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Impusity Effect in Superconductor

Asao YARA* and Seitaro MATAYOSHI*

Summary

We have investigated the effect of the correlation of impurities in a superconductor.
Using the exact solution for the Hamiltonian without the spin dynamics, we have
obtained the excited impurity levels dependent on R, which is the distance between
impurities. Regarding this R as the inverse of the concentration of impurities, we
have discussed the growth of the impurity band in the energy gap of the superconductor.

§ 1. Introduction

It is well known that the scattering of conduction electron by magnetic impurities
in a metal becomes anomalous at low tmeperatures. This phenomenon has been
investigated extensively by many authors.

As the classic paper, there is Abrikosov and Gorkov’s onle). They have first
pointed out the possibility of existence of the gapless superconductor, using temperature
Green function method. Meanwhile, since the discovery of the very strong scattering
of electrons from magnetic impurities.z)it has become clear that the Abrikosov-Gorkov
treatment of the scattering has to be corrected ;by going beyond the second order
perturbation theory. First attempts in this direction were made by Lili)and Griffqi)n
using higher order perturbation theory in the calculation of the shifts of the super-
conducting transition temperature T¢. Another effect on superconductors is the
appearance of the bound state in the energy gap. This ‘bound state has been first
investigated by Soda, Matsuura. and Nagaoksz;, using the methods of Yoshidse)x in the
case of normal state. Fowler and Mak?have extended the dispersion theory of Suﬁi
to the cace of superconductors and obtained the impurity excited state. The first attempt
in solving the Nagaoka’s Green function equatiorfs) generalized to superconductors was
undertaken by Takano and Matayoshil?) J. Zitartz and E. Mﬁller-Hartmam;j) using this
Green function method, have given exact solution for this problem.

However, many authors have nol taken the impurity correlation into consideration
in detail. We believe that this correlation plays an essential role at low temperatures.
We will discuss the superconductor containing one Ising impurity and two, respectively.
Then, because of non-spin dynamics, we cannot expect the anomalous scattering of
conduction electrons, the so called *“Kondo effect’?.) In spite of this restriction of
impurity spins, it is interesting to investigate the effect of the correlation between
impurities. The scattering of electrons and the correlation of impurities are treated
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exactly, and Lhe bound state and physical quantities will be discussed in this paper
and also in the forthcoming series.

[n § 2. we treal the case of one impurity and examine the dependence of impurity
levels on the coupling constant, J, of the electron-impurity interaction. In § 3and§ 4,
we discuss the case of two imputities.

§ 2. The case of one impurity

The Hamiltonian of the system can be written in the case of one impurity as.

H=H,+H’, (2—1)
where

Hoy=3,8,C.C.—AY, (C:+;Cfu +C_,C,), (2—1 a)

w=— Iy swCpce —crico s, (2—1b)

and &, is the kinetic energy of conduction electrons measured from the Fermi energy,
and A is the order parameler defined by

A=g.\_‘.;.<Ci*xC'fu>=g§‘.:<C-uCu>, (2—2)

g being the coluping constant of the interaction. We completly neglect, as many
authors do, the effect of the local spatial variation of the order parameter around
an Ising impurity, which will be discussed in § 5.

Following the usual procedure, we construct the double time Green function in the
matrix form,

A A "t Chxy | Cit LCit | Copid> i
G“,,(u))=1 . e ) ’ (2—3)
 KCI | ChoipRXCL [ Coenr»

and

- [ LCi1 8. | Cir>  KCx1 S Cow»
I (@)= R . . ‘ (2—4)
| KCZ: S, [ Cin>» KCLii S, Cow.> s )

The equations of molion for Lhese Green functions can be written as

—

‘Qk (CD)G/.-;.-'((A)+ Q.N X f'lk'((n)): O ity

Qk(ﬁ))fkk'(ﬁ))+8_{\—12.i le’(w)=oa \E—&

which are exact equations without decoupling.
The coefficient in Equation (2—35) is given by

A N (=& A
& () =( 2" wdBe (2—3)

Equation (2—5) can be solved easily to give the solution,

G () =0 25" ()+ 23 (0) T () 25" (),
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Fru()=2; (o) 2 (0) 25" (w), (2—7)
. T2 J2 2 1
tue)=Fgyz (1 =57 Fo () 7"Fole),
. J J2 & # ‘
tz(@)=~3F (1 —WFO (w)] ~1, (2—8)
where the matrix F, is defined as
Fo(o)=—1-3/ &7 (), (2—9)

and, after summing over wave number /’s, is explicitly expressed as follows;

Fﬁ(w)=ill7\lrp V@21—A2 (EA“g) forlo =A,

TP 1 —A
=""N VAi—o? (_O:A (.)) forlw| <A,

(2—10
Upper and lower sign corresponds to retarded and advanced case, respectively.
The position of the bound state is given by poles of the t,(w) or zero points

of the determinant | 1 —%f’ 02 (w) |, thatis, by

xvp)"’

N A=w,
P

N

L)
1+(5E) (2—11)

12)
which coincide with Shiba’s result. w—] curves are shown in Fig.1. This figure
is naturally different especially for positive ] from the figure in Zittartz and Miiller-

1)
Hartmann's paper, who used the Kondo Hamiltonian.

Fig. 1. w—J curve for the case of one
impurity.
®: bound state energy;
J : coupling constant between
electron and impurity.
A: order parameter.
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§ 3. Formulation for the case of two impurities
In this section we treat the superconductor containing two Ising impurities which
are located at the positions R; and R,. The derivation of the equation of motion for
the Green functions proceeds along the same lines as the case of one impurity, The
Hamiltonian of this system is different in the perturbation term H’ from the one

impurity system. Instead of Equation (2—1 b), H’ is written as

H = -

2N e ei(l—'l)p’_(cft Cl'!’—cflcl,’i)sgl)

2]N S e € RS (Czrcz' CﬂCu;)SE"’); (3—1)
where S{') and S¢2? are both spin 4 operators.
The Green function GM»(G)) is defined in the same form as Equalion (2—3), and

the other Green functions are defined as

—_ LCi: S Cir»
I'k’k’(m = (n) +
LCL S | Cen >

and 2, and

&LCw:SM | Clp, >
) (3—2 a)

<<C1'}.1LSS'.“)I C_k/;>>
for n=1
KCu SISV CEr>  «Cu SIS Couy >

KCLy SIVSF | Ci> KCL SIS | Cowry >>) (3—2b)
These Green functlions satisfy the following equations,

Y (@)= (

e k—DF1 ]1(1)(w)+ J ¥,

2 N e k=0r: 111(.&:—’) (m) =5 —

24 () G"k'((ﬂ)’*'ﬁﬂz

Lo BB G[.k’((l))+b2 N M, e DR g (0)=0,

8N~
2, (w) ru'((x))"l-?JN-vl g {-0R1 j HJ(C-))"|‘8—TN~\1 g =D le'(ﬁ))": 0,
Q0 () A (w)+§J_N2 g i-nr1 P2 )(w)+8 \I\' e i=DR2 POGHY=§
X< S{SP>, (§—33

where @, (w) is given by Equation (2—6).

In order to obtain the solution of Equation (3—3), it is convenient to define

the following matrices,

Xi=den e PR, i -y e PR o),

X =8 e PR, X i=—l-x et PiR(0), (3—4)
The equation for these matrices can be obtained through Equation (3—3), that
is,

aX! +bX?+dX)+eXi=A,

dXi{+aX}+eXh+bX3 =B,
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bX!+éXt +4aX})+dxi =¢C,
eX! +bX? +dX} +aX? =D, (3—5)
where
= Jz A ~, . Jz =
=1 ——2"F,F,, -
a=1—agFeFo 8ot B,
b _ Jz A A % _ Jz A A
g d=—ggFFe (3—6)
A=_J8_ e -k’ F F -QL' —%e-ik’}h <S§“S;2)>F.éx:'l,
Be—de-um Fopt——l e-wm SIS> F o257,
Emmdemmm s8> Fodil - L e-wm B a0,
e d g-im D OSE o1 J acierm f_ 01
D 2 e <Sz Sz >F-Qk' —8—6 Fogk s (3_7)
and
o (W)==— 3, 27" (),
=_____ iWE —R) O ______ —il(Ry ~R1)
Flo)=—- 2 e™ 27 Y (w)= 2. e 27 (), (3—8)

The solutions of Equation (3—5) are written as follows!

X=j1— (a+b+¢+d) -! (A+B+C+D)
Ll (d4b—8~dy1r A-B4L-D)
+ 42 (Arbh—gpd)-! (A+B~C—1)
+i3(é—B+c—&r1(A—B—C+ﬁ), (3—9)
where
X=X1 for E1=E=€3=1,
=:¥ for Ea=1, €1=€,=—1,
S =X} for ey=1, E,=e5=—1,
-X1 for E3=1, €,1=€,=—1, (3—9 a)

Making use of these results, the solutions for the Green functions are, for example,

given as

G"‘"'(m)=—% eim Griy! —_%— e Q' XE + 8w k1, (3—10)

and so on.
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§ 4. Calculation of the bound states

The impurity levels are obtained by seeking singular points of four inverse
matrices (A+b+¢&+4d)-1, (a4 b—-¢é—d)-', elc. which appear in Equation
(3—9): namely we can obtain the desired values of w by solving four determinant
equations,

det [a+b+¢e+d=0,
det a—|-b-—c-—d1 0, etc.
These four determinant equations are expressed in the following form,
(1—=v2((w2+A2) £+ e, (w2 A2+ 2242 L o) {24 (et e (02 A+ w) [, £))
X (1 —vH{(@?+AD i+ (@2+ A2+ 22—2 2 0) [ 24+ (et e3) (w2+ A2— 2 o) f,f})

“‘4'}/’ [(J)Afn"*‘&‘](l)Afz'T‘ez ((J)A_ )fnf+53(mAT/\.A)fﬂ ]
X (WAfd+e,0A 2+, (0A+ )f f%—sa(mA— )f,, £3
=0, (4—1)
where we must consider next four cases,
Case (1) g,=E,=6;=1,
Case (2) E1=E=—1, €3=1,
Case (3) e1=1, €:=63=—1,
Case (4) E1=E3=—1, €:=1, (4—2)
and '
AP N S N
fn N Lv’ G)Z_Elz'—' Ag’
-y, e
f N 2 GICEZ—AE
f=L? t(l eill
. N = wi—Ef—AZ’ (£—3)

where R=R,—R; and v .—__gl_.

In the limiting case, R— 0. we can take {=f+ and A =(0. and solve Equation
A

(4 —1). The resull corresponding to Case (1) is as follows;
] p)?
1-4(5F) s
O=*tTx] o\ =we. (4—4)
144 ( N )

It is easily understood in this limiting case that the Case (2), (3). and (4) have
no solution in the range |@ < A. We consider that this result is reasonable, coinciding
with that of single impurity with resultant spin 1.

In the case, kpR>> 1, we can obtain the explicit form of matrix F using the usual
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13)
technique. The results are as follows;

f

3 sink —. AsinkyR
coskpR+ i & keR ;4 F 2

F=(w) .—.._____Z(_D_eilU—R-V’m’ re Vi — A? VoI— Az '
nE ‘ Asmk R wsink g R
‘ 25 0FR  _coskgRz s 82 AFT
Vor—ar ¥ voi-A?
for lo 24,
‘ sinkgR AsinkgR
'R ~ cosl&FR+“‘;_‘“fz‘_F2 __.‘3/512—,, R
= Z B i =V~ Al—w AT—w
TTNkgR ¢ VY _
—AasinkeR ook R+M_B 3

Vit—o? VA= o7 |
for | w | <A, (4—5)
and F¥(w) is given by Equation (2—10)., which holds independent of R. Using the
explicit forms of F.,and F. we can obtain the bound state in the energy gap by
seeking poles of four inverse matrices (a+b+c+d)"?, (a+b—c—d)!, etc
The independent six formal solutions which we obtained are as follows;
== A

. J2N (1 +K(o) sinkpR)

1 __11’67520 (K¥()+2K(o)sinkgR+1)

A

Ixp . _
f+) SN (1 —K(w) sinkgR)

1 =18 (K@) -2 K(@)sinkpR+ 1)

1+(J Z0) Ke(w)

+=
1/ (J ) (1 - K(m)smkpR)'+(pr) K2(w) costkgR
' 1+(]7"’) K*(w)

(4—46)

where

4 _-__R_. AT
K(w)=kF]R e gt BB .

(4—7)
It can be easily seen that in the limiting case. R—o0, these results reasonably coincide
with the results (2 —11) of the one impurity system.

Combining the results obtained above, w-R curves are given qualitatively in Fig.

2. Regarding R as the inverse of impurity concentration, we can get some suggestions
about the growth of impurity band. This will be discussed at § 5.
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Fig. 2. w —R curve for the case of two impurities.

§ 5. Discussion

In the case of one Ising impurity, it can be shown that the order parameter A
has not impurity effects. Therefore, existence of an impurity does not shift transition-
temperature T¢ and other physical quantities such as entropy and specific heat, This
impurity will not destroy the Cooper pairs, as non-magnetic potential does not either,
which was first pointed out by P. W. Andersolrﬁ We have assumed A to be constant in
space. By the same reason mentioned above, the local spatial variation will not exist
around the impurity. These results are completely different from those of many
authors for the Kondo’s Hamiltonian. The differences are quite natural.

Je Zittartzlzz)alculated the magnetic susceptibility using the exact solution of the
Nagaoka’s equation with approximation in the normal state, and pointed the unfavorable
result that the susceptibility was negative at T= (Q for spin S=%. Does this fault
from Nagaoka’s approximation for higher order Green function, or from the model
Hamiltonian? Our exact solution of the equations without approximation might partly
answer this question.

In the case of two Ising impurities, we have obtained the excited bound states
dependent on the distance R between impurities, which have reasonably coincided, at
limit of R infinity, with the case of one impurity and, at limit of R zero. with the
case of one impurity of resultant spin {. Fig.2 has given the position and number
of impurity levels for an arbitrary R. Taking R as the averaged distance among
impurities, we will be able to use inverse of R instead of the impurity concentration.
Fig. 2 suggests the growth of impurity band begins with the localized levels, w=ztw,,
at low concentration, which coincides with Shiba'l'.:)results. In addition, the growth of
band begins also with the energy gap edge and with suitable levels, near w==+w, at
high concentration. These conjectures seem to be quite reasonable.

We consider that around an impurity the magnetic field will rather easily penetrate
into superconductor under suitable conditions. Therefore, it will be expected that the

local spatial variation of the order parameter exists also around the 1mpur1ty. T aking
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this effect, it will be interesiing to investigate the bound state. This problem is left

for future studies.
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