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Locally Trivial Fiber Spaces and Stiefel-Whitney Classes 

Ryuji MAEHARA* 

E. Fadell (3J generalized the notion of a plane bundle, and gave a definition 

of generalized tangent bundle t"M for a topological manifold M· In this paper, 

we prove 

Theorem Let F _j_~ E _p_~ B be a lOCIJlly trivial fiber space such 

that F, B, E are topological manifolds Then there exist generalized plane bundles 

e , 1J over E with the Properties: 

t"F = J*(TJ), ~,!. }* (t"B) and t"E .!. eEBTJ 

where j*(TJ) . p*(t"s) denote the generalized plane bundles indvced from 1) , t"B 

by j, p, respecti1•ely; .!. denotes fiber homotopy equivalence; and EB denotes the 

Whitney sum. 

Some consequences and applications of the theorem will be discussed in 

sections 4, 5. 

I . Preliminaries 

Consider the following commutative diagram of spaces and maps: 

F ----> E _1!__, B 

co l l p II 
Fo -- -> Eo-0 -> B 

where the unlabelled arrows are inclusion maps and F=p-t (b 0 ), Fo =Po -l(b 0 ) 

(b 0 t: B). Such a diagram (denoted e = (E, E 0 , p, B)) is called a (locally trivial) 

fibered pair with fiber (F, F 0 ) if for each point b in B we can find an open set 

U containing b and a homeomorphism of pairs 
t/J : (UxF, UxFo) --+ (p-t(U), Po -t(U)) 

with the property p t/J (b', x) =b'. When Eo is the empty subset of E, the above 

fibered pair reduces to a (locally trivial) fiber space F- j_-> E - 1!_->B. 

In a fibered pair ~ = (E, E 0 , p, B), suppose the base space B is paracompact. 

Then it is known that p:E--+B and Po :Eo--+ B are Hurewicz fiber spaces. In 

fact, the map p admits a lifting function 

1 : {(z, £) "ExBI I p(z) = e (o)} --+El 

such that p 1 (z, e)= e and if z t: Eo then 1 (z, e) is a path in Eo (where XI denotes 
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the space of paths in X with the compact-open topology). See (3) . 

Let e = (E, Eo, p, B) and e I = (E1 
' E~ ' P' ' B) be fibered pairs with the 

same base space B. A map of fibered pairs a : ~ ~ ~ 1 is a map a : (E, Eo )­

(E1 ' E~ ) such that P' a = p. i.e. a is fiber preserving. If f3 : e - ~ I is another 

map of fibered pairs, then a .!- f3 (read fiberwise homotopic) provided there exists 

a homotopy h : (E , Eo) xl-+(E' , E~ ) such that h(z, o)= a (z), h(z, 1) = f3 (z) 

and P' h(z, t) = p(z) for all t E I. ~ and ~' are said to be fiber homotopy equi-
a 

valent if there are maps of fibered pairs ~ =:; f such that a' a !. 1 and a a' !. 1 . 
a' 

Both a and a' will be called fiber homotopy equivalences. 

Let ~ and ~' be as in the preceding paragraph. The Whitney sum e EB $' 

of e and ~I is defined by ~ EB ~I = (E' Eo' p ' B) where 

{
~ = {(z, z') E ExE' l p(z)=P'.:_z' ),} 

Eo= ((ExE~ ) u CEo xE' )) nE, 

P (z, Z 1
) = p(z) ( = P' (z') ). 

It is not difficult to see that ~ EB ~' is a fibered pair. 

A fibered pair ~ = (E , Eo , p , B) with fiber (F, F 0 ) is called a generalized 

p-plane bundle (abbreviated n-gpb) if it satisfies the following properties: 

i) p : E-+ B admits a cross-section s : B-+ E (i.e., ps = 1) such that Eo= 

E-s (B), 

ii) (F, F 0 )-(Rn,Rn- o) where Rn is a Euclidean n-space, o is theoriginof 

Rn, and - designates homotopy equivalence of pairs. If ~ is an m-gpb and if 7J 

is an n-gpb with the same base space as that of ~ , then e EB 7J is an (m + n)­

gpb (see (3) ). 

An n-manijold is a connected paracompact space which is locally homeomorphic 

to Euclidean n-space Rn (n ~ 1 ). Given an n-manifold M, let 

T 0 (M) = {& t:MI l t(t):s;:. t(o) foro< t ~ 1} , 

let T(M) be the union of T oCM) and the constant paths on M, and give T(M) 

the compact-open topology. Define 11: : T(M) -+ M by 11: ( £) = £ (o). Then 

-tM=(T(M), T 0 (M), tr:, M) 

is an n-gpb (see (3) ). z-M will be called the tangent n-gpb of M. If M possesses 

a differentiable structure and if we let (E, q, M) denote the tangent bundle of M 

and (E0 , q 0 , M) the sub-bundle of non-zero vectors, then (E, E 0 , q, M) is clearly 

an n-gpb. It is known that there exists a fiber homotopy equivalence z-M ..t (E, 

E 0 , q, M). See (3) . 

2. Two propositions. 

Suppose F - L-+ E · p_-+ B is a locally trivial fiber space. We define 
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~ = (H, H o• tr:, E) and TJ = (V, V o• rr, E) as follows: 

{

H o = U tEl i pe(o) ~ pe(t) for o < t ~ 1 } , 

( ~) H =Ho u {constant paths in E } , 

(TJ) 

rr U) = e (o); 

{

v - { e tEl I e (o) ~ e (t) and pe(o) = pe (t) foro < t ~ 1 J , 

V o ~ V o u {constant paths in E } , 

rr U) = &(o). 

The theorem stated in the beginning devides into the following two propositions : 

Proposition 1. With the above notations, ifF is an n-manifold, then TJ is 

an n-gpb and rF = j*( TJ) (=the n-gpb induced from TJ by j). 

Proposition 2. IfF is an n-manifold and B is an m-manifold, then ~ is 

an m-gpb and 

e ,!. p*( Ta ) ' TE ,!. ~ EB TJ • 

In the proof of these propositions, the following elementary lemma will be 

needed. Let Dn denote the n-ball in Euclidean n-space J?n, i.e. Dn = { x € Rn 1 

II x II~ 1} and let Vn denote the interior of Dn. If k<n we may regard Rk = 
{ (Xt , ···, Xn) € Rn I Xk+l = ·· · = Xn = 0} and hence Dk C Dn, Vk c Vn. 

Lemme 3. (See (3, p.492) ) . Let M be an n-manifold. Suppose U is an 

open set in M such that its closure T! is homeomorphic to the unit ball Dn with U 

corresponding to the interior Vn of Dn. For k<n, let U<kl be the subset of U which 

corresponds to the subset Vk (c Vn ). Finally, let G (M) be the space of home­

omorphisms of M with the compact-open topology. Then there exists a map 

r: u x U--+G(M) 

satisfying the following properties: 

i) r (a, b) (a) = b, 

ii) r (a, a) = 1, 

iii) r (b,c) r (a,b)= r (a,c), 

iv) T(a,b) (z)=z for HM-U, 

v) if a, b £ U<k>, r (a,b) maps U<kl onto U<k>. 

3. Proof of the propositions. 

Proof of proposition 1. Let Z 0 £ E. Choose an open neighborhood U1 of 

p(zo) in B for which there exists a homeomorphism ¢> : Ut xF- p-1 CU1) with 

the property p ¢> (b,x) =b. This is possible because (E, p, B) is a locally trivial 

fiber space. When ¢> (b, x) =z, we will write x=q (z). Let p(zo) =bo and q(z0 ) = 
Xo , i. e., ¢> (bo ,Xo ) = Zo • Since F is an n-manifold, there is a neighborhood U2 of 

Xo w1th CD2, U2) homeomorphic to (Dn, Vn ). Let W = ¢> (U1 x U2 ). Obviously, 
















