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16. L:R\R\R\St2S3-R°3R\r\Sf"1-R\R\R°2Stl

e (p+2, (3p'l+2p) q-3)

The algebra structure of £2 differs from that of ^E^ as follows :
1. all relations involving gs,p-2, ga,p-i, jp-2, k2,p-2, v2(l), v^2),

vP-i, o(2, 1), hi'1(I, 2, 1), Ci, Et and, ifp=3, ;2 for ^E^ areomittedfor £2,

2. A1} Xi, X2, Gi andLi are replacedby w, x, #2, G andL respectively,

3. by following relations the coresponding those (listed in Proposition 2. 5) are replaced
forEi'

17. by). hxw=hox, ifp=3

=0,ifp^5

O. gutw=atga,t-*,2£I£p-1

g2,iw=0,0^/^p-2

h'). ki,Qw=g2,0X, ifp=3

k1,2W=h1g3t0a2, ifp=3

ki,iw=0,0^/^p-3orI=p-\ifp^5

ki,p-zW=ga,p-47, ifP^5

*2,^=^i,/»_aA{+1(1,2,1), 0^/^p-2

=gi,P-shl (1,2,1) «2, /=/>-l

j'). w2=0

ivx=g2,0%i, ifP=3

=1/2A2£3,/>-4«z, i/p^> 5

18. a'). a0x=0

«oX2 =hzO-, 2) fl2

atx=1/2 ft2gi,p-202

01#2=Gfl2

b'). fax=0

C). gi,tx=0,1£1£p-l

gutx2="«-i,o(2,1)02, 1^/^£-1

*.,/*=0,1^/^/>-2

g2,tX2=-h2ga,t-iaz, 1^I^p-2

k'). x2 =*i(l,2)*8, ///>=3

e'). yx=1/2A2fei,/»-202

f). MJC=/»2g2,p-3&2

UX2 =h2wa2

21. a'). OoG=*2(1,2)ai

b'). hiG=A8(l,2)«

/tsG=0

O. ^i,/G=y/_i>0(2,1)«i, 1^/^/»-l

g*,tG=-uyo,o(2,1), /=0

=-^2^3,^-1«i,1^^^^-2
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f')•E uG=h2wax

g'). *i,/G=0,0^/*£p-3

=v/,-3,o(2,1)7, /=P~2 .

=Aa(l, 2)^2)/,_2«2 -at*f'2(l,2, 1), /=/>-l

22. a'), ao£å =Ml,2)7

b'). AxL=-*,(1,2)&i,/>_i

C). ^1,/L=w-i,o(2,1)7, 1^/^/>-l

#>,/L=#,/+,*?-2(l,2,1).0^/^/>-2

d'). «L=a1/if-2(l,2>1)

4. ^/?e following additional relations for E2 :

24. a). a\w=Ai(2,l)ax

aQh2w=h*(l,2)u

a0w7=-aikt,p-i

b). fli;/>-i=£1,1 ytv, ifp^5

fllA?"2(l(2, 1) =h^w

c). A0*i,iw=0, t//>=3

gl,p-2&2,/>-l = 0

^i,i-Ai(l,2, 1) =1/2h2kltlw, ifp=3

d). uk2fp-a=0

«Af-2(l,2,1) = 0

«vo,o(2,1) =A2gi,iw

e). /»2(1,2)kltP-2=0

Ai(2,2) gltta2 =0, »//)=3

5. iAe relation 17, a) (/fsW xn Proposition 2. 5) is omitedfor £2.

Proof. By the similar proof to Proposition 2. 4, we have the structure of H*(X4)

in the range t-s £ (3p2+3p+4)q-1. Since/4 = 0in H*(Xn) for n ^ 5 which
is correspondent to 3>4 in 4^00» the structure of £2 is derived from H*(X4) by repla-

cing /4 by zero.

We can now begin the computation of the spectral sequence {£r\. From dimen-
sional and filtrational considerations, we find that dr = 0 for 2 ^ r £ p-2. The next

proposition gives the form of dp-i and descrives the structure of Ep by stating how
it differs from that of £2.

Proposition 2. 8. In dimensions t - s ^ (3p2+3p+4)q - 1, the non-zero differ-
entials Up-\ on £p-1 are given by the following :

1. dp-i(gi,p-i)=«o 1h

d p-i(g2,p-2) =hiao b 01

/ >-3,dp-i(ga,p-s) = Ai(2,l)aJ"6b0t

2. dp-iiy)= -atb02 -aibu
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dp-\(r) = -00^03 -dib\2 -02621

3. dp-i(ki,p-2) =gi,p-zbi\

dp-i(ki,p-i)= -h\dQ 602-ubn

dp-i(kz,p-a) = fi2gitp-abu

dP-i(k-2,P-i) = /ti(2,l)flo~16O2 + aobuw

4. dp-x^3(1,2,1)) = -up-a,0(2,l)bll

dp-i(hpr2(l,2,l)) = h2wb11+h2h1(2,l)at~2b02

5. 3p-i(y) =kltObn, ifp=3

dp-t(vp-2,o(?,l)) = A2(l,2)fl?-26oi

dp--i(jp-i) =gi,iwbu, ifp^ 5

dp-x(L) = - Gbu - A2(l,2)fl?"1602

A basis for the indecomposable elements of Ep is obtained as follows :
1« gi>P-it gz,P-2, ga>P-3> V,r,kltp-2, kitp-i, kz,p-z, k2,p-i, hi (1,2,1),

h{~2(l,2,l), vp-2,o(2,l), L, y ifp=3 and jp-i ifp ^ 5 are delectedfrom that

of£2,and

2. T, A and ,ifp=3, f, •E*•E,:t, ii which are representedbyhokltp-2, hQh\~ (1,

2,1), higs,o, ^2(1,2)^3,0, ^i^ ««rf h2h°i(1,2,1) m £2, respectively, areaddedto those.

The algebra structure of Ep differs from that of £2 as follows :
1. all relations involving the deleted basis elements for Ez are omitted for Ep, and

2. the following additional relations for £p :
25. a). a%~lbOi=0

ao~2h1bQ1 = 0

a%~3hi(2,l)b01 = 0

b). aobQ2+aibn=0

«0&03 +01&12 + fl2&21 = 0

c). gi,p-zbu -0

«6n + ao~1hi

higi,p-zbii = 0

flj"1/i1(2,l)6o2 J

d ). v/,-3,o(2,l)6ii = 0

ubn-Va% 1hib02= 0

a% !/ii(2,l)6o2 + flo^nw = 0

Aa«»6ii + &2&1(2,l)0o 2*o2 = 0

e). &i,o&2i =0, i/i>=3

«J"2/j2(l,2)6Oi = 0

gi,itvbn =0, ifp^5

Gbu + aj~1/i2(l,2)&o2 = 0

26. a). a\T=0,i=0or1
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b). gx,iT=0,0£I£p-2

gi,iT=0, 0^/^p-3

gs.iT=0, 0^/^p-4

c). /*,7=0

hzT=-a0V, ifp=3

=2a0jP-3, ifp^5

b). Ai(2,i)r=o

A2(lt2)T = 0

e). klpty=0,0^/^/»-3

*2,/^=0,0^/^/>-4

f). «7=0

g). ^T(1,2,1)T=0, 0^m^/)-4

h). jmT=0, l^m^/>-3

i). v,,o(2,l)7=0, 0^/^/>-3

j). wT= 0

XT = 0

k). G7=0

ra= o
r-i? =0, ifp=3

27. a), fli\<i =0, »=0or1

b). gxtt<\ =0, 0^/^/)-2

^2,M =0,0^/^/>-3

c). /i,^ =0

b). kUi4=0,0^/^/>-3

e). m-< =0

28. a). diV=0

b). #i,/*=0,0^/^£-2

£2,/?=0, 0^/^/>-3

c). h{<y=0, t=lor2

d). /*i(2,l)* = 0

e). *i,/*=0,0£/^/»-3

f). u?=0

g). «">= 0

*£ = 0

29. a). aoj.=0

b). ^,,/i=0,0£I£p-2

30. a), a,f^-=0, x=0or1

b). gxtt*=0,0^/^£-2

c). /*,*=0

d). aQfi=0
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Proof. These are proved by the imbedding method; that is, we first compute the
differential Bp~ l in homology spectral sequence and then by dualizing it we obtain
the differential in this spectral sequence. We give the proof of dp-i(g\,t) = 0 if 0

6 -1
^ / ^ p-2 anda% 6Oi if l=p-l, the proofs of others being similar. Since gi,t

'frt+l.0.1.2IP+2P-1-2 i { \ &P+\,2-p.t,2lP+2P-1-2 t^«,««a!

f Ep-i , dp-\\g\,i) e Bp-i . There areno in-
decomposable elements having non-zero second degree in Ep-i except for &,•E/æf For

the dimensional and filtrational reasons, dp-i(gi,0 = 0 for 0 ^ / ^ p-2 and dp-i

(gi,p-i) = aao~1bQi, a e Zp. Then we determine dP~1((ao~1bOi)*). (ao~lbol)* is

represented by - {Q0}P~l * {P°i\(P°i)P~l} inB(E°A).

d(PH(-d/+1moo}*''-1 MCpJD^Qx]'Up!)*"'"1))

«=o

=s2 c-d'iMOo}*-'"1•E{Cq,]i|cp1)p'1}

+ S2 (-1)' t!{Qo}/"'~1*{[Fn*[G1J<'"1|01(P!)/>"/"1}
1=1

+*S (-1)'";! {Qo}^1"2*{lLp\,Oo]]*:^]'!^!)*"'"1}

+ *S (-l)i+1i!{Qo}*"'-z •E{[P!]*[Qi:'IC(i'!)*"'"1,Oo]}
j=0

«=0

+ *s (-d'+1 (i+i)i {Qo}p~{~2 * {[p?]•ECoil'Iq1(jpS)/>">'"2}
1=0

+ "it (-1)' (i+l)!{Q0}*"'"2*{[O,]'+1|(P!)*"'"1}
1=0

+ S (-1)' (i+1)! {Qo}p-i~2*{lPll*LQrli\Qi(P°i)P~i~2}
1=0

Then we have dP~l((«?"l*oO*) = C^».*-i)* and rf/,-i(^,,/,-i) = flo~160i by du-

alizing it. The algebre structure of £/, is obtained by the tedious but routine calculat-

ions. We omit this.

Proposition 2.9. In dimensions t-s £ (3p2+3p+4)q-l, the non-zero differentials

d^p-3 on Ezp-o are given by the following :

1. f?2j>-3(7) =flO 6Ol6ll

2. fap-*W = ao~3/*2(l,2)&oi&ii

3. <M*) =*»Mn, i//>=3

dzp-a(jp-a) = h2ap~3bOibii, ifp ^> 5

4. JsC*) =hobubn, ifp=3

5. JaC*) = -£2,0611621, ifp=3
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A basis for the indecomposable elements of E*p-* = E^ = E°H*(E°A) is obtained by

deleting T •EA •EV •E:t •E* and jp-s if p ^ 5 from the basis for the indecomposable

elements of E . The algebra structure on E°H*(E°A) differs from that of E only in
P p

that all relations involving the deleted basis elements for Ep are omited for E°H*(E°A)

and the following relations are added to the list for E°H*(E°A) :

31. a), af^oibn=0

b). flo"3^2(l,2)601611 = 0

c). ao~3h2bolbu= 0

d). hobubii=0, ifp=3

e). ^2,0611*21 =0, ifp=3

Proof. These are similarly proved to Proposition 2.8. We omit it.

§ 3. The algebra structure of H*(E°A)

Since we have computed H*(E°A) by spectral sequence, the relations in Prop-

osition 2.9 are actually the relations according to the algebra structure of E°H*(E°A).

In this section we determine the algebra structure of H*(E°A). The product in H*(E°A)

of two elements always contains as a summand their product in E°H*(E°A) but may

possibly contain also other terms of the same tri-grading (p+q%u, t) but of higher weight

p in the sense of section 1. Then checking the tetra-grading of the product in Prop-

osition 2.9. we can show that almost all relations hold in H*(E°A). For example, we

consider the relation aogi, t = 0, 0 ^ / ^ p-2, for E°H*(E°A). The product aoglt{

has tetra-grading (l+2,0J, (l+l)q+l+l) and there exists no element having tetra-

grading (/+2-«,«,/, (l+l)q+l+l) for u < 0 in EQH*(E°A). Then the relation aogi, 1

=0, 0 ^ / ^ P~2, holds in H*(E®A). When we can not determine the product in

H*(E^A) by dimensional and filtrational considerations, we determine it by the com-

putation of its coproduct in H*(E<>A); sample calculations are given in the following

lemmas.

Lemma3.1. gltigi,p-t-2= - l/(/+l) «o~2&oi. 0 ^ / ^ p-2% in H*(E»A).

Proof. The relation gi, tgi, ti = 0, 0 ^ /,/' ^ p-2, holds in E*H*(E*A).The

product glt (gl, (' has tetra-grading (l+V+2^,1+1',(l+l'+2)q+l+l'). There exists only

one element a%~2b01 having the same tri-grading (l+l'+2,l+l', (l+l'+2)q+l+l') in

E0H*(E<>A). Then the relation gltiglt t' = 0, 0 ^ /,/' ^ p-2 and l+l'^p-2, holds

in H*(EQA) and the product giytgi,p-t2 (0 ^ 1 ^ p-2) is aa%~2b01 (aezp,

possibly a ^ 0) in H*(E<>A). For the determination of a we compute the coproduct

of the dual homology class (at~2b01)* in H*(E°A) of a%~2b0i. It is easy to see that

acycle £? (-1)'+1 i\ {[P?]*[Qi] ' | (P\)p~l~l}*{Qo}*"*~*represents

(ap~2boi)* in the bar construction B(£M). Then D( S (-l)i+i 1! {[P?]*
i=0
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LQil*I(p!)*-'-M*{Qo}*-'-2) = "s *s <-i)'+* i\ {Cp?]*[OiD'I
k=2 f=0

k*=l m=1 »=»»-1

jfe=0 w=0

t=m
{QQ}p+m-k-i-2

is homologous to

h kH(-l)'+i tl {[Pn*CQx]'Up!)*"1""1) * {Qo}*"1'"2®iQo)p'k+
k=2 j=0

"s -lA {P?}* {Q,}*"1®{P$}*{Ot}*-*-1^-^2*S"2(-l)'i!{Qo>*
A=l A=0 «=0

(^{[Pil^CQ!] 'I(Pi)*"'"1} * {Qo}*"*"'"2inB(^O>1)®B(^o^).Thenwe

have * ap0-2b0i)* = S (flo"26o0*® («o~*)*+*23 -1/*Ori,*-j)*® (gup-k~1)*

k=2 k=2

P-2
+ S («o)*(E)(ao~fe~26oi)*- Therefore we have the relation gutgup-t-2= -1/tf+1)

k=o
«o~260i (0 ^ / ^ /»-2) for H*(£0i4) by dualizing above result.

Lemma 3.2. hx,igz,m = -1/6 a%~**hzb^bw if l=p-* and m=0, 0 if otherwise

forp^5.

Proof. Checking the tetra-grading of kutgn,m, it is easy to see that kifigs,m = 0

except in the case l=p-A and m=0, and that kup-4ga,o = /9 ao ^hzboibn (0e Zp,

possibly /3 # 0) in if*(E°A). By the tedious but routine calculations, we see that a

cycle

*i?(-i)' ;i {CpS3*CQi]'Up!)*"'"1} *<p5I(p!)*"1}*<p?}*<Qo}
i=0

æf-'å 4+ s* (-i)*+i (i+D! ilPil •ECp5]*CQi]'Upi^'-'-'UpI)*"1}*
«=0

{/>!) *{«.>*-'-*+'s s"'s"(-ul+*a#-i+Di {CCpH^pS]1-'
1=0 *=0 i=0

•ECQ.]*|(P1i)*"*+/"2>CPny*[Qi]'"*l(P!)*"'"1} *{P?} * {Qo)

p-*-*+ pjz p'±~2 ± (-\)i+j+i(k+j)\(k+i+iy./k\ {[p?]*[p!]*[p§]*
,•E=0 k=0 ;=0

[Oil '"' *[Q2]M(P2)ft(P?)/>~fe"J""2(p!)/'"A"i"2} * iP2} * {Qo}''"'"4 ^-

*s (-D'-(m)! {[:p?>[p2°]*COi] ' I (p!)*-'"2>Cp}]| (P?)*"2} *
j=0

{Qo}'"'"4+'s (-D'+1 fl {Cp!]*CQi]'Up?)*"'"1} * (Cp!]*Cp2]|
j=0
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 (Pi)*"2} •E {Qo>*"'-*+ *S (-I)l+I(i+D! {[[Pn*[P§]*[Qt]l'|(P5)

                            1=0
 >-<-*! *Ip\1\(p\)>-*} * {Q.}*-'-4+*i34 (-i)'+1(,+?)!{[p?]*Cp!!]*

                                             i=0
 [Pa] *CQ.H'|(P?)*"'"3l(^i)*""2} * <Oo}*"'"4+PS S (-l)'+*fl(*+2)l

                                                  t=0 A=0
 {[[p!]*Cp2°]*[pn*[Q2]* I (Pi)*-*-3>[Qi]'-* I (P?)*-'"l> *

 {Qo}p-'-4+*s s (-D'+^^Kik+Di^ccpn^cpi]*:©.]*!^1!)^*"2]

                j=1 A=1
   r- A-i r-  -i •E 1.1  n * •E ,   ,  . * •E a  P-4 P-i-2 minU.P-k-S) *[P?]*[Qi]'"* (PS)*""1""1 *{Q.}*-f-4+ S S   S  (-1)
                                               iå =0  ft=0      ;=0
 '*'(*+/)!(*+»+l)!(*+i+2)/*! {[Pi]*[Pi]*CP2]*[Pz]* [Qi]£";" *

 Cq.VK^^p?)*"*"'"2^!)*"*"'"3} * {q.}*"'"4+ *s *s"3 s (-D

                                                     i=0  fe=0  ;=0
 '+'(*+j)!(*+i+2)!/W (CpH*[Pi]*[P?]*[P§]*[Qi]'"' *[Q.II' I

 (p§)*(p?)/'-*-|"-3(p!)/)-*-;"-3 } * {Qo}*-'-*

 represents the homology class (ao~4h2boibn)*. For the determination of /3 it is suf-

 ficient to determine the coefficient of (fei ,/>-4)*<S) (£3,0)* in Vr (flo~4^2/'oi6ii)*. Then

 it is sufficient to consider the following terms of D(above representative cycle of (a*

 htboibu)*) in B(E°A) (g>B(E°A); (/>-4)!(/>-3)! {P\ } * {P%} * (Q2}P~A®{(Pi)2|

 (P?)3 }*{P?} - S (ife+/>-4)!(feH-/,-3)!A!{P!}*{Pn*{Q2}/'-4(8){P?| (P^ft

 (P?)2"*(Pl)2"A} * {P2i}+ (P-4)\(P-2)\{P\}*{Pl}*{Q*}p-*(8)\P\\P\\

 (P?)3}+ S (fe+/>-4)!^+/.-2)!/fe!{p}}*{PU*{e2}/>"4(g){[Pi ]*[P{]|
            A=0

 (pS)*(P})2-*(p1)1-*> + 23 (k+p-4)\(k+p-2)l/k\{p\} * {P°
2} * {Q0}p-*®
                            k=0
 {[P! >[P3° ]| (P2°)*CP!) ^^CPl)1"* } is homologous to

 2(p-3)\(p-4)\ {P\}*{Pi}*{Q2}*-4®iP\}*iP\}*{Pl).

 Then /3 = -1/6 and we have a relation ki,p-4g3,o = -1/6 flo~4^2^oi6n.

    Remark. In the special case we can use manipulative method to determine the

 product in H*(E°A). For example, we consider the relations wh2 (1,2) = Oand hi (2,1)G= 0

 in EaH*(E°A) in the case p=3. In May spectral sequence da(wht(1,2)) = -Gohibubn

 # 0 and rfa(A,(2,l)G) = -alhibubu =V 0 in Ea. Then wh2(l,2) * 0 and *1(2,1)G

 # 0 in //æf(EoA). It is only possible that wh»(1,2) = -00^21602 - 00601^12 and Ai(2,l)G

  = - ^0621602 in H*(E°A).

    We extend Lemma 3.1 and 3.2 to obtain the following results.

    Theorem 3.3. In the dimensions t-s Z (3p2+3p+4)q-l, a basis for the indec-
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 omposable elements of H*(E0A) is given by the following :

    1. flo : So e (1,0,0)  (s,t-s,u), u: May's weight

     at :Spi e (p,(Pi+Pi-l+-+P)i,ip), i^ 1

   2. bn :R[ c (2,pi+iq-2xp-2)

     6,2 : r{ e (2,pi(p*+P)q-2,2p-2)

     bi* : Ri e (2,/>« C/>3+^2+^)^-2,3/)-2)

    3. hi:R\((l,piq-l,0)

    4. A,(2,1) : i?2/?i « (2,(/>2+2/>)^-2,l)

    A8(l,2) : RiRl e (2,(2^+^)^-2,1)

   5. gut :/??S{ t (/+l,(/+l)<jr-l,/), Q^I^p-2

      gut : /?2#iSi 6 (/+2,(/>+/+2)$-2,/+l), o^ / ^ £-3

      £3>, : i?3i?2/?iSi c (l+3,(p*+2p+l+3)q-3,3+l), 0 ^ / ^ p-4

   6. fe,,/ : i?!i?2S2 e (/+2,(2/»+//>+/+l)g-2,2/+l), 0 ^ / ^ />-3

     *«,/ : /?2i?!i?2S2 6 (/+3,(/>2+3^+//>+/+l)^-3,2/+2)> 0 ^ / ^ /»-4

   7. u :/e?Si"2S2 - i^^r1 à¬ (p,2pq-l,p)

   8. AT(1,2,1) : /?3#2#i#2ST e (m+4,(2/>2+4^+w/»+m+2)^-4,2m+4), O^w

       ^/>-4

   9. > : RiRzRiRlSá" e (m+4,(/>2+3/>+m^+m+3)g-4,2m+3), 1 ^m ^ /»-4

   10. vm : i?si?i/?iST e (m+3,(2/)2+/>+w+2)^-31w+2), 0 ^ m ^ />-3

   ll. jr : /?§/?2ii?2 à¬ (3,(3/>2+2/>+l)<7-3,3), ifp ^ 5

   12. w : i?§/??Sf"3S3 - i?§/?§S?~3S2 + R3i?SS?"2 f (/>,(£2+3£)<z-2,£+l)

   13. x : /??i?§Sf-3Sa + 1/2 RlR\S%-2 - 1/2 r\r0
2SP2~2 e (p,(2p2+p~l)q-
       2,2p-2)

    x, : R\R\si~zS\ + /?3/?lsf-2S3 - r\r\Sp2~2S, -rIr\sp2~1 t (p+1,

      (3p* +2p)q-2,2p+l)

   14. g : «i/?Ssrzs. + flSais?"1 e (/>+i.(2^+2^^-2,^+1)

   15. i : /??/?|i?§i?2^i à¬ (5,(3£2+3/>+3)4-5), »/ /)=3.

 /« Me cite/ raw^e, Me algebra structure of H*(E0A) is determined by the following

  relations :

    1. a). aogut=0,0^/^^-2

     b). flo£2,/=0, 0^/^/>-3

     c). a0g3,t=0,0^/^#-4

     d). flofei.r=0, 0^/^/>-3

      e). fl0fe2,/=0, 0^/^/>-4

      f). aou=/?ifli
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g). floA7(l,2,l) =0, 0^w^p-4

h). aojm=0, 1^m^p-4ifp^5

i). aovm=0, 04m£p-3

j). aoy=0

k). aox= 0

«o*2 = /*2(l,2)a2

1). floG=A2(l,2)a,

m). a0j.= 0

2. a). 0^2,*=gi,/+i«, 0^/^/>-3

b). axg9,t=g\,i+2W, 0£I£p-A

c). aih1(2,l) =flow

d). flifci,/=0, 0^/^/»-3

e). a,Aj2l;=0, 0^/^£-4

f). a,*7(1,2,1) =0, O^m^/>-4

g). dim=0, 1^m^£-4

h). fl!t>m=gi,m+iG, 0^m^p-3

i). flijy=0

j). djx= 1/2 A25"i,/>-2fl2

3. a). a2vm=gi,m+ix*% 0£m£p-Z

b). a«*?~4(1,2,1) =2x2 ifp^5

4. a). gu^gi,i'= -l/(/+l) fl$"2*oi, 0^/,/' ^/>-2andl+V=p-2

=0, 0^/,/' ^P-2and/+/' =V/)-2

b). gi,tg2,i' = -l/(l+l)apQ~3h1b0U0^I^P-2,0£l'£p-2,l+V=p-Z

=0, 0^/ ^/>-2, 0^/'^/)-3, /+/'=¥/>-3

c). gs.tgx.t*= -1/(1+3) aS~4/*i(2,l)6o,, 0^/^P-2,0£1'£p-t

and l+V=p-4

=0, 0^/^p-2, 0£I'^P-4,/+/'=¥/>-4

d). Ai^iw=0, 0^/^/>-2

e). Ai(2,l)^i,/=0, 0^/^p-2

f). ht(l,2)gi,i=0, 0416p-2

g). fti,o^i.o =hig2l0

ki,igi,m=0,0 ^/^>-3,l^m^£-2

b). ^i,/A;2,m=0, 0^/4p-2, 0^m^/>-4

i). ^i.°Aia,2,l) =*i(2,l)ft,i ifp^5

tfi,/A7(1,2,1)=0, 1^I^£-2, 0^m^£-4

j). tfi,tjm=0, 0^/^/»-2, 1^m4p-4

k). ^i,/t;w,=-l/(/+l)fl^"3/l2(l>2)6oi,0^/^/>-2,0^m£p-3,l+m=p-3

=0, 0^/^/)-2, 0^w^p-3,l+tn#/)-3
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1). gi,iy=o, i41£p-2

m). gi,ox=hiiv-aQh2bo2 ifp=3

gi,ix=Q, 1^/^p-2

n). gi,tJ-=0,0^/^p-2ifp=3

5. a). g2,tg*,t'= -k1)0boi, l=l'=0ifp=3

=0, 0^/,/'^£-3ifp^5

b). g2,iga,i'=0, 0^/^/>-3, 0^/'^/>-4

c). hrg2,(=0, 1^/^/)-3

d). Asft,/=0, 0^/^£-3

e). &i(2,1)^2,/=0, 0^/^p-3

f). Aa(l,2)ft,/=0, 0^/^/>-3

g). k1>mg2,t = -1/2«o~36oi6n, m=p-3, 1=0

=0, otherwise
h). #2,/^2,m=0,0^/^/>-3,0^m^/>-4

i). g2,tu=0,0^/^/>-3

j). ^2,^7(1,2,1) = V2 flo"4A2(l,2)6oi6i1, /=0, m=/>-4

=0, otherwise
k). ^2,;;».=0,0^/^/>-3,1^m^/>-4

O- ^.(^=1/C/+2) «o~4^i/i2(l,2)6oi, 0^ l,m ^ /)-3, 1+»k=p-4

=0, otherwise
m). ^2,0^ = ^2(1.2)^3,0

^2,1^=0, 1^/^/>-3

n). g2,tw=gi,th2b02 -bOix, 1=0 ifp=3

=0,0^l^p-3ifp^5
o). ^«,/x=0, ]^/^/»-3

p). ^2,0^2=wxifp=3

g2,(X2= -h2g3,I-lfl2, 1^/^/>-3

=-2 «>*, /=/>-3 t//);> 5

q). ^2,/G=-uvi,0^/^p-3

=-h2gz,t-\ai, \^I^p-3

6. a). g*,fga,t'=0, 0£1,1'£p-4

b). higa,i=0,1^/^/>-4

c). Ai(2,l)^8,i=0, 1^/^/>-4

d). h2(l,2)ga>l=0, I£14p-4

e). fei,/^3,w = -1/6flo~4^26oi6n, l=p-4, m=0

=0, otherwise
f). k2>tg3,m = -1/2 «o"4/«2(l,2)6oi61,, l=p-4, m=0

=0, otherwise
g). ^3,»n=0,0^m^/>-4

h ). tfa.fi*=0, 0^/^/>-4,1^m^/>-4

37
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8 .

i).

j).

a),

b).

c).

d).

e).

f).

g).

h).

i).

j).

k).

1).

a).

b)
c).

d)
e)
f)

g)
h)

i)

j)
k)

9. a),

b)

c)

d),

e),

f )

g3,iw=0,0^/^p-4

gs,(x=0,0^/^p-4

h\=0
hth2=0

/*2(l,2)/*i = A2/Ji(2,l)

Ai/Ji(2,l) = - A26ii t//>=3

hiki,i = - 5"i,/»-a6n, l=p-3

hiki,t = - h2g\,p-4bu, l=p-4

=0,0^/^£-5

Aim= 0

hihá"(1,2,1) =vp-4blu m=p-4=0, 0 £tn ^ p-5

hijm=0, 1^m^/>-4

fc^m=0,0^m^/j-3

/i,m;=0ifp^5

hiG = h2(l,2)u = ao/J2tc

h22=0

h2ha=0

h2h2(l,2) = - 621A1 i//>=3

As*.,/=0,0^/^/»-3

A2^2,/=0,0^/^p-4

h2v=0

AsA?(1,2,1) = - Ai(l,2)^

hijm=0, 1^m^/>-4

/*2i>w = ^621 *//>=3

=0,0^/^/)-3ifp^5

hix=0

/i2G = -m&21 ifp=Z

=0ifp^5

*i(2,l)Ai(2,l) = -*2(1,2)6n ifp=3=0 ifp^ 5

h2(1,2)hi(2,1) = 611621 i//>=3

=0, j//);>5

Ai(2,l)^i,/ = h2gi,p-4bii, l=p-A

=0,0^/£p-5orl=p-3

hy(2,l)k2tt =0, 0^I£p-4
hx(2,\)u = alh2b02 ifp=3

=0ifp£5
A,(2,1)A?(1,2,1) =0, 0^m ^ p-4
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g). ht(2,1)jm=0, 1^m£p-4

h). hi(2,l)vm=0,0^m£p-3

i). hi(2,1)y=0

j). hi(2,l)w=aoh2(l,2)bo2 ifp=3

=0ifp^5
k). h1(2,l)x=0

1). h{(2,l)G =alb2ib02 ifp=3

=0ifp^5
10. a). *»(l,2)*i,i=0,0^/^/>-3

b). A,(l,2)fe2,i=0,0^/^p-i

c). A«a,2)A7a,2,l) =0, 0^m^/>-4

d). Ml,2)i/m=0, 0^m^/)-3

e). /*2(l,2):y=0

f). /»2(l,2)w = - 00621602 -a0b0ibi2 if/>=3

=0ifp^5
ll. a). ki,iklti' = l/(/+l)(/+2) g2,p-ablit 0 ^ /,/' ^ />-3, /+/' =p-3

=0, otherwise
b). *»,,*,/'=0,0^/^/>-3,0^/'^/>-4

c). kutu=0,0^/^/>-3

d). *,,,*?(1,2,1) =0,0^/^/>-3,0^m^^-4

e). /Ji^im=0,0^/^/>-3,l^w^/>-4

f). *i,;y«=0,0^/,m^p-3

g). kutu>=0,0£I£p-3

h). ki,tx=2flo^-2/ii(2,1)602 + 261iw, /=0

=0,1^/^p-3

i). *i,oxs=x2 ifp=3

j). *,,,G=0,0^/^/>-3

12. a). *2,/fe2,*f=0,0^/,/'^/>-4

b). Ar2,^«=0,0^/^£-4

c). fc2,<;m=0,0^/^p-4,1^m^/>-4

d). *2,/«;=0,0^/^/>-4

e). Jfeo,,^=0,0^/^/>-4

13. a), m2=0

b). m/iT(1,2,1) =0,0^m^p-A

C). M/m=0,1^m^/>-4

d). uvo =higxtlw

e). uy=0

f). uw=aih2bo^-boihza2ifp=3; =0if/)^5

g). k*=0

h). w*2=&2wa2
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i). uG=hzWdx

14. a), jmjm,=0,1^m,m,£p-A

b). jmtu=0,1^m^p-i

c). jmx=0,1^m£p-4

d). vtntv=gltiboibi2-gnb2ibo2 ifP=S; =0,0£m£p-3ifP^5

e). w*=G602-boxxzifp=Z; =0ifp;>5

f). m;*=1/2h2ga,p-4a2 ifp^5

15. a). afT^oi=0

b). aV2hibot=0

c). ag"3/j1(2,l)6oi =0

d). aob02+ai6n=0

e). aoboa+O1612+02621=0

f)•E gip-2bn=0

g). ubn +flo~1^i6o2=0

h). h2gi,p-9bn =0

1). flo~1/Ji(2,l)6o2 +aofitiw= 0

j). f/>-3&ll=0

k). hzwbu + h2ht(2,l)ao~2bo2 =0

1). *i,o&2i=0ifp=3

m). aS~2/*2(l,2)6oi = °

n). Gbu +ao~lh*(\,2)boi =0

16. a). flS~26oi6n=0

b). ao"3/i2(l,2)fto16ii = 0

c). ao~3h2boibn =0

d). hQbixbix =0ifp=3

e). ^2,0621=0ifp=3

Remark 1. We denote v/,o(2,l), 0 ^ / ^ />-3, 6j/ vt in above theorem.

Remark 2. The following relations are different from those of J.P.May ([3],

Theorem II.4.ll and 13).

5. g). /?i,/>-3£2,o = -1/2ao~36oi6n

n). g2,otv= hoh2bo2-bo\X ifp=3

6. e). kup-4g3>0= -/6ao~4h2boibn ifp^> 5

9. e). h1(2,1)u=aohzbo2 ifp=3

ll. a). *i,/*!,/,-,_ = l/(/+l)(/+2)^«^-8*n, 0 ^ / ^ />-3

§4. The Cohomology of the Steenrod Algebra
In the previous section, we have obtained a good deal of imfomation about the

structure of H*(E<*A). In this section, we study the May spectral sequence.

The following methods of proof are known for the various differentials in May

spectral sequence.



Bull. Sciences & Engineering Div, Univ. of the Ryukyus (Math. & Nat. Sci.) 41

1. The Imbedding Method. This method is introduced in J.P.May's [_ 3 H. In theory this

method is effective, but in practice, like any method using the bar construction, it is
sometimes prohibitively slow. We therefore supplement it whenever possible with an
independent proof by one of the alternative methods below.

2. Manipulative Methods.

3. Application of Liulevicious' Results on H*(A).
4. Application of Known Results in Homotopy Theory. These three methods are intro-

duced in M.C.Tangora's [ 9 ].

5. Application of Effect of algebraic Steenrod operations in spectral sequence. This is
introduced in J.P.May's C 5 H.

6. The Matric Massey Products Method. The matric Massey products in spectral seque-
nce were studied by J.P.May in [] 4 U. The following J.P.May's theorem turn out to

be apowerful tool in studying differentials in May spectral sequence.

Theorem 4.1. (|_ 4 ^.Corollary 4.4) Let a matric Massey product < Vi,-,Vn >

be definedin Er+t. Lets >rbegivensuch thatdtV,•E = 0for t< sand\ £ i £ n
and such that the following condition^*) is satisfied.
(*) // (P,Q) eDij,1< j-i< n, then,foreach t such that r<t<s, Ept+''q~'+* =0.

Assume in addition to above hypotheses that for 1 ^ k ^ n there is just one matrix

Yk e MEr+i which survives to dsVk> By abuse, write Yk=dsVk, and suppose that each

< Vi,-,Vk-i,dsVk,V*+i,-»V'n > is strictly defined in Er+i. Assume further that

all matric Massey products in sight have zero indeterminacy. Then ds < 7i,-,V« >

=- S! < V1,-,Vk-t,dsVk,Vk+1,-,V»>.

k-l
The following theorem is proved by J.P.May in his thesis C 3 U.

Theorem 4.2. ( [3].Theorem I.6.9)

1. dp»+Hbij)pn =hi+n+iQu+ii-i)*" -hi+j+n(bi j-i)*n,w^O,;^2, i^O

2. dpn+i(tfj)**= - («o)*n+1/*n+i, n^0

3. dpn+i(a{)Pn=-<,ai-1)Pnhn+i, «^0, i^2

All other non-zero differentials in the range t-s ^ 2 (P~l) (2p2+p+2) -4 are deter-
mined by the statement that Er is a differential algebra and by ;
4. dip-iQiia*) =a\c, c=/»i(2,l)

5. dzp-iihta*) = aid, d= /*2(1,2)

6. d2p-i(aia2u) =apo+1a{w, 0£I£p-Aandl=p-2 ifp>3;

rfB(aiC2w) =aim, m = atw+ a*aibX\ ifp=Z

7. dP2-zp+9(.aPr3w) = ai2-*P-*h2b1i

8. dp2-2P+2(aPi~2u) = ai2~p~lb11

9. rf/,2-2/,+2(ar3«*o2) = «S2"2/>"16i i

We now begin the calculation.

Proposition 4.3. All non-zero differentials in the range t-s £ 2(p-X) (3p2+3p+A)



42 Nakamura: On the Cohomology of the mod p Steenrod Algebra

-1 are determined by the statement that Er is a differential algebra and by the following
differentials :
1. dp(aj)=-aphv

2. dP2-2p+2(aPi~2u) =aa^~p~lblu a^ 0 (mod-p) ifp^ 5

d5(aiu) =a\b\i ifp=3

3. dpH<*P\) =/3«o%, 0M 0 (modp)

4. dp(a2) = -hzai

5. dp(bQ2) = -b0ih2+hibn
6. dip-tCh^) = -24^(2,1)

7. t/2/,-i(aia2M) = -2ai+la[w, 0^ /^^-1, /^=/»-3ifp£ 5

ds(aiO2u) = - aotn, m = a\W -flo6nfl2 »//>=3

bs(aia2u) = aQaitv ifp-3

8. d/,2-2/>+2(a?~3M602) = -aflo2~2/> 16n. wA«r«aissame in 2 ifp^5

ds(ubo2) = -a2ob\i ifp=3
9. dp2-3P+3(aPr3w) =ya^2~2p~2h2bii, y^ 0 (modp) ifp^S

da(w) = -aohlhx(2,l) ifp=Z

10. diP-t(h2a2) = ao^2(1,2)

ll. d*(G) = -a$~lhth*0;Z)

12. d2p-i(alh2bt>2) = - 2aj^i(2 l)6n

13. rfa^-jCAift^) = 2 blih2(l,2) + 2 6oifrnA»(2,l) i/p ^ 5

^5(^1^02) = A0&01V0 + 6?i ifp=3

14. d2p-i(hib0ia2) = 2 ao6oiG -2 apb02hi(2,1) ifp ^ 5

ds(hibo202) = - aoboiG if/>=3

15. d2p-i(hial) = 2 a0fliG -4 flJaaAi(2,l)

16. rf17(aiua2 =6aJ4*2i, à¬= ± 1 *//>=3

17. dt-,(fl\) =va2o7h3, v= ± 1ifp=Z

18. d*p-x(gi,tal) = -2gx,t+iaiG, 0^/^/»-3

19. d2/»-i(^2,1602) =2£1,0*1,1611 -26oi»i ifp^ 5

rf«*-i(£2./6o2) = -2601W1, 2^/^/>-3ifp^5

20. d2p-i(g2,ibQza2) = -2gite+ibOiG, 1 £1£p-3 ifp;>5

21. rf8^-i(«6o2) =260iG

22. d2p-i(ub0ia2) = 2 ftoifliG -2 ao+1w6o2 ifp ^ 5

^5(«6o2«2) = -&Oi#iG + a§b\\a2 + aowbQ2 ifp=3

23. dip-x{ua\) =2 (a?G -3flo+1^«s) ifP^ 5

ds(ua22( = -a\G ifp=3

24. d2p-i(ki,ibU) =2/(1+2) &2>/601611. 0^ / ^/>-5 i/p^ 5
A

d2p-\(ki,p-4,b02) = - *2,/>-4601611 *//> ^ 5

n Q

25. d2/»-i(/»o*i»/>-36o2) = -#2,/>-3&ii ifp ^> 5


