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On the Cohomology of the mod p Steenrod Algebra 

by 

Osamu NAKAMURA'" 

Introduction 

Let p be an odd prime and A denote the mod p Steenrod algebra. f'. 
Li levi i s made some computations of the cohomology H*(A) of A in his 

paper [lJ and proved the vanishing theorem for H*(A) in [2J. Later J. P. 

May made extensive computations of this algebra for the range t - s ~ 2 

(2P 2 + p + 2) (p - 1) - 4 in } is thesis [3J. His procedure is to construct 

a spectral sequence which passes from the cohomology H*(EOA) of EOA, 

the associated graded Hopf algebra of A, to an algebre EOH*(A) associated 

to the cohomology H*(A) and to compute the cohomology H*(EOA) by 

the Koszul resolution. 

The purpose of this paper is to compute the algebra EOH*(A) for 

the range t - s ~ 2(3P 2 + 3P + 4) (p - 1) - 2, using the above spectral 

sequence together with a spectral sequence which passes from the cohomology 

of EOEoA, the associated graded algebra of EOA, to an algebra associated 

to the cohomology H*(EOA). Our main results is Theorem 4.4. 

§ 1. Spectral Sequences 

Let I (A) be the augmentation ideal of the mod p Steenrod algebra A and J (A*) 

be its dual. 

Let <1>1 : leA) ~ leA) be the identity, 

<1>2 : leA) ® I (A) ~ leA) themultiplication, and 

<l>n = <l>n-l (1 ® ... <8> 1 ® <1>2) : leA) <8> ••• ® I (A) ~ leA). 

\...:.. ---' n factors 

Define F i A = A, i 2: 0; F _ i A = 1m <I> i, i > 0; 

FiJ(A*) = 0, i ~ 0; F-iJ(A*) = [1(A)/lm <I>;+IJ *, i> O. 

Then the associated graded Hop£ algebra EOA of A is defined by 

E~ ,A = (F ;A/F i-1 A ) I+i. 

THEOREM 1.1. ([3J. Theorem i .2.9.) EOA is primitively generated Hopf algebra 

and a basis for the primitive elements of EOA is {Ok I k~ 0 } u {pi I i ~ 0, j ~ 1 } • 
The relations of EOA is given by 

i) • Q ; Q; + Q; Q i = O. 
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ii). PJQk-QkP)=*i.kQj+k.

Hi). p/p{-p}p/ss8,.*+/pJ+/. i£*.

iv). (PJ)P=O.

Next we define a filtration of the cobar construction C(A*) by

FPT«J(A*) = S F*'i J(A*) ®-(g) FinJ(A*).
llH l-in+n=/>

Then the resulting spectral sequence is the May spectral sequence.

Theorem 1.2. ( {J3~}. Theorem 1. 5. 1.) There exists a spectral sequence { Er,dr ) ,

converging to E<>H*(A) and having as its E* term H*(E<>A). Each Er is a tri-graded
algebra and each dr is a homomorphism

,j-.v,u,t . r^u+r.v-r+l.t
dr ' tLr >xSr

which is a derivation with respect to the algebra structure.
For the computations of H*(EoA), we make use of a spectral sequence (See [8J ).

LetTbe a free associative algebra generatedby {x) \ i ^ 0, ; ^ 1} U (yk Ik^0}

and a : T->E°A be an epimorphism defined by a (x})=Pj and a Cy*)=Q*. Now

T is filtered with Fp T spanned by all monomials of length <, p, with 1 assigned
length 0 and then E®A is filtered by FpE°A=a (FpT). Using this filtration, we
define a filtration of the cobar construction C(EQA*) by

FPT»J(E0A*) = S FHJ(EOA*) ®»'®Fi«J (E*A*),
ii+-~+in=p

where F'/ (EOA*) = [/(E0A)/Fi+iI (E<>A) ]*.

The resulting spectral sequence { £r,dr } converges to E0H*(E<>A) and

each Er is a tetra-graded algebra and each dr is a homomorphism

dr •E Er > Er

which is a derivation with respect to the algebra structure, where p is the filtration
degree, p+q is the homological degree, u is May's filtration degree and t is the degree

associated with the grading of A. Since the associated graded Hopf algebra E°EQA

is a tensor product of an exterior algebra E {Qk I £ ^ 0} and a twisted polynomial

algebraP {PJ | i^ 0,;^ 1} /((PJ)P), the £i termH*(E<>EdA) isequal to

E{Rj It^0,i^1}<g>P{S*|*^0}(g)P{&j |»^0,j^llasan

algebra,whereRj,S* and £j arerepresentedbyC£ f' 1, Ct* Uand S (/»-^,k)/p

C £ jp~k)p \ $jp U, respectively. Similarly, we have the dual spectral sequence

{ Er, dr ) , converging to E*H+(E*A) and having as its E1 term H*(E<>EoA)

=e{(Rj)*11^o,;^i}<g>r {(Sk)*|k^o}(g)r{oil)*H^o,j^i),
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   where F denotes a divided polynomial algebra. Dualizing the differential dr in the

   homology spectral sequence, we calculate the differential dr in this spectral sequence.

      We consider first the differential rfi. Since 3\ is a derivation, it is sufficient to

   calculate di(Rj), <?r(S*) and ct\(Rj). Ignoring the grading u and t, we have Rj,

  Sk e£l'°and R) e £p'~p+2. Then we compute the differential 31 on £2,0 and

  El+1.-P+2 : that is, dHR) /?/)*, 3HRJ S*)», #(Sk St)*, dHR)R*)* and

  d~HSk RJ)*. (R) /?/)* is representedby {Pj } * {P) } in the bar construction

   B(£° A), where * denotes the shuffle product. By the relation iii) in Theorem 1. 1,

  d{P}}* {p{}=- ([P/,P{]}«-«*.*+« {P}+/}ift^*,and«*,/+/

   {Pj+,} ifk^i. Then we have d1 (RJRhi)*=-«,-,*+* (/?*+/) if » ^ ^and

  5 a.,+i (R}+t)*ifA?^1. (/?/S*)*isrepresentedby {PJ} * {(?*} andrf {P/} *

  {Q*} =_ {[P/,Q*]} = - 5/.fe (Q,+*} bytherelationii) inTheorem1.1.

  Thenwehave<?J (J?/ S*)* = - 5,-,* (Sfe+^)*. (S*S/)* isrepresentedby {Qk I 0*}

  iffe=/and {Q*}*{Qt},ifft#/.d iQk\Qk) = {(O*)2}=0and<*{Q*}*

  {Qt) = (CQk, Qt1} = 0bytherelationi) inTheorem 1.1. Thenwe haved>

  (SkSe)*= 0. (Rjf?kt)* is representedby - {P)} * {P*|(P/)*"1} and d ( -

  {p/}*{p)\(Pkt)p-1})= {[p/.pnup})*-1} + ipticp/.cp?)*-1]}

  bytherelationiv) inTheorem'. l. lft^k,thenrf ( - {PJ} * {P) \(Pki)P~l) )

  =di.k+< {Pj+/|(Pj)*"M -5/.*+/ {PJIPj-H/CP?)^"2}.Sinced({P?+/|

  pkt\(p))p-2} - {pkt\pUA(rk<)p-2} ) = {pJ+,l<pJ>*-l> - <p}|pj+/

  (P?)*"2} , we have rfi (/?/^?)* = 0if i^ fe. Similarly, we have d1 (R'
j £*)* =
  0ifk^ i. (S*j?|)*isrepresentedby- {©*}.* {Pj|(PJ)*"x}andrf(- {Q*}*

  {PilCP/)'"1}) = {[Pj,Qkl\(PhP'1} - iP}\L(PhP'\Qk^} =8{,k

  {Qj+k\(P))P~l) + Sitk {PjIQ/+*(P/)*"2}. Sincerf({Q/+*.|P/ I

  (Pj)*-2} + {pH0;+*I(P/)/>"2} )=- {Qi+tUPi)*"1} - (Pj |Qi+*

  (Pj)p~2 } , we have Ji (Sk Rj)* = 0. Dualizing above results, we have following

   proposition.

      Proposition 1.3. The differential fit is given by

  i). h(Rj)=-^S J?/±4i?*.

   ii). h(Sk)=-*S Rk-iS{.

    iii). Ji Uth =0.

      For further computation of this spectral sequence, we make use of a sequence

  of spectral sequences. (See C 3 ]. II.4.4.~H.4.6.)
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LetXn=E{RJ|j^n} <g)P{Sk\k^n-*} ®P{&i\h£n}

be the subcomplex and subalgebra of (Et, d\) and Zn = E { Rn } <g) P {Sn-i}

<8) P {Rn \. Then filter Xn by x<g)z e FsXn if and only if x has homological degree

greater than or equal to s, where xtXn-i andz cZn, and S#«•E (g) 2,- à¬ FsXn if

and only if some *,- ® z,- cFsXn, X{ <= Xn-i,2,- eZ«.Let { «Er, rfr } denote the

resulting spectral sequence. It is easy to see that nEi = nEo = 3fn_i <S) Zn as an
;-l »-l

algebra anddt isgivenbydx(R}) =- S i?j±J /?| if;< n,rf,(S;) = - S
«=l «=o

7?*_fe Sfe if t < «-l and dxiRl) = rfi(S«-i) = rfi(^/) = 0. Therefore, nE\'* =

Hs QCn-i) (S> Zn and nE2 is an associative differential algebra. d2 is given by dz(Rn)

=-"s /?Al{ /?|, rfs(S«_i) = -*23 i?«-ft-i S* and d*Ot}) = 0.SinceHs>t
K-1 R=0

(In) = £2'' for f < 2pn~1 - J, in order to compute £2 term it suffices to calculate

the H* (Xn) successively.

§ 2. The algebra E<>H*(E0A)

We now begin the calculation of the third spectral sequences. (Compare with I -4

in [3] ). Xi = H*(X0 = Zx as an algebra, hence 2.E2 = Zi (g) Z2 as an algebra. The

differential rf2 in 2^2 is given by d2(Ri) = -#i+1 R[ and rf2(Si) = -R°i So.

Proposition 2. 1. ( [[ 3 3. Proposition II. 4. 3.) A fasts /or Me indecomposable

elements of 2Eg consists of

1). f%:-#2So-i?iSi

2). 6*/:^j,;=1or2,»^0.

3). #o:So, «i'S\

4). hi+iU,k) : Od+V"1 i?{+1 C^i>*~X,i=1or2,*=1or2,t^0.

5). hla.l) : C^?)'""1«iS{,j=lor2,0^/^p-1.

The abbreviated notations hi = A;(1,1), gi,/ = /io(l,1) and £2,/ = A?(2,1)

u/tV/ also be used, as will be h°i+i(j, k) = hi+i(j,k). Commutativity, associativity and

the following relations determine 2£3 as an algebra (unless explicitly restricted, i, j, k,

I, etc. take all values consistent with the list of generators) :

1.a). f\=0

b). A2/2=£o.3#o

c). et+i,zhi=h{+ze/,3

2.a). e,-,3 h(2,k)=0

b). eifz hi+i(2,2)=0
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C). e«,3hi+2U,2)=0

3.a). f2 hi(j,2) =0

b). f2gi,p-2 =0

4. h\U,k) hei'O',k') = 0

5.a). hi+1hi=0

b). hi+i(j,2) hU2,k)=0

c). *,•E+!(;,1) hU2,k) =hi+1(j,2) h\(l,k)

d). /*,-+2 hi+i(l,2)=hi+l(2,l) hi

6.a). e;,3 Aj+i =/2/+iC2,1)hi+hi+2 *i+i(l,2)

b). e;,3 /?£+i(2,1) = -hi+2a,2) hi+i(lt2)

c). e;l3 Af+i(l,2)= -hi+l(2,l) Af(2,1)

d). «f.s *{(!.*)= -A|+2 A'(2,*)

e). e,-t3 hi+2(j,1)= -hi+2U,2) hi

f). «,',3 «£+i,3 =-2/*;+2(2,1) A,-+i(l,2)

g). (*r,3)2= -2Al-+2(1,2) A,(2,1)

h). eo,3/s=-2Ai(2,1)^t,i

7.a). guta0=0,0£1£p-2

b). (/+1)gut «o=fci£i,/+i, 0^/^^-2

8.a). fzgi,t=-g*,t&q-higui+i, 0^1^p-3

b). figitp-i = -g2,p-i «o

c). f*g2,t =~hig2,t+i, 0^/^/)-2

b). figz.p-i = -hiho(2,l) fli

e). AtO",l)/2= -AtC;,2)a0

It is easy to see that dr = 0, r > 2 and 2^00 = H*(X2~)as an algebra. We can

now begin the calculation of the spectral sequence { 3Er} •E 3£2 is the differential algebra

H*(X2) (g> Z3 with differential determined by ^2(^3) = e«,3, rf2(S2) =A and rf2

(^1) = 0. The image of H*(X>>) in sEa is therefore H*(XZ) /I, where / is the ideal

in H*(X2) generated by {e,-, 3 } and/2

Proposition 2. 2. In dimensions t-s ^ (3p2+3p+4)q-l, q=2(p-Y), a basis for

the indecomposable elements of aEs not in H*(Xz) is given by

1. <J>3: - /?3flo-hiS2

2. £0,4:-i?JAo-^3^3

3. 02æfS2

4. bo3:$3

5. v:/^"1

6. a*/:^i,/,-2Si,l£1£P-1

7. ^3,/:i?3^2,/,0^l^p-1
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8. kUt=Ml,2)Si,1^/^p-l

kttt:Aj(2,2)S|,U/^p-l

9. v,tM(l,1) :/»8#,,,Sá", 0^/^/>-3,2^m^/>-l

"/,«(1,2) :A,*8>,ST. 0^/^/>-3or/=p-l,2^m^p-l

v,,w(2,1) :i?3hsgt,t S?, 0^m^/>-1if0^/^/>-2,w=0if/=/>-l

»t,»(2,2) :i?§^2^a,/S?, 0^I£p-l,2£m^p-1

10. trt.m:g-i,/Ai(2,1)Sá",2^/^p-Z, 1£m£p-l

ll. AT(1,2,1) :i?§Ai(2,2) S^, 0^w^p-l

12. >>:/?§Ml,2)

13. ;/:A,(1,2)h0RiSi, 1^/^/»-l

14. \/:R3a0g2,tSf"1,0^/^/>-3or/=p-l

15. £/,«:*2(1,2) ^2.^+i ST"1 - (m-1) /?JAi(2,1) ^,^+2 ST\

0^/^/>-4or/=p-2,2^m^p,wheregup=hoax

16. r: ML2) £2,/>-2 S2 -/?3Ai(2,1) ^i,/»-i

In the ctVerf range, a minimal set of relations of aEs is given by those relations holding

in the image of H*(Xv) and by the following relations

1. a). g2,1$3=-(/+3)aogs,i,0^I^p-l

b). kut-x^>a=-(/+2)//hakui,l^/^p-l

c)* /t/ ^E>3=hz fit+i,0^/^/»-2,here/*o =gi,p-2

P>P-1 $3 = higl,p-2fl2

d). h3<l>3=«oà¬0,4

e). Ml,2) ^>3=-«o^

f). ^.^^(l,2) $3=ao vp-i,p-i(2,2) ="/>-i,o(2,1) 7

g). h2gi,p-i <|>3 = -a0 ^-1,0(2,1)

h). gi,p-i 7^3=-«o^/>-i

1). >^i,p-2 <E>3 =A2 o-/,i,_i,2^/^£-3

j). fe2)m$3=(w+2)a0*7(1,2,1),0^m^^-1

k). ki,p-igi,p-i ^E>3= -hi Xp-i

1). ^2,i.-i^i,ii-i 3>3= -hi(2,1) \p-i

m). A2(l,2) ^2,i>-2 <£3 =At(2,1) "/,-i,0(2,1)

n). Ai(l,2) ft,^-i$j=-flo r

2. a). v,,m(i,l)4>j,=0,0^/^/>-3,2^m^J-l

^,«(1,2) ^>3=0,0^/^/>-3,2^m^£-1

v*-!,m(l,2) <E>3=0, 2^m^/)-2

«»/,»(2,1)3>3=0,0^/^^-2,0^m^p-l

v/)_lj0(2,l) *8 =0

b). o-/,m$3=0,2^/^/)-3,1^m^p-3orm=/>-l
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C).

d).

e).

f).

g).

h).

1).

j).

k).

1).

a).

b).

c).

d)

e)
f)

g)
h)

i).

j).

k).

1).

m).

n).

o).

P).

q)
4 . a),

p-l

P-3

P -Z,2 m

m^p-l

m £p-1,orI=p-1,

U3>3=0,1^/^/>-l

X/3>3=0,0^/^£-3

<I>3=0

&oki,m<l>3=0, 1^m*g

Ai(2,1)gi,/Oa=0, 2^/

*2^,/ <l>3=0, 0^/^i)-3

hig3,o <1>3 =0,

/?2^a,/ ^>a=0, 0^/^/>-l

«oin=0, 1^/^/»-l

0o*/,*(l,;")=0,;=1or2,0^/

flo ^-i,«(l,2) =0, 2^w^p-l

«o v/»-i,i»-i(l.2) =h2gi,p-i 7

flo "/tm(2f1)=0, 0^/^/»-2, 0

a0»t,m&,2) =0,0^/^/)-2,2

2^w^/>-2

«o*i,«=0,;=1or2,1^I^p-2

flo fcz,/>-i = -^i(2,1) y

a0<rt,m=0, 2^/^/>-3,1^m^/>-l

flo;/=0, 1^/^/»-l

a0X/=0,0^/^/»-3

a0h{~x{\,2,1)=1//h2k2,t, 1£1£P-l

flo5t,m=0, 0^/^/>-2,/%£-3,2^*^p-l

flo f/,*=l/(/+2) Ai(2,1) »/+>, /,-i(l,1), 0^/^/»-5

flo £p-4,P = - V2 haM2,1) /*/>-!

ao $P-2,p =hz(l,2) ^i,/)-i 7

«ogs,p-s7=0

flO ^25"3,/»-3 = 0

alSs,P-3=0

flo^3,/7=0,0^/^£-4

flOfcl^3,0 = 0

aogup-i hprl(l, 2,1) = -ht(2, 1) ^_i,*_i(lf2)

fliJ<=0,1^/^^-2

flijV-i =ga,p-i y

dihiga,o=0

aihoki,,=0, 1^/^/>-2

£i,/>-3 7 =1/2 Ai fip-i

g i,p-27=0

/>-l
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g%,l7=-gi,t+iki,p-lt0^/^p-2 .

g2,P-i 7=-h0kitp-\aa

b). gj,tfim=0,;=1or2,04/^p-l,1^m^£-1

c). £;,* y*.m(l',k')=0, ;=1or2, 0 ^/^/>-l, awrffe,m,/',fe'

fa&e a// values consistent with the list of generators
d). gj%tgs,m=0,j=1or2,0^I,m^p-l

e). gx,tkx,m=0,1^/^^-1,1^m^/>-2

/S0&2,*=0, 1^/^/>-l

g*,tkj,m=0,0^/^£-1,i=1or2,1</m^/>-l

f). ^i,/o-z'.m=0,;=1or2,0^/^/>-l,2^/'^£-3,1^m^£-1

#)•E ^/,/>«=0,0^/^/>-l,i=1or2,1^m^/»-l

h). ^i,;h\ (1,2.)=6,(2,1)tfa,/,0^/^p-l

gt,/AT(1,2,1) =0, 0^/,w^/>-l

O. gs.ty=h2(l,2)ga,t,o£14p-l

j). £/,/Xm=0,/=1or2,0^/^/>-l,0^m^^-3of'w=i>-l

k). gj,t£t',m=0,j=1or2,0^I^p-l,Q £I'4P~*

orV=p-2, 2^m^p

1). gj,tt=0,j=1or2,0^I^p-l

a). hi(2,1) /*!=0, 0^/^/>-l»//>=3

b). Ai(2,l)fe.,;=0, U/Z/>-l

c). At(2,1)vt,tn(X,1) =0, 0^/^p-3if2^m^p-2,

0^I^Iifm=p-l
*i(2, 1) w,/.-i(l,l) =Aa <ri,p-i = l/(/+l)/?2(l, 2)^lf^-, 7,

2 414P-*

At(2,1)y/,w(1,2) =0, 2^m^/>-lif0^I^p-3,

2^m^p-2ifI=p-l
hi(2,1)vt,m(2t1) =0, 04m^/>-lifI=0, 0^m^p-2

if1 ^/^£-2

/*!(2,1) y/,«(2,2)=0, 1^/^£-1, 2^w^£-2

d). At(2,1)k»,i=0,14I4p-l

e). Aj(2,1) <rt,m=0, 2^/^/>-3, 1^m^/>-l

f). /h(2,1) ATa»2,1) =0, 0^m^/»-l

g). Ai(2,1)^=0

h). AiC2,1);/=0,1414£-1

i). Ai(2,1)X/=0,0^/^P-3

j). At(2,1) r=0

a). fej,*7=0,j=1or2,0^/^/>-l

b). *i,//tm=0, 04I4P-l, 1^m4P-l,I+m^p-l

ki,t fip-t-i=-gz,p-s 7, 0^/4p-l, here/*0=gi,p-2

k2,i tim =kz,t' fim' if0^/,/',m,m' 4p-l, l+m=l'+m'
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=k2,i"fim"a2 if0^ I, I" ,rn,m* ^ p-1, l+m=r+m"+p

e). kj,tvk,m{l',fe')=0,j=Ior2, 0£I£p-I,andk,m,I',k'

take all values consistent with the list of generators
d). kj,tgs,m=0,j=1or2,0£I,m£p-1

e). kj.tkj'tt'=0,j=1or2,j'=1or2,Q£1,1'4p-\

f). *y,/o-/',w=0,j=\or2,0£l£p-l,2£V£p-3,1^m^p-l

g), fe2,^J>=0,0^/^/»-l

h). kj,ijm=0,j=1or2,0^/^p-1, 1^w^p-1

i). *i,<Aa(l,2)=hzki,t, l*//^p-1

j). *i,<ATa,2,1)=0,0£I,m^p-1

k). kutXm=0,Q£I£p-1,0^m^p-3orm=p-l

1). *i,/f/'.w=0,0^/^p-1,0£1'£P-4or/'=p-2,2^w^P

m). fei,/r=0, l^/^p-1

7. a), hifie=0, 1£I£p-2

b). /j,•E uf,m(k,j) =0, i = 1 or 2, I, m, k,jtakeall values consistent with

the list of generators
c). hig3tt=0, I£I£p-1

d). hik,-,t=0,j=1or2, 1£I£p-1

e). hi<Tt,m=0, 2^/^p-3, 1^w^p-1

f). hijm=0, i=1or2, 1^m^p-1

g). hi\m=0, i=1or2,Q£m£p-3

h^Xp-i = -vi>-i,o(2,1) 7

h). *i*T(l,2,1)=0,0^m^p-1

^2A?a,2,1) =0,

i). higt,m=0, 0^/^p-4or/=p-2, 2^ m^p-1,

or0^/^P-4,A=p

Ai l/>-2,/» =Ai(2, 1) vp-i,p-i(l, 2)

A2§/,«=0,0^/^p-4or/=p-2,2^m^p

j). &ir=0

ht r= -«o^2(1,2) ga,p-2

k). /*2/?0ki,p-2 -0

1). *2tfi,/7=0,0^/£P-4

m). *2*3,/7=0, 0^/^P-2

8. a), A2(ll 2) vt,m{j, k) =0, l,m,j,k take all values consistent with the list

of generators
b). Ml,2)*»,/=0,1^/^p-1

c). Ml,2)«*•E/,«=0,2^/^P-3, 1^m^p-1

d). Ml,2) *?(1,2,1)=0,0^m^P-1

e). Aa(l,2)y=0

f). A2U,2)Xm=0,0^m^p-4
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Ml,2) \m =l/(m+2) ygi.tny, 04m 4p-3

9. a), /itV=0, l£1£P-l

b). n/»/'=0,1^/,/'4p-l

c). ptvt',nt{j, ky =0, I 4 I 4 p-l, V ,m,j, k takeallvalues consistent

with the list of generators

d). fitgs,m=0,14I4P-l,04m4p-l

e). fit*?(1,2, 1) =fit'hmx'(1,2,1) if041,V.»»>»«'^/>-l, /+m=/'+m'

/*/*/zT*(l, 2, l)a2 t/0 ^ /,T ,w,m* ^ />-l, /+w=r+m*+/>

f). /i;oV,m,=0, 1^/,w4P-l,7.4V'4P-*

g). A»</m=0, 1^/,m4P-l

h). /»/\m=0,0^/4P-l,04*n4p-3orm=p-l

i). f*eSt',m=0,1414P-l,04V4P~*orV=p-2,24m4P

j). p/r=0, 14I4P-l

10. a). 72=-•E0

b). 7w,m(l,1)=0,04I4/>-3,24m4P-l

7w,m(l,2)=0,04I^/>-3^/=/)-l,2^m4p-l

7y/,m(2,1)=0,0414P-2,04m4P-l

c). 7//=0, 1^/^/)^-l

d). 7\(=0,04I4/>-3,or/=/»-l

e). 7«r/,«=0, 2^/^H. 1^m^/)-l

ll. a). ui,m(j,k) v;'«,',(;' ,k') =0, /, /' m, m' ,j,j' ,k, k' takeallvaluesconsistent

with the list of generators
b). vt,m(i,k) g3,t' =0, 04V 4P-l, I,m,j, k take all valuesconsistent

with the list of generators
c). »t,m{j,k) <rt\m =0,24V 4/>-3,I4m' 4p-l, I,mj,ktakeall

values consistent with the list of generators
d). vt,m(j,k) jm' =0, 1 4 m' ^ p-l, I, m,j, k takeallvaluesconsistent

with the list of generators
e). »p-ltta,2)*7(1,2,1)=0,14m4p-l,2414p-l

12. a). ga,tga,t'=0, 04I,V4P-l

b). g*,(<rt',m=0,04I4P-l,24V4P-3,14m4P~l

O. ga,th1(l,2,l) =0, 04l,m4P-l

d). gz,ijm=0, o4I4P-l, 14m4P-l

e). <ri,m<rt',m'=0,24I,V4p-3, 14m,m'4p-l

n. ;,cr/'.m=0,141,m4P~l,24V4P-*

S). UW=0,141,1'4P-l

Proof. The proof for the indecomposable elements consists of a rather tedious but
routine inspection of the structure of H*(AT2), in particular, of the annihilators of

generators of the ideal /. It is easily seen by considering all possible cochains that no
other indecomposable classes occur. Many of the relations listed are implied by the
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algebra structure of 3fs2. The other are easy to derive. For example, d*(R\ #i, fS2)

=eo,sgi,i S2 + R°3gi,tft =-g2,i hzSa + (/+2) /?3gut ao=g2,t 3>3+ (/+3)

floftw, for 0 ^ / ^ 0-1, which proves l.a). That the relations listed generate all
others is seen by examining all possible products.

Proposition 2. 3. The following list gives all non-zero higher differentials on those
indecomposable elements of sEa satisfying
t - s ^ (30^+30+4)0-1, tf=2(0-1).

1. rfsC/t/) =/(/-l)*i,/-2«i, 2^/^0-1

2. </3(v/,2(l, 1)) =2(/+3)/(/+l)M2, l)«Tt,/+2, 0 ^ / ^ 0-4

ds{vt,m(X, 1))=m(ro-l)(/+3)/(/+l)<r,+8,m-2.3^m^0-1,0^/^ 0-5

rfsG>*-4,«(l, 1) ) =nt(m-l)/3 ft,(2, 1)/*«-*, 3 ^ w ^ 0-1

</8(v/,hiU,2) ) =wf(wf-l)*»,iif-2^i,/+2, 0^ /^0-3, 2 ^ m^ 0-1

<fa(t*-i,m(l,2) ) =m(in-l)aife2,»i-2^1,1, 2 ^ m ^ 0-1

rfsCw/.iC2,1))=(/+3^/(/+1) ktiX,2) gi,t+i, 0£I£0-4orI = 0-2

ds{i>(,m{?,1)) =m {1+3)/(/+1) £/,«, 0^/^0-4or/ -0-2,

2 ^m^0-1
rf3(y/,w(2,2))=m(w-l)^i,/+2*7~2U,2,1),0^/^0-3,2^w^0-l

=m(m-l)fl,^1><+2 A7~ZU,2,1), /=0-2or0-1, 2 ^m^0-1

3. cf3(\;) = l/{l+2)gift+*kitp-a, 0^/^0-3

=digi,tka,p-2,I= 0-1

4. </4(y*-3,«(l,1) ) = -mcm-l)(w-2)/2a,*2)«-8l 3^w^0-1

<*4(^-3,m(2,1) ) =m(w-l)(m-2)/2axA?"3(l,2,1), 2 ^w ^0-1

-4 oasis /or ^/i« indecomposable elements of 3£oo *s obtained by deleting fit (2 ^ / ^

0-1), v/,«(/,*) (exce0f/or y/>-3,2(l,1), v/,o(2, 1), 0^ / ^ 0-1, and v/-8>m(2,1),

m=lor2),Xm(0^m^0-3orm=0-l),o-/,m(2^/^0-3,1£m£0-3)

am/f/,m (0^ /^ 0-4orI=0-2, 2^m ^ 0-1)/rom,a«d6>» adding p and, if

0 ^ 5, vm (0-2 ^ m ^ 0-1) m;/»'c/i ore represented by hi(l,2) gi,p-* S\ and

/ii(2, D^i,/>-2 S*2 (0-2 ^ w ^ 0-1) respectively to the basis for the indecomposable

elements of aEa. The algebra structure on sEx, differs from that of aEs as follows:

1. all relations involving fit (2 ^ / ^ 0-1), vt,m(j, k) {except for v/>-3,2(l,l),

vf,o(2,1), 0^/^0-1, a«dy*-3,«(2,1), m=1or2) a«a*Xm (0^w^0-3)

/or 3J53 are omitted for aEm,

2. <r/,»i (2^/^0-3, 1^m^0-3) andg,,m (0^/^0-4or/=0-2,

2 ^ m ^ 0-1) arg replaced by zero,

3. Me following additional relations for 3£oo :

13. a), axki,t=0,0^/^0-3

b). ft,(2,1)tfi,/=0, 2^/^0-2

c). ft,(2,1) /*/=0, i/0£5

d). ^i,/^2,m=0,2^/^0-1,0^w^0-3
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e). aigi,ik2tm=0,0^m^p-3

f). /»2(1,2)g*,t=0, 141£p-3orI=p-1

8). gi,r*7(1,2,1) =0,2^/4p-1,0^m4/»-3

h). «i^i,/A7(l,2,1)=0,0^/^1,0^w^^-3

14. a). a0/o=0

b). *,,//>=0,0^/^#-1

^2,/ p=0, 0^/^/>-l

c). A,(l,2) p=0

d). A^å  p=0,i=1or2

f). kittP=0, if14I£p-1andl*p-3

=-^2,/»-8 fit 4>3, «//=P-3

15. a). flo^w=0,/)-2^m^i>-l

b). ^,,/^m=0,0^/^/»-l,/>-2^w^/>-l

^2,/i?m=0,04I£P-1,P-2^m£p-l

c). hirjm=0,p-2£tn4p-1

hz1JP-2= 0

hi tjp-t = -4>3 VP-* =2A2(1,2) gi,p-3 V

d). 4>377/.-1 =0

e). 7vm=Q,p-2^m^p-l

i). /it-nm=0,p-2^m4P-l

g). klttvm=0,04I^P-l,P-2^m£p-1

16. a). axk2,m=0,04tn^p-A

b). fli/»7(1,2,1) =0, 04m^/)-4

    Proof. These are proved by making explicit use of the definition of the differentials

 in a spectral sequence. We give the proof of 3, the proofs of 1, 2 and 4 being similar.

 X/ is represented by the image in 3Eq+3'p of the cochain Rz R\ R\ So S[ S2

 cF<+3X3. In Xs, </(#§#§#!SoS'sf"1) = (p-1) RzR2R\R\SoS{+1Sf"2

 6 Ft+t* X9, which, since d2 (Xi) =0, must be congruent in Ft+i Xs to an element

 of F<+6 Xa. d(RlR02R\s[+2Sp2-2) =-Rl
2R0iR2R\s[+2St2 + (/+2)*J/?J
 R\RlSoS[+lS?"2. Therefore d(R°
3R\R\SoS[Sf"1 -1/(/+2) i?3°R2Rl
iS[+2
 Sf"2) = 1/ {1+2) R\ R\ R°2 R\ S{+2Sp2~2. By the definition, the image of 1/(1+2)

 R\R\R2R\s{+2SV2 in aEl
o+6'p~2 represents d*<\t) in aE3, and therefore da
 (X/) =1/(1+2) gi,/+2kz,p-2 if0 ^ /^ /)-3 and fli^i,^2,/,-2 if /= £-1

 as claimed. By the routine inspection of the structure of 3.E3 and the differentials d3,

 we have two new indecomposable elements p and rjm (/>-2 £ m £ p-1, p ^ 5) which

 are permanent cocycles. The algebra structure of -jli^ is easy to derive. We omit it.

    Next we state how the algebra structure of H*(Xa) differs from that of 3^00

 in the following proposition, the proof of which consists of finding representative coc-
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ycles of the indecomposable elements in Xs and checking the relations for zE^.

Proposition 2. 4. In dimensions t-s £ {3p2+3p+4) q-\, q =2{p-l), a basis

for the indecomposable elements of H*{Xs) not in the image of H*(X2) is given by :

1. /.:-tfaSo-R\S*-RlSt

2. e0)4: -R3R1-RlRl-r\Rl

3. a2:Si

4. bos:R°3

5. <y:-R°2S0Stl-RiSiSf"1

6. u:/?Jsf-2S2-/?§Sf-1

7. g»,t:RlR^Risl,Q414P-1

8. kut:R\Rlsi, l£l£p-1

k2>t :R\R\R\si, 1^/^/>-l

Q ii m •E P2P°C^-3c2 , pi nfloi>-2o j_ pO r>2o^-2o pipOc*-l

y/,o(2,1) :R°zR2iR°iS{, 0^/^p-2

Vl{2) : /?ii??/?5sf-3S2-l/2 /?§/??R°2SPr2 +1/2 i?§ J?J/??Sf'2

i;.(2) : i?°3i?fRlSf"3 Si -J?SR\ R°2S?'2 S2+R$r\ r\~2S2-R%

R\R\S>rl
vp-i, o(2, 1) : i?§i?fi?5Sf"1

10. *?(1,2,1) :,RS./?|/?}/??S?, 0^m£p-1

ll. jf:i?3/?i^2

12. ;/:R\RlR\Rls[,1^/^/>-l

T/*e algebra structure of H*(Xa) differs from that of 3.E00 as follows :
1. all relations involving g%,p-i, a-1,m (2 ^ / ^ ^)-3, £-2^ m ^£-1), £*,/>

(0 ^ / ^ />-4 or l=p-2), t, p andVm {p-2 ^ m ^ p-l) areomitedfor H*(.XS),

2. the relations 2. g), 2. h), 2. i) and 7. /) {listed in Proposition 2. 2) are omited,
3. <3>3, £0,4, A*if ^i»-3,2(1, 1), vp-a,i(2,1) and ^/>-3,2(2,1) arereplacedbyf3, <?0,4,

m, ^2(1) , f1(2) fl«rf t>2(2) respectively, and

4. 6^ following relations the corresponding those {listed in Proposition 2, 2) are replaced

for H*{X5) ;
1. a'). £2,//a=-(/+3) aQg3,t, 0^/^/>-2

/3h0u=-2a0^3,/.-i

2. a'), /aw/,o (2,1)=-^i,/+i, 0^/^#-2

fa Vi(2) = 1/2 yu

fav2(2) = 0
fa y/»-i,o(2,1) = -^0«i

O. /si/=-H+2)h[{\,2,1)^lfl|1^/^/>-l

f0. &oki,mfa=- {m+3) £1,16S,m, 1^m^^-1
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j"). h2gi,tf3 = (f+2)/(/+l) A»(l,2) gi,t+i, 0^/^p-3

k'). Ai£3,0/3=-A5(1,2,1) *ltl

1'). A2^3>//3=Wi,<+i,0^/^p-3

3. a'). a0u=hid

b'). fl0f*(D =Ai(2,1) d

0Ow,o(2,1) =-1/ (/+1) A8(l,2) #,,*+i, 0^/^/>-2

0o»i(2) =1/2 A*(l,2) «

fl0^2(2) = - i>2(1) /a

e'). floi;=gt,ik2,t, 1^/^/>-l

l'). «0£3,j>-3 7= -gltp-lk2,p.-l

k'). flogs,p-s =Ai(2,1) ^i,i>-i

1'). ao^3,/ 7=l/(/+2) ^i,/+2*2,*-i, 0^/^/>-4

m'). 0OAi^a,o=-Ai(2,1) ^2,1

4. a'). g\,P-zV=kitp-2cti

g*,tV=-gi,i+iki,p-i, Q£I£p-2

b'). g\,(U=g2,/-101, I^I^p-1

g2,tu=0, 0^/^/>-2

c'). £1,*i»2(D=-/00^3,/>+/-2, 0^/^1

=-/a0fli^3,;-2,2^/^£-1

£,,,^',0(2,1) =0, 0^/^/>-l, 0^/'^/>-2

^t,/»i(2) = -1/2h2gs,p+i-2, 0^/^1

=-1/2Aa£s,/-20i, 2^/^p-l"

^1,/W2(2) =-ga,P+1-2/a, 0^/^1

=-ga,/-2tfi/a, 2^/^/>-l

^1,/ y/»-i,o(2,1) =0, 0^/^£-1

^2,^y2(l) =0, 0*£/^/»-2

^.,, w',o(2,1) =0, 0^/,/'^/>-2

^2,/»y(2) =0, 0^/^/>-2,;=1or2

#2,/ ^-i,o(2,1) =0,0^/^p-2

i'). g*,iy=h*<l,2)g9ti,Q£1£p-2

h0uy =A2(l, 2) 5"3,/.-i

6. c'). Ai,/t>2(l) =- (/+3) ^i,j>-2A«,/+i, 0^/^/>-2

=-2gi,P-t Ai(2,2) 08, /=/>-l

ftj,i»j(l) =0, 0^/^/>-l

Ai,< v/',o(2,1) =/^{"Vl,2,1)^,/'+!, 0^/^ /»-l,

0^/'^/>-2

Ai,/»i(2) = (2/+3)/2h{{1,2,1) ^i,/,-2, 0^/^/>-l

Ai,/y2(2) = (/+3) A{+1(1,2,1) ^1,^-2, 0^/^ /»-2

=2A?(l,2,1)gi,p-2at, I=p-l

ki,t vp-uo(2,1) =/Ai'^l,2,1) AO0i, 0£1£p-l
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7. b'). hi»a(l)=-2Ai(2,1)u

htvtl0{2,1) =0, 0^/^p-3

=-h2{l,2) g2>p-2, I=/»-2

AiVj(2)=0,;=1or2

Ai y*-i,o(2,1) - 0

A2»i(l) =*,(1,2) «

Aay/,0(2,1) =0, 0^/^/>-2

Asv,(2) = -1/2ygi,p-t

hiv2(2) = -yu

hi Pi>-i,0(2,1) = 0

f'). Ai;»i=0,1^m^p-\

h2jm=mAT~!(1,2,1) £1,1, 1^w^/>-l

k'). hth0kltp-2-2#i,ik2,p-3

m'). h2g3)(y=-hi'2{1,2,1) ^,,/+»,0^/^/>-3

=-Af~2(1,2,1) hoalt I=/>-2

9. a'), u7=-ai£i,/>-i

C'). MV2(1)=0

»n,o(2,D =h2g3,p-it 1=0

=h2g3,i-iait 1^/^/>-2

«yi(2) = 1/2 g*,2P-4,f*

uv2{2) = 0

w ^/>-i»o(2, 1) =hig3,p-2ai

10. b'). W2(D 7=-01/?2,/>-l
v/,-a,o(2f1) 7=-*?~3(1,2,1) «,

y,(2) 7=1/2Af~2(l,2,1) ax

v2{2) 7=-A?"1a,2,i) «i

ll. a'). v2(l)2=0

t>2(D v/,o(2,1) =-A«(l,2) ^3)/,-i, /= 0

=-ha{l,2) #,,/-ifli, 1^/^p-2

tfa(l) i>y(2) =0, ;=1or2

Remark, The indecomposable element g2, p-i in H*{X2) is not indecomposable

in H*(X3) and is denoted by /j0 m.

We can now begin the calculation of the spectral sequence 4,Er. 4,E2 is the differ-

ential algebra H*(X3) <g) Z4 with differential determined by d2(R\) = e/,4, d2{S3)

=/a and rf2(^l) = 0. The image of H*(Xa) in 4E3 is therefore if*(X8) //, where

/ is the ideal in H*(X9) generated by {e,-, 4} and/3. The next proposition lists the

indecomposable elements and defining relations of 4E3. Its proof is similar to that of

proposition 2. 2.

Proposition 2. 5 At least in dimensions t - s £ (3p2+3p+4)q-l, a basis for
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the indecomposable elements of *Ea not in H*(Xa) is given by :
1. a3:Si

2. r:/aStl

3 . 4>4 i?4 flo +*sSa

4. Am:g2,p-aSá",1£m£p-1

5. ATm : £i,/>-3Sai, 1^m^/>-l

6. Cm:kitp-2Sá",I£m£p-\

7. E«:;V2Sá",l^m^/>-l

8. Gm:A2gi,p-SST, 1^w^/>-l

9. Lm:h2kltP-2Sá",1£m£p-1

In the cited range, defining relations of ±Ea are given by those relations holding in the

image of H*(Xa) and by the following relations:
17. a). a0Am=0,1^m^p-1

b). h0Am=0, 1^m£p-1

hiAm=h0Xm, 1^m^/>-l»//>=3

=0, 1^m^/>-lifp^,5

hiAm=0, 1£m£p-1

c). gltsAm=0,0^/^/>-l,1^m^/)-l

g2,iAm=0, 0^/^/>-2,1^m^/>-l

d). /Ji(2,I)i4m=0, 1^m^/>-l

/z2(l,2)Am=0, 1 ^m^/>-l

e). uAm=0, 1^m£p-1

f). v2(D^4m=0, 1^m^/>-l

w,o(2,I)i4«=0, 0^/^/>-2, 1£w^/)-l

g). ft,/^4m=0,0^/^/»-l,1^w^/)-l

h). ki,(Am=0, 0^/^/>-l, 1^w^/j-1,wAere*i,0=Ai(l,2)

fe2);Am =0, 0^/^/>-l, 1^m^/>-l, w/tere^2,o=Ai(2,2)

i). ;'/i4«=0, 1^/,m^/)-l

j). AmAm'=0, 1^m,m'^/>-l

AmXt=0, 1^m,/^/>-l

18. a), flo^w=0, 1^m^/>-l

atXm=0,I£m£p-1

b). /*iXm=0,1^w^/>-l

A2Xm=0, 1^m^/)-l«//»=3or1^mZ/>-2://>^5

=-3fc,,/,-4r,I=p-lif/>^5

c). ^i,^ATm=0, 1<£I,m£p-1

gz,iXm-0, 0^/^/>-2, l^m^/>-l

d). A,(2,1)ATm=0, 1^m^£-1
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e). fXm=0,1^m^p-l

f). uXm=0,1^m^p-l

g). t>2(1) Xtn=0, 1^W^£-1

h). #3,*Xm=0,0^/^p-l,1^W^p-l

i). kl,eXm=0,0£l4P-lll£m£p-l

k2,tXm=0,0^/^^-1,1^W^/>-l

j). jtXt*=0,1£l,m£p-l

k). AT«Xm'=0, 1^m,m'^£-1

19. a). a0Cm=0,1^m^/>-l

b). /JiC«=0)j=0orl,Um^H

c). #i,fCm=0,/=1,1^m^/>-2or2^I^p-l,\£m£p-l

=-h0k2fp-2F,1=1,m=p-l

g2,tCm=0, 0^/^p-l, \^md,p-l

20. a). a0Em=0,1^m^£-2

=gi.iC/,-i, m=p-l

atEm=0,1^m^£-1

b). A,-Em=0,t=0or1,1^m^£-1

c). £i,/.&»=0, 1^/,m'^£-1

21. a). a0Gm=0,1^m^/)-l

b). A,-Gm=0,»=0,1or2,l^m^/>-l

c). gi,iGm=0,I^l,m^p-l

g2,iGm=0,0^/^/>-2,1^m£p-l

d). Ai(2,1)Gm=0,1^m^/>-l

e). yGm=aiLm,1^w^£-1

f). wGw=0,1^w^£-1

g). ii,A=0,0^/^p-l,1^m^p-l

22. a). fl0^«=0,1^m^/>-l

b). hiLm=0,1^m^£-1

c). ^i,/Lm=0, 1^/,m^/>-l

^r2,/Lm=0, 0^/^p-2, 1^m^/>-l

d). «Lm=0,1^m^£-1

e). *i,*Lm=0,0^/^£-1, 1*£m^£-1

Proposition 2. 6. The higher differentials on those indecomposable elements of 4£3

are zero except for the following :

1. rf3(A2) =-2«2(2)

2. rf3(G2) =-2aijy

in i/ie ra«^e t-s ^ (3/>2+3/>+4)^-1 •Ei4 feasis /or f/je indecomposable elements of 4£oo

xs obtained by deleting v2(2) /rom ^Ae 6osts /or */ie imo^e o/ H*(XS) in 4E3 fl«rf adding

a3,r,<|>4,ii,Xm(1 ^m^ 2),CuEltd andU •E /w^edterfra«^, ^e

algebra structure of 4Ea> differs from that of 4Ea only in that all relations involving
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Az and G2 are omited for 4-Eqo, v2(2) is replaced by zero and following relation is

added :
23. a). axy=0. .

Proof. This is similarly proved to Proposition 2. 3. We omit it.

Proposition 2. 7. At least in dimensions t-s ^ (3£2+3£+4)#-l, a basis for the

indecomposable elements of £2, is given by :

1. fl0:Soe(1,0),

at :Spt à¬ {p, (pi+pi-1+-+P)q), i^1

2. bn:R[c(2,pt+iq-2)

bi2 : Rh. e (2, />«(/>2+/0<?-2)

6,8 : £3 f (2,pi(P^+P2+P)Q-2)

3. A,:/?{f(1,^^-1)

4. At(2, 1) : #2/?! e (2, (/>2+2/))<?-2)

*«(1, 2) : /?? Rl 6 (2, (2^+/>)<7-2)

5. *,/ : fl?Sf«a+1, (/+1)^-1), 1^/^/>-l

tflf/ : RiR°iS{ à¬ (/+2, (^+/+2)fl-2), 0 ^/^/>-2

A,/ : RlR°2Rls{ e (/+3f (/»2+2/>+/+3)g-l), Q4I4p-3

6. 7 i-ze^SoSf"1 -/eiStSf"1 f (/>+i, (/>2+p)^-d

T: -.RgSoS?-1 -RlSzSt'1 -R^StSi'1 e (/»+l, (^+/>8+/>)«-l)

7. «:i??Sf-2 -^^Sf"1 f (P,2pq-1)

8. *,,/ : /?}/?2S2 à¬ (1+2, (tp+lp+l+l) q-2), Q^I£p-1

k2,i : R2R1R2S2 e (/+3, (/>2+(/+3)/>+/+l)^-3), 0 ^ I ^ p-Z or

l=p-l

9. ATd, 2, 1) : Rl R\ R\ R\ Sá" e (m+4, (2/)2+(m+4)p+m+2)q-4),

0 ^m£p-2

10. y : RlR\R\ e (3, (3/>2+2/)+l)^-3)

ll. v/>0(2,1) :HiR\R\S{ e (1+3, (2p*+p+l+2)q-3), 0^I£p-2

12. u :R\R\R\R3Si e (/+4, <J>2+(l+3)p+l+3)q-4), 1 ^ I^p-3or

1=p-\if/>^5

13. u; : i?2/?!Sf"3S3 -/?§/??Sf~3S2+R3R2Sf"2 f (/), (p*+3p)q-2)

14. x:/?}RlSf"3S3+1/2RlR\Sp2~2-1/2R\r\S?"2

e (/», (2/>2+/>-l) 9-2)

^2 :/?!R\Si"3Si +i?§R\Sf"2S3-i?JR\Sf"2S3-/?§r\Sf'1

e (^+1, (3/>2+2/»)9-2)

15. G '. R\R\Sp~2S3 +RlR\Sf"1 e (/»+l, (2p*+2p)q-2)


