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On Relations among Structurally Stable Systems 

by 

Yoshiyuki K1NJO' 

[n the fil·st sec ti on we stu dy s evera l relations a mong structurally stable 

systems, and in the second sect ion we s tudy th e s et of dynamical systems which 

hav e hyperbolic and quasi-hyperbolic singul ar points in th e s pace of c r tangent 

vector fields on a smooth co mpact manifold. 

1. 

In the first place we recall that two dynamical systems X, Y on a smooth 

manifold M are topologically eq uival ent if th ere ex ists a homeo morphism of M which 

maps positively oriented orb its of X onto positively ori ented orbits of Y. We remark 

that on ly a hom e omo rp hism, not a diffeomorp hism , is requ ir ed. Let .\ be the space 

of dyna mi ca l syste ms on M, endow ed with the C r - topo logy. A dynami ca l sys tem X 

is str ucturally stable if there exists a ne ighb ourhood U of )( in .\ such that every 

Y of U is topologically equival en t to X . We cons id er a dynami ca l system which 

has a sad dle s in gu la r point a t th e north pole on the two-dim e nsional sp here . If we 

add to it a s mall rotational fo rc e with ce nt er at t he pole, then in the ne ighbourhood 

of the pole, we s till hav e a dynamical s ystem which ha s a s addle singular point at 

the pole. If we give a s t ronge r rotational force to it, then we can expect that th e 

state of orbits will be c hanged . Since t he neighbourhood of the pole on the two

dim e ns ional sp he re is hom eo morphic to the plane, we consider it a s the plane, and 

so we treat systems on the plane. We denote by X = (Xl. X 2 ) = ( i. y) the 

vector at th e point (x, y) in the plane. To begin with , we take a dynamical system 

L = ( L 1 , L 2 ) whose s in gular points form a line, and whose or bits have the sa me 

in c lination except s ingular points. Then L = (L j , L z) can he denoted by (p(x, y), 

kp ( x, y )) , where k is a constant real nu mber. We cons id er the case of that 

P( x, y) is a li near for m fo r x, y By an appropr iate coo rdinate transformation, 

we can put L = (p(x, y ), 0 ) . We s uppo se the coeffic ient of x in p ( x, y) is 

zero and that of y is pos itiv e. Even if t he coeffi c ient of Y is ne gativ e , there is no 

ess e ntia l differerence. Let A be the vector fi e ld (- y , x ), and E be a small 

positive real number. If we add c:A to L, then t he new vector field is a structural

ly s table system which ha s only one sa ddl e s ingular point. If we add - E.A to L. 
then the new vector field is an un s table system which has many periodic orbi ts. 

Next, let B denote the vector fie ld (-x , -y) . If we add c:B to L, the n this new 

vector field ha s one nod e singula r point. 

W e define 1(,1.) =; L + AA (,1. ;:;; 0) 

c L - icE ( ic ;;;; 0 ) , I A I is s mall. 
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This mea ns that th e bifurcation value for f is zero. S imilarly, th e dynamical 

system whi c h ha s a s addle si ngular point can be co nn ec ted to the system s uch that 

all o rbits except a singular point are sp ir a l, go ing expo ne nti a lly t owa rd th e ori g in , 

because we need on ly take as the path 

I(A) = { ~ : ~ ~A-B ) :~= ~ ; 
We su mm a riz e the abov e to th e following ; 

Theorem . Let L = (p ( x, y ) , kp ( x,Y )) be a dynamical system on a bou.nded open 

set in the plane, where I) (x, y) is a tinear form and the coefficient 01 x is zero. Then 

any neighbourhood 0/ L contains a stnlCturally stable system having a saddle singular 

point and also a structu1'ally stable system having a node singular point. 

2. 

Let M be a compa ct C ... manifold , and ~ r = .?\r (M ) be the space of C r tange nt 

vector fi e ld on M. Denote by cDr = «(} r ( A) t he space of C' - maps ~ from a ma ni

fold A into *f (M ), endowed with Ct- topo[ogy. T his mean that eac h map k defi ned 

by k ( l. , x) = t; ( l.lx is of c lass C' from A X M to T M, a nd that t wo s uch maps 

~, 17 are close if i, ;, are close. For th e defin ition of a qua si -hyp er boli c s in gul ar 

point , refer to [2]. 

Theorem. If r ~ 5. then the set 0/ all dynamical syste1'lzs which have only hyper60lic 

and quasi-hyperbolic singular point is dense in )(' (M). 

P roof . L et SI is a one dim ens iona l s phere. Fo,· every system X in X' (M), 

denote by 17 the C'- map of 5 ' to )(' ( M) s uc h that 17 (5 ' ) =x. Let r be th e set 

of C'- maps of 5 1 to X' (j11) under whic h t he im age of each element of Sl has onl y 

hyper bolic a nd qua s i-h yper bo li c singu lar points, t he n by t he t heorem of J. Sotoma yor 

[ 2 ], r is dense in <fJ ' . T herefore there ex ists a Cr - map ~: 5 1 
__ X' (M ) which 

is in r and clos e to 17. Thi s mean s ~ (,U is c lose to 7J (,U. Th e theorem now 

follows. 
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