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Some Differentials in the mod 3 Adams Spectral Sequence
by

Osamu NAKAMURA*

Let Ap be the mod p Steenrod algebra. J. F. Adams ~ 1) introduced a
spectral sequence which has as its E, term ExtAp (H*(X), Zp) and which
converges to a graded algebra associated to zi(X :p). i. e., the p-primary stable
homotopy groups of X. In this paper we will study this sequence for X=8",
p=3. The first problem in any use of the Adams spectral sequence is to .obtain
E, = Ext;"i;(zs, Za). We do this by the technique of J.P.May "§1. J.P.May
constructed another spectral sequence which has as its E_, term an algebra
ECExt, i. e. a tri-graded algebra associated to £, = Ext. In [9], we extended
(and corrected) May’s computations to obtain complete information on EoExt
through dimension 258, The next problem is to obtain the differentials in the
Adams spectral sequence. J.P.May [5] and S.0ka have previously determined
all differentials at least in the range #8277 by using the results of the
3 -~ components of stable homotopy groups of sphere which have been calculated
by H.Toda [12,13,14,15], J.P.May {5] and S.Oka [10j. The purpose of this

paper is to evaluate the differentials in the range 78 £#~3<104. Our main result
is Theorem 3.19.

.
Finally the auther wishes to extend his gratitude to Dr. Shichiro Oka for

valuable information and discussions during this investigation.

§ 1 Algebra Structure of Ext“,‘l";(la, Zs)

From now on we will write H**(A43) instead of Extz; (Za, Zs) for the E,
term of the Adams spectral sequence. The table of H**(A43) which will be needed
for this paper is given in Appendix. Relations involving ao and ho are indicated
by vertical and slanting lines respectively. Since we have computed H**(A43) by

May's techniques, the products which we naturally obtained are actually the products

according to the algebra structure of EOH **(Aa)‘ The product in H*A*(As) of
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two elements always contains as a summand their product in E°H**(A43) but
may possibly contain also other terms of the same bi-grading (s,¢) but of lower
weight in the sense of J. P.May [5]. The relations holding in EoH**(A3) which
cannot be listed for reasons of space are easily obtained from [9. Theorem 3.3
and 4.3].

The following relations in H**(A43) differ from ones in E°H**(A43). This

list is by no means complete.

PROPOSITION 1.1. We have the following relations in H**(A3).

a). why= —alc (58 stem)

b). hyh by, =—bk (60 stem)

c). hyhb, = b} (68 stem)

d). h; kb, = by d — cby, (92 stem)
hy hyby, = byd — cby,

e). bk, & = byv, (99 stem)

). by huby, = — hby,G (107 stem)

PROOF. We first consider the relation b). Let 5, be a cochain
[§,1 631+ (23] 6,1+ L&] &, 681 +E&56E1 &4
~[&3¢,1 ¢,6,0 + [£5]1 §§6.1 + [605,1 &9

in the cobar construction F*(AJ). Let 7’;1 and 1’;; be cocycles
[&,16% + [£21&,] and [§3] £§] + [&¢1] &3]
in F*(A}) which represent the elements l)(ueHz'12 (A,) and &, « H% 4,),
respectively. By routine calculations, we see that bk, € Ha.su(As) is represented
by a cocycle bh, in F*(A3):
By =g 631 — By - [651 — [€31¢,1¢€9
—[&31 631640 — (631641680 — [&31¢§1¢&,1 - L£3]. &, -
By routine calculations, we have that
8 L — B L6, +L831 831 &, 6,1+ 061 6,1 836,0 + (631 6,8, £7]
+ (631 626,160 +L631 681 621 —L&31 621 91+ [e,1421¢,
+ L6186, 1880 + D61 641631 + [&31 631 641}
= boghy * L& — By ~CLE3NE,) — [£816,1).
Since it is easy to see that the cocycle [§31 &,]1 — [£¢] & ] represents the elem-
ent keHz'zs(Aa), we have the relation b).
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Next we consider the relation c). By tedious but routine calculations, we have
5 {Bp+[881 — (631621670 — [&91&,16% + [&3163164]
+ L6931 641 650—-[&31 631 &, 0-L€631 671 e21+0€31 621641
+ [E31 6,1 651+0831 651 &, 1+0631 641 620-[&,18,1¢,]
+ L&, 18631 621631 6,6,1 6, 0+0631 &,1621+0631 &4 £31
+ (691621 6, 1+0821 638,10 621}
= bohy *LEY] + BBy,
Then we have the relation c).

Next we consider the relation d). By routine calculations, we see that b, ¢
H (As) is represented by a cocycle h, b,, in F*(4]) :
b = (60D — (&1 5y — (€315, + [&31 881 8.
By routine calculations, we have
6 C— [&¥] v by, + [£3) « By, + (69631« B, + [£2] - B,
L8363 - by — 6121651880 + [£31681681)
= [63) - Top — CLE91 630 — [EB1&31) - By
+ CLE31 &3] —[£21€81) -5y, -
Since it is easy to see that the cocycles [£9] €3] — [&18] &3] and [£3] &3]
— [591’ | & f] represent the elementsd ¢ H 2,84 (As) and ¢ e H*® (Aa)’ respectively,

we have the relation hl-hzb“2 = bmd - cb11 . Similarly, we have
5 C— By L6121 + by » [€31 + By » [E15] + B, - [£3¢1]
- [&621 621 6,680 —[&31¢€,1¢62630 — [e}! &%el )]
—[E91 6,631 620 + [£31 6216100 + [£316,1¢619
+ [E31 61 60+ (63160162 + [(6363) - 5y
+ CE91 6, 161 + [&31 631631 + L&l &1 ¢,]
+ (691681621 + [&31 64181 + [&21 651 601)
= b s [69) — 5 CLE31 630 — [£31881)
+ (L8163 — (631 &)+ by -
Then we have the relation &gk » b2 = b ¢ — dbor .
Next we consider the relation e). Let @, B and r be cochains
Ce31 100 + L&, 1631+ LEPT 68 + L& &,1.
(36,1 6,0 — (63631680 + [&,16,] — (631862 + [£31 6,8,
and ‘
= [&31 &8 — L&, 1 &3] ~ [&PF &% 4 [&P1 &8 — L& £7]
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~ [EP] Fele
respectively. Then byh, e H**(4,) is represented by a cocycle bk, in F*(A¥):
Ooghy = by « (€3] + By - [EP] ~ 3 - (65 + [&1] . by — [EF]+ .
By routine calculations, we have
8 { By « ( — (8,18, +L[63168)—5b, -8B
—a . . (~[&,1& )+ (6318300 + rv.CL&,18,0—-LE31&3D]
= By - CLE,18,0 — [£11¢£231)
—~ By L — LEY1 &, 1 8,0 + LRY) #5153 + LEP] &5] &3]
IR IRTIDY
It is easy to see that
L4,1 %0 —L&51 €81
and
~CEJT &, 1680 4+ CEY1 S8 40 + LEP] €,1 8,1 — [&P] &%) €8
are representatives of &, eHz"‘m(Aa) and v € Hz'gz(As) , respectively, Then we
have the relation e).
Next we consider the relation a), It is easy to see that # ¢ - (As) is represented
by a cocycle # in F*(A}) :
=L, 6,170 — [&,1 7,000+ [§,17,18,7,]
—[&,1 ryr 1 &0 =&, vyl &7 0+ Lé,1 6,71 7]
— [yl 31 7] — [&,1 &7, 1 47,0 — [&31&,7,1 7]
+ (831 &, 18,770 — (631821 v 00 + [€31 63,1 7]
— [&81 7,1 7o1s
Let o be a cochain
—[r,l &1 6370 — [yl 601 0] — [§37,1 &1 4]
+ eyl &1 e + L&, 7y 1 8370 + [6,1 §37,] 7]
+ [&36,0 rl vl — (6,1l vyl 2] — [ l 83 7]
—[&,1 §yrgl e ) + L& &l myrd — D651 8171 7]
+[&,1 88,010 — (€31 &,7y1 =)0+ [£3] §3c,1 7]
[&31 83| ryo ] + [637,] 631 o] + [yl &1 2]
[, ! 621 89c,] — [£36,1 8,1 vyc,] + [£36,18,2,1 )]
[698,1 &,7 1 v, — [&,1 100 o 0] + [§,1 60 | «,]
[é,1 &0z, 120 — (8,168,187, + [&,1 8,7, &F7,]
Céyl £ 324 §80,] ~ [Fg]l 850y vgl 890 — L8851 E87y] 74l

+ + + +
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= L&, eyl o] — [§,] Edc ]l 637,0 + (601 &y7,1 7]
+ 31 &Pc, 1 20 + [83) 17,1 6370 — LRI &3ryl 7]
+ L83 ] %1 %] — L€ EReyl e + (63161 v ]
+ 0631 €31 8yr 70 — (631 €%c,189c,) + (65 7,] ¢ ]
T LRI €3zl eg) + (&8l ool 69,1
By tedious but routine calculations, we have
o () =u (€91 + ([&3]68 - 631 681 D). [yl 7y
Then we have the relation a).
Last we consider the relation e)- Let @ be the cochain defined in proof of a) and
#be [zglgfrgl &) — [egl 218,00+ [r,l &,7,1 60
— ool &, 163c 0+ Loyl 62120 — [§,7,1 &,1 ¢,] |
+ [61cgl €21t ] + [eyl 6,1 v, — [, 1 €21 ¢,]
Then, by the tedious but routine calculations, we see that ub h ¢ H® 78(113) is
represented by a cocycle ubghy in F*(4})
ubehy = B+ (€] + u Ty [52] =P byt (€]
+ CLE31 630 — (€91 661>« # - [&,]
Let v and G be
—Crgl &l e d + [& 1 eyl e+ Loyl 82 2,
+[$lflfolf]—[$3|$lf o + LE51 &171 7]
— [&g) §2c,1 o] + [&}1 ¢ z,lr]—[eslezfllﬂ
+ L&Y €5) roeg] + CEF] &,( 647y 2]
and

—[é93 -0 — v - [£9] ., respectively. Let ¢ be the representative
[£31 631 — [&31 €51 of ce H*™(A,). Since 5 ([&3]- P + » - [€9])
= — (&0 T [ryl v = T [eyl v ] €71 in F*(4$) and 3, (6
= — ag h, ¢ in the May spectral sequence, the cochain G is a representative of
G in some sense. It is easy to see that

5 (v by L&+ v o By-[8,)+ 7t lrylryl&,l &80

+ T Drglegl 8,8,1 80 + T« eyl vyl €21 £,8,

+ T Doyl vyl 6,631 8,0 + 7 [yl &,7,1 &,1 &3

+ T Loyl &,0,0 €21 6,0 — T [yl vy] ¢ )

(€3] - ubgh, — G+by * [£,] modulo terms which have the May’s

weight (the weight associated to May spectral sequence) less than § or have
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the May’s weight 5 and the weight, associated to the spectral sequence defined
in (9) , greater than 1. For the dimensional and filtrational reasons, we have
the relation |
hy « ubyh, = Gbyh, + ¢ dih, where ¢ ¢ z, -

Since d,(k,) = a, (Theorem 2,1,) and d,(hw) = hyby, (Theorem 2, 4.)
in the mod 3 Adams spectral sequence, we have dz(hzhow) = h, < hub, =
= hobolG — €+ adh, , up to sign. Then we have a non-zero differential d,(hw).
By the dimensional considerations, we have d,(hw) = b,G , up to sign. Then

we have ¢ = 0 and therefore we have the relation f),

§ 2. Some known resulis on the mod 3 Adms spectral sequence

From now on we neglect the non-zero coefficient of the differentials and
the relations in the mod 3 Adams spectral sequence.

The following five theorems for the differentials and elements surviving
to E_, were verified by using the results of the stable homotopy groups of sphere
and the statement that Er is a differential algebra by J. P. May [5] (in the
range £—s§ <32 and partially in the range #—s = 33) and by S. Oka the rest.

Tueorem 2. 1. (H.H. Gershenson [ 2] . A.Liulevicius [4]. R.J. Milgram
(7] . N.Shimada and T. Yamanoshita [11] ., H. Toda [12] )

dy (k) = ap,_,, forizl,
Tueorem 2. 2. (H.Toda [12,13,14,15])

a). dg,) = gy, (121 )
b). d,(u) = ab, ¢ [121)
o). dyby) = b} ( [141)
d). dyhby,) = bk C (151 )
e). dyle) = b € [24] 3\

Tueorem 2. 8. (J.P.May [5] )

a). dyalh,) = bya}

b). dy(aju) = azil’rlbo1 for 07, 71 mod 3.
Tueorem 2. 4. (S.0ka [10] )

a). dye) = agb,

b). ayale) = hpfby
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o). dy(gm,) = €,
d). d,(f) = hpib,
e). dy(abau) = bya
. dau) =¢

8). dy(hw) = htiby,
h). dlew) = guby,
Remark. All other non-zero differentials in the range t—s<77 are easily

determined by the differentials listed in the above four theorems and the
statement that E, is a differential algebra.

Tueorem 2, 6, (J.P.May [5] and S.0Oka) Ew for t—s < 76 (and corr-
esponding generators of TS (80:3)) are given in Table A.

Table A.
t-s T$(S0:3) survivor (corresponding generator)
0 VA al (¢)
1 0
2 0
3 Zy hy Cer))
4 0
5 0
6 0
7 Z3 & (a,)
8 0
9 0
0z b (B
1l Z, agh, , aihy Cay)
12 0
13 z, b Ca B )
14 0
15 Z ke, Ca )
16 0
17 0
18 0
1 Zy ga, (ayp
20 Z, b2 (8D
21 0
22 0
B ZrZ, k(A du, e ()

N N
3N
S o
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Table A. (continued)

t-s T3 (S0:3) survivor (corresponding generator)
26 z, k(B

27 z, kg (a,)

28 0

29  z hyfe Ca B ,)

30 4 B (8D

81 Z, &a; (ay)

32 0

33 0

34 0

o Zy agh, , alk, , afh, Cag)
%z bk (BB )

¥z by Ce7)

) Zy hohy Ce

39 ZS+ 23 hobk (a]_ﬁ lﬁ 2)1 hoa:i (alo)
40 z, bt (B

41 0

42 Z &h, Cep)

i Zy &a (ay)

44 0

45 Z, bh, , abh, (¢)

%  z Bk (B2B )

47 Z+2Z, kb, (B, €') , aa?u , alalu (a}y)
48 0

49 Z hp%k (a B2B,)

50 z, b (BD

ol Zy hoat ()

52 z, (B2

53 0

54 0

55 Z+z, hf2 Ca BD) , gat (ay)
56 0

57 0

58 0
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Table A* (continued)

t-s TS (8°:3) survivor (corresponding generator)
59 Z, aiau, adadu (a )

60 0

61 0

62 Z, ok% (B,8%)

64 0

65z hpl? (a\B 8D

66 0

67 Z3 8,63 (a )

68 Z, b2 (1)

69 0

70 0

71 . al’au, aflam, affau (el
7z bu2 (B2p2)

73 0

“o oz ka, (B

5 ZAZAZ,  hphy, (1), b (e BIBD, kgl (@)
76 0

The matric Massey products in algebraic spectral sequences were studied by
J.P.May (6). We quote some of his results which we use in this paper.

Tueorem 2. 6. (J.P.May). Let <vl, v2, v3> be defined in E__ | term of the
May spectral sequence. Assume that vé ¢ E’r)f‘;lq"' Y gnd that v comverges to w’,
where <wl, w?, wd> is defined in H** (A,). Assume further that the following
condition (*) is satisfied.

() If (pat) = (B, +0:, 9,4, 19, 4,4, FE) i=1o0r 2, then

p—r—u gtr+u—1,12
Er+u+l ( Er+u+l oo

Then any element of <vl,v2,v3> is a permanent cocycle which converges to an

for ©=0,

element of <w', w?, wd>.

The matric Massey products in the Adams spectral sequence were studied
by R.M.F.Moss [8] and A.F.Lawrence [3]. We quote some of their results which
we use in this paper.

Tuaeorem 2. 7, (R.M,F.Moss),



