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Two Band Models for Solids 

with an Ising Impurity 

Seitaro MATAYOSHI* 

Summary 

Using two band models for solids with an Ising impurity, we have seen the 
possibility of "effective" energy gap in the superconducting states. This "effective 
gap" appears for the existences of the both gaps; namely, the one belonging to the 
model of two bands and the other to the superconducting states, and, in addtion, 
separate into two parts; i. e. a "part" of the semiconductor-like states and a "Part" 
of the superconducting states. 

In the various "gap" in the superconducting states and in, also, the normal states, 
we have searched for the excited states and discussed them. 

1. Introduction 

Since the paper published by Abrikosov and Gorkov,l) many works have been done 
experimentally and theoreticaJIy concerning the thermo-dynamic and transport 
properties of superconductors with small amount of paramagnetic impurities. 

Recently, several authors have investigated localized low lying excited states in the 
energy gap of superconductors with the paramagnetic impurities. 

Soda, Matsuura, and Nagaoka2) have first found such states within the gap in the 
superconducting state of the s-d exchange interaction system. Their approach is a 
perturbational method corresponding to Yoshida's treatmentS) in the normal s-d system. 
Fowler and Maki1) have examined the states in terms of the dispersion relations, 
Takano and Matayoshi,5) Zittartz and Miiller-Hartmann8) also in terms of the two-time 
Green's functions, respectively. 

Although a satisfactory theory for the s-d system has not yet been obtained,7) all 
their results have supported the existence of the localized low lying excited states in 
the energy gap of superconductors. 

As it is well known, a paramagnetic impurity in normal and superconducting metals 
brings about a new kind of quantum mechanical effect, "the so-called Kondo effect",8> 
but this effect makes complete solutions of the problem quite difficult. 

Shibaq) has proposed a solvable model of superconductors with a localized impurity 
spin which is equivalent to a local magnetic field. Using this model, he has obtained 
the exact solution of the Temperature Green's function, and has discussed the excited 
state and others in superconductors. 

Another solvable model of s-d system with an Ising spin of impurity has been 
suggested and investigated exactly by Yara and Matayoshi.10) 

These solvable models are almost equivalent to each other in the normal and the 
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supercond ucting states. There a re, however, great differences between the two 
so lvable models in the effecls due to the existence of correlations between impurities 
and of an externa l fie ld. c . 

In t his paper, we will show the excited states in the ene rgy gap using one of the 
solvable models in a system of two bands, and "wi ll be able t o see an "effective" gap 
in the superconducting states. This effective gap will sharply sepa rate into" parts" of 
the semiconductor-like state a nd superconducting state. 

The "part" of the semiconduct ing-like state has a st ructure sensitive on physically 
observable quantities, but the "parr' of the superconduting state lacks not only the 
structure sensitive stated above but also the effect due to the gap in the two bands. 

We will a lso see levels of localized bound state by a n impurities potential espec ia lly 
in the "part" of the semiconductor-like, but not in the "part" of the superconducling. 

In addit ion, we must include the explanation of the experimental fact of the "deep" 
bound states in the gap of the semiconductors with tra nsition atoms as impurities in 
the normal state, and will give the account for the "deep" bound states in the 
superconducting states, too. 

In calculation, the author will use the model by Yara and Matayoshi,IO) for he will 

study the effects of the correlat ions between impurities and of an external field in 
the future series of thi s paper, 

In Shiba's model,1) we cannot take into considera tion thc effects mentioned above, 
especially, the effect of an external field. 

We will give the form ulati on of the two-time Green's fu nct ions in section 2, and 
in sections 3 and 4, will show various bound states in "gap" in normal and in 
superconduct ing states, respective ly. 

2. Formulation and Formal Solution 

The Hamil tonian of our problem can be given in the following form, 

(2-1) 

where 'I is t he kinetic energy of an electron measured from the Fermi energy, and 
CtO' a nd Ci;r are operators of the destruction and t he creation of e lectrons with wave 

number l and spin 0', respect ive ly. 
Ao is the o rder parameter or the gap ene rgy of the superconducting states defined by 

(2-2) 
11) 1~) 

g being the coupling constan t in the B. C. S. Hami lton ian and < A> denot ing the 
stat istica l average of an operator A. N is the number of atoms in the system, V is the 
strength of a scattering potential impurity, and J is the coupli ng constant of the 
exchange interaction betweeo elect rons and an Ising impu rity of operator Sz which is 
located at the origin of t he system. 
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The Green's functions in Nanbu spacell) to be calculated in the following a rc 

«C,\o l I C:'I > m <:C,\ol I C;">Q) I , GU'(w)= 
<C~,\ol I C.~">Q) «C~" I C_.t·, > c» (2-3) 

and 

r 
«C.t, Sz I C:'I>G) <(C.tl Sz I C"I> m 

1'U' «(I)) ~ 
<C~.,Sz: • • I C., ,> c» «C- .,S1; IC-"'>Q) (2-4) 

where « A I B>lIl denotes the Fourier transform of the Green's function of two 

operators A and B. 
There a re var ious kinds of the Green's functions, i. e. the retarded or advanced 

two-t ime Green's function, the temperatu re Green's function, and so on. 
The only differences a re the definition of the frequencies and the relation between 

the Green's function .:(A I B>lIl and the ave rage < BA>. 
The former Green's function has simpler analytical properties, while the latter is 

convenient for perturbationa l ca lculations. Though the t wo·time Green's functions 
will be used in the following, it can be easily rewritten by means of the temperature 

Green's function which will also be utilized in the forthcoming series. 
Equations for G.t.t· (lIl) and f' ... (1Il) are de ri ved in the usual way. We have the 

following , 

(2- 5) 

(2-6) 

which are exact equations and make use of the usual re la tion <Sz> = 0 obtained 
from t he axial symm:try of the sytem, The inverse matrix of n.t (lIl) in eqs. (2- 5) 

and (2-6) is the free G reen's function of a pure superconductor and is given by 

- a . 

- a . (2-7) 

These coupled Equations (2- 5) and (3-6) can be solved easily to give the 
solution in t he fo llowing simple forms: 

(2-8) 

(2-9) 
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( V J) C V. J . ) -' \1 (w)= 4 N fa - 8N 1-~2- F (w) T3 +-4-FCw) 

( V. J) + 4N t'a + 8N C V. J . )-' 1-- 2- F(w)f8--4~ FCW) , 

C V. J .)-' 1 -2- F(W ) f , + - 4- F(w ) 

C V . J. ) - ' 
1 - -

2
- F ( w) f3 --4-F(W) , 
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(2-10) 

(2-11) 

(2-11 ') 

(2- 12) 

These solutions coincide with eqs. (2-8) in the reference (10), if we put the 

strength V of a impurity potential equal to zero. Using these solutions. we can 

investigate various physical quantities. In the next section, discussions of excited 
states in the energy gap of normal state will be given. 

J. Normal State 

To calculate the function F(w ) specifically, we must assume a form of the state 

density p ( h) as shown in Fig. I for simplicity. 

Both the upper and lower energy bands are supposed to have the same band width 

0-,6, and the same uniform stat e density p, It is further assumed that the total 

number of electrons in the system just equals the tota l number of one-electron states 

in the lower band. 

"J 

Fig. I. Slate density of the two band models, 

Consequently, the lower energy band is fully occupied by electrons, while the upper 

band is completely empty in the ground state of the system without an interaction 

between electrons and impurities. This state density will be used in this section and 
thereafter. 

Now. we can obtain the concrete results of F (w) in the following. 



MATAYOSI : Two Band Models (or SoUdt with aD hiD, 

F'*=(w)= F (w ±i 8 ) = N' ~, --=----.-'.'-,-"'-w ~ r ±i 8 

(3-1) 

(3-2) 

which arc approximate ly calculated using an assumption, i. e. D> I wi. tJ., 
The low lying excited levels are obtained by seeki ng singular points o( the normal 

Green's function Gkk' (w) or tl (riJ) malTix without spin flip : namely by the 

zero points in the following equations 

(3-3) 

To rind bound states in the gap tJ.. it is convenient to divide the discussions into 

two cases and consider them separately. 

CaseA 

and 

For this C8se we have, from eqs. (3-3), 

I W- tJ. l 
1- 71 tn w + tJ. 1=0 

and obtain the excited state, i, e, 

1 
w -- tJ.th ~ 

The w - 71 cu rve is shown in Fig. 

Case B. 

')'1 * 0 and 72 ,,0. 

(3-5) 

I . 

For this case we can ac hieve the follow ing as 

the final resu its, 

(3-4) 

• 

Fil, I . The relillon between 71 and 0), 

(3-6) due to the ordinary polent ill, i. e., 
the position of the excited states. 

in the same way as in the Case A. 

We can easily depict the curve of w by 7 in eqs. (3-6). The graph in Fig. • 
give the w - 71 curve for a constant 7 2 and vj'ce ver'sa in Fig. IV. 

The low excited energy w in the eq , (3-5) is the single-valued function of 71 , 

but the w in the eq, (3-6) a re two·valued. We can graphically see the connection 
between eq 's (3-5) and (3- 6) in the Fig. I and Fig, I, when 71 approaches zero, 
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Fig .•• Q)--;'Y 1 curve for a constant '12 in the normal states. 

Fig. IV. The bound state position as a 
function of 72 for a positive 
constant ,., 1 in the normal 
states. 

and 

1 
I (Z) =~l; t 

1 

It will be convenient for discussions on the 
superconducting states in the next section to 
have the Fig. N. 

4 Superconducting State 

The treatments are quite the same as in the 
normal state in the section 3. To begin with, 
we must caluculate the function F( co) in this 
section, too. The final result of this function 
is given in the following, 

(4-1) 

(4-1') 

where Z is the complex number, and the function is shown to be easily obtained 
on the real axis in the complex plane; namely, 

I:I:(co)=I(a> ±io)= 
p 1 

En I V a>2 - A2 - A, 
-N" 0 

V co 2 
- A~ vi co 2 

- A~ ± A 

i7rp 
=t=l'J V co 2 -A2 , for co>v' A2 + A! 

0 

+ 
i1l'p 1 ±--

1/ co 2 - ~.~ for co <-V A2 + A,2 N , 
0 (4-2) 
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I ::I:(W)=....L 1 6' 
0 

6 
N tI 0)1 6' 

0 

I V"' tn V Q:)t AI + A 
l. ror~D< 1111 1 <V A! + AI 

0 

\4-3) 

.nd 

wp 1 ro. Iw l < A. (4-4j l *=( W) =-Ji:/ 
V &I "' " 

which coicide with cqs, (3-1) and (3-2) at the normal limit of .6. 0 = 0, and with 

that of the superconducting meta ls al the limit of .6. = 0 • respectively. 
The equati ons of the position of the bound state in the energy gap arc given by 

det 11 -_~_F:t(W) rs ± - 4J- F:I:«(I» I ~O 
\4- 5) 

o. 

(4-6) 

The so lutions of this equa t ions are grouped into ~vera l cases (or the sake of 

discussions. 

Case A 7) ,*-0 and 71 = 0 f or I !II I < .6.0' 

We have no solut ion of the UI. 

Case A ' 7140and 7:=0 (or 6..'<lwl< YA t+A t 
o • 

We have the following, 

(4- 7) 

from eqs. (4- 3) and (4- 6) and take 

(4- 8) 

"'" 
/ 

, 
.. 
/ 
":'0 

Fia. V. Impurity levels for the case 
of the ordinary potential only in the 
"part" of the semiconductor- like 
states. Such levels bave not appeared 
in the single band model. 

a$ t he so lu tin$ of eqs. (4- 7). We must select the signs of eqs. (4- 8) a pproaching 
eq. (3--5) at the limit .6. 0 = 0. 

Therefo re we obla in the fina l resu lts as fo llows: 

for '11 >0 
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and (4-9) 

w=VAt+A1th2 1 . for 'YI<O 
o f'Yr 

0' 

1Il=-(SIR'Yl) VAI+AfthZ -A-. 
o ",'YL (4-9'). 

Case B. 71 ",0 and 'Yt *"0 for I III I <A o • 

The bound states are given by 

(4-10) 

as the final solution of eqs. (4-6) 

Case D' 'YI =\'-0 and 'Yz =\'-0 for Ao < I III 1< 

V AI + Ar . • 
We cannot obtain the explicit form of the III 

in term of either 71 or 'Yt • bUI can give an 
outline of the curve of Ihe 0) in terms of 'Y 1 for 
a constant 7 t and vi'ce ver'sa, for we can use 
the results and the filures obtained previously. 

The figures of the Case A wilh A ' are given 
in F'ig. V and the Case D with D', in Fig. "1. 

F,i. ". The excited Itate position .. 
• function of 7! for a positive 
constant 71 in the "part" or 
semiconductor~like states aod in Ibe 
"part" of the suporconductinl 
states. Attention should be paid to 
the "part" of the superconductinl 
states of I Q) I <4 •• The bound 
atates in tbis "port" are completely 
equivalent to that of the aap of 
superconducton in the si~1e bud 
model. 

5. Results and DlscuuJolUI 

Using the two-band model for solids with an Ising impurity, we have investigated 
the various kinds of the excited states within the "gap" in the normal states and the 
superconducting states. 

In the normal states, the gap in this system is only the gap A owing to the model 
of two bands. We have given Ihe excited state. namely 1Il-'Y 1 curve in the Fig. J, 
corresponding 10 the usual results due to the existence of impurity potentials. However, 
the absolute values of 'Y] seeming to be very small. we cannot in fact obtain the 
"deep" excited lev,els as they have been shown in many experimental data. 

We also know the experimental facts concerning the "deep" levels in a system with 
the transition atoms as impurities. In the Fig. iI or the Fig. IV. the graphs of 0)-7. 

curves are shown for the case when an impurity spin exists. These graphs give the 
reason ror the appearance of the "deep" levels, if the property of the structure sensitive 
is taken into consideration. 

The occurence of the Structure sensitive is due to the existence of the small gap 
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owing to the two-band system and the existence of impurities. 
In the superconducting states, we have had the "effective gap" consisting of the 

gaps owing to A in the two-band model and Ao in the superconductors. This effective 
gap bas sharply 0 separated into two parts: i. e., the "parts" of the semiconductor-like 
and the superconducting. The "part" of the semiconductor-like has a structure sensitive 
property for physical quantities, but the "part" of the superconducting does not. In the 
appearance" of the super-conducting state at very low impurity concentration, any 
systems are necessary to have energy gap owing to the formation of many Cooper 
'pairs. 

In additi'on, the energy gap owing to many Cooper pairs is the universal function 
independent of a form of electron state density an.d dependent only on a value of the 
density in the neighborhood of the Fermi surface. Therefore, the "part" of the 
superconducting states in this two-band model is completely equivalent to the gap of 

the .superconducting states in a single band model, or in a metal. Consequently, the 
graphs in the "part" of the· superconducting states in Fig. '1 correspond to the ones 
~n Fig. I in Ref. (lOr. Contrary to the superconducting case, the "part" of the 
semiconductor-like is due to the gap in the two-band system and has effect for the 
sake of the superconducting states. This effect is largest at I w I = A 0, decreasing 
as I w I approaches the gap edge V A 2 + A 2 , and is smallest at the edge V A ~ + A : 

o 0 

so, the "part" 'of th~'l semiconductor-like becomes the part of the superconductor-like 

in the nei~hborhood of the edge I w I = Ao , and becomes also the part of the normal 

'semiconductor-like in the neighborhood of the edge Iwl =1/ A2 + A2 • We know 
o 

the relation of correspondence !between Pig. n and VI, or Fig. IV and ,1. respeJtively. 
As it is seen in Fig. V, we can obtain the excited states for the ordinary potential 

in the "part" of the semiconductor-like states. The excited states for the potential 
have not been obtained in the normal states and in the superconducting states for the 
single band model. 

It is interesting to discuss the case of a solid 
with a finite concentration of Ising impurity 
spins. Using the discussion of equivalence 
between the "part" of the superconducting state 
in the two-band model and the gap of the 

supercoductors in a single band model, and also 
using the results in Ref. (9) and (10) , we can 
presume that at extremely low concentration, 
the growth of impurity band begins with the 
localized levels near the edge I w I = A 0, and 
at higher concentration, the growth of band 

begins also wi th the edge A 0 and with levels 

_\~i 

Fig. VI. The positions of the impurity 
levels taking the "Kondo effect" 

near w =0. into consideration in the "part" 
Next, we must refer to the "Kondo effect". of the superconducting states. 

It is very difficult to take the Kondo effect problem into consideration, but we will be 
able to infer it as shown in Fig. Vn, if we utilize the equivalent property mentioned 
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above and the result in Ref. (6) • 

On both the finite concentration problem and the Kondo errect problem, we have 

given some suggestions in the "part" of the superconducting state, but not in the "part" 

or the semiconductor-l ike state. As it seems to be very interesting, we will investigate 

the problems in our future work. 
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