments and ideas as those
developed by Samorodnitsky and Taqqu (1994) for the proof of exis-

tence of real-valued random measures and stable stochastic integrals.

2. Definitions and notations

A random variable X is said to have a symmetric a-stable (SasS)
distribution if there are parameters 0 < o < 2 and ¢ > 0 such that

its characteristic function has the form
E(expifX) = exp{—0®|0|*}, €€ R.

We write X ~ S,(0,0,0). The parameter « is the index of stability
and o the scale parameter.

For x, y € R%, let (x,y) := 2191 +- - - + Zqya denote the usual inner
product in R%. Let Sy := {s: ||s|| = 1} be the unit sphere in R* and
B(S4) be the Borel o-field on S, with respect to the usual Euclidean
norm. A measure on (Sg, B(Sy)) is said to be symmetric if I'(—A) =
['(A) for any A € B(S;). A random vector X = (X7,...,X,) is said
to be a symmetric a-stable random vector in R? if its characteristic

function has the form
Eexpli(6,X)} = exp{~ [ [(8,5)"T(ds)},
Sdq

where 0 < a < 2 and ' is a finite symmetric measure on the mea-
surable space (Sg, B(S4)). It is known that the measure I' in this rep-

resentation is unique (see Varadhan (1962)). [ is called the spectral



measure of X. A stochastic process { Xy, t € T'} is symmetric a-stable
if all its finite-dimensional distributions are symmetric a-stable.

Let (Q, F, P) be the underlying probability space. Denote by L°(§2)
the set of all real-valued random variables on (2, F, P) and Lg(Q) the
set of all complex-valued random variables. Let (£, £, m) be a measure
space, where m is a o-finite measure. Let & = {A € £ : m(A) <
o0o}. A set function M : Ey — L°(Q) is independently scattered
if M(Ay),---,M(A) are independent whenever A;,..., Ay € & are
disjoint. It is o-additive if

V{A;}° C &+ disjoint, | J A; € & = M(|J A;) =D M(4;) as.
j=1

j=1 =1
A real-valued symmetric a-stable random measure M on (E,&) is
an independently scattered o-additive set function M : Fy — L°()
such that M(A) ~ S,((m(A)Y*,0,0)) for each A € &, and such that
{M(A), A € &} is a symmetric a-stable stochastic process. The
measure m is called the control measure of M.

Let (S3,B(S;)) be the unit sphere in R? equipped with the Borel
o-field. Let (F,€) be a measurable space. Let k be a measure on the
product space (E x Sy, @ B(S;)) satisfying the following condition:
for every A € € such that k(A x S;) < oo, k(A x-) is a finite symmetric
measure on (S, B(S2)). Let

So:{AES: k(AX52)<OO}

A complex-valued SaS random measure M on (£, €) is an indepen-

dently scattered o-additive complex-valued set function

such that, for every A € &, MMW(A) := ReM(A) and M (A) =
ImM(A) are SaS in R® with spectral measure k(A x -), and such
that {(MM(A), MP)(A)), A € &} is an R*valued SaS process. The



latter fact means that any finite-dimensional distributions of
(MD(A4), MPD(A)),..., MO (Ay), MD(Ay)), YA, € &, Yk € N,

are SaS in R?*. The measure k is called the circular control measure
of M.

3. Proof of the existence of complex-valued SaS random

measures

Let M be the complex-valued SaS random measure with circular
control measure k, as was defined in the previous section. To prove
the existence of M, we use the same ideas as those in Samorodnitsky
and Taqqu (1994). This will be accomplished by specifying the finite-
dimensional distributions of M, showing that they are consistent and
then applying Kolmogorov’s existence theorem to conclude that M
is a well-defined stochastic process, and after this, showing that M
possesses the other properties that a complex-valued Sa.S random
measure must have.

At first we consider what the finite dimensional distributions of M
should be.

ProPOSITION 1 If M s a complez-valued SaS random measure on
(E, &) with circular control measure k, then for A, ..., Aq € &, the
random vector (MW (A}), M (A),..., MM (Ay), M@ (Ay)) has the

characteristic fuction
1) o2 1) o2
¢A1,...,Ad(9§ )) Hg )a swiey 0¢(i )a 01(1 ))

= Bexp {z(

tﬂ&

le)M(l)(Aj) g BJ(-Z)M(Z)(AJ')))}

)

~= =L

where Hﬁl), 03(-2) € R, s = (s1,52) € Sy and 14,(x) is the indicator

I

d
Z(sﬁgl) + 5295-2))1/1].(1:)‘ k(dz, ds)},
=l

function.



Proor: We have
Eexp {i(0]" MD(4;) + 6 M@ (4;))}
~exp{ / '0 Ve +92)32| kAJ,ds)}
{ 9§-1)81 +9§-2)32| /ElAj z (d:c,ds)}

— exp{ - / / |(0951 + 6 52) L, (2)[ "k (d, ds) }.
E JS,
Suppose firstly that Ay,..., A € & are disjoint. Since the random

vectors
(MM (Ay), MD(A))), ..., (MO (A), MP)(Ay))

are independent, we have

Eexp{ifj(og”Mﬂ)(A) 0 M@ (4;))}

j=1
@)
= exp { / /S Dt 5614, ()| k(dz, ds) }
_ (2) e
exp 310 + 590; )1,41.(1:)‘ lc(d:c,ds)}. (3.1)
When Aq,...,A; € & are not disjoint, we can decompose the sets

Ay, ..., Aqinto disjoint subsets By, ..., By, € & such that, for each A,
there exist By, , ..., By, C {Bi,..., By} suchthat A; = By, U---U B, .

Let
1 . 1 if By Aj,
BrCai == 0 otherwise.

=3 Z MO (By)1g,ca, + 65 Z M®(By)1p,ca,)

_7:1 k=1 k=1

m

=y [ 29(1)1BkcA MO (By) + 29(2)1]3’c YMC )(Bk)]
k=1 j=1



Using this and (3.1), we have

Eexp{i de 05V MM (4;) + 67 MP (4))) )

:Eexp{ i[zellBkCA YMW(By) + (

Ma.

05" 1,c,)M® (By))] ]

- eXp{ 7_7_1 ( Ze 1B, ca; )s1+ (i H(Q)IBkcAj)SQ)lBk(x)‘a
k(dz, ds) }
m d
—exp{ = [ [ |3 3051 + 07515, 11, (o) (d, ds))

kl]l

= exp{ - /E/52 Z 1 81 + 0( ) kXZ:l 1BkCAlek(z)‘ak(d$ads)}

=S

This completes the proof. 1

310 +520(2))1A( )‘ k(da:,ds)}.

n'Ma.

PROPOSITION 2 The characteristic function ¢4, . a, given in Propo-

sition 1 is the characteristic function of a SaS distribution in R*?.

PROOF: Let E, := {z € E : Z 14,(z) > 0}. Define g : E} x Sy
7=1

Saq by

g(z,s) = (01" (z,s), 07 (z,5), ..., 95 (2,5), g (2,8)),

where
14.(2z)s
(1) Aj 1
g; ‘(x,8) = )
J (z,s) (Z?:l lAj(x))uz
1a,(z)s
(2) Aj 2
g:7" (z,8) =
] ( ) (Z]—1 1A]' (SL’))l/2
We have



+329 ) ()‘ak(d:c,ds)}

/ /
E+ S 2
/ /

E+ 2

J= 1

d
0(1)911) (z,s) +292 g(z) (x s)l
J=1 j=1

IZlA y k(dz,ds)} (3.2)

:exp{—/szd 29](1 +20§2 ’ Fdsm}

g=1 j=1
where so0 1= (s{"), 5%, ... s{), s8P)) € Sy and for each A € B(Sy),
d
A ::/ (x k(dz,ds).
A= o | 2 2@ )

Now let us show that ' is a symmetric measure on Sy;. For each
A € B(S,) such that g7'(A) :==U x V € & x B(S,), which generates
the o-filed £ ® B(S,), we have g~!(—A) := U x (—V) by the definition
of g. Therefore,

(—A) :/ ]Z1A (@) k(dz, ds)
- /UX( . ZIA ’ k(dx,ds)

//XV

- D),

[ *k(dz, ds)

because k(U x -) is a symmetric measure on (Sz,B(S2)). This com-
pletes the proof. g

REMARK 1. In the above proof of Proposition 2, we used the condition
that k(A x -) is a symmetric measure on S,. In fact, Proposition 2
holds without this condition (note that this condition is used only

in the proof of Claim 1 to be given later), and the proof is given as



follows. From (3.2) we have

¢A ..... Ag (0(1)) 052), sy 01(11)7 9512))

=exp{- [ }_jl(sleg” + 52014, ()| k(dz, ds) }
—ew{~ [ [ \iegl w0+ 070,
= S0 (z,5) - 3606z, s)|)
=1 =1
%|]zi:1 1y, (x)'a/gk(da:, ds)}
o { [ |3 005+ 3050 T},

where for A € B(5%?),

~ 1 af2
F(A)::i(/g—l(/a) /I(A)|21A |/ k(dz, ds)

Clearly, I is symmetric. g
Now let {pa,, .4, : Ai,..., 44 € &, d € N} be the probability

distributions corresponding to the characteristic functions
{d)Al ~~~~~ Ad(ggl)ig e 91(11)9 ): Ala"'7Ad€g()7 dEN})

which are specified in Proposition 1. It is easy to see that the family
of finite dimensional distributions possesses the consistency: for any
permutation (7 (1),...,7(d)) of (1,...,d), it holds that

(1) (1 (2)
¢A1r(l) ~~~~~ w(d)(9 (1) 07r(1 e 9 ’ew(d))
= Gar,..na (00, 68 ,.-.,923, ?)

and for each n < d it holds that

¢A1 ..... An (051)7 652), URRLE 0511)7 97(1,2))



By Kolmogorov’s existence theorem, there is an R*-valued stochastic
process {(M((A), MP®)(A)), A € &} whose finite dimensional distri-
butions are Sa.S as given in Propositions 1 and 2. Now we show that
{(MM(A), MP(A)), A € &} satisfies the other properties required

by a complex-valued Sa.S random measure.

CLAIM 1. For each A € &, (MW(A), M@ (A)) is SaS in R* with
spectral measure k(A x -).

ProoF: We have
Eexp { '(9<1>M<1>(A) + 0<2>M<2>(A))}
— exp | / /S Ds) + 0P s,)|"La(2)k(d, ds) )
= exp{ - /S2 Ws, + 0(2)52‘0/13 1A(x)k(dx,ds)}

= exp{ - /s |0(1)51 + 6(2)52‘(!16(14, ds)}.
2

Since, by assumption, k(A X-) is a symmetric measure on Sy, it must be
the spectral measure of (M) (A), M@ (A)) by unicity of the spectral

measure. 1

CramM 2. {(MM(A), M@ (A)), A € &} is independently scattered.
PROOF: For any disjoint sets Ay, ..., Aq € &, we have

E exp {ii(ﬁ;l)M(l)(A]) + 9 M(Q)(A ))}

I

d
_/Efsz ;(319§1)+329§2))1A,-(x)| k(dz, ds) }

. /E /52 Z (5168 + 52614, (w)k(dz, ds)

819( +520(2‘ lA d:L‘,dS)}

ma. Il ma.

&
[¢]
»
S

{(0§1>M<1>(A,-) +6MA (45)}.

<.
Il
—



CrAM 3. {(MW(A), M@ (A)), A€ &} is finitely additive.
PROOF: It is enough to show this for M. For any disjoint sets
Ay, ..., Ay € &, by Proposition 1 we have

Do {z’&(M(l)(LdJ 45) - iM(”(Aj))}

%

= Eexp {i(0M")( U — MW (A)) — - — MM (Ay)) }

s

A (@) =14, (@) = = 14,())| k(da, ds)}

This means that MM (U, 4;) — S5, MU(4;) =0 as.

CLAM 4. {(MW(A), M@ (A)), A € &} is o-additive.

PROOF: Since this is equivalent to that both M) and M® are o-
additive, it is enough to show this for M) Take any disjoint sequence
{A;}32, C & such that Uj2, A; € &. Then

—|—OO>I€((UA XSQ = U A XSQ Zk)(A XSQ)
J=1 j=1 1=1
We have
MO 4) =S MO(A4) = MY( | 4)) ~ Sa(04,0,0),
Jj=1 Jj=1 j=n+1

where by Propositions 1 and 2, we have

oz = [ [ sl 1y 4 @)k(de, ds)
/ 15| / 1= 4, (2)k(dz, ds)
+(( U Aj)XSQ)

Jj=n+1

= i k(A; xSg) 10

j=n+1l

|

IN



as n — oo. This fact, by Property 2.8.3 in Samorodnitsky and Taqqu
(1994), means that

M(l)(U Azy— Z M(l)(Aj) — 0 in probability

j=1 j=1
as n — 0o, which in turn means that
MO A) =S MD(4;) - 0 as.
j=1

J=1

n
as n — oo, because > M(4;) has independent summands.
j=1
Now combining all the above arguments completes the proof of the
existence of complex-valued Sa.S random measures.
REMARK 2. The arguments given here can be easily extended to show
the existence of an R"-valued symmetric a-stable random measure for

any n € N.

REFFERENCES

[1] G.Samorodnitsky and M.S.Taqqu, Stable non-Gaussian random
processes: stochastic models with infinite variance, Chapman & Hall,
New York, 1994.

[2] S.R.S.Varadhan, Limit theorems for sums of independent random
variables with values in a Hilbert space, Sankhya 23 (Ser.A, 1962),
213-238.

Department of Mathematical Sciences
College of Science, University of the Ryukyus
Nishihara—Cho, Okinawa 903-0213, JAPAN



