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On too Cohomology 01' the mod 2 Steenrod Algebra 

by 

Osamu NAKAMURA * 
lntrod"c,lon 

Let A" denote the mod p Steenrod algebra. J. P. May (1) constructed a spectral 
sequence. converging to EOfl*(A,,) and havina JI* (EoA .. ) as its EI term. and 
made some computations of the algebra gOH*(A,,) by using the imbedding method. 

Latter. for the case of the prime 2. M. C. Tangora (4) made extell5ive computatioll5 
of this algebra for the range I-J' 70. In his computations he used the imbeddiog 
method. manipUlative methods. application of Adams' results on H*(Az) and 
application of known rC5ults in homotopy theory. 

The purpose of this paper is to compute the algebra EOH*(Az) for the ranae 
71 ~I-$" 77. using the above methods tOiether with the matrie Mauey product 
method. which was given in May's paper (2). Our main results Is Theorem 2.14. 

Finally the author wishes to express his hearty thanks to Professor Masaoobu 
Yonaha who helps him with translatina into English. 

§ I. ScMne known JeAItI on May 8)leCtrai oeeqIIC.-e 

1 

Siner: we are concerned only with the prime 2, from now on we will write A 
instead of A, for the mod 2 Steenrod algebra. 

The following theorem is proved by J. P. May in his thesis. 

THEOREM 1.1. (May) There exists a spectral sequence (E"d,), converging to 
EO H* (A). and having as its Et term H* (EO A). Each E, is a tri·graded algebra. 

and each d, is a homomorphism 

wh,'ch is a derivation with respect to tlu algebra structure. 

The algebra H* (EOA ), 

t-s < 165 or s < 4. is calculated by J. P. May in his thesis. We quote May's results on 
H. (EOA ) for the range t - s " SO. 

THEOREM 1.2 . (May) H~(EOA) is generated as an algebra over ZJ by the 

following generators in Table I .A. for the range t - s ~80. The relations in 
H* (EO A ) for the ran.ge t-s ~80 are given in Table I.B. 

_ ._- - -
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hlhl +I =O (i ~ O) 

bl,fbi +2.2 =h~bl+ 1,_ + hl+!b,. , (i ;;;'0) 
• • 60,.b •. 2 = bo, lbz,_ + hob. ,.+h.bo .• 

hl+2bl.z = hlhl( I) a;;;. 0) 

hl+zhl(l)=h;b,+ I. 1 U;;;' O) 
hlt- .h;( I)=O (i;;;'0) 
h,_lhi(I) =0 (i ;;;' 1) 

• hi(1 )1=b,.zbl+ I ,z+ h{+ Ibl.2 (i ~O) 
hl(l) hl+l(l) = 0 (; ;;;'0) 
ho ( I)hz ( I) = hoh,b .,1 
ho(l)h.( I)=O 
bl, Zh i+' (1) ~ h,+ Ihl+lbl, . (i .0) 
bit-I ,fhl ( l) = h .. hl +zbl+ I ,' (i;;;.O) 
bl,zhl+z(1) = hfhl (1,3) (i.0) 
hzho( I ,3) =hoh~bl,J 
b •. tho( l ) = h.ho (I ,3) 
hJho(1 ,3) =0 
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bo,lhz ( 1) =hoho(l, 2) + hzh,bo .• 
bz .• ho( I) = h,ho ( l ,2) + hohabl.' 
h,ho(l ,2) = 0 

h. ( l )ho(l, 3) = hl/uho{l , 2) 

bl, tho( l ,3) = h~ho (1,2) + h.bl .• ho(l ) 

b •. lho (1 ,3) = h:ho(1, 2) + hobl,.hz( l ) 
~ .• ho(1 ,3) = bo, zho(1.2) + h.~ .• Iu( l ) 
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Table L8. ( continued ) 

• hoe 1)11.(1. 3) =h,h,bo.,+ h,b..lb'.1 , 
h,(1)ho(1. 3) = hoh,b,.l+ hob,.,b,.2 
110 (1) ho( l . 2) = II ,Ik, ,b',2 + h.bo"b,.J 
1I1(1 )h, ( 1. 2) - hob".b', I+ hob, .,b, .• 

Itt 2 
ho(1.3) I = h,hlbo.l + hlbo,.b •. I+ kJIk,IIk .• + bo,lbl .• b',1 

At least for the range t-5 ,,71. the differentials dr in May spectral sequence were 
determined by J. p, May (lJ and M. C. Tangora (4). Their methods of proof are the 
following: 

1. The Imbedding Method. 
2. Manipulative Methods. 
3. Application of Adams' Results on H*(A). 
4. Application of Known Results in Homotopy Theory. 

THEOREM 1.3, (May and Tangora) For the range t -s ,,71. dr is given as 
follows: 

I. 

2. 
, _ 1-+ 1 

d , .... '(bo.1 ) =h. hut (k;;'l) ; 

1- ~ ~ 
3. d ,· . I(bl,} ) =hl+} +ltbl,J_' +hi ~H,bH ' .J_ I (k~O.j.3) 

• 4. d,(hl(l» = hlhlu; 

5. d, (hl el.3 )) =h,(l )hl ... :+h,hll l(1) 
6. d. (hl(1,2» =lu. ,hl(1,3); 

,- .. ... , t 

7. b,hl(hl" ' lbl,1 )=hl h/H" (k. O) : 

8. d,(IkJ i) = h: s. 

here i - h~bo,!hG,lho(l) and s= hlbo,:ho(l) +h~bo, tb", : 
• • 9. d.(hoh .bo .• )=hohl( l ) +hoh.bt,!; 

• • 10. d.(Ik,z r ) = ho X, 

• • • here r= hzlk, . and x=hlbo.,b"s+h,h,bo,' : . , 
11. d.( (bo,.hl ,s + bo, ,b'.I) ho (l » =hobl.1 : . , 
12. d. (h,h" .h,(l»=h,b'.t; 

13. d . (h,ho(l ,2» =hoh!ht(1) ; 

14. 

15. 

6 '1 101. 1. du (h.bo.,bo.,) =ho hsbo.z I ; 

17. d. (h,bo,.ihI,lh. (1» =b " ~b,,thl (1) ; 
18. d .(hobo., bo .s(bo"b l,,+ihI, lbl .I» =h.h~bo,:b", ; 
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19. 

20. 

2J. 

22. 

23. 

24. 

25. 

• d .(hoba .• (bo •• b •.• +60 .• b".) )110 (1» =hoh.ba, ib.,.1u(l); 

d. ( bo.~bl.I (bo .• bL .' +h., ~b" I» =hlhJh~bo.: ; 

dl (h., :0" .(bo .• b, ,I + bo, ,b.,.» =hlh,h.b •• ~ ; 
• • d,(hobo" b.,t(bo .• O,,' + bo, .b".» =lIoll.bo .• b ••• ho(1); 

• • d. (h,b'.1 (ha •• b •.• + bo, ,b1 .• » =h,h,h.bo,' ; 
I I t I 

d .(bl.ihdl) + h,bo, .h. ,.) =h.(b" Ih. (1) + h,bo, .b., t); 

• d. (lI,bo, .h.( l» =lIoh.(1)·, 
I I • I 1 

dl(ho,lbo .• x) = hObt, I,O.,I, 
I I I I I 

dl(hObo"(bo,.b,, I + boo ,b •.• ) ho(1» =hooo,.o,,1 
•• • d.(hoh,oo .• ) = hoh,b.,., 

hi I II. 
d l< oh,h.bo,') = d. (h,h,bo, lbo .• ) -hoh,o •.• 

I t I I I 
dl (hoh,bo,.)=hohibo,I; 

• d. (hohlbo.lbo. ,b.,.) = hOb •.• h. (l ,3). 

Furthermore the following two methods of proof are known for the various 
differentials in May spectral sequence. 

5. The Matric Massey Products Method. The matrtc Massey products in 
spectral sequences were studied by J. P. May (2). We quote some of his results which 
we use in this paper. 

THEOREM I .... (May) Let <VI, VI, 113> be defined in E~ H. Assume that Vi 

EE~I: I~I' 'I and that VI converges to WI , where <WI, W2, WI> is defined in H* (A ). 
Assume further that the following condition (*) is satisfied. 

(*) If (P, q, t) ""'(PI+P:, ql+ql, 11+/1) or (pa+p2, qa+q2, It+h), then 
Et:;::~,, · ~+.oo - I., c E~h.I.OO for u ;;;: O. 

Then any element of <VI, V2 , V3> is a permanent cocycle which converges to an 
element of < WI, WI, WI>. 

THEOREM 1.5. (May) Let <VI. VI, v,> be defined in E~ " I , where VI EE:'~',~I' 'i. 
Let n > r be given such that d.(vl) =0 for m < nand 1 ~ i ~ 3 and such that 
the following condition (*) is satisfied. 

(*) If (P, q, t)=(PI+P" q. +qt, tl+t2) OT (p:+pa. ql +ql, t,+/,) , IMn, for each 
m such that r < m < 11, E!-,.·a, ,,~,.- -. , = 0 and Et;:;::· ,,+r_ -, • = 0, 

Assume in addition to above hypotheses that for 1 :::; j :::; 3 there is just one element 
y/ EE"' I which survives to d~(vi) and that <d.(vI), Vt , VI>. < VI, d.(v:), v, > 
and <VI, VI, d .. (vl» are defined in E ... I, Assume furlher that aJ! Massey products 
in sight have %ero indeterminancy, Then 
d .. «VI, VI, VI» =< d,, (vI) , VI, v,> + <VI, d .. (Vt), VI> + <VI, VI, d .. (vl» 
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REMARK. In adove two theorems we consider only the Massey products in May 

spectral sequence. They tum out to be powerful tool in studying differentials in May 
spectral sequence. 

6. Application 0/ Effect 0/ Squaring Operations in May Spectral Sequence. 
I have studied differentials in May spectral sequence by applying the effect of the 
squaring operations ( 3). However, we will not use this method in this paper. 

§ 2. CakulatioDS 

In this section we indicate the calculation of E" H* (A) for the range 11 :s;: t - s :s;: 17. 
It is impossible to give all details, of course. We consider only t he new independent 

differentials for the range 72 S t-s ::;;; 18 . After each new independent differential is 
obtained, we must do a certain amount of routine calculation. We omit this part of 
calculation. We now begin the calculation. 

PROPOSITION 2.1. d.(h~bl .z b~.,(B» = hohid oj. 

Here B :::2bo.,bl .• +bt.tb"z. 
PROOF. We make use of Theorem 1.5. Since d. {hzbo,.) = h:h~ and 

dl(hoho(l) bo,. (B » =hoh,ho (1) ' bo,l, Massey product 

< hoho( l )bo .• (B ), hflh" hoh.> is defined in E. and is equal to h!b".bo.! (B ). Furthermore 
it is easy to see that this Massey product satisfies all conditions of Theorem 1. 5 for n =6. 
Then we have d.« h.h. (l)bu(B), hohl, hoh.» =<hoh sh. (1P bo.I, hohl, hoh,>. 
Since < hohsh.(1),b.,I, hoh" h4h,> is equal to hoh' doj, we have the result, 

, , 
PROPOSITION 2.1. d.( (bt, Zbl.1 + h,bo .• ) b •. I+ hl( l ) bl. Iho( l» = 0 . 
PRooP. We make use of Theorem lA. Let ct be a cochain 

(Ik . ,bl .' + h~bo, . ) b, ,! + hz( l )b" sho{l) f. Since d,(bo . Ibl.' + h~bo .• ) =h,ho(l ) J and 

d ,(h.(l)b" ,) =h.b,.!, Massey product < ho(l)!, h., b,,;> is defined. in E. and contains 

the cochain ct . ho(1)', h~ and b,,; converge to do, h~ and gl, respectively. For dimensional 
reasons, we have h~do =O and h,gJ=O in H* (A). Then Massey product < do,ht,gz> 
is defined in H* (A ). Furthermore it is easy to see that these Massey products satisfy 
the condition (*) of Therem 1,4, Then we have the resul t. 

, " PROPOSITION 2.3. (a) d.(hoh2h~bt,,) =hohsho(l ) bo. t ; 
, " (b) d .(h ,h.bo,. ) = hlh.bo,J . 

PROOF. We make use of manipulative methods. By Theorm 1.3, 

d (h b b ' 'h I I I J I I. ' h l I I I I , 0.' I,.)= ho th.Ik,. +hlh.bo .• , dz (hsbo.z) =hohsho (1) bo,2+ h, ibO,2 and d.(hoh.Ik •• )= 

h~h:bo,~. By Proposition 2,2. the cochain h!h:ho( l )bo" is non zero in E •• Then 

d.(h~h.h.b.,:) = d,(h!h,b •. !) = h~h:ho ( l)bo.z= h!h!bo,:. Since the differential is a derivation, 
the results follow, 

PROPOSITION 2.4. d l(h,bl. lb:,J(B» = d ,g2+h:P' A · . 

PROOF. There are two possible terms d ,g ' and h~P 'A· . I know no proof of this 
propositkm except by the imbedding method. Since the calculatkm of proof would be too 
long to write in detail. we will give only its sketch. It is a routine matter to verify that 
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the dual elements of dig', h:P'A' and hlbl"bo':(B) appear in the bar conatuction as 

{Pw'* {r.}', 
{P~} 1* {P:} '* {P:} * {P!}'+ 
{P:}'* {P:}'* {pa * {pa * {pH' 
+ {P:} * {P:} '* {P:} '* {P:} * {pa 
+ {P:},* {P:},* {P:} 
and {P:} '* {pa ,* {p!} '+ 
{p!} * {p:}4* {P:}'* {P:}', respectively. 

We must show that in bar construction d ( {p:) 10 * {p!} ') and 

d( {pa '* {P:} '* {P:} * {pW+ {P:} '* {P:} '* {P:} * {P:} * {P:}' 
+ {P:} * {pa '* {pa'* {P:} * {P;} + {pa'* (pa'* (P:}) 

are homologous to 

{P:} '* {P:} '* {pa' + {pa * {pa '* {P:} ,* {P:} , 
modulo terms of weight greater than 18. We first consider the differential 

d( {pH 10* {P:} J) _ {P;P:P:} * {P:} 10 + {P:P:} * {pa '* {P!} . 
Already this differential contains no terms of weight less than 15. By adding to this the 
boundaries of two tenns of weight 14, 

{P~P:} * {p:}'* {pa + {p!} * {P:} * {pa ' * {P;}" 
we eliminate all term of weight 15. By adding in the boUndary of one teem of weight 15 , 

{P:} * {P:} '* {p~pa * {p;}', 
we obtain one term of weight 16. 

{P:} * {p!} '* {P:} '* {pa', 
Now by Theorem 1.3, we bave the differential dl(hJb •. !bo,lbo.,) =hlh,bl ':~.: +h:bl,:bo.llbo.,. 
Then by adding in the aoundaries of one term of weighth 14, 

{P:}'* {P:}'* {P:}'* {pa', 
and of one term of whight 15. 

{P:}'* {p:!pa * {P:}'* {P:}'* {pa', 
we eliminate all terms of weight 16. By adding in the boundaries of six terms of 
weight 16. 

{p:p!!P:} * {P:} .. + {p~p~P~P:} * {P:} , 
+ { p~ } 11* {p:tP~P: } * {p:} '* {p:} '* {p:} J 

. + {p:} * {p:}J* {p:!p:p:} * {pn' 
+ {pn 1* {P:~p;!p:} * {P:}' 
+ {P:!P:!P!lP:} * {P:}'* {pa ' * {p! }" 

we eliminate all terms of weight 17. By adding in the boundaries of twelve terms of 
weight 17 , 
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{pa ' * {p~p~p~p!} * {PH'* {P:} ,* {P: } 1 

+ {p!j '* {p1p:lp~p:} * {P:} * {P:} '* {P:j' 

+ {p!}t* {p:lp:!p:pn * {P:}'* {p:}t* {p!} t 

+ {pa * { p:!p :lp~pa * {P~} '* {p!} '* {p!} , 

+ {p!} * {p:lp:} * { p: !p~p:} * {pa s* {p!} '* {p: } I 

+ {p!}'* {p1p:} * {p:ip:p:} * (P: ), 

+ {P: } * {p!} ' * {p~P~P:P:{ * {p:}' 

+ {P:} * {P: } '* {p~p:lp~p:} * {p:} , 

+ { P~} • * { p~lp~lp~p~} * {pa ' 

+ {P:}'* { p~p:lp!lp!} * {pW 

+ {p:} '* {p~p~p~p!} * {P!j' 

+ {P:}'* {Po} '* {P:} * {p!} * {P:}', 
we eliminate all terms of weight 18 except two tenns, 

{P!} ' * {P:} '* {P:} ' + {pa * {pa '* {pn '* {pa f , 

Next we consider the differential 

d<{ p;} '* {P:} '* {P:} * {P:}' + {P:} '* {P:}'* {P:} * {P:} * {P: } , 

+ {P:} * {p!} '* {P:} '* {P:} * {P:} + {P:j'* {P:} '* (P:}). 
Since this calculation for proof is very long, we only mention its steps, There are 

innumerable choices to be made in such a calculation and I do not claim that the proof 
indicated is the shortest JX)SSible. This differential contains no terms of weight less than 
15. By adding to this the boundaries of 22 terms, we eliminate all terms of weight 15. 
By adding in the boundaries of 88 terms, we eliminate all terms of weight 16. By adding 
in the boundaries of 166 terms, we eliminate a ll terms of weight 17. And by adding in 
the boundaries of SOl terms, we eliminate all terms of weight 18 except two terms, 

{P: } '* {p!} '* {P: } , + {P: } * {P;j'* {P!} '* {P:} '. 
Thus 2.4 is proved. 

" , : +hzhl (1) bl, .bl .• + hlhl (l) bl, ibo,l' 

PROOF. I know no proof of this proposition except by the imbedding method. We 

must show that in the bar construction d( {P:} ' * {P:} ') is homologous to 

{p!} * {P:}'* (P:)'* {p:}'* {P:}, 
modulo terms of weight greater t han 14. This differential contains no terms of weight 

less than 13. By adding to this the boundaries of three tenns of weight 12, 
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{ P~\p~} * {pD 5* {p:} 3 + {pa * {pa * {P!} '* {P:} ~* {p:} 2 
+ {P:) * {P:) * {P:) '* {pW, 

we eliminate all terms of weight 13. By adding in the boundaries of three terms of 

weight 13. 

{P:) * {P;j'* {P:)'* {P~P: ) * {P:) ' 

+ {P:) * {P:) '* {P:) * {p:lp:) * {P:)' 

+ {P:) * {p!)'* {p:lp:) * {P:)', 
we eliminate all terms of weight 14 except two terms, 

{P:) * {P:) '* {P:) '* {P:) '* {P:) , 

+ {P:) * {P:) '* {Pa'* {P: )' , 
Since we have a differential d. (h l b l , ;bl,3bo,.) =hlho( 1)b l,:ho( 1 . 2)+ h~bl. :b,.! by Theorem 

1.3 . we can eliminate the term {P:} * (pn '* {P;} 2* {P~} 1 by adding the boundaries 

of the dual elements of h ,ho( 1)bl,~ho( l,2) or h~b,. ~b,. : which have tbe weight greater 

than 11. Thus proposition is proved. 

'2.2 7 2 a 2 
(b) d ICh,bo,tbl.') =hohab2 ,zbo,3+hoh,ho(1)bl,a+hoba, zbl .3 . 
PROOF. We make use of the Adams vanishing theorem, For dimensional and 

filtrational reasons there are no other ways to kill the cocycles h:(hoh:bo,3+ hoha(l )bo, z) 

hI> 1 2 , " 2 and o(hoh,b2,zbo,l+hoh.ho(l )bl •• + hob •• ,bl,.) , for large n. 

., , 
PROPOSITION 2.7. d. (hoh,ho,3) =hodoB.+hoP Dz , 

PROOF. There are two possible terms h:doB. = hldoB2i and hOp2Dz for dimensional 

and filtrational reasons. First we will prove that d. (hoh2bo . ~) contains the term h:doB, 
= hldoBtl. We must show that in the bar construction. 

d<{P:) '* {P:j'* {P:j'* {P:j'* {P: ) , 

+ {P:) '* {p:J * {P:) '* {P:)'* {P:) '* {P:)' 

+ {P:) * {P:) '* {P:) ,* {P:) '* {P;) '* {P:) , 

+ {P:) '* {P:j'* {p;) '* {P:),* {P:) '+ {P: ) * {P:) '* {pW* {P:)' ) 
is homologous to 

{P:) * {P:j * {P:)" 
modulo terms of weight greater than 24 . since we have a differential 
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This differential contains no terms of weight less than 20, By addin.i to this the 

boondaries of five terms of weight 19, 

{p:} '* {p:} '* {l":\P:} * {p:} , 

+ {P~} * {p~p:} * {p!} 1* {pa '* {p!} 1* {pn I 
+ {pa * {P~P:} * {P!} 4* {p~} '* {P:} '* {p!} I 
+ {~} * {p:!p:} * {P:} '* {P:} '* {~} '* {P:} , 

+ {P:} * {p~lp:} * {pn '* {pa '* {pa 1* {P:}' , 
we eliminate all terms of weight 20. By adding in the boundaries of five terms of 
weight 20, 

{~} '* {P:} '* {P:} '* {P:!P:P:} * {P:} '* {P:} ' 

+ {P:} * {P:} * {P:} '* {P:} '* {P:!P:P:} * {P:} '* {P:}' 

+ {pa ,* {pa '* {pa '* {p:lp~p:} * {p!} '* {p!} I 

+ {P:} * {P~P:} * {P:} '* {p;} '* {P:} '* {P:} , 

+ {P:} * {P~P:} * {P:} '* {P:} '* {P:} '* {P:}', 
we eliminate all tem'18 of weight 21. In our calculation all terms of weight 22 are 

eliminated by adding in the boundaries of 20 terms and all terms of weigbt 23 are 

eliminated by adding in the boundaries of 32 terms. There now remain 61 terms of 

weight 24 which are transformed, by the addition of the boundaries of 47 elements of 

weight 23, into the single tenn {P: } * {pa * {P!} II. Next we will prove that 

d. (hohzbo,:) contains the tenn hoP'Dz. We must show that in the bar construction 

d( {P:} '* {p!} '* {P:} * {P:} * {P:} '* {P:} 

+ {~} * {P:} '* {P:} * {P:} * {P:}' 

+ {P:} '* {P:} '* (pa * {P:} '* {P:} 

+ {P:} '* {P:} '* {P:} * {P:} '* {P:} * (P:}) 
is homologous to 

{P:} * {P:} * {P:} " 
modulo terms of weight greater than 24. This differential contains no terms of weight 

less tban 21. In our calculation all tenns of weight 21, 22 and 23 are eliminated by 

adding in the boundaries of 11, 13 and 19 terms, respectively. There now remain 31 

terms of weight 24 whicb are transformed, by the addition of the boundaries of 51 

e lements of weight 23, into the single term {p~} * {P!} * {p!} n. Thus proposition is 

proved. 
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PROOF. There is only one possible term h:h2h,bo .~ = h~hebo,: for dimensional and 

filtrational reasons. We must show that in bar construction 

d<{pa '* {P:) * {P:) '+ {P:) '* {P:) * {pa * {P:)' 

+ (P:)'* {pa * (P:)'* {p;)) 

is homologous to zero modulo terms of weight greater than 10, since we have a 

differential dz(h.bo,:) = h!hebo.:+h~h,ho(l)bo,~ by Theorem 1.3. This differential contains 
no terms of weight less than 6. By adding to this the boundaries of two terms of weight S, 

{p:lp:) * {pa * {pa * (P:) '+ (p:!pa * {P:) * (P:) * {P:) ', 

we eliminate all terms of weight 6 and 7. By adding in the txrundaries of two terms 

of weight 7, 

{pn '* {P~p:p:pa * {pn '+ {P~} 3* {pn 1* {p:lp:p~pa , 

we eliminate all terms of weight 8. By adding in the boundaries of eight terms of 

weight 8, 

{p:} '* {P~} 3* {P:P~P:P!P:} 
+ {p:} 1* {pa '* {p!p~lp:p:p!} 
+ {~} 1* {p:} J* {P!} * {P:P![p~p~p!} 

+ {p~} 1* {p!} * {pn'* { p:p~lp~p!p!} 

+ {p~} 2* {pa '* '{P!!p:p~lp:p!} 

+ {~}' * {p~}z* {P~~p!p~p:pa 

+ {P~} 2* {P~} '* {P:P![p!jPipa 

+ {~} ' * {p~) 2* { p~p~lp!lp:p~} , 

we eliminate all terms of weight 9. In our calculation there now remain 34 terms of 

weight 10 which are eliminated by the addition of the boundaries of 24 terms of weight 

9. Thus proposition is proved. 

PROPOSITION 1.9. d, (h,bo, fbl,, + h:hfbo,s+ hzbl,2bo •• ) = h:ho(1) 2. 

PROOF. We make use of manipulative methods. We have 

• • ho(h,bo.2bl, ' + h1h,bo.li+ h2b3. zbo, , ) 

=h.bo,:b2.l+hl/ 

+ d2 (bo, Zb3, rbo, ,+ h3hsbo,sbo" + h~h l (1) bo .• ) , where 
• 2 2 Z 

/=hshsbo.3bl,l+ hlhl(1)bl,4+bo,2b3.zb l,a+hlb".bo,4+ hlh3b0,1 is a permanent cocycle, 

and d, (h,bo .~bt,3 ) =~h!ho( l) ' by Theorem 1.3, from which the result follows. 
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• PROPOSITION 1.10. d.(hoJubl,lbo ,.(B » = 0. 
PROOP. We make use of Theorem 1.4. Since we have a differential 

d4 (hlbo .• )=h!h:' Massey product <h:hl ,h. ,B4> is defined in E. and is equal to 

hohlbl.,bo.:(B ), where B4=IubI,:bo,. (B ) is a survivor in the 6().sterm, Next we will 

verify that this Massey product is defmed in H* (A ). We have a relation h:h:=O in 
H* (A) for dimensional and filtrational reasons. If the class h,B •• wbic.h is zero in 

EO H* (A ), is non zero in H* (A ), then it must be equal to a class hoX . and therefore 

we have two relations hlhIBII = h:h.B4=h:XI¢0. But h,BI1 = 0 in H* (A ). This is a 
contradiction, Then we have a relation h.B4=O, Therefore, the Massey product 

<h~hl, hl, BI> is well·defined in H* (A) , Furthermore it is easy to see that this Massey 

product satisfies condition (* ) of Theorem 1.4. Thus 2.10 is proved, 

PROPOSITION 1.11. d.(hlbt,:bl,4+hsbo,:6o,lbl, ' 

+ hlho( l ) ·bubl. 1 + h:bo, Ibo,.bl,. + h!ho{l )bo.,bl . 4 

+ h!hlbo, 4ho ( l,2» - h:hlh,bo,.bl ,.+ h~,lb',tb l, • . 

PROOP, We make use of the Adams vanishing theorem. For dimensional and 

filtrat ional reasons there are no other ways to kill the cocycles 

h:(h~h'h ,b. , .b l ., + h:bo" bl,.bl .• ), for large n • 

• PROPOSITION loll d4 (h,h4bo, ,) = h.h.6 .... 

PRooP, We make use of manipulative methods, We have 

h!hlh4bo, . - h lhlbo, .61 .• + h!hlbo, ,+ d. (h.bo" bo.~) , 
1 2 2 J I 2 

hoh.h,bo,I= JJlJllho(l ) + d.(h,bo.:bo,a+ h,(1)bo,2) I and 

dl (hlh.bo .! bl . 4+h~h4bo, .)= hlh:ho(1)t by Proposition 2,9, from which the result follows. 

a I JI 12 
PROPOSITION 1.13. d.(hoh,h$bo .tbo., + hobo,tbo"bl .J + hobo .tbO,lbl .• ) = hoh4Ih ,:bt,l. 

PROOF. We make use of the Adams' vanishing theorem, For dimensional and 

filtrational reasons there are no other ways to kill hohlbo.:bl,I, for large ff. 

The different ials which we have proved in thirteen propositions above and those 
of Theorem 1,3 give all the essential informations about the May spectral sequence in 
the range t-s S;; 77. Countless other differentials must be craked out, but they all follow 
from those given above by more or less elementary arguments or routine calculations. 
For example, we prove that the coc.hain hlhl(1)bo,. ho(1 ,2) is a pennaneot cocycie. 

h l(1) ho(1,2) r:: HI is a permanent cocycie and d4 (h.bt,') = h:h! by Theorem .1.3. Then 
d,(h.hl ( l )bo,ah. (l,2»z:0 by Table I.B. For dimensional and filtrational reasons 
d, (hlhl (l)bo ,aho(l ,2»=0 for r ;;:' 5. 
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We collect the results into the following theorem. Relations which are derived 
from the May relation in Er are indicated by equality signs; relations which come out 
of differentials in the May spectral sequence are indicated by the homology sign-. 

THeoREM. 2.14. Table II lists all generators of the ZI-module Eoo=EoH* (A) 
in the range 71" t -s " 77. These generators are subject to the relations indicated. 

Table U 

'-s s Generators 

71 3 hlh,h, 

4 hlco 

5 h lpl-hadl 

6 hlh:co 

6- 7 AI, hoAr =hsA" -SqO(l) 

9-10 h!Qr, hoh:Q2 

11 piX, 

12 h5doj 

12 • Q.=< ql ,ho, h,> 

13 g'n 

13-15 I I 1 I I P haBi.hoP hzB"hoP haB. __ hlP Bu 
13-14 Qs,hoQ· 

15 hlpze 
16 doeog2 

19 
, 

P dogk 

20 hlpISI-hIP'BI 

22 • P doz 

25 p'. 

28- 30 
I • J 1 I 

P doto. hoP doeo-P h4,hoP doBo 

31-36 P'i, ...... ... , h!P'j 

33 p 7hldo 

72 4 h~hsh.-h!hl 
5 hlh.co 

6 plhlh. 

8 B. 

8- 9 • • h3DI.hoh,D ....... gDI 

10- 12 piA" .hopIA" .h~pt A "-dlg' 
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Table II (continued) 

I , , Generators 

13 hlQ4 

15 g " 

18 p1dogr 

18 plQl 

19-21 • • •• I' P Bs,hoP BI,hoP BI-hIP BI 

21 P'dov 

24 P'd! 

26 hiP'" 

?:I p' • " • I ,hoP l .hoP I_hiP doeo 

34 h~P'do 

35 • pc. 

73 7 p'hrh! 

7 h,p1hlh. 

7- 9 h,D • . hoh.D. ,h:h,D.-h,B. 

1.-16 
, 

doB'1 ,hr.d r.B'1 ,h;doB21 
17 dokr 

17-19 I I I I I 
P RI.hoP RI, hoP R. -h,P 01 

20 d~o 

23 • P dam 

26-27 • • t. P z.hoP z_h,P" 

32-35 I I.' II II 
P eo.hoP eo.hoP eo.hoP eo-hiP do 

36 hIP'CO 

37 P'h, 

7. 6 hlnl 

G- 8 
I I I I 

P hlh • . hoP hlh.,hoP hlh. 

8-13 FI =<do ,h •. g.>, 
, 

...... . hoFI 

13- 15 
, 

doB., hodoB •. hod.B, ...... h,doBIi 

l' 
· , Ds =P D.+ hodoB. 

16 d.g' 

19 P'do81 

22 p1d:r 

25 p', 
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Table II (continued) 

1- , , Generators 

28-30 P'd!, hoP' d! . h~P' d! 

31-33 p l. h pl . hl p" h P' J , 0 J, I) J- I eo 

38 h,P'h. 

75 5- 6 h!dl= hIK·,hoh,da 

7- • A"hoA ........ h:A' ,h!A . ...... hlF . 
8 h,B, 

9-11 1 I t 1 
P Q, ....... h,GII. hoP Q, .hoP QI 

12 
, 

B1 =<hoh"h"B.> 
15 g'm 

18 d ogz 

18-20 
I I I I 

P B II,hoP BZI, h, P Bi l 

21 P'dow 

24 ' , 
P eodo 

27- 2. 
II I " 4 1 

P m,hoP m,hoP m ...... h.P do 

37-3. ~ t I ' " F kl, h,P ht, k ,P ht ...... hlP h. 

76 5 h.Da 

6- • ' , , 
J,hol ,hoI-P dllh, ! 

7 h:H, 
8 dlgz 

• D • 

10 hlplQJ 

14 g' l 

14 doBu 

16-18 Du,htDn = p'CII ,h!Du 

17 doKV 

11-19 
I I 11 I I 

P B.theP B"h,P Be .... hlP B I I 

19-22 
I ' 'I t ' ll ' 

P gt.hoPlgl ,h. P Klth,P gl 

20 • dog, 

23 P'dog; 

26 p 4dor 

32-34 P'd! , hoP'd! ,k!P' d! 

77 3- 4 h:'u I h,h:h. 
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Name 

A, 

Q. 

Q. 

B. 

F, 

D; 
A, 
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s 

5- 7 
6 
7 
7 

7- 9 
8 

8-11 

11 

12 

13-15 

16 

16-21 

19 

22 

25 

28 

31-33 

t- s 

71 

71 

71 

72 

74 

74 

75 

Table II (continued) 

Generators 
, 

h.do, hoh~a,h.h.d, 

h,h.D, 
Y ,r::<hl ,y,h.> 

h,' , 
m, ,hGm, =pgz ,homl ...... hldlgz 

H, 

pip' ,hoP'P' ,h:P'p' .h:P'p' 

C, 
P'D, 

eGB., hOfl oB . ....... pIA, h!eoB, ....... h,doBn 

eog' 

B " • . ,~B ........ P XI,hoB., .. · .. ·,h. B. , 
PgmdG 

• P doeop' 

p'w 

• • P d ol o 

P'k, h.P· k .h:P·k ...... h,P' d: 

Dictionary of New Indecomposable Elements of Er;;o 

s Description 

6 hlb13ho (1,3) ...... h.bu hG(I.2) + hzbuho(l.2) 

12 • h,h.ho(l )bos 

13 hlb. :bo~ ....... h.bo~bo~ ...... h,bo~bo~bo, + 
I I I I 

hlbnbnbu+hlho(l ) bnb,lbu 

8 
,. , 

h.boz(B) + Ihbo,bubu + h , h~hl (l)bOl 
I J J I 

...... h I h ~h l (1) bas + hi h.bolb" + h i bozbGlbu + hlh.bu b", 

8 
z 2 I t I J 

hlbnbubll + hlb,. bGt + hah.h. (I )bu+hobub'I 

14 
• J Z J 

hobubolho(1,2) +h,ho(l) bubGI(B)=P Dz+hodGB. 

7 h:bllbu + h,bubl : ...... hzbl~b. . + , 
IIzh,bubo. + hohzbl lho (I, 2) 

15 
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Dictionary 0/ New Il1decompcsable Elements 0/ E OD (con tinued) 

Name t -, , Description 

B, 75 12 hohzbubo:(B) 

J 76 6 
I • I • 

h.hsbOlbli + bo zoubl' + hi II I ( 1) bl' + hlbubo , + h I h.b .. 

D. 76 9 h!bo:ho( l,2 ) 

D .. 76 16 ho(1) 'bo: 

,m 77 7 hlbj~bn 

y, 77 7 h!bo!-h!htbo! 
H. 77 8 hzhl (1)6osho(1 ,2) 

C. 77 11 
I I I I 

h.h. ( l )bnho.-hlhl (1)6116o.bll-h.hl (l) bnboi 

B. 77 16 • •• hoho( l )bubo. (B ) 

B. 60 7 • h.ho(1) (B) =doha(1,2)-/lih,(l)bll 

B. 66 10 
I r I • 

iI.bo.bll (8 ) +hl (1) buho. +hth.bnbo. 

G. 66 7 61:11,(1,2) + hlbJJoJho(l, 2) 
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Appeadlx 1 

Display chari of Eoo for 71 -' t-s -' 77. 

,. 
" " ,. 
J5 

34 

3J 

32 

31 

23 

22 

21 

20 

I' 
18 

17 

I. 

p'", 

~P·d.Y 
P"b,B, - t d!e, 

P'ct.a:k P"B, ~ 

P'd,lIr P'Q, .. h J 
d,kr P R, 

P"b'; J 11'/ IS 

I' 

13 ,'n Q,P~ 

12 b,d,i Q. 1 
11 p'x, 

10 , 
8 

7 t 

P'A' 

I 
b;O, B, 

6 h,h!c, A, P'h,h, , 
• 
3 

2 

•• 1 

h ,P~ 

'''' -----b,h,h, 

, 
72 

, 
73 

! P'd:-t 
p'm 

P'd,r 

. . 
" 7S 

P'd,li 

7 • 

p'. 

,. 
" " ,. 
J5 

34 

33 

J2 

31 

30 

29 

28 

21 

" 
" 
" 23 

22 

21 

20 

P',md.19 

IS 

1 b,b. 

n 

17 

e.,' 16 

IS 

1< 

13 

12 

II 

10 , 
8 

7 

• 
5 

< 
3 

2 
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