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10 NAKAMURA: Some Differentials in the mod 3 Adams Spectral Sequence 

s· ti s· t· i). Let vi f E.,." = E r" , (SO, SO) 0=1,2,3) be such that v
1
v

2 
= 0 and 

v2va = O. Then 

(
V 0) (.... ) 

dr < vI' V2 ' V3> C -< (drV l VI)' (~I)id,;v2 Va ' (3_ 1i+il d"v
3 

> 

where i = tl -51 and i' = t2 -52 . 

ii). Suppose also that v
l
dr v2 

= 0 and v
2
dr v3 = 0, then 

dr < vI' V2 ' V3 >C -< drvl'V~'V3 >-C -li< VI' drv2 , V3 >- C -li+ i' < VI' v2 ,drV3 >. 
s· 

THEOREM 2 .. 8. CR. M.F.Moss) Let Vi fEr" ti U= 1 ,2,3) be permanent cycles 

such that v1V2 = 0 and v2V3 = O. Let Vi be realized in Eoo by homotopy classes 

Wi f {So ,So} ti_sl such that, w
l
w 2 = 0 and w 2w

3 
= O. Assume that the 

following condition (**) is satisfied. 

C**) E si+si+l-r-u,tj+ti+l-,.-tl+l ( E fi ~ 0 and . = 1 2 
,.+u+1 r+u+:'..,oo or any u e:. ", • 

Then the Massey Product <V
1

,V2,V3 > contains a permanent cycle that is realized 

in gl +32+s3-r+1, t1 +t2+t3-r+2 by an ~lement of the Toda bracket < wI' W 2' W3 >. 

THEOREM 2. 9. (A.F.Lawrence). Let <VI, V2, v3 > be a Massey Product, 

. s· t· s' t· 0 0 i 
where v· f E".'" = E,." 'CS , S) 0=1,2,3) and dt v = 0, 1'-1 ;;;; t <no Assume 

that 

C***) ESi+si+l-r+m+1, ti+ ti+1 -r+ m+1 = ESi+si+l-r+m+l, ti+ti+l-r+m+1 = 0 
m r+n-m-l 

for 1'-1 < m < nand 1 ;;;; i ~ 2. 

Then for V f < VI, V2, v3 > we have dmv = 0, m < n, and 

(d.';. 0) • < (dnv1 VI). (~ilV2;)' (~~V3;) > . 

The, relation betWeen the algebraic Steenrod powers acting ExtApCZp' Zp) 
I ' 

and 'the differentials in the Adams spectral sequence was studied by R.J.Milgram 

[7J. 

THEOREM 2. 10. (R.J.Milgram) Let a f ExtAp CZp ' Zp) then there aTe 

operations (p i, p~ i, i1Z ExtA; (Zp,Zp) and dz (,pi (a)) = a". ~ [pi (a) for p 

odd! prime. 

§ 3~' Differentals in tbe range 78 ~ t-s ;;;; 104 

In this section we will consider the differentils in the range 78 ~t·s~ 104. 

From now on we will write (Er , or) and (Er,dr) for the May spectral sequence 
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and the Adams', respectively. 

PROPOSITION 3. 1. d3 (x) = h(Jka2. 

PROOF • Since kb01hO = 0 and 0
3 

(hobo1a2) = 0 3 (hUa1bo2) = hIJbo1a1h2 in 

E3' Massey product < k,b~lh2,hoal >, is defined and equal to hob~la2k in £4 • Since 

k·~lh2 = 0 and bOlh3~hoal = 0 in H**(A3), we have the relation hobo1 .a2k = 
< k,bolh2,h~1 > in H**(~), by Theorem 2.6. k, b01h2 and hOal are permanent 

cycles in the Adams spectral sequence and converge to P 2' cp and tX 4 ' 

respectively. Since < P 2' e l' tX 1 > E n:s(so: 3) = {A} and A tX 1 = 0 (S. Oka 

[10J) and cP E < E l' tX l' a 1 >(H.Toda [14J), we have 13 2 cP E 13 2< E l' tX l' tX 1 > 

= < 13 2' E l' IX 1 >a 1 = O. Since lfgl.l (50:3) = 0, we have cP IX 4 = O. Then Toda 

bracket < P 2' cP , IX 4 > is defined. It is easy to check that Massey prod uct 

< k ,b01h2, hOal > satisfies the condition (**) of Theorem 2.8. Then we have the 

relation alP 113 5 = < P 2' cP, IX 4 >, since hobo/~a2 converges to IX 113 IP 5' Since 

< CP, tX'(' f3 1> E lf~l (50:3)/( cP If: (So: 3) + f31lf! (So: 3)), lf~l(So: 3) = {IX 1~} 

and fJ 2
IX 18 = 0, we have alP~P5 = fi 1 <fJ 2,CP,IX 4> = fJ 2<cP,IX 4,fi 1 > = 

0, up to sign. Then h2b~/la2 must be killed by some differetiaI. For dimensional 

reasons, there is only one possible differential dibSr~) = hob~lka2 • Then 

dr(x) =1= 0 for some r such that 2~r~3. There is only one possible differential 

d3(x) = hoka2 • 

PROPOSITION 3. 2. d2 (m) = b01ubo2 • 

PROOF' Since hOalaO = 0 and (} 3 (w) = - aOhl C in E3 ' Massey product 

< hOa1 , ao' hI C> is defined and equal to hOa1w in E4 • Since hOal"aO = 0 and 

aO.hIc = 0 in H**(~), we have hOa1w = < hOal'~,hlc > by Theorem 2.6. By 

Theorem 2. 7, d2(hoa1w) = d2 < hOal'aO,h1c> = < hOa1 , 0.0 ' d2(h1c) > 

= < hOal,aO,aob~l > . Since a 5 (ub02) = a~b~l in E5 • Massey product < hOaI,aO' 

aoh~l > is equal to hOa1ub02 in F:s ' By Theorem 2.6, it is easy to see that hOa1
ubo2 = 

< hOa1' ao' aOb~l > . Then d2(hom) = d2 (hOa1w) = hOa1ubo2 ' For the dimensional 

reasons, d2(m) = a1ub02 ' 

PROPOSITION 3. 2. d2(d) = a 2h2
bo2 ' 

PROOF • We first consider the actions of (p 0 and fJ cP II to k E H2.28(~). The 

definition of cP 0 and fJ(J>° is given in [4J. By the direct calculation, we have 

.6.4 ([ IX 1 1 a 2J ® [fJ 1 I f3 2J ® [T 1 I T 2J ) 

= - [ IX 1 PIT 1 1 IX 'lfi 2 T 2J 
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and 

~ 3 ( [a I I a 2J ® [" 1 I "2J ® [r I , r 2J) 

[ a 1 fi 1 r i I a 2 f3 2 r {' , r 2J + [a ~ " 1 r; I a {' f3 2 r {' I a 2 r 2J 

[alr l , a2f3Ir~ I f3 2r;"J - [a~ r 1 r a{'Pl r ; r a2fi2rZ'J 
where a i' f3 l' r i € A; Ci = 1,2) and let tp fit. C a ) = a' ® a" instead of 

tp *( a) = ~ a; ® a;, for coproduct of a in Aj. It is easy to see that 
• 

k in H2.28 CAa) is represented by the cocycle 

[e i I E 2] - [E ~ leI] in the cobar construction F· (Aa"'). Then (p 0 (k) is 

represented in F* (A
3
"') by 

~4 {([ e ~ r e 2J - [e ~ I e IJ) ® ([ e fie 2J - [e r leI]) 
® ([ e i I e 2] - [e ~ 1 e 1 J)} 

= [e ~ r e ~J - [e 18 1 e fJ· Since [e tie ~J - [e IS I e jJ 
is a representative of d ( H2.84 (A

3
). we have (po (k) = d. Next. P (P 0 (k) is 

represented in F*(Aa"') by 

~ 3 { ([ e fie 2J - [e ~ leI J) ® ([ e ~ I e 2J - [e i Ie]) 

® ([ e ~ I e 2J - [e ~ leI]) 

+ 0 ( - [e ~ e ~ I e f] - [e ¥ e ~ I e fJ - [e i I e f e ~J - [e ~ I ; ~ e ~J 
- [e 12 leI e ~J + [e 15 I e ~ e 2J - [e 15 I e V - [e fie IS]) . 

Since [e 1J . b02 - [e IS] • bOI - [e ~J . bll + [e i I e ~ I e ~J is a represenative 

of h b E H3.84 (A) we have fJ 10 o(k) = h
2
boz' By Theorem 2,10, we have 

2 02 3 ' ~ 

dzCd) = d
2 

C(po (k) = a2• fJ(p O(k) = aOh2bo2 ' 

PROPOSITION 8, 4. d2(vO) = glh2bo2 

PROOF. Since h~vo = - b(}td, 'we have hod2(vO) = d2(bo1d) = ho .glh2bo2 · For 

the dimensional reasons, we have dlvo) = glhio2' 

PROPOSITION 8. 6. d2(a~w) = a~ub02' 

PROOF. Since hod2(a¥w) = d2(hoa1.m) = hoa~ubo2' we have d2(a~w) = arub02 

for the dimensional reasons. 

PROPOSITION 8, 6. a). d4 (hlx) = b~l btl' 

b). dlg2x) = hob~lkb02' 

PROOF. Since hokbo2 in H5.80(A
3

) is a permanent cycle and dlel ) = b81' 

hob31kb02 must be killed by some~ differential. It is easy to see that dlb~l (~) ) 

= dz (f2) = hOb81blla~, dlglua~ (ft!») = glal (~) and b51b~la2 =' - b01k
3a2 is a 
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permanent cycle. Then, for the dimensional reasons, there is only one possible 

differential d/b~lg2x) = hob3/w02 and therefore, we have d,.(g2X) ~ 0 for r= 3 

or 4. Let; be a cocyc1e in F*(A;) which represents x € H3,78(Aa). Then [~iJ 

.bOI '; and ([ ~ 2 I ~ IJ - [~i I ~ iJ) .bOI'x are representatives of h1bo1 x € H6.105 

(Aa) andg2bolx € H7,1l3 (A
3
), respectively. Since ~ [~~J = [e 1 I e IJ, 

o ([ ~ 2J - [e tJ ) .b01 •i = [e 1 I ~ iJ .bOI ' x and 

([~i I ~iJ + [ell ~2J - [~ll ~tJ)·blJI·i 

= -([ e 2 I ~ IJ - [~i I e iJ ) 'bOI'X - 0 [ ~ 1 ~ 2J + [e ~J ) ·bOl·i , 

Massey product < ho' ho' h1bolx > is defined and equal to - g2bOl% in E2 • Since 

diho) = 0 and d3(h
1
x) = 0 for the dimensional reasons, we have d3(g2bOlx) = 0 

by Theorem 2.9. For dimensional reasons, we have d3(g2X) = O. Then we have 

d/g2x) = hob~lkbo2 and therefore we have d,(hlx) = b~lbil for dimensional 

reasons. 

PROPOSITION 3, 7. dlglG) = gla1hio2' 

PROOF. Since 03(al ) = - a~hl and aovo = 0 inE3 Massey product 

< vO' ao' a5hI > is defined and equal to gIG = alvO in E4• Since the May's weight 

of aovo and h1x are 2 and 4, respectively, we have a relation aovo = 0 in H**(A3). 

Then it is easy to see that gIG = <vo,ao,a5hl> in H**(Aa) by Theorem 2.6. 

By Theorem 2.7, we have d2(glG) = d2 « vo,aO,a~hl » = < glh2bo2,ao,a~hl >. It 

is easy to see that gla1h2bo2 = < glh2bo2' ao' a~hl >. Then we have d2(glG) = 

gla1h2bo2 ' 

PROPOSITION 3. 8. d2(aohlb02a2) = a~alb202' 
PROOF. Since aOhlbo2a2 = <aO,hu.g1G> in H**(A3) by Theorem 2.6, we have 

daCaohlb02a2) = d2 <flo,ho,gIG> = <aO,hlJ,glh2bola2> by Theorem 2.7. Since 

< ao' ho,glh2bola2 > = a~albij2 by Theorem 2.6, we have d2(flohl bo2a2) = ~alb~2 . 

PROPOSITION 3. 9. dlhl)G) = hobolh202' 

PROOF. Sicce flohlb02a2 = < ao,gI,hoG > in H**(A3) by Theorem 2.6, we have 

a~albij2 = d2 (aOhlbo202)' = d2 < ao,gl' hoG> = < ao,gl,daChoG) > by Theorem 2.7. 

Then there is only one possible differential dz(hoG) = hobOlh2a2' 

PROPOSITION 3. 10. d2(h2w) = bOIG. 

PROOF' Since daChoh2W) = aobu.how + h2.houbo2 = hobol G by Proposition 

1,1, £). we have dz(h2w) = b01G for the dimensional reasons. 

All other non-zero differentials in the range t-s ~ 104 are easily determined 
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by the differentials listed in § 2 • above propositions and the fact that Er is 

a differential algebra. 

Next we con.sider some Toda brackets. 

LEMMA 3. 11. hox converges to < a I' aI' ~ 5 >. 
PROOF· Since d3 (x) = hokaz and hoho = 0, Massey product < ho,ho,ka2 > is 

defined and equal to hox in E
4

• It is easy to check the conditions of Theorem 

2.8 for this product. Then the result follows. 

LEMMA 3. 12. Let h2bo2 converge to an element 'ii;"bo2 of IT:1 (SO: 3)~ Then we 

have 3.~ = O. 

PROOF. If not, we have 3-'h2 b~ = ± < a l' a l' f3 5 >. Then we have 0 =1= 

~ 1 f3 5 = ± < a l' a l' a 1 > ~ 5 = ± a 1 < a l' a l' f3 5> ± a l' 3. h2 b~ = O. 

This is a contraction. 

LEMMA 3. 13. hoblla2 converges to < a 1,3 l ,f3 5>. 

PROOF. Since d2 (hI) = ~bOIand h2bna2 = - h 1ka2 , Massey product 

< bOl'ao,kaz > is defined and equal to hobll
a

2 
in E

3
• Then we have the result by 

Theorem 2.8. 

LEMMA 3. 14. Let a~d converge to an element aft of lr:2(So: 3). Then hoh2a2 

converges to < aI' 3 l , ~ >. 
PROOF' Since 05(h2a2) = ~d in the May spectral seq uence, Massey prod uct 

< ho,ao.a~d > is defined and equal to hoh2a2 in E6• By Theorem 2. 6, we have a 

relation hoh2a2 = < ho' ao' a~d > in H**(As). It is easy to check the condition of 

Theorem 2.8 for this product. Then the result follows. 

LEMMA 3. 16. g1h2a2 converges to < ai' 3 l , PI> , where 

PI = < aI' 3 t ,~>, 

PROOF' Let ~ be a cochain in the cobar construction F*(Ar): 

az [ t" 2 I t" 2 I t" 2J + [t" 2 I ~ 2 .. 2 I 'r oJ - [ .. 2 I ~ 2 I r 2 t" oJ 

[ r 2 e 2 I -r 0 I -r 2J + [e 2 I r 2 t" 11 I 'r 2J + [r 2 lei -r 2 I t" 1 J 

[ -r 2 I e fit" 2 -r IJ [ ~ i t" 2 I t" 1 I t" 2J + [e fit" 2 1" 1 I t" 2J 

[ ~ i It"o I t" 2 t" oj [ e ~ I r 2 t" 0 I t" oj + [~~ t" 2 I -r 0 I t" oj 

+ [e 2 I e 2 t" 0 I 1" 2 t" oj [ ~ 2 t" 2 1 ~ 2 t" 0 I t" 0] + [~2 I ~ 2 -r 2 t" 0 I t" oj 

[ e 2 t" 2 I ~ f 1" 0 I t" 1] + [e 2 t" 2 I ~ fit" 0 t" 1 J + [t" 2 I e f ~ 2 1 1" 1 t" oj 

[ ~ f ~ 2 t" 2 I t" 1 I t" oj [ e i t" 2 I ~ 2 r 1 I t" oj + [e i I ~ 2 t" 2 t" 1 I t" oj 

+ [~¥ e 2 I t" 2 l' 1 I l' oj + [~i ~ 2 I r 1 I l' 2 l' 0] [ ~ f e 2 I t" 1 t" 0 I r 2J 
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+ [e ¥ I e 2 r 1 I t' 2 r oj + [e 2 lei t' 2 t' 0 I t' IJ + [e 2 lei t' 0 I r 2 r IJ 

+ [e 2 I e ~ t' 2 I t' 1 t' oj ~ [e 2 lei I r 2 r 1 t' oj - [e i t 2 lei t' 1 I t' 1 J 

+ [e ~ .. 2 I r 1 I t' IJ + [e i lei r 2 r" 1 I t' IJ + [ e ¥ lei or 1 I or 2 t' IJ 

[ e y I or 1 I t' 2 or a - [e y 1 r 2 r 1 1 or IJ - [e ~ e ~ I or-Ii' 0 1 t' oj 

[ e ~ e 2 I e2 or 1 t' 0 I roJ - [e 2 1 er e 2 or 0 I or 1 or oj - [er e 2 I ei" or lor 01 or IJ 

+ [e y I e 2 or 1 I r 1 t' oj [ e i I .; i .; '2 r 1 I r 1 or oJ - [e ~e 2 I ei or 1 I or 1 or oj 

+ [e y e 2 I t' 1 j t' 1 or oj + [e y e 2 I r 1 or 0 I or IJ + [e y or 2 leI or 1 I r oj 

[ e·~ leI r 2 t" 1 I 'Z' oj [ e y leI 'Z' 1 I 'Z' 2 r oj + [e ~ r 2 lei I 'Z' 1 'Z' oj 

[ e t 'Z' 2 let I r 1 r oj + [e tie t r 2 I r 1 r oj - [e y lei t" 2 I t" 1 r oj 

[ e i I e 1 I r 2 r 1 t' oj + [e y lei .I r 2 r 1 t' oj + [e ~ e 2 leI r.1 r 0 I r oj 

[ eye 2 lei r 0 I r 1 t' oj + [e i e 2 I e 1 t' 0 1 r 1 t' oj + [~"~ lei t' lit' 1 t" oJ. 

Let ~ and ex be 

al [ r 1 I r 1 I r 1] + [r 1 lei r 1 I t' oj - [r lie 1 I t' 1 r 0] 

and 

[ e t r 1 It'o i r IJ + [e 1 I r 1 r 0 I 'Z' IJ - [~ "¥ I t' 1 r 0 I r oj 

[ e 1 r 1 leI r 0 I t' oj + [e i r ) I 'Z' 0 t" oj + [e 1 I r 1 t' 0 ell r oj 

[ e ~ I r 0 I r 1 t' oj + [e 1 lei r 0 I t' 1 'Z' oj 

ex = [e ~ 1 e 3J - [e i leI e ~J - [e 18 I e 2J -. [ e 10 I ~ ~J + [e t8 I e fJ 
+ [~19 I e iJ . 

By the tedious but routine calculations, we see that hohp2 is represented by 

[ e IJ • [e iJ . ~ - [e 1) • [ e tsJ . a;- + ex. [t' 0 It'o I t' ole 
Let p be 

[ 'Z' 0 I ~ ~ I l' 3J - [t' 0 I e 18 I l' 2J + [~t 'Z' 1 I e, ~ I t' oj 

[ e i I l' 1 e ~ 1 'Z' uJ + [e Y I ~ ~ I r 1 'Z' oj + [~~ I ~ ~ l' 0 I, 'Z' IJ 

[ e t t' 0 I e ~ I l' IJ - [e r r 1 lei I or 0] + [e is I eft' 1 I l' oj 

[ e 18 1 e i I 'Z' 1 'Z' oj - [e 18 1 e it'o I 'Z' IJ + [~18 l' 0 lei I l' IJ 

[ e i l' ole 1 e ~ I l' oj + [e i leI e ~ l' u I r ' oj - [~10 l' 0 I e ~ I l' "J 

[ e 18 let l' 0 I l' oj + [e 18 
t' ole 11 l' oj + [e 19 r ole f I l' oj . : : 

Since Massey prod uct < ko' flO ,kohza2 > is represented by 

( [ ell e 1 t' oj - [e 1 I 'Z' 1] ) • ( [e~] 'a2 - [~IS] • al ) 

+ [e 1] • P • ['Z' 0 1 l' oj - [1' 1 J . ex • ['( 0 I l' 0 I l' oj 

[ r 1 lei J . ( [e iJ . a2 - [e 18J . al ) 

( [e 1 I r 1 J - [e ~ I r D J ) . ( [e iJ . ~ - [e I8J . al ) 
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+ [~IJ . f3. [" 0 I "OJ - [" IJ . a . [1' 0 I l' 0 I l' oJ 

+ [~1 l' IJ • C [~t 1 ~ ~J - [~I8 1 ~ ~J ) . [" Q I l' 0 I "oJ 
(} [ ~ 1 l' IJ . C [~yJ . a2 - [~18J 'al ) , 

we have < ho' ao' hoh2fJ2 > = g lhp2 in H**(Aa). Then, by Theorem 2.8. we have 

the result. 

LEMMA 3. 16. bOlh2a2 converges to < a l' a l' PI>' 

PROOF • We make use the same notation of the proof of Lemma 3. 15. Let 

p and 11 be 

and 

[~ 1 I ~ V "3J - [~I I ~ 18 I l' 2J - a. [" IJ 

+ [~II) I ~ i I "1 J + [~¥ 1 ~ 1 ~ ~ I l' 1 J - [~19 I ~ ~ I l' 1 J 

- [~I81 ~tl 1'IJ - [~~I ~:.Jl "lJ + [~181 ~21 "IJ 

[ ~ 10 I ~ 1 ~ ~J - [~il I ~ ~J - [~19 I ~ 1J + [~~O I ~ ~J - [~i I ~ ¥ ~ ~J 

+ [~I8 1 ~ ~J + [~IO I ~ 3J + [~¥ I ~ 1 ~ 3J - [~t9 I ~ 2J - [~t8 I ~ 1 e 2J· 

Since Massey prod uct < ho' ho' hoh,P2 > is represented by 

( [~ I 1 ~ ¥J + [~f 1 ~ I J ) C [ ~ ~J 'a2 - [~IsJ 'al ) 

+ [e I] . p . [" 0 I "oJ + [~IJ· u. [ l' 0 I Till "oJ 

+ . [ ~ ¥J • a . [ l' 0 I l' I) I l' oJ , 
we have < hll , ho' hIJhP2 > = bOlh2a2 in H**(A3). Then, by Theorem 2. 8. we 

have the result. 

LEMMA 3. 17. b01blla2 converges to < f3 1 ' a 2' f3 5> • 

PROOF' Since d2(g2) = bOlgl and bO/JUa2 = g2ka2' Massey produet < bOl'gl~ka2 > 
is defined and equal to b01blla2 in E

3
• Then, by Theorem 2.8. we have the result. 

LEMMA 3. 18. b01vO converges to < f3 l' a 2 ';'2 b02 > . 
PROOF. By Theorem 2. 1. d2Ch1) = ;. aOb01 ' where ~ is a non-zero 

(constant) coefficient. Since 0 = d2(h1h2) = 7: . aOb01h2 - hi' dlh2) , 0 aCaob02) 

= aOh1bll - a()bOlh2 and 0 ~ aObOth2 I; H4,49 CA3) , we have d2(h2) = ~. aObll • 

Since [~r 1 ~ ~J - [~i8 1 e iJ is a representative of d € H2,84 CAa), it is easy to 

see that Massey product < h2 ,-h2,hl > is defined and equal to d in H**(A
3
). 

By Theorem 2.7. we have 

d2 < h2' -h2 , hi> f - < C({. aObll h2), (:h2 b 0) , (~ b) >. 
a • % 11 - h2 a . ao 01 

This matric Massey prod uct is represented by 



Bull. Sciences & Engineering Div., Univ. of the Ryukyus. (Math. & Nat. Sci.) 17 

- a ( [~iJ ·b02 . [ r oJ - [~I¥J. bOI' [r \l J +. [ ~ iJ . btl· [~i r t) J 

- bll' [r 0 I ~ ~J - bll' [e i r 0 I ~ iJ - [e 15 1 ~ fir 0 1 ~ fJ 

- [e 12 I ~ i I r 0 I ~ ~J - [~~ I e 12 I r 0 I ~ iJ - [e ~ I e 15 I r 0 I ~ V ) 
= - a ( [~iJ • b02' [r oJ - [e l8] . bOI ' [r oJ -[ ~ ~J . bll' [r oJ 

+ [~i I e ~ I e ~ I r oJ ) 

+ a. 0 (bll • [e ~ r oJ + [~t5 I e fie f r oJ + [e 12 I ~ ~ I ~ ~ r oJ 

+ [e y I ~ l2 I ~ i r oJ + [e i I e 15 I e f r oJ + [e ~ lei e ~ I r oJ 

+ [e i I e 7 e ~ I r oJ + [e 7 e ~ lei I 1" oJ + [~i ~ ~ I e ~ I 1" oJ 

+ [~15 ley I r oJ + [e i I e 12 I r oJ + [~lZ lei I r oJ ) . 

Then we have did) = - a.aoh2bo2 ' Since - ko' d2 (va) = d2(hovu) = d2( -bOld) 

= 'lX. bOlo '1,oh2b(}Z = -71. h\l . g]h2bOZ and - ho' dz(gz) = d2(hog2) = d( - h1bo1) 

= - a . aOb~1 = a . hOg1b01 ' we have d2(vO) = a. glhzboz and d2(g2) = - a. glbo1• 

Then Massey product < bOI ' gl' h2bo2> is defined and equal to - . a. g2' h2bo2 

- a . bol ' V 0 = li .bOlvO (by proposition 1.1. e)) in Ea' By The~rem 2.8, it is easy 

to see that bOlvO converges to < fi I' a 2 ,"> (up to sign). 

We summarize the above propositions in the following theorem for Eoo term 

in the range 77 ~t-s~ 103. 

t-s 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

THEOREM 3. 19. Eoo for 77 ~t-s~ 103 is given in Table B. 

Table B. 

IT; (50:3) survivor (corresponding generator)" 

0 

Z 
3 

Z3 
0 

Z3+ Z3 
Z3 

Z9 

Z3+ Z3 

Z3+ Z3 

Z3 

Z3 
0 

0 

Z3 

b01bil( f3 1 i) 

gltij( a 20) 

h 2bo2 , hox « aI' a l' [3 5> ) 
a~d 

'1,~'1,~U , ~g~iu (a 21) 

hohzb02 , bk~ (fi 1 f3 5) 

hobnaz « f3 l' 3' , P 5»' hlOlkb02 (fi 1 It ) 

hohpz « aI' 3 t ,~2d > = P I) o 
hoar (a 22) 
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Table B (contm ued) 
----

survivor (~orresponding generater) --- ---- - --t-s 

91 

92 

93 

94 

95 

96 
97 
98 
99 

100 

101 

102 

103 

4 

3 

2 

s = 0 

7 

6 

5 

4 

3 

2 

$ = 1 

11" :(.$0:3) 

Z3+ Z3+ Z 3 

Z3+ Z 3 

Zg 

Zg+Z3 

Zg+Z9 

0 
0 
0 

Zg+Z3 

Z3 

Z3+ Z3 

Zg+Z3 

Zs 

bOlh2bo2' hobo1x (f3 1 <: ai' aI' f3 5 > ) , glaI ( a 23) 

bllc±hovo' b01blla2 « f3 l' a 2' f3 5» 

b01hP2' aOb01h{l-2 « aI' aI' PI» 

kl1.1( f3 2). ), b~lW2 (f3 f f3 5) 

'hobolblla2 (a 1 < f3 1 ' a 2 ' f3 5 > ), a~~u , ~t4u (a it) 

b01vO ( < f3 1 ' a 2 ' h2 b;2 > ), hcPY (a 25) 

g.jJlla2 (f3 2 f3 ;> 
b~lh.jJ02' hob~IX (f3 ~ < IX 1 ' IX l' f3 5 > ) 
hobo1vO (IX 1< f3 1 ' a 2 ' ~2 > ) , b~lblla2( 13 1 < 131' a 2' f3 5 » 
glar (a 26) 

REMARK. Recently, 1r s (50:3) in this range was announced by M. C. Tangora. 
* 

Appendix 

Display chart of EOExt A3 (Z3' Z3) /01' t-s ~ 136 

Vertical and slanting lines indicate multiplication by ao and ho' respectively. 

t-s = () 2 3 4 5 

Fig. 1 

h a o 1 

91~~ 

7 8 9 

h 
I 

l/) 11 l2 13 14 

t-s = 15 16 17 18 19 20 21 22 23 24 2:' :!o 27 2(1 29 
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11 

10 

9 

8 

7 

6 

5 

4 

3 

2. 

5 x 1 

15 

14 

13 

12 

11 

10 

9 

{} 

7 

6 

~ 

4 

3 

2 

s = 1 

t-5 = ~o 

t-s == 45 

31 J2 33 

46 47 -16 

3·1 35 :36 37 38 39 

Fig. 3 

49 50 51 52 53 54 

Fig. 4 

Math. & Nat. Sci.) 19 

40 41 42 43 44 

55 56 57 58 59 
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Remark •EIn this appendix we make use following notations;

ho =Si,o<gi=S1A,b= boi,g2 -g20,k=klfi,bl = bn,b2 =bQ2,

n = afi + a\cat,p = b\a2 + a\wb2, q = bg2a\-gjubfr,r =h0xa2 +ajtj)^

and s = bxa2- gfab^.
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J
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32
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12
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41
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g2X 0G bⅤ

91a晋
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蝪 hobbjb ノ/一/■ b2 V lT in'2b2

g1G
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VoV
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9li 99 100 101 102 103
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