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On the Estimation of Mixing Ratio of Two Distributions 

Jogi Henna* 

1. Introduction 

P. R. Rider has estimated the parameters of the mixture of two exponential 

distributions [6]. A. C. Cohen, the parameters of the mixture of two normal 

distributions [4 J, W. R. Blischke. the parameters of the mixture of two binomial 

distributions [1J and those of the mixture of r binomial distributions [2J. They 

have defined estimators for the parameters of the mixtures of the univariate 

distributions. We will pay our attention to the mixing ratio of the mixture. 

A sample from a mixed population gives us many kinds of information for 

the mixing ratio. For example, if a population is a mixed population consisting 

of males and females, then the mixing ratio is a common parameter for the 

stature, the weight, the girth of the chest, and etc. If we can take independent 

random samples in succession, then we need only make the sample size large. 

However, in general, this is not the case. Suppose we have excavated some 

skeletons in some area, and we want to estimate the mixing ratio of males and 

females, then the only independent samples avairable are the skeletons which 

have been excavated. So, we consider the case when the number of the inde

pendent random samples is limited. 

Let the population 1r be a mixed population of a population 1r I and a 

population 1r 2. Let the distribu tion function of the random vector (Xl, X2, 
Xk) under 1r be 

1) /(X1, X2, "', Xk) = 0 /1 (Xl, X2, ''', Xk) + (1- 0) /2 (Xl, X2, "', Xk), 

O~f}~l, 

where II (Xl, X2 "', XI?) and 12 (Xl. X2 • .... XI?) are the distribution functions of 

(Xl, X2 , ''', Xk) under 1r 1 and 1r 2 , respectively. In this note. we consider 

the estimation of the mixing ratio 0 of IT 1 and 1r 2 • 

In Section 2, we will introduce some notations which will be used in Section 

3, 4, 5. In Section 3, we will study a basic theorem and will investigate an 

estimator when the means are known. In Section 4, we will investigate some 

estimators for the mixture of two exponential distributions. In Section 5, we 

\vill investigate some estimators in other cases. 

2.. Notation 

Let WI , W2, ...... , Wn be the independent random samples from 1r. Let 
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Xl, X2, ...... , Xk be some measurements on W J., Let vV J. a' a =1,2, ...... , 11.i 

Al < ,( 2 < ... < A llj be the samples which have the measurement Xi. vVe define 
(a) ea) (rr) 

Xi as the measurement Xi on \V A Q" Then Xi and Xj (i~j) are not neces-

sarily the measurements on V\' 1 • Hence they are not necessarily dependent 
/orr 

each other. From now on, for convenience sake. let X\l), X~2), ...... , X~lIi) be 
. I I I 

an independent random sample from the marginal distribution f (Xj ) of Xi . 

Next we will give some equalities which \vill be used in Section 3, 4, v. 

Let the mean and the vanance of Xi and the covariance between Xi and Xj be 

(2) E (Xi )=m' VarCX')= a 2 (i= 1, 2"",'" k), 
I, I tni 

(3) Cov (Xj , Xj)= (] (i=2, 1, ...... , I?', i ~ j) 
mi tnj 

under if: I , and 

(4) 

(5) 

E (Xj )= t i , Var(Xi )= O'~ j Ci= 1, 2, ...... , k), 

COV(Xi ,Xj)= (] ii Pj (i=1, 2 ...... ·, I?', i ~ j), 

under if: 2 • Then we have the equalities 
(6) 

(7) 

(8) 

E(Xi )= () mi + (1- ()) e i 0=1, 2, ...... , I?'), 

Var(Xi)= () a 2 + (1- 0) a 2 + 0 (1- 0) (m; - t i)2 (i=l, 2, "', k), 
1nj ..e i 

COV(Xi,Xj)=O a +(1-0)a Ii /J +0(1-0) C'lni-&i) (mj-
1ni'lnj ~i (,j 

(.j) (i,j = 1,2, ....... k, i~j). 

Next we will assume some conditions for the correlation coefficient. Let 

p (X, Y) denote the correlation coefficient between X and Y. 

VVe assume 

(9) 

(10) ! ( v2 X) I A I i-j i 
P Ai' j ~ 21'2 ' 

(11) P (X 2/, , X 2 ) ", LA r I j.j I 
j - .. ~ 3 ' 

(12) 

2 

(13) P (X~l) , X~l) X~2) I L A I i·j I 
I . ) ) - 51'5 ' 

(14) 

(15) 

where A ()' () ~ I' I} < 1 are constant numbers and unrelated to Ci, j), 
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3. Basic theorem and () * when [mj J and {C i} are known 

Let () be a common parameter for each component of a random vector eXI, 
(1) (2) 

X2 , ...... , XI<), and the marginal density of Xi be f (Xi ). Let X. , X. , ...... , 
I I 

(n·) 
Xj 1 (i== 1,2, ...... , k) be independent random variables distributed according 

to {(Xi ). Nov\', let Sj t:::s, ti t:::t, Ci=l, 2, ...... , k) for some positive intigers s, 

t. and 

(16) ( 
(1) (2) (nj) ) S i ( 0) un (1) (2) (-lli) 

gj Xi ' Xi ' ...... , X; == J: K. g. (X., x. , ...... , x. ), 
• lj =1 I I I I I 

(17) ( 
(1) (2) (nj) ) Sj L(J.I) (1.1) (1) (2) ('Ii) 

q. x. ,x. , .. · .. ·,X. == 5' . q. (X., X. , ...... , X
t
. ), 

I tIl ).i ~l I r I I 

where I K~ a) I t:::I(, L~ 1.1) I ~K and K is a positive number unrelated to 
I f 

(i. 0, ).i). 

Let gi and qj be the statistics satisfing the condition 

( 18) 1" { (X(l) X(2) ...... X(ll j»)} = '( )E r eX(l) X(2) ...... X(lIi) ))1. + d 
J • gj i' ;, 'i ,1, () J l q ii' i' 'i 

(i==1,2, ... , k), 

where he ()) is a function of () only and d is constant. Then we have the 

equality 
k k 

(19) E {.2 c. g.)l == hC (}) E{ . .r.c. q. )l. + d, 
t=l I I t =.:. t I 

k 
where 1: Ci = 1. Now, as an estimator of (), we define (j * by a root of 

i=l 
the eq uation 

Jz Il 
(20) S c. g. =h( () *) J: c. q. + d. 

i=l 1 1 i=l I I 

The next theorem shows that () * IS a consistent estimator of () uncler 

some conditions. 

Theorem. Suppose 

(21) Var { g; 0 )} ~ IV!, liar J'q~ 1.1) I. LlllJ 
L I )-

Ci = 1,2, ...... , k; 0 =1, 2, ...... , Sj; 1.1 =1, 2, ...... , ti), 

(22) 

(O~r~ ~ <1; 01=l,2, ... ,s.; 02=1,2, ... ,8.;i =F j), 
01 u2 I J 

(23) 
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(O~r l.J 1 l.J 2 < 1; l.J 1 = 1, 2, .", t i ; !J 2 = 1, 2, ... , t j ; j * i). 

r are constant numbers unrelated to (i, j). 
l.J 2 l.J 1 

If h-1 is continuous, then one of the roots of the equation (20) converges to 

8 in probability as k ~ 00, 

(25) 

(26) 

(27) 

(28) 

Proof. From (21), (22), we have the inequalities 

Si (0)2 
Var {gi} = 2 K. 

0=1 I 

~S2 K2Jl1, 

Si 
Cov(g. , g.) = 2 

I ) 01=:" 

So, we have 

Sj 

~ J(2M I 
01=1 

Sj I i-j I 
}.' A~ ~ r . 

02=1 01 °2 (11 02 

{ 
I~ } I~ 2 Il 

Var z.I __ 
1 

ci gi =t.~-l Ci Var {g;} + X c. c. Cov (g., g.) i;\,j I J I J 

2 2 k 2 2 I~ r· s; Sj Ii' I 
S K M 2 c. + K M 2 \ c. c. I 1. '"' A -) ( ~ ~ 0;2=1 Ol02r!:1~2)' i = 1 I i o~ j I J 0 1 = 1 U U 

=i K2 Mkc*2 

2 2 Si sj ( r 0 1 02 r 0 1 02 \2 
+2K MC* I 2 Ao 0 ·L Ck - 1)---- + o 1 = 1 0 2 = 1 1 2 1-1" 0 1 0 2 f - r 0 1 ---;;,1 

Accordingly, by (24), \\le have 

( k } Var"j .2. c.g. ~ 0 
l.t=.!. I I 

(k---+oo ), 

namely, 

I; P II 
(29) 2 c.g.---+E{2 c.g.} 

i=l t I 'i=1 I I 
Ck--+oo) . 

In the same way, we havr~ 
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(30) 
i~ P r Il 
2 C. q. -;---4 Ii "! 2 c. q. } 

i =1 I I \..i =1 I I 
(k---cc) . 

If h- I is continuolls, then one of the roots of the equation (20) coverges to 

o in probability. 

Now, we define 0 * when {mj } and {e i} are known. Let X. = (1/11.. ) 
I I 

Jli (. Il 

2: X. (() and Y. = (X. - £ . ) / (m. - t . ) ,md 0 * = (1/1~) .I Y., then we 
it' =1 I I I I I I 1 =1 I 

have E (() *) = o. 

Corollary 3. 1. In addition to (9), we assume that 

(31) 2 at. ~ Iv11 , A12 ~ 1m; - t; I 
I 

( i = 1,2, ... , k), 

where Afl ,1112 are the constant numbers unrelated to i. Then we have 

p 
o *------+- () (I~ ------+- 00 ). 

Proof. vVe have from (9), (31) 

X~a) - e . Iv11 
(32) Var (_1 ___ ' 1. ::;;: _ + 

1. tn.; - e i J - 1112 
2 

p 

(a )) 

~j-- .. -
f,. 

I 

nti 

1 
4 

(i 1,2, ... , k), 

L A rl i-jI 
- 1 1 ' 

(a 1 = 1, 2, ... , l1i; a 2 = 1, 2, "', 1tj; i *' j). 
p 

From Theorem, it will be seen that 0 * ~ () as k------+-oo. 

4. 0 * when feXi) is the mixture of two exponential distrbutions 

Let the marginal density of Xi be 

(3"~) fex.) ==_fL e -Xj / mj + 1 - () e-Xj / e; 
I In; e; Ci = 1,2, "', J~), 

then we have 

(35) E eX i) = 0 111; + (1- () ) t i , 

2 ? ? 
(36) E(X j ) = 2 () 111,; + 2 ( 1- 0) e; . 

(37) Var(X i ) = () m~ + (1- ()) e~ + 0 (1- ()) (m; - e i i (i~l, 2, "', k). 
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Let X~l) , X~2) , ''', X,~n; ) be the independent random varibles according to , , 
(Xi), and 

_ 1 ni (a) 
(38) X =- I X . 

i ni a=1 ' 
0=1, 2, ...• k), 

(39) 
__ 1_ ni X(a)2 

Y j - n. I i (;=1,2 .... , k), 
, a=1 

( 40) - __ 1_ ni (X(a) _ - )2 
Zi-n.-l I i X j 

, a=1 
(i=I,2, .... k), 

then we have 

(41) E(Xj ) = () mi + (1- ()) e j 0=1.2 .... , k). 

( 42) E(y.)=2()m~ + 2(1-{)) e~ 0=1.2,,,,, k), 
" , 

So, we have the equalities 

( 44) E Cz. - 21 y.) = () (1- () )( m. - e . i 
I I I I 

(;=1,2, ... , k), 

k 1 k k 2 
(45) E (I Z. - -2 I Y·) = () (1- ()) I (m. - e .) 

; =1' ; =1 ' ; =1 ' I 

0= 1,2 •... , k). 

We will define () * in two cases 

Case I. {mi - .e i} is known and mi - .e i ~ 0 for some j • 

In this case, as an estimator of () , we define () * by a root of the eq uation 

k _ 1 _ k 
(46) I (Z. - -2 y.) = () * (1- () *) I (m. - t j i . 

;=1 " ;=1 I 

and the other as an estimator of 1- () . 

Coronary 4. 1. In addition to (11)- (14). we assume that 

(47) I mj I ~ M, lei 1 ~ M 0=1, 2, ... , k), 

where M is a constant number unrelated to i, then () * 2.-. () (k,-.oo). 

Proof. As it can easily be seen, we have 

(48) Vat' (X;) ~ 2M2
, Vat' (X~) ~48M2 (i=l, 2, ... , k), 

(49) Var{ X~a) X~P)} ~ sAt 0= 1. 2, "', k; a =1= P), 

(50) 
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p 
then, by Theorem, (j * -Jo (j as k-too. 

CaSe II. {mi} is unknown and {e j} is known. 

From (41), 

(51) m. _E(Xi ) - (1- 0 ) t i 
I 0 

(i= 1,2, "', Il). 

If we substitute (51) for Inj of (44), we have 

(52) 
_ 1 - 1 2 1 11.j (a) 

E(Z'--2 Y ') = (--l)E{(X.-e.) + ( 1)2 (X. -
I I 0 I I n; 1ti - a =1 I 

(53) 

Accord ingl y, 

k 
E2(Z·-21y.) 

i=1 I I 

k 
(_I __ 1)E 2 {ex. - c. i 

{} i =1 I I 

So, we define {} * by the root of the equation 

- )2 1 
-Xi J' 

k _ 1 - 1 k 2 1 nj (a) 
(54) i~/ Zj -2' Y j )= (0* -1 )i':l {(Xi - e ,.) - 1'1,. (n; -1) ex ~l(Xi 

namely, 
k { ,2 1 1tj (ex) _ 2 1 

(55) 0 * 
2 (X. - e .) - e 1) 2 eX. - X·) ). 

i =:. I I n; 'Ili - a =1 z z 

~ f_1_~! (X~a) _ g.l ,-_1_ ~i x~tn2 + (X; - e i;l. 
i =1 L n i ex = 1 I t 2n; a = 1 I 

p 
Corollary 4.2. Assume (9)-(15), (47), then () * ~ () as k-Jooo. 

Proof. 

- 2 1 1l; (a) _ 2 
(Xi - e .) - ( 1) 1: (X. - X. ) 

I nj n,. - a =1 I I 

. n' t:I 11,. w 
= __ 1 __ 2 x~a)x~tJ)_ 1 2 X~a)2 -~ i X~a)+t~. 

1'1,. (ni -1) ex+f3 I I n,. (ni -1) a=l ' 11,. a=l I I 

Accordingly, by Theorem and Corollary 4. 1, () * converges to {} in 

probability as k ~ 00' 

5. 2 2 2 2 • () * when am. = a e . = a and a IS known 
I I 

If q2m. = (J2e . = (J2 Ci=l, 2, ... , k), we have 
I t 

(56) E(Xi) = {}mj + (1- ()) e i U=l, 2, "', k), 
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(57) Var(Xi) =q2+0 (l-0)(mj-£i)2 (i=I,2, ···,k). 

We will consider two cases as in the last case. 

Case I. (mj - t i} is known and mj - t j =1= 0 for some i. 

If we define Zj by (40), then we have 

(58) 
k 2 k 2 

E (I Z.) = k q + 0 (1- 0) I (m. - t .) . 
i=1 I i=1 I I 

So we define () * by a root of the equation 

k k 
I Z. = k q2 + 0 * (1- () *) I (m . - t. i . 

i=1 I i =1 I Z 

(59) 

as an estimator of (), and the other as an estimator of 1- () . 

Corollary 5. 1. In addition to (11), (13)- (15), we assume 

(60) I mj - til ~ Ml (i = 1, 2, "', k), 

then () * converges to () in Probability as k -+ 00. 

Proof. 

(61) 
n' 

1 i X~a) X~(3) U=1, 2, ... , k), 
nj (n; -1) a'l'fi I I 

and IEeXj) I ~E1Xj I ~ [EeX~)J1/2~~Ml. 

converges to () in probability as k -... 00. 

Hence, by Theorem, () * 

Case II. {mj} is unknown and {t i} is known. 

In the same way as in the case II of the last section, we have 

k k n-
E(I '2.) = kq 2+(J..-1)EI {(x.-e.i 1 i (X~a)_ 

i=1 Z () i=1 I 2 rli(nj-l)a=1 I 
(62) 

So, as an estimator of 0, we define 0 * by the root of the equation 

(63) 
k _ 2 1 k { _ 2 1 nj ( a ) 
I Z·=kq + (-0",--1) I (xj-e j ) -wen -1) I (Xt' i =1 2 t =1 I i a =1 

namely, 

(64) 0 * 

k { _ 2 1 ni (a) _ 2 
I . (X· - t.) + ( 1) I (X. - X·) } 

i=! I I nj ni - a =1' , 

k n' ( 
I {_l_ i(x .. a)-x.i+ (X.-t.i}- kq 2 

i =1 - nj a =1 2 I 2 I 

By Theorem and Corollary 5. 1, we have next corollary. 

p 
Corollary 5. 2. Assume (9)- (15), (60), then () *- 0 , as k_oo. 
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In particular, let / (Xi) be a mixture of two normal distributions, i. e., 

{} - (Xi -mj )2 /2 1 - {} - (Xj - t i )2 / 2 
(65) / (x i) = V 2 1r e + J 2 iT e 

We have next corollaries. 

Corollary 5. 3. Assume (11), (13)- (15), (47), then {} * 0/ (59) converges to 

{} in probability as k --+ 00. 

Corollary 5. 4. Assume (9)-(15), (47), then () * 0/ (64) converges to () in 

probability as k -+ 00. 
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