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On Random Phase and Callen Approximations to

Ferromagnet with Anisotropic Exchange Interaction

Seitaro MATAYOSHI*

Abstract

The random phase and Callen approximations to ferromagnet with
anisotropic exhange interactions have been discussed on the basis of
rigorous theory.

When compared with the reslts of one and two dimensional

systems, it has been found that these approximations are good in the

case of isotropic and oblate anisotropic interactions but not in the case

of prolate anisotropic interactions.

We have also suggested improvements to the approximations

mentioned above.

§ 1. Introduction

Heisenberg 1J{ ferromagnet ,.: 'J~"\ L (1) model ~ m L L j.,~*, :. h'.: 'J~"\L (1)i1f?E1J"ti: ~ <
~. ~ h L ~ t.: 0 -t- h t:, 'j: *)JUT Q C"*(1) l -J ,.: 7}nm* Q 0

( i) iWJji~,!{rm(1) 171* 1) - 4)

( ii) 1f~1J"" 2 JL,- ~ .:::.. , / (1)17$5)-9)
( iii) A 1:.0 / ilt (1)]~JffU10) - 13)

( iv) Green 00~1*(l) J;[; ffl14) - 2'l)

t6i~'!{~1*'j: Jt~lm tJ ilii1t(l)i9!Ifc'.: 'J~"\ L (l),!{fm L"~ 'J L, fiiJ ~ (l)ilI:1!A t ~A-tt-r ,.: T ~Tc
-r--1f~1J~·*5*1J{~!f:t:,hQo ~L, "*fl1Ji'~< ~·Q'':'Jh, -t-(l)_tf:Hj:ti~L, m_c~·Qo JJtff,
zero-field susceptibility X ~(1)~~:l:1Ji' T-7 ~ -r-atjf ~ h L ~"\ Q 29) 0

1f~1J"" 2 JL,- r .:::.., / (l)171*-r-'j:, ~ <L, ~('flM(l)A 1:.°/ (l)*',: tJJ t:, <1f~'h:t1Ji (7}T:t~) ~1&~

L, .:. (l):t£,.: ---:>~'\L (l)self-consistent equation ~~tfjT 0 0 .:. (l)17$'j: Curie point T c ilI:1~

.or- 'j: 1J1~. tJ J: ... '\ C~ i.. t:, h L ~ '\ Q 1J{, f~i:'ift:l:i&: -r-'j: J: <~.... '\ 0 JJ!t£ (l) c :. 7;, constant coupling
ifrf!A9) ,.: J: Q t (l)1J{, -if J: ... "\ J: -J -r-~ 0 0

Heisenberg model -r";j:fl1"'"\~~(l) (g) 1fenergy 'j:~~ ,.:"* ~ Q (l) -r'f~iAit~R±t (T ~Tc) -r',Bloch

,.: l 'J L~A~ ht.: A 1:.0 / 7lt(l)ff!f~10} 'j:.ltfX8~fiij!ft'.: L 1Jl t 1Xf*,.:~~mfiX:m*Q 0 L 1Jl L, T c
~ C" (l) iWii:.1t~j{bX'': ~~ifD ~ fJi:~T Q (1) 'j: :if1iJfj~ -r-'~ 7; -J 0 A 1:.0 / 7&: rd1 (l)f§1I flrffl ~ ~ J.i LL
Dyson l2)~Oguchil3) ~1J{magnetization ~(l)~~_ ~ T4.~ -r'-*~ t.: 0

J:)l:(l)'=:1J$'':'j:c··h,.:t-*1J{~'JL, -!ffi1J"l,Q o T~Tc, T~Tc, T~Tc ~·c··(l)1E:

~j{it -r- -J ~ <~~ffUtit fiX: -r- ~ Q17$1J{~~ <~ ~ h Q 0 ~ (l) J: -J ~·17 $1J"~ Q ~. t:, 'i-, ~ (l) J: -J ~·17

$:. -t~1J 8~~H': iJf?ET Q t.: fOOT 0 t (l) -r'~ 7; -J 0

:. (l) c ~ ,:., ~:t~ L t.: (l) 1;", Tyablikov'.: J: 0 Green oofi1*(l) J;[;fflI4} -r-, 1E:i~1tiRtt -r'1Jl~. tJ
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J: ~'~*~lf;tt-:o Green~#&L±{5:i:'~itt~~";;1:, collective mode ~N. <~~L, ~iii~fi~~";;1:

individual mode ~J: <~lJ!-t~1;~Gl"~~o ::'(J)Green OO~7!t.:~< rl:t~~-IJ\'~~\h'tl"';;1:~

~'o ~, ~)L7:;, m*~-Jft~-IJ\'ffftT~o GreenOO~t.:---::>~,-r(J)~t}r1Jf¥.A(J)*-IJ\', ~-hl~t':Mt

~ ~ , (J) ~', c" (J) J: -) t.: M t ~ -tt ~ -IJ ~ C ~'-) c :. 7:; t.: * ~ ~- rp~ Q 1J{~!£T ~ (J) ~'th ~ 0

Tyablikov ,;;1: C t1J~ < t R. P. A. ~', iltJJ1Jf~A(7)*~ M t ~ -tt, ~~~8~t':1J~~ t) N.~t~·*6

*~ ~!f:t.: (J)-r"~ ~ 1J", jJi:1!),<7)fn ~ 1J~ b if~A L -r < ~ ~ ~ )~~~ ~ ~ tt ~ -::. C ';;1:~' ~ ~.1J~ ') t.: 0

-::. (7) j5:1!),<7)fJl ~ ~ ~ijf1 T ~ t.:~ t.:, ~ < (J)~JfJt~1J{t~~litX L t.: tt he" t, *J1fi CI~,nh ~ &N. (7)

1J~';;1:*t":·J!---::>-IJ~') -r~'~-~)o

-::. h G(J)~g6U<7) -)~, Callen15) (7) t (7),;;1: Tyablikov (J) t (7)'': ---::>~, ~·MJ:i!id.·J}!~~--c'~ ~ o Callen

(J) jli:1!), (C. A. ) ,;;1: R. P. A. t: J: ~ tJi (7) 1tI! t: spin deviation ~;:JfII L t.: $Jf L~' JJi ~ 1If;t1J[J L
-r ~) ~ 0 -::. (7) J: -) ~. jli:f!)j*-c' Callen ,;;1: Tyablikov (7) t (7) J: t) t *1*t:.t:> \" -r N. ~ ,~* ~ ~~t.: 0

-::. (J)ftl!(1)~~6U';;1:, ~ (7)jli:1!),i* C ~t -= t: j:> ~'-r f~~ l,·th t), ~~~f~=,;;1:*1I1J IJ'~t: ~• .Q -IJ~ ~ ~ j-~~t: ,;;1:
~ <T ~ 1J~-r"~ ~ 0 )/)) ~~)

-::. (J) ~iJt -r"';;1: , J,J J:. (7) jJi:1!),it: (7) -) t?~ iiiIi: ~J{~ -C. -IJ~~. t) N. ~f ~. ~*~ l} .z. , 11.ttt< 8~Mlit --c.~

~ R. P. A. c C. A. ~ C t) thtf'-r, A -IJ{~ to/(7)Z~?tt:flFJ:fj L, J.L -IJ{X-YJiX:71-t.:flpfflT

~.J: -) 7j:~$IB*C7) anisotropic Heisenberg ferromagnet t.: r,tfflT ~ 0 -::. (J) J: -) ~. ,ferromagnet

,: r,tffl-t ~ c, jli:f!),(J)*i1tj: h-~-t < ~- ~ 0 :. -) L -r i5:f!~(7)*~'11~ ~~1 L, c"(J) J: -) t: -thLl'

cXN. -C' ~ ~ (7)-IJ~ ~ Mlg6U-t ~ (7)-IJ{ § 8~ l"~ ~ 0

J,J1:(1) t.:~ (7) ~t_ 7
0

0 k 7, t.:, Green ~fi7* ~ 1~ ffl L ~. ~ '-C', iiit _ T t.: Y. ~ , -r (J) iI:fJJ1JfMj\ ~

1t ffl -t ~ 0 Green 00~ c ~) -) !:f:. JJ ~ it ffl L ~. ~, l" t, ff; Iv c"lI1J t *3A -r"J}!~~OJ J.t{ 1m1J{1iJfig -C'th t) ,

£l1l1J t*5*t:~IJ:it-t.Q 1;~ Gl"~ ~ 0

ft q 1J"~1*8~ t: _ tIJ T Q (J) ,;;1: ~;)( 5t c =* JC (J) *' (J) curie Point Tc -C. ih ~ 0 ~*5CG7)* c ';;1:~

~. t), :. h ~ (7)* it l"';;1: Ising model ~Heisenberg model~· c"(J)~5J1j ~·j-~~t.: Tc (J) IlitW~· fllI
n{ h 1.P ') -r ~) Q 20 ,2;') (7) ~', jli:f!~}]!ai(7)~~1(J) t.:~ t.: ,;;1: ~t1~~-C'~ ~ 0

Dalton and Wood2:{) t anisotropic Heisenberg ferromagnet ~:fiJfJEL t~ 1;\ tlt~(J)ili:1!~~

,;;1: R. P. A. -c'll A = 1 , 1"2 J1."2 0 (J)j-~%,,: ~!~ L -r ~, Q 0 VE ') -r, ~J.z (J)l.I~fiD(J)q:tt.:~ £
iL ~ -::. c t: ~. ~ 0

~ L, A c J.L (J)~;f5J1j ~·1rRt: j:> tt Q ~*!J.~fiU1;~ ~ Tc t.: Y. ~ ~ L j;JT (7) J: -) t.: 1t~RIJ ~ h ~ 0 f.f::i:(7) A
c J.L t.: Y. \, ) L , Tc = Tc ( A, J.L) c j:> < C,

b) =;)(Ji: (7)*l"';;1: , k Tc
( 1.0) 1.135···1; ~ G ili~ L -r, J1. (7) lj!~ifflX~'00fl t L -r J~ ~ £
]

~ " A= J.L = 1 ~. Tc ( 1. 1)= 0 c ~. Q 0 0 ~,1 ~ J.L = 1 (J) c ~ ';;1:, 1itt: Tc (A , 1) = 0 0

~ h ""(,. ,;;1: ft J.z (J) R. P. A. c C. A. t: J: ~ *5* ,;;1: c'· -) ~. ') -r ~, Q 1.p? j;Jl' t.:, ~ h ~ h- -C

h-J: -) 0

i) oblate anisotropic case (A ~ J.L = 1 )

~*JC, =;)(5t<7)*-C'
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C: ~""? ~, J:~cO)1tiRIJim t) ,.:: ~""? ~ ~ '\ 0 0

ii) prolate anisotropic case (1 = It > J.l)

-*j(;, =*5G0)*"C'

C: ~ ""? ~ 1tiRIJfw: J: t) 1J~'~ t) ,± -r n ~ J:i t) J.l = 0 "'C'.f n1J~·i&*t.:: ~. ~ ~ ~ '\ 0 0 fJE ~ ~,

oblate anisotropic. case ,.:: .It~~, ili:1!:J"±~ < ~.""? l ~ '\ Q C~ i.. tF· 0 ~~:!f:~. ~ '\ 0 -t

tl "C. t , C. A. 'j: R. P. A. J: tJ ;; L "C.~ 0 0

.:. tl t:, ,.:: 110 i.. ~, *0)':' C' t h 1J~ ""? t.: 0

iii) T!'P, A( 1 ,J.l) ,.::.It~ l Tf,A ( 1 ,J.l) ';;1:'}; t':·~iJ~ ,.:: ~1~-t Q 0 !I?i''=, =*j(;0)*"C', It =

1, J.l~ 1 G7)c ~G7)~~t.=~1tTo~1~G7)f±1J';;1: T!,P,A( 1 ,J.lH.=.It~l, Tf,A( 1 ,J.l)

,;;1: i> f.:'~iJ~ "C.~ Q 0

§ 2 "C"±, anisotropic Heisenberg ferromagnet ,.= ':) ~'\ l G7)~J1J1J~~ ~ R. P. A. c C.

A, "C·~tfj1tL, critical point Tc ~ $fmToo § 3 "C";;1: *ti* G7)fW~ c ili:f!A''= ~~'\ l G7)~~t]E

u·,:: -t-G7)c5c.mt::~~'~0)~~iU~{T~" J 0 Appendix "C"± Weissili:f!A (w: A.) ~~fJJnfM~G7)JL:t~

"'C.;; c~, ili:f!AO)~~tt:: ~~-\t L Ii) 0 0

. § 2. Linearlization of Equation of Motion by R. P. A. and C. A. and

Calculation of Curie Point Tc •

~q G7)~~iUG7)tB~.g';;1:*G7)/~ 2 )v r;.. 7 /' l"~ 0 0 ~5i~111t11*G7)~111~~~$Ib';;1:im1itG7)li t) t.=Z$dI

n rPJ t:: ~ 0 t 0) cToo

ltI=-gJ.lBH~Sf-2J4, {It Sf Sf +J.l
2

(StSj-+Si Sf)}
J (lOJ)

It c J.l';;1:.!Jf:.,::~~t.: J: J t:: anisotropic parameter "C'~ t), A= 1, J.l= 0 ~. ~ ,;r'Ising model

t:: ~ t), It = J.1.= 1 ~. ~ ,;r'Heisenberg model t::~· t), A= 0, J.l= 1 ~. ~ ,;r'x - Y model t.=~· 0 0

§ ~~t:: ffftT Q ferromagnet ';;1:, .:. tl ~ 0) limit model G7) q:t ra';fX~ G7)/~ 2 )v r ;.. 7 /' "C'~r,:i!fi

~ no 0 Sj ,;;1: j far.gG7)J:t.= ~ Q A to /' "C'~ Q .:. c ~~T 0

A c:/ (7)* ~ ~ IiS = ~ "('1> ~ C: T ~ 0 .:: tUi ~t. i- Mlj!I.: T ~ t.: Il1':>I;fiJd) -r-li~: <. f~.I': t
;@:~iJ~ 1> ~ 0 C. A. Ii S ~ 1 (7) tj fi- I.: Ii HM-7j: ili: f!1. -r-1> ~ iJ~. S = ~ (7)tifi-I': Ii -t- hf¥. J: \, \ C:

,±~ i..~.. ~'\o .:. 0) J: ~'\ C,±~ i..~. ~,:t~1}"'C' C. A. ~f9i~t L, &.m T Q t:: ,;;1: c~ J L t.: ~ ~ ~'\ip ~

~~1fU L t.: ~'\t.:~"'C·~ 0 0

~~ll7} ] ';;1:iE "C', i&ili:1tfaTra' t.:·tt t:: 1j)j < t G7) c fJi5E ~ fll ~ '\ 0 0

* G7) J: J t.= Pauli operator ~?!fA Too

Sf= bj ,

Sj-= bf ,

S?=~- b7 b· =~- n·
'J 2 J J 2 'J.

lattice site j t::, spin deviation ~ bI 'j: fF t) l:fj L, bj 'j: .:. h T1J1J ~ ~Too .:. G7) operator

'j:*0)~~~1*t::fJEJ 0
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[bi,b/]=8iJ( 1 - 2 nj )

[ bi. bj] = [bt, b/] = 0

bl=( bty = 0

Pauli operator L± IOJ t ~T,~ "'C'Lt, Fermi 8~ t.: .l~ Q 1 ~"\, 14 Q~T ,g "'Ctt, Bose 8~ t.: .l~ Q*
-) 0

/" 2 )t" ~ =- 7 /" ~ Pauli operator "'C'it ~ ~ i.- Q 0

~= Eo +(g,us H + ZjA) ~ nj - 2.!Jt) ( Ani nj + ,ubt bj ) ( 1 )

~ ~ ~', Z 'j:J11:ili:~~r ,~(J)~ ""("eh t), Eo ,;;1:*(J)£~ energy "'C'eh '? -c, *(J)A~'~ i.- t:J h Q 0

Eo=-+Ng,usH- ~ NZjA

operator

~b.= -[b o 1J;f]a{3 J J'~

= - ( g,uBH+ ZjA) bj+ j,u".E bj +P
P

+ 2~(Anj+pbj-,unjbj+p) (2)

~ :. "'C', p ,;;1: eh QfaT,~ j 1J~ t:>, -t (J)Jlli!i:~faT,~ *l:'(J)~? ~ )t" l:'1J Q ~ C ~~T 0

~ (J) 1Jf3ij\ ';;1:, ~ h t~· tt ""(",;;1: M t L ~"\ ~j: ~'(7) l:'fW < ~ C: 'j: ili*Jd.. ~"\ 0

1Jf3ij\ (2) (7)tlil1~=tIH':R.P. A. ~1i&L -c, ~jJJ1J~~~~*~1~LJ: -3 0

~ (A nj+pbj - ,unj bj+p)"" n~(Abj - ,ubj+p)

:. .::. ~', *' t.: translational symmetry ~ 1&~ L l ~"\ Q (J)"'('

"'C'~Qo (nj),;;1:nj(J)ensemble averagel:'1JQ,~ C ~~To

t~L(7)~*31~ ~ h t:.1Jl~oj\ ~M ~'-C, magnetizqtion at.: ") ~"\ l (J) self-consistent equation
(S. C. E.) fF ~ 0

--l.=~~ coth {3 Ek

(J Nk 2
( 3 )
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1 a=2- n

k ,;;1: ~~7" I) JI.--7:/, '/"-:/ t.: i:>tt 0 i&:~-(? " JI.--l:'if> 0 0

::"(1) s. C. E. (3) ';;1:1}:t~Ht,:---::>\'-)-r', ~~, M~;f~ho anti-symmetric relation (J

({3, H) = - a({3, - H) ~ iJMJt.: L l \,-) 0 0 1Jf¥.i\ (3) "t" Il = p.= 1 c i> < c, Tyablikov iJ{G.

F. $l:'~!Jt.:*5*t.: ~ 0 0

X, Il= 1, 1"2 p."2 0 c i:> < c, Dalton and WoodJl.~ifD(1)t1J;tT0 ~t=~JtT 0 0

~l, 1Jf¥.i\ (3) l:'H= 0, a~O c Ll~fJt7t~#&~~~To c, curie point Tc~~60

o i\iJi'~~ ~ tl 0 0

L=_2_~ 1
kTc NZ k 1l-P.Yk

::.. h ~ linear chain lattice c simple quadratic lattice t= ':) \,-, -r ~1*8~ t= ~t_T 0 c :}z(1)Jm

t) t= 'd.- 0 0

a ) linear chain lattice (Z = 2 ,Yk=COS a k, a Lt lattice constant)

kTc = {JIl 2_ p.2 for 1l"2 Lui
] 0 for 11l1< J.L

b ) simple quadratic lattice (z = 4, Yk cos a kx ; cos a ky
)

kTc

]

Illl for

o for 11l1< p.

::.. ::.. l:'K ,;;1: ~-flft~tiJIJfJt7t26) ,27) "t"if> 0 0 parameter k iJ{~ 0, ~ 1 (1):t~~,= *(1) J: J

'd.- J~ 0 *\r) ~Too

K(k)~

for ~ 14
in [1=7i2

::.. (J)K (J) k~ 1 l:'(J)J~ ~ *\r'iJ~ ~, J.L~ Il = 1 j6:191"t" Tc ,;;1: ~~(J)~1t. ~ L l zero t= 7d.. ~ ::.. c iJ{

hiJ~ 0 0

J:Jl:(J) R. P. A. t.: J: Q *5* ~ ~ L <U!;~T 0 iVH= C. A. ,= J: 0 *5* ~ tIJ L l i:>::.. J 0

~~1Jf¥.i\ ( 2) ~ *J1!ff~1tTot.: 6/) t=, Callen t= ftE '? -r*(J) J: J t.: ifr1!AT 0 0

~(A nj+p bj - flnj bj +p )

"" n~(Abj - flbj +p )

+ 2 (j~<bf bj +P >('-l bj +p - fl bj )


