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Locally Trivial Fiber Spaces and Stiefel-Whitney Classes

Ryuji MAEHARA*

E. Fadell (3] generalized the notion of a plane bundle, and gave a definition
of generalized tangent bundle 7y, for a topological manifold /. In this paper,
we prove

Theorem Let FI E-? B bea locally trivial fiber space such
that F, B, E are topological manifolds Then there exist generalized plane bundles
&, 7 over E with the pyoperties:

Tp = %), §2 j*(tp) and 75 X EODY
where j*(7), p*(tp) denote the generalized plane bundles indvced from 7, tg
by §, p. respectively; X denotes fiber homotopy equivalence; and @ denotes the
Whitney sum.

Some consequences and applications of the theorem will be discussed in
sections 4, 5.

1. Preliminaries

Consider the following commutative diagram of spaces and maps:

F-———E-2.p

@ 17 1 |

By~ By Ploa B

where the unlabelled arrows are inclusion maps and F=p-1(d,), F,=p,~1(b,)
(b, € B). Such a diagram (denoted & = (E, E,, p, B)) is called a (locally trivial)
fibered pair with fiber (F, F,) if for each point b in B we can find an open set
U containing » and a homeomorphism of pairs

¢ : (UxXF, UxF,) — (p~XWD, p.~2U))
with the property p ¢ (&', x)=b". When E, is the empty subset of E, the above
fibered pair reduces to a (locally trivial) fiber space F = S E-g—»B.

In a fibered pair & =(E, E,, p, B), suppose the base space B is paracompact.
Then it is known that p:E——B and p, :E, — B are Hurewicz fiber spaces. In
fact, the map p admits a lifting function

A2:{(z,8) e ExXB| p(2)= ¢ (0)} —E!

such that p1(z,4)=¢and if z¢ E, then 2(z, ¢) is a path in E, (where X! denotes
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2 Locally Trivial Fiber Spaces and Stiefel-Whitney Classes

the space of paths in X with the compact-open topology). See (3] .

Let ¢ =(E, E,,p,B) and &’ =(F’ , E, , p , B) be fibered pairs with the
same base space B. A map of fibered pairs ¢ : £ —> ¢’ is a mapa : (E, E, ))—
(E' ,E; ) such that p'a=p. i.e.a is fiber preserving. If g :§— ¢’ is another
map of fibered pairs, then @ X § (read fiberwise homotopic) provided there exists
a homotopy % : (E , E,))xI—(E’ , E, ) such that k(z,0)=« (2), h(z, 1) =8 (&)
and p'h(z, t)=p(z) for all tel. & and & are said to be fiber homotopy equi-

(44
valent if there are maps of fibered pairs &% & such thate’ a %1 and oo’ X 1.
al

Both @ and «’ will be called fiber homotopy equivalences.
Let &€ and &' be as in the preceding paragraph. The Whitney sum ¢ @ &’

of & and £’ is definedby ¢ @ ¢’ = (E, E,, p , B) where
E = {(& ) ¢ExE | p)=p/ (&'}
E,= ((EXE, YY(E,xE')] ~E
PG z)=p@ (=9 @))

It is not difficult to see that &£ @ & is a fibered pair.
A fibered pair & =(E, E,, p,B) with fiber (F, F,) is called a generalized
p-plane bundle (abbreviated n-gpb) if it satisfies the following properties:

i) p: E — B admits a cross-section s : B— E (ie., ps = 1) such that E =
E—s (B),

i)y (F, F,)~(Rn, R~ — 0) where Rn is a Euclidean n-space, o is the origin of
Rn, and ~ designates homotopy equivalence of pairs. If & is an m-gpb and if 7
is an z-gpb with the same base space as that of £, then £ @ 7 isan (m + »n)—
gpb (see (33 ).

An n-manifold is a connected paracompact space which is locally homeomorphic
to Euclidean #-space B» (# = 1). Given an z-manifold M, let

T.M) = {geM | ¢@Wx¢(@ fora<t=1l},
let T(M) be the union of T',(M) and the constant paths on M, and give T'(M)
the compact-open topology. Define # : T(M) =M byx (£)= ¢ (0). Then

=T 0D, T M),z , M)
is an #-gpb (see (3] ). =v will be called the tangent n-gpb of M. If M possesses
a differentiable structure and if we let (F, g, M) denote the tangent bundle of M
and (E,, q,, M) the sub-bundle of non-zero vectors, then (E, E,, g, M) is clearly
an n-gpb. Itis known that there exists a fiber homotopy equivalence = £ (F,
E,, q, M). See (3] .

2. Two propositions.

Suppose F --— E -2 B is a locally trivial fiber space. We define



























