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Abstract

WeintroduceK-theoryranksandindexfbrO*‐algebras(consid-
eredastheirEulercharacteristic)andestablishthefundamentalthe‐
oryfbrtheranksandindex・mrthermore,weconsidersimilarlyKK-
theoryraｎｋｓａｎｄｉｎｄｅｘｆｂｒＣ*‐algebras・Also，theranksandindex
fOrequivariantＫ－ａｎｄＫK-theoryareconsideredaswelL
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Introduction

Thispaperisprimarilybasedona(reviewed)partoftheauthor，sdoc-
toraldissertation[13],inwhichsomebasicresultsonEulercharacteris-
ticsfbrC窯一algebras,duetonkai(superviser)[15],arejustgivenwithout
proofSItwasdiscussedadecadeago,buthisoriginalpaper[15]hasnot
beenpublished(asafullpaper)(cfareport[14]).Therefbre,thistimel
wouldliketogiveapoweredaccountfbrthiscertainlyimportantconcept

withsomedetailedproofBandsome(notafew)additional(new)resultsby
usltseemsnkaiisnotthefirsttointroducesuchanotionintheliterature，

butheshouldbethefirsttodosointｈｅＯ*‐algebrasettin9．Furthermore,it

shouldbe(potentially)usefillfbrclassificationofO*-algebrasinthefUture
Ourfirstmotivationfbrthispaperistofinda(more)suitablenotion

fbrdimensionfbrO*-algebras、ItisRiefIel[11]whofirstintroducedthe
stablerankfbrO*-algebras､BrownandPedersen[5]ａｌsodefinedthereal
rankfbrO*‐algebrasThestablerankcanberegardedasanoncommuta-

tivecounterparttocomplexdimensionfbrspaceｓｉｎｓｏｍｅｓｅｎｓｅ，ａｎｄｔｈｅ
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realrankbeastorealdimension・However,theyarenotmuchsatisfactory

insomesenselndeed,fOrinstance,thenoncommutativetoriTg(、三２）
generatedbynunitariesujsuchthatTLlCuj＝ｅ２汀zOjjcujukfbrl≦ｊ,ハニ、，
whereｅ＝(めん)isaskew-adjointn×nmatrixoverR,shouldhaN'ethe
samerank(ordimension)asthecommutativeC*-algebraC(Ｔｚ)generated
bycommutingnunitaries，orofallcontinuousfilnctionsonthetoriW

sinceTlSaredefbrmedinasensetoO(T､)withrespecttotheparameter
O・ItisknownthatsimpleTらｈａﾊﾉestablerankoneandrealrankzerobut
C(Ｗ）(、三２)havebothranks＞２.Thisideaandsituationhaveledus
todefineK-theoryrank(s)fbrO*-algebrasaswellastheirK-indexasnon-
commutativeEulercharacteristicofTakai、Weshallusethisterminology

sincewedealwithK-theorymainly・OurK-theoryrankandindexarenew

invariantsfbrO*-algebrasinthisfbrmulationandwouldbecomeimportant
notionsinthefUture・

Theauthorisbenefitedverymuchfromsomestimulatingconversations

withProfessorHiroshinkaionvisiting(s)atnkyo、
Thispaperisorganizedasfbllows・InSectionlwedefineK-theory

raｎｋｓａｎｄｉｎｄｅｘｆｂｒＣ*‐algebrasandstudytheirfUndamentalandimpor-

tantpropertiescloselyrelatedwithK-theoryfOrmulaeintheliterature(see

[1])．InSection2weconsiderequivariantK-theoryranksandindexfbr
C*-algebrasandstudytheirpropertiessimilarlyasinSectionLFurther‐

more,presentedarethetablesasclassificationfbrnuclearandnon-nuclear

examplesbyourK-theoryranksandindex，andanothertablefOrgroup

C*-algebras．Collecteddatainthosetableswouldbehelpfillfbrfilrther

researchonthistopic・Moreover，inSection3wedefineKK-theoryranks

andindex(certainlynewinvariants)fbrC*-algebrasandstudytheirfUn-
damentalpropertiescloselyrelatedwithKK-theoryfOrmulae([11ａｎｄ[12]）
andourK-theoryranksandindex・ThesefjPameworksandresultswould

beusefulfOrclassificationof(sometypesof)Ｏ*-algebras,especially,group
C*-algebras・

Finally,asAppendix,(roughly)reviewedinsomedetailfromBrown，s
textbook[4]arecohomologicaldimension,vitrualcohomologicaldimen-
sion，ＥulercharacteristicfOrgroupswithorwithouttorsion，andprelimi-

nariesfbrthesenotionsandsome(notafew)factsThecontents(minimally
andvariouslypickedup)aredividedintotwosections:Preliminariesand
facts;CohomologicaldimensionsandEulercharacteristics・Thesesections

wouldbefarfrombeing(fnlly)selfLcontained,butwemadeaneffbrtto
makeaconcisｅａｐｐｒｏａｃｈｔｏｗｈａｔｗｅｗｏｕｌｄｌｉｋｅｔｏｋｎowfbrfUrtherre-

search,sothatsomeremarkable(andyetelementaryorclassical）facts
anddefinitionsareassembledsuitablyinaway,asdesired，andasfilrther
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extendedinademand

ｌＫ－ｔｈｅｏｒｙｒａｎｋｓａｎｄｉｎｄｅｘ

Let副beaunitalO*‐algebraTheKO-groupKO(則)oMisdefinedtobethe

abelian(orGrothendieck)groupgeneratedbystablyequivalentclassesof
projectionsofn×nmatrixalgebrasMh(別)over別(、三１),whereaddition

isdefinedby[p]＋[q]＝[p＄q]ＥＫＯ(瓢)fbrprojectionsP,ｑｅＭＤ(瓢)ｆｂｒ
ｓｏｍｅｎ,where①meansdiagonalsum・NotethatifP,qareprojectionsof

MD(瓢)andthereexistsacontinuouspathofprojectionsofMh(劇)ｂｅｔｗｅｅｎ
ｐａｎｄ９,then[p]＝[qITheisomorphismKb(C)二ZfbrCofcomplex
numbersisgivenbysending[p]totherankofp、

TheK1-groupK,(瓢)。faunitalO*-algebra21isdefinedtobethe
abeliangroupgeneratedbyhomotopyequivalentclassesofunitariesof

Mh(狐)(、三1),wheremultiplicationisdefinedby[u仰]＝[uu]＝[ｕｅｕ１ｅ
Ｋ,(則)fbrunitariesMeMh(21)fbrsomen、

ForanonunitalC*-algebra2LitsKO-groupisdefinedtobethekernelof

thenaturalgrouphomomorphismfromKO(則十)toKb(C),where別十isthe
unitizationoMbyCThenwehavethefbnowingshortexactsequence：

0→ＫＯ(瓢)→ＫＯ(狐+)→ＫＯ(C)→０

andＫＯ(則十)=ＫＯ(瓢)①ZTheK1-groupoMisdefinedsimilarlysothat
K,(則十)二Ｋ,(瓢)sinceK,(C)=0．

DefinitionL1Let副ｂｅａＣ*-algebra・WedefinetheKj-rankoMtobe
theZ-rankoftheKj-groupo川(j＝0,1),anddenoteitby

Ｋｒj(21)＝rankzK7(別)ｅ{0,1,2,…,＋CO}・

Wedefinethe(Euler-IHkai)K-indexof則tobethefbllowingdifTerence：

indexK(瓢)＝Ｋｒo(瓢)－Ｋｒ,(瓢)ｅＺＵ{士｡｡}．

Ｒｅｍｑｒｈ．Asusual,｡｡－｡oisnotallowed（However,wemayallowthis
casefbrmallytodistinguishitfromothercases.）SinceK-theorygroupsare

homotopyinvariants，ｔｈｅｒａｎｋｓＫｒｊａｎｄｉｎｄｅｘｉｎｄｅｘＫａｒｅａｌＳＯＳＯ，where
twoC*-algebrasarehomotopyequivalentifthereexistsahomotopy(ora
continuousdefbrmation)betweenthem・Theoriginalnotationadoptedby

nkai[15]fbrindexK(･)wasＸ(･)astheusualEulercharacteristics，On
theotherhand，ｔｈｅHedholmindexfbrHedholmoperatorsisdefinedby
anotherdifIerence：dimensionofkernelminusdimensionofcokernelfbrthe
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operatorsSinceourK-indexisacertainlyanalyticproperty,ａｎｄｒａｎｋｉｓ

ａｓｓｕｍｅｄｔｏｂｅｄｉｍｅｎｓｉｏｎ，ｉｔｓｎａｍｍｇａｓｉｎｄｅｘｉｓｆｉｔｗｅｌｌｉｎｔｈｉｓSense，

WedefinetheK-indexofacompactspａｃｅＸａｓ：

indexK(Ｘ)＝rankzKo(Ｘ)－rankzK1(Ｘ)，

whereKo(Ｘ)＝Ｋ(Ｘ)istheGrothendieckgroupofthesemigroupofstable
isomorphismclassesofC-vectorbundlesoverX,andK1(Ｘ)＝Ｋ(肌)ｗｉｔｈ
ＳＸ＝Ｒ×Ｘ・

ＤｅｎｏｔｅｂｙＣｂ(Ｘ)theＣ*-algebraofcontinuousfunctionsonalocally
compactHausdorfTspaceXvanishingatinfinitySetCb(Ｘ)＝Ｃ(Ｘ)when
Xiscompact，ＬｅｔＫｂｅｔｈｅＣ*‐algebraofcompactoperatorsonaseparable

infinitedimensionalHilbertspace．

Proposition1.2(1).〃Ｏ*-ｑＪ９ｅｂｍＷＭＭＢｑ花smblWsomorp/Zjc,'.e､，
瓢②Ｋ二＄⑭Ｋ,仇e"indexK(瓢)＝indexK(iB)jzpqrticulGT，

indexK(瓢⑭Ｍ２(C))＝indexK(則⑭Ｋ)＝indexK(瓢)．

Ｍｏ花oueEが別ｑＭＢｑ，WjomotOpjc,thenindexK(狐)＝indexK(q3)．
(2)Fbrthed舵ctswn副ｅｑ３ｑｆＯ*-ql9ebmcMMMliB，

indexK(狐＄Ｂ)＝indexK(瓢)＋indexK(Ｂ)．

(3).FbrthesuSPensjonS瓢＝Ｃｂ(IR)Ｍ１/ｂｒａＣ*-qJ9ebm21，

indexK(S瓢)＝－indexK(則)．

(4).〃XjsqcompqctSpqce,thenindexK(Ｃ(Ｘ))＝indexK(Ｘ)．
(5).〃肌scon伽c州e,仇enindexK(別)＝０．
(6)ＪｂｒｑＣ*-qJ9ebm劇,indexK(21+)＝indexK(瓢)＋1,ｕｊｈｅﾂwe則十Ｍｂｅ

剛tizqtjonqf辺６Z/Ｃ

比ｍａｒｈ.Fbr(1),(2),ａｎｄ(5),indexK()canbereplacedwithKrj(.)．

PmoqfFbr(1),notethatKj(則⑭Ｍ､(C))二Ｋ)(則⑭Ｋ)＝ＫＸｕ)．
For(2),ｗｅｈａｖｅＫｊ(則＄Ｂ)二Ｋ)(狐)①Ｋ)(Ｂ)．
Ｆｏｒ(3),ｗｅｈａＮ'ｅＫｊ(S則）二Ｋ)+,(則）（Bottperiodicity）Hencewe

obtainKrj(側)＝Ｋｒj+,(別)．
For(4),ＫＯ(Ｏ(Ｘ))二Ｋo(Ｘ)(:swan，stheoremwhichsaysthatastable

isomorphismclassofacomplexvectorbundleoverXcanbeassociatedwith

astablyequivalentclassofafinitelygenerated，projectivemoduleover

O(Ｘ)(thatcorrespondstoaprojectionofamatrixalgebraoverC(Ｘ)))，
ａｎｄＫ,(Ｃ(Ｘ))＝ＫＯ(Ｓｃ(Ｘ))＝ＫＯ(ＳＸ)＝Ｋ'(Ｘ)．
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rbr(5),if121iscontractible(ｔｏ{0}),thenitsKO-groupistrivialandits
K1isalsotrivialsinceSl2Iiscontractiblewhen別ｉｓｓｏ・

rbr(6),notethatKb(別十)＝ＫＯ(則)①ＫＯ(C)ａｎｄＫ,(別十)二Ｋ,(則)ロ

ExampleL3(1).SinceKb(C)＝ＺａｎｄＫ,(C)=0,wehave

indexK(C)＝indexK(Ｍｈ(C))＝indexK(K)＝１．

Let川eafinitedimensionalC*-algebrasothMI＝elL1Mmj(C)fbrsome
n＞１andnj三LThenindexK(辺)＝畑

(2).FbranyAF-algebra21(thatisaninductivelimitoffinitedimen‐
sionalC*-algebras),indexK(別)＝Ｋｒo(則)sinceK1fbrAFistriviaLThis
canbeinfinite・Indeed,letMDoobetheUHFalgebraoftypenoo,thatisan

inductivelimitoftensorproducts⑭AMh(C)(ん三1).ThenindexK(Ｍｎ｡｡)＝
+oowhileindexK(⑭ｈＭｈ(C))＝LThisshowsthatK-indexindexKaswell
asK-ranksKrjarenotcontinuouswithrespecttoinductivelimits，but
K-theorygroupsKj(･)arecontinuousThisisaseriouslackinourthe-
ory,butalittlebitstrange(seeadiscussionafterthetablesgivenbelow)．
ThereexistsasimpleAFalgebrasuchthatitsKb-groupisisomorphictｏ

８１Ｚ＋02Z＋…＋0"Z,whereOj(1≦'三、)inRarerationallyindependent・
DenoteitbyAFかHenceindexK(AFn)＝、．

(3)LetＣ(Tm)betheC*-algebraofcontinuousfUnctionsonthe〃torus
Tn・Ｔｈｅｎ

indexK(C(T､))＝Ｋｒo(O(T､))－Ｋｒ,(O(T'@))＝2"-1-2"~'＝Ｏ

ＦｏｒＳ汎then-dimensionalsphere,theBottperiodicityimplies

m曲…,,薑､…(R叩,ｺﾞ…ｗ､+,_(ｉｆ鯛
(4)LetC2I＝Ｏ([0,1])MIbetheconeofaC*-algebra別.SincedUis

contractible,wehaveindexK(C則)＝0．

Proposition1.4比ｔｌＵ＄Ｃ１Ｂ６ｅ仇epuJlbqcAqfC*-qJ9ebms皿，1Ｂｕﾉj仇

*-/Zomomo7YpﾉZjsms伽、瓜ｑＭＢｏｎｔｏｑＣ*‐αJ9ebmC・Ｔｈｅｎ

indexK(狐①CqS)＝indexK(劇)＋indexK(Ｂ)－indexK(C)．

凡冗hermome，ｌｅｔ

ｌｕ＝(…((Ｂ1＄C1B2)化qS3)…)①ｑＢｎ+１
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beqsuccessiuepuJJbqckqfC*-qJ9ebmsq3j（１三Ｊ≦、＋1）CＭＱ（１二'三

､)．〃themeezjst＊-/Zomomomhjsmsﾉｹwm21j＝(…(iB,＄ClＢ２)…)＄吟_，
BjqndBj+，ontoq/brl≦'二ｎ,ｵﾉZen

冗十１ １rL

mdexK(劃)＝ZindexK(，３，)－ZindexK(q〕
ｊ＝１ｊ＝l

PmoqfWehavetheMayer-Vietorissequence(ＭＶ)：

Ｏ→Ｋｊ(c)→Ｋｊ(別①Ｂ)→Ｋｊ(則①CSB)→Ｏ

Ｐｂｒｔｈｅｓｅｃｏｎｄｃｌａｉｍ１ｗｅｕｓｅｔｈｉｓｓequencerepeatedlyfbrthepullbacｋＣ*‐

algebrasdefinedinductively6 □

Recallfrom[1](or[12])thatO瀧一algebras副andBareKK-equivalentif
theirKK-groupKK(21,q3)containsaninvertibleelement,ie.,thereexist

anelemenMEKK(瓢,Ｂ）andanelementZ/ｅＫＫ(nＭt）（calledKK-
equivalences)suchthat叩＝l2Iand9Z＝1fBundertheKasparovproduct，
ｗｈｅｒｅｌ２Ｉａｎｄｌｚａｒｅｔｈｅｃｌａｓｓｅｓｃorrespondingtotheidentitymapsonu

anMBrespectively6AC*‐algebraisK-abelianifitisKK-equivalenttoan

abelianC*-algebra・ＴｈｅＵＣＴｃｌａｓｓＮｉｓｄｅｆｉｎｅｄｔｏｂｅｔｈｅｆamilyofall

separableK-abelianO*-algebras・ThesubclassofnuclearO*‐algebrasinjV

isclosedundertakingclosedideals，quotients）andextensionsandunder

constructingcrossedproductsofthoseCl*-ａｌｇｅｂｒａｓｂｙＺｏｒＲ、

Theorem1.5Ｌｅｔ劇，ｑＳｂｅＯ*-αｌ９ｅｂｍｓｊｎｔｈｅＵＣＴｃＪｑｓｓｊＶｔ/ｔａｔα7℃KK-

eqMMent・ThenindexK(別)＝indexK(q3),ｕﾉﾉDemeEZU{士○○｝jsqssumed・

PmqfTheuniversalcoefIicienttheorem(see[12]）impliesthatKjp)=
KXqS)undertheassumption． □

Coronary1.6Ｆ１０川,!】Ｍｚ仇eclqssIV,がindexK(狐)≠indeXK(!B),ｔｈｅｎ
t/ZeZ/czmenotKKLe9uiuqJent．

Ｒｅｍｑ７ｈ．ThisconsequencemightbeusefUltoshownon-KK-equivalence・

ThetheoremaboveisverypowerfUlasshowninexamplesbelow([1,,but
somewhattautologicalinasensesinceKK-equivalenceisdeducedbyK-

theoryisomorphismsinmanycases．

ExampleL7LeⅢｂｅａひ-algebra・ＡｌＭ,Ｍｎ(瓢)=別⑦Ｍｎ(C),劇⑭K
areKK-equivalent・HomotopyequivalentC*-algebrasareKK-equivalent・

AF-algebrasareKK-equivalentifandonlyiftheirdimensiongroups(that
areinductivelimitsoffreeabeliangroupsZk）areisomorphicasgroups、
Someotherinterestingexamplesaregivenbelow．
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Recallfrom[1]thatthebootstrapcategoryXisdefinedasthesmallest
classofseparaｂｌｅＣ*-algebrassuchthatCEXandXisclosedundertaking
inductivelimits，extensions，quotients，closedideals，andKK-equivalence

AC*-algebrainXisnotnecessarilynuclear．

Theorem1.8〃別ｏｒｑ３ｑｍｅｍＬｃｌｅｑｒＯ*-qJ9e6mqsjnthe6ootstmpcqt⑩ｏｒｙ

Ｘ(ormt/ZeUCTclqssN)qMtMrKUmoUpsKj(瓢)ｏｒＫｊ(iB)qmetomsjon
/mee,then

indexK(21Ｍs)＝indexK(則)indexK(iB)．

PmoqfTheKiinnethfbrmulaimpliestheisomorphisms：

ＫＯ(則⑭iB)=(KO(別)⑭ＫＯ(Ｂ))＄(Ｋ,(瓢)⑭Ｋ,(Ｂ))，

Ｋ,(則⑭Ｂ)＝(KO(劇)②Ｋ,(q3))＄(Ｋ,(則)⑭ＫＯ(Ｂ))．

Hencaweobtain

Kro(則Ｍ３)＝Ｋｒo(則)Ｋｒo(q3)＋Ｋｒ,(21)Ｋｒ,(!B)，

Ｋｒ,(則Ｍ３)＝Ｋｒo(則)Ｋｒ,(必)＋Ｋｒ,(則)Ｋｒo(!B)．

ltfbllowsthat

indexK(!UＭ３)＝(Kro(則)－Ｋｒ,(瓢))(Kro(qS)－Ｋｒ,(Ｂ)）

＝indexK(狐)indexK(必)．

□

ExtensionsofC*-algebras

Theorem１．９ＭＯ→,｢→瓢→則/３１→O6eqshorMcqctse9ue"ceq／
Ｏ*‐山e6mcus､Ifssjz-te7wLezcuctse9uencejs

KO(Ｊ）－Ｋb(則）－－－ＫＯ(121/０１）

I，’１
Ｋ,(ｌＭｉ）－Ｋ,(則）←－－Ｋ,(〕)．

〃ｵﾉuejndezmqpsaqme6otハzemo,ｵﾉＷＤ

Ｋｒｊ(則)＝Ｋｒj(ｺﾞ)＋Ｋｒj(副/３)，indexK(則)＝indexK(〕)＋indexK(劇/､｢)．

I7zpqrticulqr,仇jsjsthecqseがtheshortezqctse9uenceSplit８．

Ｍ０７℃oUer,がindexK(12(),indexK(３１),qMindexK(瓢/が)α『we伽te,tｈｅｎ

indexK(則)＝indexK(3)＋indexK(Ｗ３)，

uﾉﾊemelitisenou9/Ztoassumetbqt伽oqfthoseqme万mte．
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PmoqfThefirstpartofthestatementisclear・

Forthesecond,letlj＝Ｋｒj(ﾌﾞ),ｍｊ＝Ｋｒj(瓢),ａｎｄｎｊ＝Ｋｒj(幻｡)．
Fnrthermore，ｗｅａｓｓｕｍｅｂｙｈａｌｆｅｘａｃｔｎｅｓｓｏｆｔｈｅｓｉxtermdiagramabove

thatlj＝lji＋ljAmj＝mji＋ｍｿ,andnj＝"ji＋"Isuchthatgenerators
corresponｄｉｎｇｔｏｚﾉａｒｅｍａｐｐｅｄｔｏｚｅｒｏａｎｄｔｈｏｓｅｔｏｚ〃ａｒｅnot,ｉ､e,ｗｅｈａｖｅ

ｍＵ＝、6,,6＝11,1Y＝ｍ1,ｍY＝、1,,Y＝Z6,andJ6＝ｍ6.Therefbre,we
obtain

indexK(別)＝ｍｏ－ｍ,＝(mb＋ｍ６)－(mi＋ｍＹ）

＝(16＋､b)－(ﾉ!＋､i)＝(ｌＵ－ｌｆ)＋(､6-,1）

＝(lI-lf)＋(､6-,1)＋(l6-nY)＋(､6-11）

＝((16＋18)－(J1＋lY))＋((､6＋､U)－(､i＋"Y)）

＝indexK(Ｊ)＋indexK(則/､｢)．

□

Propositionl,ｌ０ＬｅｔＯ→則→Ｅ→!Ｂ→O6eqSpljteztensjonq／

O*‐αJ9ebms.〃Ejsjnt/ZeUCTcJass,ｔｈｅｎ

indexK(E)＝indexK(瓢①必)．

PmoqfSuchanextensionEisKK-equivalentto劇①qaThus,theUCT

assumptionimpliestheconclusion． □

ＥｘａｍｐｌｅＬＵＬｅｔＸｂｅａｌｏｃａｌｌｙｃｏｍｐａｃｔHausdorfTspaceandYits

closedsubspaceSetU＝Ｘ（Ｙ・Thenwehavethefbllowingshortexact
sequence：

０－今Ｃｂ(U)-→ＣＤ(Ｘ)→ＣＤ(Ｙ)→０．

Hence,itfbllowsthat

indexK(CO(Ｘ))＝indexK(CO(U))＋indexK(CO(Ｙ)）

wherefinitenessoftheseindexesisassumed,whichisequivalentto

indexK(Ｘ)＝indexK(U)＋indexK(Y)．

Indeed,ｗｅｈａｽﾉethefbllowingdiagram：

ＫＯ(Ｕ）＿Ｌ，ＫＯ(Ｘ）＿竺一･ＫＣ(Y）

'１１，
Ｋ'(Ｙ）←i二Ｋ'(Ｘ）←2二Ｋ'(U）

－５０－



ｗｈｅｒｅｉｉｓｔｈｅｉｎｃｌｕｓｉｏｎｆｒｏｍＹｔｏＸａｎｄ９ｉｓｔｈｅｍａｐｆｒｏｍＸ＋ｔｏＵ＋

whichistheidentityonUandwhichsendsX＋lUtothepointatinfinity
Let行betheneplitzalgebrageneratedbyanisometrybThen

０→Ｋ→行→Ｃ(T)→O

andindexK(行)＝１－０＝１，indexK(K)＝１，andindexK(C(T))＝Ｏ(see
[17])．TheTbeplitzalgebra行isKK-equivalenttoCFurthermore,ａｎｙ
Ｏ*-algebra1Uand1U②行areKK-equivalent・

ＬｅｔＢｂｅｔｈｅＣ*-algebraofboundedoperatorsonaHilbertspaceThen

O→Ｋ→Ｂ→Ｂ/Ｋ→O

andindexK(B)＝０－０＝OandindexK(B/K)＝０－１＝－１([17,．
LetA2bethereal2-dimensionalｑｚ＋ｂｇｒｏｕｐａｎｄＣ*(A2)itsgroup

C*-algebraThenwehave

O→Ｋ＄Ｋ→ぴ(A2)→Ｃｂ(R)→O

Therefbre,weobtainindexK(ひ(A2))＝indexK(Ｋ①Ｋ)＋indexK(Cb(R))＝
2＋(－１)＝l

LetHlRbethereal3-dimensionalHeisenbergLiegroupandO*(HlR)its
groupCI*-algebraThenwehave

O→００(R({O})⑭Ｋ→び(HlR)→Cb(R2)→０

([8DTherefOre,weobtain

indexK(び(HjR))＝indexK(Cb(R({O})⑭Ｋ)＋mdexK(Cb(R2)）

＝２indexK(CO(R))＋indexK(C)＝－２＋１＝－１．

PropositionL12LetM(別)Ｍｈｅｍ秘J伽ljerql9e6mqfq("o､､伽Ｉ)ひ‐
ql9eb7YZl2LThen

indexK(Ｍ(瓢))＝indexK(別)＋indexK(Ｍ(瓢)/瓢)．

FbranZ/Ｃ*-ql9ebmWlqMcLⅧｔｑｌＯ*-qJ9e6mMB，

indexK(Ｍ(則⑭Ｋ)Ｍ３)＝０

１ｹM,qrtjMzr,indexK(BＭ３)＝0,α"d綱０８８，肱,thenindexK(Ｍ(瓢))＝
ＯＪＶ０ｔｅｔｈｑｔ⑭ｕﾉｊｔＭＢｊｓｑｎＺﾉＣ*-tensorpmoduct・

Furt/Wwzome,/ｂｒｑｎＺ/Ｃ*-叩ebmcz別，

indexK(瓢)＝－indexK(Ｍ(則⑭Ｋ)/(瓢②Ｋ))．

I7zpqrtjcMqr,が肌sstq61e,ｵﾉZenindexK(副)＝－indexK(Ｍ(狐)/瓢)．

－５１－



PmoqfltisknownthatfbranyC*-algebra則andaunitalC*‐algebraSB，

bothKDandK1-groupsofM(別⑭Ｋ)⑭fBaretrivial(see[17,10])．

R1rthermore,itisknownthatfbranyC*‐algebral21,wehaveKj(瓢)二
K)+,(Ｍ(瓢⑭Ｋ)/(狐⑭Ｋ))．□

Proposition1.13几ｒｑｎＺ/eztensjonO-→､1→ｑ３－Ｃ→００L/C*-ｑＪ９ｅｂｍｓ

ｑＭｑＣ*-qbe6m則,ｕ)ｅｈａｕｅ

indexK(別⑭maxB)＝indexK(則⑭max〕)＋indexK(瓢⑭maxC）

PmoujdedtMM/Zsjclesqmeβnjte,ｕﾉﾉ､e花⑭ｍａｘｉｓｔｈｅｍｑｚｊｍｑＪＣ*-tensor

pnoduct・凡rthe7wzo7℃,が辺jsezqct,仇e、

indexK(別②mmq3)＝indexK(別⑭mｍフ)＋indexK(瓢②minC）

PmoUjdedt/Zqtt/Zeyame戸mte,ｕﾉﾉZeme⑭minZs仇ｅｍｍｉｍｑｌＯ*‐tenswWoduct、

PmoqfWealwayshavetheexactsequence：

０→別⑭ｍａｘプ→別⑭ｍａｘＢ→121⑭ｍａｘＣ→０

IflUisexact，

０→別⑭ｍｉｎＤ｢→別⑭ｍｉｎＢ→則②ｍｉｎＣ→０

holds． □

ExampleL141nparticular,fbrO-→Ｋ→Ｂ－→Ｑ＝Ｂ/Ｋ－→０，

indexK(狐⑭maxB)＝indexK(別)＋indexK(狐⑭maxQ)，

indexK(則⑭minB)＝indexK(則)＋indexK(狐⑭minQ)，

whereuisexactfbrthesecondIf則＝Ｂ,thenindexK(Ｂ⑭maxB）＝

indexK(Ｂ⑭maxQ)＝０，butBisnotexactlf1U＝Ｑ,thenindexK(Ｑ②max
B)＝Ｏ＝－１＋indexK(Q⑭maxQ),butQisnotexactHence,indexK(Q⑭max
Q)＝LWealsohaveindexK(Ｂ⑭minB)＝Ｏ＝indexK(Ｂ⑭minQ)．

PropositionL15Le川ｂｅαＯ*-ql9ebm．〃則/Ｄｑｓｑ/mjtecomPos伽on

serjesq/cJosedjdeqJD1j伽tMo＝{O）ｑＭＤ１伽＝瓢,then

n

indexKルーZindexK(DIj/ｺﾞｊ－,）
ｊ＝１

mﾉﾉＷ℃万njtenessqfeqc/MPMezjsqssumed．

－５２－



ＥｘａｍｐｌｅＬ１６Ｓｕｐｐｏｓｅｉｎｔｈｅａｂｏｖｅｐｒｏpositionthateachsubquotient

Jj/ﾌﾞﾉｰ,＝ＣＯ(Xj)⑭KfbrXjalocallycompactHausdorfIspace・Ｔｈｅｎ

n 7L

indexK(狐)＝ZindexK(CO(Xj))＝ZindexK(Xj）
ｊ＝１ｊ＝l

wherefinitenessofeachK-indexisassumed．

PropositionL17Let瓢ｂｅｑＣ*-ql9ebmuﾉﾉｫﾉZcLstmctJZ/posZ伽eeJement，

ｏｒｕ）肋cowDtq肱ＱＺＭｏｚｊｍｑｔｅｕｎ伽〃ＩＢｊｓｑ九Jlcornerq/別,』.e､，仇e

hemed伽､/ひ‐suM9e6mp12IpqfWbr`Wqjectjonpqf瓢(ort/ZenMtjpljer
山e伽qf則),thqtjsMco伽ｍｅｄｍｑｎＺﾉclosedjdeqMl21,仇en

Krj(則)＝KrjCB)，CMindexK(則)＝indexK(!B)．

PmoqfUndertheassumptionsabove,itisobtainedby[4]that別isstably
isomorphictoqai.e､,別⑭K二＄②K､□

脇mczrA．Ｉｆ則ｉｓａｓｉｍｐｌｅＣ*-algebra,ｔｈｅｃｏｒｎｅｒｐｌ２(pisalwaysfUlland

simple・

ＣｒｏｓｓｅｄｐｒｏｄｕｃｔｓｏｆＯ*-algebras

TheoremL18Le川>qaZbethec7Dsseclpmductq/αＣ*一山ebmq劇ｂｙｃｕｎ

ｑｃｔｊｏｎａｑ/ZJfsPjmsner-I/biculescusequencejs

KO(狐）上型二二ＬＬ･ＫＯ(瓢）」-,Ｋb(川αＺ）

１ ’
Ｋ,(川αｚ）←ＬＫ,(以川1型二三とＬＫ,(則）

u)he花(ｉｄ－α)＊ｑＭｉ＊α『ＭｈｅｍｑＰｓｍｄｕｃｅｃＭｗＭ/Zeide伽Z/qctjonid
on瓢ａｎｄｵﾉZecqnomcQljnclusjoM伽、瓢ｔｏ別>qaZ7weSpec伽eJZﾉ．〃伽ｏ

(id-α)＊qmezem,then

Kro(瓢>ｑａＺ)＝Ｋｒo(別)＋Ｋｒ,(瓢)＝Ｋｒ,(瓢>ｑａＺ)．

Hence,indexK(則ｘａＺ)＝O

Mmveouer,がＭ/DindexK(劇)(MindexK(劇>ｑａＺ)are伽te,tｈｅｎ

indexK(瓢ｘａＺ)＝０，

u）hevwe伽senoM/Ztoqssume伽tindexK(則)ｉｓ伽teEuenがindexK(瓢)ＩＳ
ｉ航､Ite,ｕ'ｈｅｎt/Zem叩s(ｉｄ－ａルqmejsomom肺､８，uMaUeindexK(瓢>qa
Z)＝０，

－５３－



PmoqfThefirstpartofthestatementisclean

Forthesecond,letlj＝Ｋｒj(則）（thefirstone)，ｍノーＫｒj(則）（the
secondone),ａｎｄ、ノーＫｒj(別>ｑａＺ).Ofcourse,lノーmjH1rthermore,we

assumebyhalfexactnessofthesixtermdiagramabovethaMj＝lli＋lｿ，
mj＝mli＋ｍｌ/,andnj＝nji＋､ｿsuchthatgeneratomscorrespondingtoz’
aremappedtozeroandthosetoz"arenot,i､e,wehavem6＝、6,,6＝11,
1{＝ｍ{,ｍ《＝、1,,Y＝16,andlU＝m6Therefbre,weobtain

indexK(川αＺ)＝､０－，，＝(､6＋､(})－(”i＋､Y）

＝(mU＋11)－(mY＋16)＝(ｍＩ－ｍｌｌ)－(l6-li）

＝(ｍ６－ｍｌｌ)－(16-11)＋(m6-l8)－(mi－JY）

＝((mb＋ｍＵ)－(mi＋ｍＹ))－((16＋/;)－(J1＋ﾉｲ)）

＝indexK(則)－indexK(則)＝０．

□

比mQrA.NowconsiderthecrossedproductCb(Z)>ｑａＺ,wheretheaction

aistheshiftltisisomorphictoKHenceindexK(Cb(Z)>ｑａＺ)＝１and
indexK(Cb(Z))＝＋ＣＯ、Thus,thefinitenessconditionfbrtheproposition
aboveisrequired

lnthestatement,ｗｅｃａｎｒｅｐｌａｃｅ２１>qaZwiththemappingtorusMu

fbradefinedtobetｈｅＯ*-algebraofcontinuous別-valuedfimctions/on

Rsuchthat地＋1）＝α(〃)）fbrzERIndeed,ｗｅｈａﾊﾟ'etheexact
sequence：０－÷Ｓ剰一→Ｍｄ→別→０．Itssix-termexactsequenceimplies
thesameconclusionsasabove．

Corollary1.19比Ｍ６ｅｑＣ*一山ebm.〃indexK(瓢)is/Ｍｅ,then

indexK(別>ｑＺＸＺ…>ｑＺ)＝Ｏ

允ｒｑｎＺ/successjuecmossedpmoduc川>ｑＺ>ｑＺ…>ｑＺｂ１/Ｚ

RemqrA・Thisisa(notmany)meritofourK-indexbecausewecandeter-
mineitwithoutknowingK-theorydataofthesuccessivecrossedproduct

whichmaybedifIiculttocomputeingeneraL

ExampleL201faistrivial,then瓢>ｑａＺ=則⑭び(Z),andぴ(Z)＝Ｏ(T)．
If2(isanuclearO*-algebrainthecategoryXanditsK-groupsaretorsion

free,thenindexK(則⑭Ｃ(T))＝indexK(別)indexK(Ｃ(T))＝O
LetG×ZbethedirectproductofalocallycompactgroupGwithZ

andC*(G),α(G)thefUllandreducedgroupC*-algebrasofGrespectively・
ThenthefilllandreducedgroupC*-algebrasofG×Zareisomorphic

－５４－



totensorproductsO*(G)⑭Ｏ(T)ａｎｄα(G)⑭Ｏ(T)respectivelyHence

indexK(C*(Ｇ×Ｚ))＝Ｏ＝indexK(α(Ｇ×Ｚ))．
ConsiderthecrossedproductCb(Z)>ｑａＺｗｉｔｈａｔｈｅｓｈｉｆｈＴｈｅｎ

Ｃｂ(Z)〉｡αＺ=KThePimsner-VOiculescusix-termexactsequenceis：

Ｚｏｏ上型ニニムヒナｚｏｏ－ｚ
●

１１
０ムユニニとLo-Lo

wherej*([p”])＝[p]and(ｉｄ－ａﾙ([p"])＝[p"]－[p施十,],wherepisarankl
projectionofKandpnisjustthecharacteristicfUnctionatneZInthis

case,weha('eindexK(CO(Z)>ｑａＺ)＝１≠０and(id-α)*isnotzeroonKO、
ＬｅｔＨ雲bethediscreteHeisenberggroupofrank3andC*(H雲)its

groupひ-algebraltcanbewrittenasthecrossedproductO(T2)>qZ
sinceH髻二Ｚ２>qＺａsemi-directproductHencemdexK(C*(H吾))＝O
Fnrthermore，ｌｅｔＧｂｅａｎａｍｅｎａｂｌｅｄｉｓｃｒｅｔｅｇｒｏｕｐｔhatcanbewrittenas

asuccessivesemi-directproductbyZ,i､e､,Ｇ＝Ｚ>q…>ｑＺＴｈｅｎＯ*(G）
isisomorphictoasuccessivecrossedproductbyZ：Ｏ*(Z)河Ｚ…xZ
Therefbre,indexK(ひ(G))＝Obyinduction

LetTl:>ｂｅａｎoncommutativen-torus,thatisdefinedtobetheuniver‐
salC*‐algebrageneratedbynunitariesUjsuchthaMIjUi＝ｅ２柵漸ＵｉＵｊ
ｆｂｒｌ二t,'三、,whereＯ＝（Ojj）isaskew-adjointn×ｎｍａｔｒｉｘｏｖｅｒ
ＲＩｔｃａｎｂｅｖｉｅｗｅｄａｓａｎｎsuccessivecrossedproductbyZ,i､e､,ＴＩ;=
(…(C*(Z)>ｑａ２Ｚ)…）>qanZwheretheactionajareinducedfromthe

commutationrelations、ItisknownthatKXTs)=Z2n-1byusingthe
Pimsner-VbiculesceexactsequenceHenceindexK(Tろ)＝OFhrthermore，
ifindexK(則)isfinite,thenindexK(皿×Ｚ…×Ｚ)＝Obyinduction,where
則>ｑＺ…XZisasuccessivecrossedproductｏｆ則ｂｙＺ・

H1rthermore,ｉｔｉｓｋｎｏｗｎｔｈａｔｂｏｔｈａｎｙｉｎｄｕｃｔｉｖｅｌimitoffinitelygen-

erated,abelianfreegroupsZnkandacountable,torsionfree,abeliangroup

canberealizedasKbandK1-groupsofaunitalsimpleATalgebra,ｉｅ.,an

iductivelimitoffinitedirectsumsofmatrixalgebrasoverO(T)(see,fbr
instance,[9,47]).DenotebyAT",msuchanATalgebrawith

indexK(ATｎm)＝ｎ－ｍ

anyintegeror士ＣＯ,whereKro(AT…)＝ｎａｎｄＫｒ,(AT",､)＝mfiniteor
infinite､Also,itisknownthatasimplenoncommutative2(or3)‐torusand
somespecialsimplenoncommutative〃toruswrittenasacrossedproduct

C(T”-1)xZisanATalgebra．

－５５－



ＬｅｔＯ〃denotetheCuntzalgebra,definedtobetheuniversalO*-algebra

generatedby”isometriesSj(冗三2)suchthatE7-1SﾌﾞS;＝LItisknown
thatKb(ｏｎ)=Ｚ"-,＝Ｚ/(､－１)ＺａｎｄＫ,(ｏｎ)=OHenceindexK(ｏｎ)＝
ＯＭｏｒｅｏｖｅｒ１ｉｔｉｓｋｎｏｗｎｔｈａｔＯｎ⑭Kisisomorphictothecrossedproduct

(Ｍhoo②Ｋ)>ｑＺ,whereMz-istheUHFalgebrathatisaninductivelimitof
tensorproductsofMh(C)(oraninfinitetensorproductofMu(C))．Then

indexK(O"⑭Ｋ)＝OandindexK(Ｍ,｡｡⑭Ｋ)＝oQSinceKO(Ｍｎ｡｡)＝Z[烏］
ａｎｄＫ,(Ｍｈ｡｡)=０，wehaN'ｅ

z[片]=z゜ｕｊＵ等ｚ[烏］＿Ｌ,ＫＯ(o")＝z/("-,)ｚ

ｌ ｌ
K,(o")=ｏ－ＬＯﾑﾕﾆﾆと

●

0

where

Ⅲﾙ鴎Hﾄ烏'=喘士噸壯D赤ゴー１ｊ＝１

ｆｂｒＣＬｊＥＺ，ａｎｄ

座(±｡,岩)=±｡』+(繩-Ｄｚ
ｊ＝１ｊ＝１

Also,ＫＯ(○｡｡)＝ＺａｎｄＫ,(○｡｡)=OHenceindexK(○｡｡)＝ｌ
ＬｅｔＡ＝(α”）ｂｅａｎ、×nmatrixwithentriesOorLTheCuntz-

KriegeralgebraOAisdefinedtｏｂｅｔｈｅｕｎｉｖｅｒｓａｌＣ*-algebragenerated

by”partialisometriesSj(1≦'二、)suchthats;s`＝ＥｌノニルsjSチ
ThetensorproductOA⑭ＫｃａｎｂｅｗｒｉｔｔｅｎａｓＢＸａＺｆｂｒａｓｔａｂｌｅＡＦ

algebraBR1rthermore，thePimsner-VOiculescuexactsequenceimplies

thatKO(OA)=が/(１－Ａt)ＺｎａｎｄＫ１(OA)=ker(１－Ａt)Iherefbre，

indexK(OA)＝n-rankz(１－Ａt)Zn-rankzker(１－Ａt)＝０

Corollary1.21比ｔ１Ｂｂｅｑび-ql9ebmMthindexK(!B）≠０．Ｔ/ＺｅｎｑＳ
ｃｑｎＭｂｅｕﾉrjttenqsqcmossedpmoduc川>ｑａＺ九ｒｑぴ-叩ｅｂｍｕｅ肋er

u'肋indexK(別)万mteorMtハ(id-α)＊jsomoFp/Djsms

Re7nqrA・Thisconsequenceshouldbeasomeinterestingcriterion・Also，

anifLand-only-ifcharacterizationfbrindexK(則>ｑａＺ)ｔｏbezerohasbeen

consideredbyTakai(butstillremainsopen),andhispointofviewisquite

deep([14,

－５６－



ＥｘａｍｐｌｅＬ２２ＡｄｉｒｅｃｔｅｄｇｒａｐｈＥｃｏｎｓｉｓｔｓｏｆａｖｅｒｔｅｘｓｅｔＥｏａｎｄａｎｅｄｇｅ
ｓｅtE1withrangeandsourcemapsr,s:E1→EqAdirectedgraphEis
calledrowfiniteifatmostfinitelymanyedgesemitsfiPomanyvertex・Ｌｅｔ

C*(Ｅ)betheび‐algebraofarowfinitedirectedgrapｈＥＴｈｅｎ

KO(C*(E))＝coker(１－Ａ危)，Ｋ,(ぴ(E))＝ker(１－Ａ危)，

whereI-A岩:ZE1-→ZE1,whereZE1isthefreeabeliangroupoffinitely
supportedfilnctionsfromE1toZ,andAE=(AE(e,')た/eE1istheedge
matrixofEdefinedbyAE(e,/)＝１ifr(e)＝s(')ａｎｄ＝Oifr(e)≠s(ハ
Hence,ｗｅｏｂｔａｉｎ

indexK(び(E))＝rankZcoker(１－Ａ危)－rankzker(１－Ａ岩）

＝rankZ(ZE1/(１－Ａ危)ZE1)－rankZker(１－Ａ危）

＝rankz(ZE1)－rankz(１－Ａ危)ZE1-rankzker(１－Ａ危)，

wherethelastequationisconventionaLHowever，ifweallowthisfbrmal

convention，ｔｈｅｎ

indexK(び(E))＝rankz(ZE1)－rankz(１－Ａ島)ZE1-rankzker(１－A危）

＝rankz(ZE1)－rankzZE1＝0．

ButthisisnotcorrectingeneraLIndeed,ｉｆｗｅｔａｋｅＡａｓ

１
１

０
１
１

１
０
１
１

０
０
１
１

１

０

１

Ａ＝

１

０
０

thenKb(C*(E)）＝ＯａｎｄＫ,(C*(E)）＝ZTherefbre,indexK(C*(E)）
-1.Referto[12）

Proposition1.23比川>qαR6ethec7DssedpmdouctqfqO*-ql9ebm則bZノ

ａｎｑｃｔｊｏｎａｑｆＲＺＭＤ

indexKCU〉｡αＲ)＝－indexK(則)．

PmoqfUsetheConnes，ThomisomorphismKj(則>ｑａＲ)二Ｋj+,(狐)．□

－５７－



Corollary１．２４Ｌｅｔ２１ｂｅｑＣ*-ｑｌ９ｅｂｍ．Ｔ/zen

indexK(則>ｑＭｄＲ…>ｑＲ)＝(－１)kindexK(劇）

んrQnZ/successjuecvwossedpmoduc川×Ｒ>ｑＲ…〉ｑＲ(ん伽es)ｂＺ/Ｒ、

ＥｘａｍｐｌｅＬ２５ＬｅｔＧｂｅａｓｉｍｐｌｙｃｏｎｎｅｃｔedsolvableLiegroupwithdi-

mension凪Ｉｔｃａｎｂｅｖｉｅｗｅｄａｓａｎｎｓｕｃｃｅｓｓｉｖｅｓｅmi-directproductbyR

Thus,thegroupO*-algebraO*(G)isisomorphictoannsuccessivecrossed
productbyR・Hence

い:霊鯛indexK(C*(G))＝

Inparticular,indexK(C*(A2))＝１andindexK(ぴ(H1R))＝－１asshown
befbre．

PropositionL26ThelMqjduqljtWsthejsomoTphjsm:

（瓢>ｑａＧ)>qαﾊＧ八二瓢⑭Ｋ(L2(G)）

んranZﾉぴ-.Z/nqmicqJsZ/stem(則,０，α)uﾉ肋ＧｑＭｊｑｎ(α､｡/Meorjn/Ｍｅ）
α’WbrtheduaMctjonα八ｑﾉｵﾉｊｅｄ勉ul9moUpG八ｑｆＣＭ飯nedbWﾊ(9)＝
γ(9)９九ｒｇｅＧ,'１/ＥＣ八(Ｍα八ｔｒＭｑｌｏｎ瓢．Ｔｂus，

indexK((9ＭαＧ)>qαﾊＧ八)＝indexK(別)．

比mqrIc・Suchaduality(orperiodicity)fOrK-indexmightbetruefbrother

(extended)ｃａｓｅｓ

ｍｅｅｐｒｏｄｕｃｔｓａｎｄａｍａｌｇａｍｓｏｆＣ*-algebras

PropositionL27(1).Ｌｅ川,ＳＢｂｅＣ*-qJ9e6msqM則＊fBtMrかlMWee
pmodTLct．Ｔ/ＷＵ

indexK(別＊!B)＝indexK(則)＋indexK(Ｂ)．

(2).Ｌｅ川,Ｂ６ｅｗＤ伽lぴ-ｑｌｇｅ伽ｓａｎｄ則*ｃＢｔＭｒⅧtql/Ｍｌ抗e
Pmduct・Ｔｈｅｎ

indexK(則*c1B)＝indexK(則)＋indexK(＄)－Ｌ

Ｉｉｚｐｑ両jculqr,ｕ）eobtqjn

indexK(狐*ＣＯ(T))＝indexK(則)－１．
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(3).比例*Ｃ１Ｂ６ｅＱｎｑｍ山ｑｍｑｆＣ*一山e6mWl,1Bouerqcommon
O*-s〃M9e67YzCSUPposet/、ｵｫﾉZe7weezjst＊-/Zomomo7YﾌﾉZismsﾉｹwom12MndfB
ontoC・Ｔｈｅｎ

indexK(瓢*ＣＢ)＝indexK(則)＋indexK(HB)－indexK(C)．

Furt/Zermome，ｌｅｔ

則＝(…((!B1*C11B2)*ＱｌＢ３)…)*q1Bn+１

beαsuccessi0jeqmqJ9amqfO*‐ql9e6ms1Bj(1≦'二、＋1)and吟(1二Ｊ≦

､).〃themeezist*-/DomomwHPbismsﾉｹwm2Ij＝(…(!B,*ClＢ２)…)*ｑ－１Ｂｊ
ｑＭＢｊ+１０"toｑ九ｒ１ニノニ、,tｈｅｎ

州
Ｚ
卿

ｎ

Ｚ
ｊ＝１

indexK(皿)＝ indexKCBj） indexK(9)．

(4)LetlWaZqmenq肌gmoUp,ｑＭｌｅｔＣ*(r)αＭα(r)beits/Ｍ
(Ｍ『wed皿ced9moUpC*一山ebms・Ｔ７Ｚｅ"indexK(C*(r))＝indexK(α(r))．

Pmq/:For(1),ｗｅｈａ('eKj(12ＭＢ)二Ｋﾌﾞ(瓢)①Ｋｊ(q3)(see[1,10.11.11])．
For(2),wehaveKO(則*c1B)=(Ｋ７(則)①ZWB))/ZandK,(瓢*ｃＢ)=

(Ｋ,(則)＄Ｋ,(!B))(see[1,101111])．
Ｆｏｒ(3),ｗｅｈａｖｅＫｊ(則＄Cq3）二Ｋj(別*Cq3）（see[1,101111])．We

usethisisomorphismrepeatedlyfbrthesuccessiveamalgamO*-algebras

definedinductively・

For(4),wehaveKXC*(r))二Ｋj(α(r))．□

Ｒｅｍｑｒｋ．TheclassofK-amenablediscretegroupsisclosedunderexten-

sions，directlimits，directproducts，andfreeproducts，andundertaking

closedsubgroups(see[6])．K-indexamenabilityfbrrmaybedefinedas
thatindexK(び(r))＝indexK(α(r))holds．

Corollary1.28〃u)ehqUeindexK(O*(r)）≠indexK(α(r))，ｔｈｅｎｒｊｓ
ｎｏｔｒｑｍｅｎｑｂｌｅ

ＲｅｍｑｒＡ・Suchanapplicationmightbeusufillandinteresting，butithas

notyetexplored．

ＥｘａｍｐｌｅＬ２９ＬｅｔＥＤｂｅｔｈｅｆｒｅｅｇｒｏｕｐｏfngenerators・since凡is

isomorphictothe〃fbldfreeproduct*､Z,wehaN'ｅＯ*(凡)isisomorphic

totheunitaln-fbldfilllfreeproduct*CO*(Z)＝*８０(T)．Itfbllowsthat

－５９－



KO(ひ(Fh)）=ＺａｎｄＫ,(C*(ＥＬ)）=Ｚｎ．Therefbre,indexK(C*(凡)）＝
１－mSinceIMsK-amenable,indexK(α(Ｂ２))＝１－，．

LetFh川Zbethesemi-directproductfbrtheactionひdefinedby◎(α)＝
6andぴ(6)＝αfbrgeneratorsa,bofFb・ＴｈｅｎＣ*(Fb>0ｏｚ)二○*(Fh))ｑｏＺ
ａｎｄα(F2)４ｏｚ）＝α(Fh）×◎ZTherefbre，indexK(Ｃ*(届>４．Ｚ)）＝
O＝indexK(α(F12列。Ｚ))．Indeed,thePimsner-VOiculescusix-termexact

sequenceimpliesthattheirKOandKl-groupsareZ2・
Ｌｅｔ171ｺ。bethefreegroupofcountablyinfinitegenerators・Thenwe

haveKb(α(凡))＝ＯａｎｄＫ,(α(１１６｡))＝Ｚｏｏ(see[1,10.1110])．Thus，
weobtainindexK(α(１７６｡)）＝-..．SinceFboisK-amenable,ｗｅｈａＮ'e
indexK(O*(Fも｡))＝－ｏｏ

ＬｅｔＧ＝型F1。｡beaninductivelimitofFbWiathecommutator
subgroup[F６．，１７６｡]＝Ｆ６．．ＴｈｅｎＫＯ(α(G)）＝ＺａｎｄＫ,(α(G)）＝Ｏ
(see[1,10.1110])．HenceindexK(α(G)）＝LSinceGisK-amenable，
indexK(ひ(G))＝Ｌ

ＬｅｔＺｍ＊ZLbethefreeproductofZmandZn・ＴｈｅｎＣ*(Z、＊Ｚｎ)=
C*(Z､)*ｃｃ*(Ｚｎ)二○(Tm)*ｃｃ(T").Therefbre，

ＫＯ(C*(Z、＊Ｚｎ))=(KO(Ｃ(Tm)＄ＫＯ(Ｃｌ(T､))/KO(C)=Z2m-1+2"~l-1

andK,(Ｃ*(Z、＊Ｚ"))＝Z2m-1+2れ~lHenceindexK(び(Z、＊Ｚ”))＝－１．
SinceZm＊ZnisK-amenable,ｗｅｈａﾊﾞﾉeindexK(α(Z、＊Ｚ､))＝－１

ＬｅｔＺ”＊ｚｚＺｍｂｅａｎａｍａｌｇａｍｏｆｆｉｎｉｔｅｃｙｃｌｉｃｇｒｏｕｐｓＴｈｅｎｉｔｉｓｓｈｏｗｎ
ｉｎ[10]thatα(Ｚｎ*ｚｌＺｍ)hasKO-groupisomorphictoZ"+m-landK1
zero・Thus,indexK(α(Ｚｎ*ｚｌＺｍ)）＝、＋ｍ－ＬＳｉｎｃｅＺｎ＊zlZmis
K-amenable,indexK(ひ(跣＊ｚ１Ｚｍ)）＝ｎ＋ｍ－１．Inparticular,itis
knownthatSL2(Z)=Ｚ４*z2Z6・Therefbre,indexK(α(SL2(Z))）＝８＝
indexK(Ｏ*(SL2(Z))).SincePSL2(Z)＝Ｚ２＊Ｚ3,ｗｅｈａｖｅ

indexK(α(PSL2(Z)))＝４＝indexK(C*(PSL2(Z)))．

LetrgbethefundamentalgroupofanorientableclosedsurfaceMb
withgenus＞２.Wehaver9二通*zFbg-2(see[10]),anditfbllowsthat
C*(r，)三○*(Fb)*ひ(z)び(凪9-2)Hence

indexK(Ｏ琴(r,))＝indexK(Ｏ*(Fh))＋indexK(び(局9-2))－indexK(C*(Z)）

＝－１＋(3-29)－０＝２－２９

SincergisKamenable,wehaveindexK(α(rg))＝２－２９．
LetEhbeaclosednon-orientablesurfacewithh＞２cross-capsand

汀,(EA)itsfimdamentalgroup・Then汀,(Ｚｈ)＝Ｚ*zFk-,whereＺ二2ＺＣＺ
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(see[10]),ａｎｄひ(Ｚ*z瓜－，)＝Ｃ*(Z)*o蟻(z)ひ(Fﾙｰ,)Therefbre，

indexK(C*(汀,(ZA)))＝indexK(C*(Z))＋indexK(Ｏ*(Fﾙｰ,))－indexK(O*(Z)）
＝２－Ａ．

Since7T1(Zk)isK-amenable,wehaveindexK(α(7rl(Ek)))＝２－１G．
Furthermore，ｎｏｔｅｔｈａｔ

KO(ぴ(Ｚｎ＊Fh))＝(Ｚｎ①Ｚ)/Ｚ=Ｚｎ，

Ｋ,(び(Ｚｎ＊脇))＝０＄Ｚ2＝Ｚ2．

HenceindexK(O*(Ｚｎ＊Ｆｈ)）＝、－２＝indexK(α(Zn＊凪)）sinceＺ"＊

FhisK-amenableFhrthermore,let型Zn虚＊Fhbeaninductivelimitof
Zn魔＊ＰＭＡ二１)bynaturalembeddingsThenC*(型ZnMFh)isan
inductivelimitofO*(Ｚｎ脂*Ｈ２)bytheinducedembeddings,Inthiscase,ｗｅ

ｈａﾊﾞﾉeKb(び(聖Ｚｎk＊Ｌ))=ZooandK,(び(型Ｚｎ偽＊Fh))=Z2Hence
indexK(C＊(聖Zn蝿*Fh))＝＋○○.Similarly,wecanapplythisargumentfbr
α(型Ｚｎ偽*Fh)tohavethesameK-ranksandK-indexasO*(四Z､脆*Fh)．

ExampleL30LetG耐＝Ｚ>q…>ｑＺ(”times)LetＧ＝型GnThen
C*(G)二四Ｃ*(G").WehaN'ethefbllowingPimsner-Vbiculescusixterm
exactsequencefbreachn：

ＫＯ(び(G")）-1型二二とLKb(C*(０，)）」一ＫＯ(C*(G"+,)）

’１１，
K,(C*(G､+,)）←ｆＬＫ,(C*(G､)）十112二二｣二Ｋ,(ひ(G､)）

Notethat(id-α)*onKb-groupsisalwayszero
Thecaseｗｈｅｒｅｊ＊onKO-groupsfbreachnisanisomorphism・Then

Kb(C*(G)）=ＫＯ(C*(G")）fOranyn,andthemapafromKOtoK1is

zero・Hence,(id-aLonK1-groupsfbreacMisaninjection,sothatit
isanisomorphism・Thus，ｊ＊onK1-groupsfbreachniszero・Therefbre，

K,(C*(G))=OInthiscase,weobtainindexK(ひ(G))＝Ｋｒo(C*(G"))fbr
anyn・Also,ＫＯ(C*(G､))二Ｋ,(び(G"+,))．

Thecasewherej*onKO-groupsfbreacMiszero・ＴｈｅｎＫＯ(ひ(G))＝
O＝ＫＯ(O*(G"+,))ButthiscasedoesnotexistsinceeaｃｈＫｂ(C*(C〃))ｉｓ
ｎｏｎ－ｚｅｒｏ・

Thecasewherej＊onKO-groupsfbreachnisneitheranisolnorphism

norzero・ＴｈｉｓｉｓｔｈｅｍｏｓｔｐｏｓｓｉｂｌｅｃａｓｅＴｈｅｎｗemayassumethat

Kro(び(G")）＜Ｋｒo(ぴ(G冗十,)）fbreachn・Hence,Ｋｒo(び(G)）＝＋○・．
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Also,ｔｈｅｍapafTomKbtoK1isnon-zeroHence,（ｉｄ－α)＊ｏｎＫ１－
ｇｒｏｕｐｓｆｂｒｅａｃｈｎｉｓｎｏｔａｎｉｎjection、Thus，Ｚ＊ｏｎK1-groupsfbreach

nisnon-zero・Moreover，ｔｈｅｍａｐａｆｒｏｍＫ１ｔｏＫｂｉｓｏｎｔｏ，ｓｏｔｈａｔ

Ｋｒ,(ひ(G冗十,)）三Ｋｒo(Ｃ*(G"))，whichgoesto＋ｏｏａｓｎ一○°,Hence
Kr,(び(Ｇ))＝＋○・.Inthiscase,weobtainindexK(Ｃ*(Ｇ))＝＋oo-oo(or
undefined)．

Inparticular,ifＧ＝ｌｉｍＺｎｗｉｔｈＧｎ＝Ｚｎ,thenindexK(O*(G)）＝￣

+oo-oo(undefined)whileindexK(C*(G"))＝indexK(Ｃ(Tね))＝OHow-
ever,ifweallowtheconventionoo-oo＝０，thenindexK(ひ(G))＝Oin
thissense．

Ｅｘａｍｐｌｅ１．３１１ｆｔｈｅａｍａｌｇａｍ２Ｉ＊ＣＢｏｆＯ*-algebrashasretractionsto

C,thenitisKK-equivalenttothepullbacMl＄CBInparticular,Ｃ*(E,）
isKK-equivalenttoC(Xh),wherethespaceXnconsistsofncirclesjoined
atapoint,thatistheone-pointcompactificationofthediSjointunionofn

copieｓｏｆＲ・

HrmanylocallycompactgroupsGincludingEz，thequotientmap

fromC*(G)ｔｏα(C)givesaKK-equivalence、Inparticular,α(凡）is
KK-equivalenttoaXh)．

Proposition1.32比川ｂｅｑＣ*‐αl９ｅｂｍｑｎｄａｊ（１二Ｊ≦、）ｊｔｓｑ伽o-
nMphjsmsLe川>qα,ｒＥｚｂｅｔ/Ｚｅ7℃ducedcmssedpmduct6Zﾉthe抗ｅ９ｍＵｐ

ＩＭｂｒｔｂｅｑｃｔｉｏｎａ９ｊｕｅｎｂ９α(αj）＝αj(αj)/brqj9enemtorsq/凡．〃
indexK(則)is伽te,them

indexK(瓢>qα,『凡)＝(１－，)indexK(別)．

PmoqfWehavethefbllowingdiagram：

＄lL1KO(別）」一ＫＯ(別)－ＫＯ(川α,r凡）

１１
Ｋ,(川α,『瓜)－Ｋ,(則)←Ｌ唖,Ｋ,(狐)，

whereｏ＝Ｅ尖,(１－αか(see[1,108D

Corollary1.33ＬｅＭ６ｅｑＣ*-αJ9e6『wcMOfindexK(瓢)is万mte,then

indexK(瓢刈Fh川脇…刈凡)＝(１－，)hindexK(Ⅲ）

□

/brqnZﾉsuccessjuemeducedcmssedpmod秘c川>qrFh川Fh…川脇(Ｍmes）
6ｙＦｈ．
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Example1.34Let恥×FhbethedirectproductoffreegrouｐｓＥ７Ｄａｎｄ

ＥＤ,ａｎｄ印(FhD×Ｆｈ)itsreducedgroupO*-algebra・Ｔｈｅｎα(Ｅ７Ｄ×Ｆｈ）
isisomorphictotheminimaltensorproductα(Ｅ７Ｄ)⑭α(凡),whichis
isomorphictothereducedcrossedproductα(FhL)〉｡α,γ凡withatriviaL
Hence,ｉｔｆｂｌｌｏｗｓｔｈａｔ

indexK(“(Ｅ"×凡))＝indexK(α(脇)⑭α(凡)）

＝indexK(α(FhD)×α,rFh)＝(１－ｍ)(1-,)．

lnthiscase,ｔｈｅｍapsoonK-groupsarezeroThus,ｗｅｏｂｔａｉｎ

ＫＯ(α(脇)刺α,rFh)＝ＫＯ(α(脇))①(ejL1K,(α(脇)）

＝Ｚ①(①lL1Zm)=Zmn+１，
Ｋ'(α(剛>qα,『凡)二Ｋ'(α(脇))＄(①ﾘｰ,KO(α(脇)）

=Zm①($lL1Z)＝Z､+n

ltfbllowsthat(ｍ、＋1)－(ｍ＋、)＝(１－ｍ)(１－，)．since脇×EDis
K-amenable,weobtainindexK(び(脇×Ｆｈ))＝(１－ｍ)(１－､),wherethe
fullgroupC*-algebraび(Ｅ７ｚ×凡)isisomorphictothemaximaltensor
productofC*(Fhz）ａｎｄび(凡),whichisisomorphictothefUllcrossed
productC*(ＥｧB)>qaFhwithatriviaL

Fnrthermore,ifwereplaceα(Ｅ7,)ｗｉｔｈα(1W，｡),ｔｈｅｎＫｂ(α(E｡｡×
I;12))二＄2ZooandK1(α(F6｡×Fh))=ZooHenceindexK(α(F6｡×Fb))＝
ＯＯ－ＯＯ．

K-indexconjectures

PropositionL35ルォｒ＝Ｇ１*HG2beqnqmqJ9qmqfdjsc7wetegmoUps.〃

u）e/Zα,）eｵﾉ､e/bllMn9sjz-te7wzezqctse9uence(CowectwWe)：

Kb(川αＨ)－－→①;=,KO仰aGj)－－→ＫＯ(川αr）

Ｉ１
Ｋ'(川ＣＭＴ)－＄;=1K'(川aGj)－Ｋ'川αＨ）

●

んrqnZ/these/ＭＩ(wmeduced)ｃ７℃ssedpmoducts,tｈｅｎ

２

ZindexK(川aGj)－indexK(川。H〕
j＝１

indexK(狐>ｑａｒ)＝
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I7zPartjcuJar,がujetqlDeI2I＝Ｃ,ｵﾉZen

KO(ひ(H))－＄;=,KO(び(Gj))－→ＫＯ(ひ(r)）

Ｉ１
Ｋ,(ひ(r)）←---＄;=1K'(び(Gj))←－－Ｋ'(ひ(H)）

/br/Ｍｌ９ｍｏ叩Ｏ*-αl9e6ms,ｓｏ仇α畑ｅｏＭＬｍ

２

indexK(び(r))＝ZindexK(び(Gj))－indexK(び(H))，
ｊ＝１

ａｎｄ九rthermo7we,ｵﾉjose/Ｍｌ９７ｗｏＵｐＣ*-ql9ebmsmt/Zjs/ｂ７ｗＭｑＣＭｔ/ＺｅｄＺｑ－

９７ｎｍｃｑＭｅｍｅｐｌａｃｅｄｕﾉ伽their7℃duced9moUpび-qJ9emLs．

此ｍｑｒＡ.Theconjecturehasbeprovedtobeaflirmativeinsomecasesas

givenaboｖｅａｎｄｉｓｅｘｐｅｃｔｅｄｔｏｂｅｔｒｕｅｉｎｆＵｌｌｇenerality．

Proposition1.36Letr6eqdjscmete9moUpMtbto畑ｏｎ/rwee・Ｔ７ＺｅＢｑｗ７Ｄ－

ＣＤ"ｎｅｓｃｏ〃ec伽re(BC）iMbejsomombCsm/､oﾂ〃Ｋｊ(α(r)）ｔｏＫｊ(Br)，
uﾉﾉjemeBrjst/ZecJqss物jn9Spczceんｒｒ．〃ｵﾉZjsconlectwWstume,then

Krj(α(r))＝Ｋｒj(Br)，aMindexK(α(r))＝indexK(Br)．

脇､ＷＩＤ・Thisfamousconjectureisknowntobetruefbrsuchrinalarge

class・Indeed，ｓｕｃｈｒｃａｎｂｅｔａｋｅｎａｓａｎｙａｍｅｎａｂｌｅｇｒｏｕｐ，凡，ｗord-

hyperbolicgroupssuchas7T,(Ｍ)fOrMacompactRiemannianmanifOld
withnegativecurvature・nlrthermore,ｔｈｅｃｏｎｊｅｃｔｕｒｅｔｏｂｅｔｒｕｅｇｉｖｅｓａ

ｗａｙtoidentityourK-indexwiththeEulercharacteristicfOrgroupsby

(CO)homologytheory､Thus,ourK-indexmighthaveapotentialcontribu-

tioneventothisconjecture(andthisvisionisofTakai).Thatconnection
willbediscussedinmoredetailssomewhere

NowletXbeacompactspace(orafiniteCW-complex)．TheChern
charactersfromtopologicalK-theorytocohomologytheoryfbrspacesare

theisomorphismsgivenby

Cho:ＫＯ(X)Ｗ→①Ｈ"(X,q)＝H…(X,Q)，
河:ｅＵｅｎ

ＣｈⅢ:Ｋ'(X)②Ｑ→①H"(X,Q)＝H゜｡｡(X,Q)，
ｎ:odd

whereＨ”(Ｘ,Ｑ)denotesthen-th(AlexanderorCech)cohomologygroup
ofXwithcoefIicientsinq（Asanote,fbracomplexvectorbundleVover
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(amanifbld)Ｘ,itsCherncharacteristicisdefineｄｉｎａｗａｙａｓＣｈｏ(Ｖ)＝
Ch(Ｖ)＝ＺｋＣＭＶ),where

ChA(Ｖ)＝(ん!)-1[tr((27r)-11/=TKv)ん]EH2Ic(Ｘ)，

Ｃｈ(V)＝[trexp((2打)-Ｖ=IKV)]ＥＨ…(X)＝＄Ｈ凧(X)，
刀:eUen

whereKvisacurvatureassociatedwithaconnectionoverVandH2A(Ｘ）
meansthe(2A)-thdeRhamcohomologyofX）Write

Ch*：Ｋ*(Ｘ)⑭Ｑ→Ｈ*(Ｘ,Ｑ)，

whereＫ＊＝ＫＯ＄Ｋ１ａｎｄＨ＊＝Heue7L①Hodd・TheEulercharacteristic

fbrXisdeflnedbythefbllowingfirst(orsecond)equality：

ｄｉｍＸ

Ｘ(X)＝ZdimOHj(X,Q）
ｊ＝Ｏ

＝dimQHeuen(Ｘ,Ｑ)－dimQHodd(Ｘ,Ｑ）

＝dimQKo(Ｘ)⑭zQ-dimQK1(Ｘ)②ｚＱ＝indexK(Ｘ)．

Inparticular,fOrX＝Brtheclassifyingspaceofagroupr，

Ｃｈ*：Ｋ*(Br)②Ｑ→Ｈ*(BT,Ｑ）

(anisomorphism)Furthermore,wehavethefbllowingisomorphism：

Ｈ*(Br,Ｑ)=Ｈ*(r,Ｑ）

wheretherighthandsidemeansthecohomologyfbragroupr(torsion
free)withcoefIicientsinqTherefbre,notethat

indexK(Br)＝dimQKo(Br)⑭zQ-dimQK1(Br)⑭ｚＱ

＝dimQHeue"(Br,Ｑ)－dimQHodd(Br,Ｑ）

＝dimQHeuen(r,Ｑ)－dimQHodd(r,Ｑ）

＝dimzHeUen(r)－dimzHodd(r)＝Ｘ(r)，

whichistheEulercharacteristicfbrr(torsionfree),anditalsomaydefined
asthefbllowingalternativesum：

X(r)＝Ｚ(-1)jrankZH,(r,Z）
た０
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withHj(r,Ｚ)＝ＨＪ(r),whereQfbr⑧zQanddimQmaybereplacedwith
RorC・Also,fbraCoo-manifbldM,ｉｔsEulercharacteristiccanbedefined

asthefbllowingalternativesum：

ｄｉｍＭ

Ｚ(-1)jdimHJ(M,R）
ｊｚＯ

x(Ｍ）

whereHJ(Ｍ,Ｒ)isthej-th(deRham)cohomologyofMwithcoeflicients
iｎＲ・Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，

indexK(α(r))＝dimQKO(α(r))②zQ-dimQK,(α(r))⑭zQ

whereα(r)canbereplacedwithaC*-algebraTherefbre,weobtain

Proposition１．３７ＵＭｅｒｔ/Ｚｅｓｑｍｅｑｓｓｗ叩tjonqsczboue，ｵﾉZeBqw7J-COnnes

conjectwWmpJｌｅｓ

indexK(α(r))＝indexK(Ｂｒ)＝Ｘ(Br)＝)((r)．

Ｒｅｍｑｒｈ.AlsoseebelowAppendixfbrX(r)insomedetails・FortheConnes-

CherncharacterfromK-theorytoConnes，cycliccohomologytheory(fbr
C*-algebras),itsrelationwithK-indexhasbeendiscussedbyInkai[15｝

ｚＥｑｕｉｖａｒｉａｎｔＫ－ｔｈｅｏｒｙｒａｎｋｓａｎｄｉｎｄｅｘ

TherepresentationringR(G)ofacompactgroupGisdefinedbyfbrmal
difIerencesofequivalenceclassesoffinitedimensionalrepresentationsofG，

underthedirectsumandtensorproductasringoperations・Thetrivial

l-dimensionalrepresentationofGistheidentityofR(Ｇ).NotethatR(G）
canbeidentifiedwithKO(C*(G))asanadditivegroup

Let(則,Ｇ,α)ｂｅａＣ*-dynamicalsystemwith別unitalandGcompact

A（finitelygenerated）projective（則,Ｇ,α)-moduleisapair（Ｅ,入）ｆｂｒａ
(finitelygenerated)projectivelU-moduleEandastronglycontinuousho-
momorphismMromGtothegroupofinvertibleelementsofthesetL(Ｅ）

ofboundedlmearoperatorsonEsuchthat入g(eα)＝入g(e)αg((1)ｆｂｒ９ＥＧ，
ｅＥＥ，ａｎｄｑＥ則．Ｌｅｔ７ＴｂｅａｒｅｐｒｅｓｅｎｔａｔｉｏｎｏｆＧｏｎａｆｉnitedimensional

vectorspaceV・ＴｈｅｎＶＭ(becomesaprojective(則,Ｇ,α)-moduleunder

thediagonalactionofG,andisregardedasafreemodule・Everyprojec-

tive(別,Ｇ,α)-moduleisadirectsummandofsuchafreemodulesothat

thereexistsaG-invariantprojectionpofL(Ｖ)Mlsuchthatp(VMDis
aprojective(瓢,Ｇ,α)-module
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TheG-equivariantKO-groupKF(則)ofaunitalC*‐algebra則isdefined
tobetheabelian(orGrothendieck)groupgeneratedbyeCluivalenceclasses

ofprojective(別,０，α)-modulesunderthedirectsumMoreover,ＫＦ(狐）
ｃａｎｂｅｖｉｅｗｅｄａｓａｎＲ(G)-moduleinthewaythatp(VMDissendto

(l⑭p)(Ｗ⑭Ｖ⑭別)bytheactionof[Ｗ]ｅＲ(G)NotethatKF(C)＝Ｒ(G）
underthetrivialG-actiononCForanonunitalO*‐algebra別,itsKF(則）
isdefinedtobethekernelofthemapfrom埒(以十)toKF(C),wherethe
actionontheunitization則十ｂｙＣｉｓｉｎｄｕｃｅｄｂｙｔｈａｔｏｆｌＵａｎｄｔｒｉｖialon

CReferto[1,Sectionll]fbrtheequivariantK-theoryfbrひ‐algebras
SetKP(則)＝ＫF1(Ｍ)Thereisadefinitionfbrthisintermsofinvert-

ibleelements,ｄｕｅｔｏＮ．Ｃ・Phillips．

Definition２．１Let(狐,０，α)ｂｅａＣ*-dynamicalsystem,where別ｉｓａＣ*‐

algebra,Ｇｉｓａｃｏｍｐａｃｔｇｒｏｕｐ１ａｎｄａｉｓａｎａｃｔｉｏｎｏｆＧｏｎ別byautomor-

phismsWedefinetheKデーrankof別tobetheZrankoftheG-equivariant
K-groupKf1(則)ＣＭ(j＝0,1),anddenoteitby

Kr字(則)＝rankZKj(狐)Ｅ{0,1,2,…,+･･舟

WedefinetheG-equivariant(Euler-Takai)K-index(orKG-index)ｏｆ肌o
bethefbllowingdifference：

index宴(Ⅲ)＝Ｋｒg(Ⅲ)－Ｋｒ字(則)ＥＺＵ{士｡｡}．

Proposition２．２Let(皿,Ｇ,α)ｂｅｑＯ*‐dMDqmjcaJs1/stemu）ｉｔ/ＺＧｃｏｍｐｑｃｔ
ｑＭｌＵ>qaGjtscmossedPmoduct･Ｚ比〃

index長(則)＝indexK(則>ｑａＧ〕

ProqfWehaﾊﾞｸﾞe坪(則)＝K)(則×αG)fbrj＝0,1(PJulg〕 □

PropositionM(1).〃Ｃ*‐ｑｌ９ｅ６ｍＷＩ,!Ｂα'weGLstq6JZ/jsomombic,ｵﾉZen

uMqMndex宴(別)＝index長(B)jDpqrt伽Jqr，

index長(則⑭Ｍｎ(C))＝index員(則⑭Ｋ)＝index長(則)，

uﾉﾉwet/Zeqctionsq/Ｇｏｎ則②Ｍｎ(C）ｑＭｕ⑭Ｋｑｒｅｑ/the/ｂｒｍａ⑭id

MoreoUer,綱〔MSBqmeG-bomotOpic,t/Zenindex宴(則)＝index員(!B)．
(2).〃ｵﾉZeQctMzqfGoMZedj７℃ctsumⅢ＄ＢＯＩ/ひ一山e6msisqfthe

/brmα＄β,then

index宴(則①Ｂ)＝index長(別)＋index冥(!B)．
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(3)〃瓢>ｑａＧ,!Ｂ>qβＨｕｊ伽０，Hcompqctq『℃ｎｕｃｌｅａｒＣ*-qJ9e6msm
t/Ze6ootstmpcqte9or1/ＸｑＭｔ/ZejrK-97DUPsqretomsMLﾉｹwee,ｵﾉZen

index宴×H(則Ｍ３)＝index宴(瓢)index長(B)，

uﾉﾉZemetheqctjonq/Ｇ×ＨｏｍＵ⑭ＢＺｓａ⑭β

(4).ＦｂｒＳ則＝Ｃｂ(R)Ｍ１,ａｎｄがt/ZeqctZonq/ＧｏｎＯｏ(R）jst7MqJ，
仇e"index宴(S1U)＝－index長(劇)．

(5)LetX6eqcoWqctSPqceM仇qG-qcttomZ伽、

index宴(C(X))＝indexき(X)＝rankZK8(X)－rankZKと(X)，

ujhe『we恥(Ｘ)ｉｓ仇eG-e9u伽riqnt脱/Deory/ｂｒＸｄＧ/medtobet/Zeqbelj(m
9m叩(S)genemted6y仇eclqssesq/G-UectorbiMlesoUerX(ｃＭＲｘＸ)．

PmqfFbr(1),notethatKｱ(”Ｍｎ(C))二Kｱ(”K)二Kｱ(ｕ〕
Fbr(2),ｗｅｈａﾊﾞｸﾞethesplittingexactsequence：

o→瓢>ｑａＧ→(狐＄Ｂ)ｘα$βＧ一＄>qβＧ→０

Fbr(3),ｗｅhave(別Ｍ３)>qα②β(Ｇ×Ｈ)=(則>ｑａＧ)⑭(Ｂ>qβＨ)Using
theKimnethfbrmulaweobtain

index宴×H(別⑭SB)＝indexK((川αG)⑭(SB>qβＨ)）
＝indexK(則>ｑａＧ)indexK(Ｂ>qβＨ）

＝index宴(則)index長(B)．

For(4),Ｋｱ(側)二噸,(劇)(Bottperiodicity)HenceKr写(SlU)＝
Krｹﾞｾﾞﾄ,側

For(5),thereexistsa(swan)isomorphismbetweentheclassesofG-
vectorbundlesEoverXandtheclassesofprojective(Ｃ(Ｘ),αα)‐modules
r(E)ofcontinuoussectionswithanaturalinducedCLaction,wherethe

actionaisinducedfromthatofGonXHenceKP(C(Ｘ))二Ｋろ(Ｘ)ロ

Example2,４(1)index艀(C)＝｡｡sinceいT､二ぴ(T")=Cb(Zn）
(2).Forthedualcrossedproduct(Ｃ>qαＺｎ)>dTnfbratrivialsothat

いαZ"＝Ｃ*(Z")二○(T"),wehaveindex鷲(C(T､))＝indexK(K)＝１
because(Ｃ>qαＺｎ)>、､=Ｃ⑭KbyTakaiduality

Theorem2､５ＬｅｔＯ一ブ→則→WD1→ObeqshorMDqctse9uenceq／
Ｃ*-ql9e6msmuqrjQntunderqnqctionqfacompact9moUpG、Ifssjzte7wz
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ezcLctsequenceis

K『(｡）－ＫF(皿)－－ＫＦ(則/３１）

’１１，
ＫＦ(ｌＭｉ)－ＫF(瓢)－ＫF(〕)．

〃ｔｈｅｊＭｅｚｍ叩saqmeM/Zzemo,ｔｈｅｎ

Kr字(皿)＝Kr字(３１)＋Krｱ(別/､i)，index宴(別)＝index長(〕)＋index長(叩〕

I7LpartjcuIqr,t/ZZsjsthecaseがt/Zes/Dortemctse9uenceSpljts、

MoreoUer,ilfindex宴(則),index宴(3),qMindex員(劇/ＤＭwe伽te,the〃

index宴(皿)＝index宴(３１)＋index宴(21/〕)，

u〃Ze7wejtjsenOU9ハtoqsSumetMtu）Ｏｑｆｔ/Zoseq7we万njte．

PmoqfWeusesimilarlytheargumentfbrGtrivialasshowninSectionl．
□

Theorem2､６比例>ｑａＺＭ/Decmossedp7MTLctqfcLO*-ql9ebm瓢62/qnqc-

tjonaqfZFbrqひ-dynqmjcqlsystem(別,Ｇ,β)MthGcompqct,sUppose

tmtth…tjoMcom川eⅧt/Zα・〃Ｍﾉｶindex宴(瓢)`Ｍindex受(川αZ）
α7℃/injte,then

index宴(別xaZ)＝０，

merejtj…川/Zto…me伽tindex宴(別)ｉｓ/Me

PmoqfByassumption,(則>ｑａＺ)>qβＧ＝(則>qβＧ)>qaZThenweusethe
Pimsner-VOiculescuexactsequence． □

Proposition２．７Let(瓢,Ｔ,α）ｂｅｑＣ*-.Z/"qmicqlsystem6Z/thetomsT

〃index賢(則)qndindexK(別)αme伽te,仇e"indexK(則)＝0,meMtis
e"０町/０t…swne伽tindex受(別)ｉｓ伽te

Pmoq/Let川aTbethecrossedproductand(川αT)>qβZitsdualcrossed
productwithathedualactionsinceZisthedualgroupofTThenkai

dualityimpliesthatthedualcrossedproductisisomorphicto瓢⑭Ｋ・Thus，

thePimsner-VOiculescuexactsequenceimplies

Kb(劇>ｑａＴ）－－Ｋb(則>ｑａＴ）---→ＫＯ(則）

１ Ｉ
Ｋ,Cu）－Ｋ,(別>ｑａＴ）－Ｋ,(別>ｑａＴ)．

Thesameargumentasbefbrededucestheconclusion □
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Corollary2､８Ｌｅｔ川ｅｑＣ*‐QJ9e6m伽ｵﾉZindexK(２１)≠ＯＴ/WDindexHr(皿）
jsnot戸njte．

Proposition２．９Let(別,Ｚｎ,α)ｂｅＱＣＭＺﾉnqmjcqlsZ/stembZﾉα/MecZﾉcJjc
97℃ＵｐＺｎ．Ｔ/Ze7weemstst/Ze/blJoMn9ezqctse9uence：

O→Ｓ(別>ｑａＺ")→皿>ｑａＺ→ｌｕ>ｑａＺＤ→０，

uﾉﾉｗｅ別>ｑａＺｕﾉ肋ｵﾉZeactionaeztendedbZ/ｔｈｑｔｑｆＺ”isisomoFP/Z2ctot/Ｚｅ

ｍｑｐｐｍ９ｔｏｍＵｓｏｎ則>ｑａＺ〃．

〃inde増(121)aMindexK(川ａＺＭｅ伽te,t/ZenindexK(川αZ)＝０，
me7Wtj…川/Zt…s"mMbqtindex斧(狐)ｉｓ伽＆

Example2・１０since(Ｍｎ｡｡⑭Ｋ)>ｑＺ二○"②Kconsideritsdualcrossed

product(O"⑭Ｋ)>qβＴ二Ｍh゜｡②Ｋ②KThus,indexK(O"⑭Ｋ)＝Obut
indexNf(ｏｎ⑭Ｋ)＝｡｡、

LetT;＝Ｏ(T)x0Zbeanoncommutative2-torusandT;刃βTitsdual
crossedproductSinceT;>qβＴ＝Ｏ(T)⑭KbyTHkaiduality,weobtain
index賢(T;)＝indexK(O(T))＝０andindexK(T;)＝O

LetT;xoZ2bethecrossedproductofasimplenoncommutative2-torus
T;bytheflip,ie,。(uj)＝u;(j＝1,2)fbrujgeneratingunitariesofT；
Itisknownby[3]thatＫＯ(T;>qoZ2)＝Z6andK1(T;刃｡Z2)=OHence
indexK(T;川Z2)＝６１tfbllowsthatindexK(T;>0ｏｚ)＝Ohrthermore，
let(T;)obethefixedpointalgebraundertheHipaSince(T;)oisa
cornerofasimpleO窯一algebraT;ｘｏＺ２,theK-theoryof(T;)oisthesame
asthatofT;川Z2Hence,indexK((T;)｡)＝6Notethat(T;)｡issaidto
beanoncommutativespherebecauseC(T2)oisisomorphictoC(S2)ｓｅｔ
ｓ;＝(T;)｡,butwhoseK-indexisnotequal2ofC(S2)Thisisalittlebit
strangeinourpointofviewThus,S;ｍightbenotarightdefOrmation
fbrC(S2)Beferto[3]fOrmoredetails

Leml＝Ｍ２｡｡＝⑭｡｡Ｍ２(C)．ThegaugeactionaofTon則isdefined
byaz＝②ooAd(z①1)ｆｂｒｚＥＴ,whereAd(.)istheadjointactionbythe
diagonalunitarymatrixz＄１ｅＭ２(C).Since21>ｑａＴ>qαﾊＺ＝則⑭Ｋ，

KO(別〉｡αT)型ﾕﾆﾑKO(劇>qaT)－Z｡｡

１
－Ｋ,(川αＴ）・Llul二Ｋ,(川αＴ)．

１

whereβisthedualactionofZon別>qaTSincethemap(１－β)*onKO-
groupsiszero,wehaveKb(瓢>ｑａＴ)=O1ndeed,notethaWliscontained
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ｉｎ則>qaTandthedualactionβｏｎ則istriviaLAlso,び(T）二Ｃｂ(Z）
byPburiertransfOrnLFurthermore,itfbllowsthatK,(瓢×αＴ）=Zoo、
Therefbre,index賢(則)＝－．.andindexK(劇)＝･゜

Corollary2､１１Ｌｅ川>daZ6ethecmossedpmodM九ｒｑＯ*一山e6m21uﾉｊｔｈ

ａ伽＝１`MindexK(皿>qaZ)≠OnZe〃index斧(Ⅲ)ism伽e、

Proposition２．１２Let別〉ｑａＲ６ｅｔ/ZecmossedpmdouctqfqC*一山e6m則

bZ/ｑｎｑｃｔｊｏｎａｑｆＲＦｂｒｑび-.Z/nqmjcqlsZ/stem(別,Ｇ,β)肌ｵﾉZGcom-
pqct,sUppose仇qttheqctjoMcommuteⅧt/ZαガMhindex長(瓢)`Ｍ
index宴(瓢刈R)α花伽te,t/Zen

index員(別>qaR)＝－index宴(瓢)．

Ｅｘａｍｐｌｅ２,l3Forthecrossedproduct瓢>ｑａＺ７ｚｆｂｒａＣ*‐algebra瓢,ifa

istrivial,ｔｈｅｎ

別>ｑａＺ"＝皿②ぴ(Zn)=瓢⑭Ｃ､二＄"l2L

Thus,indexK(劇>qαＺｎ)＝nindexK(瓢)．

ForHlR=R2xRandasemi-directproductH!【>qZ2and(HlRxHlR)xZ2，
assumingcommutativityoftheactiｏｎｓｂｙＲａｎｄＺ２ｗｅｈａｖｅ

ｉｎｄｅｘＫ(び(HlR)>Ｍ２)＝index斧(び(HlR)）

＝-index斧(C)＝2(-1)＝2indexK(C*(H#R))，

indexK(C*(H3R×Ｈ１R)xZ2)＝index斧(ぴ(畷×ＨｌＲ)）

＝index斧(C)＝2(+1)＝2indexK(び(HlR×Ｈ１《))．

Moreover，fbrasimplyconnectedsolvableLiegroupjV=Ｒ×…〉qRa

successivesemi-directproducｔｂｙＲ，

…'ぴcvM)……)薑{:|±}|:藍繍
whichisequaltonindexK(C*(Ⅳ)),wherecommutativityofsuccessiveａｃ－
ｔｉｏｎｓｂｙＲａｎｄａｎａｃｔｉｏｎｏｆＺｎｉｓａSsumedltisexpectedtohavethe

fbllowingreasonablefbrmula：

indexK(瓢>ｑＺ")＝nindexK(別）

ｆＯｒａＣ*-algebra1Uinacertainclass・Thoseexamplessupportthisfbrmula，

butitisfalseingeneraLIndeed,fbrinstance,asanon-trivialexample，

indexK(T;>qoZ2)＝６≠2indexK(T;)＝２０＝０．
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Ｅｘａｍｐｌｅ２､１４LetGbeasimplyconnectedamenableLiegroupwithits

radicalR・ThenGisisomorphictothesemi-directproductR>qSfbra

simplyconnectedcompactLiegroupSsuchthatG/Ｒ二ｓ、Thus,the

groupひ-algebraひ(Ｇ)isisomorphictothecrossedproducｔＣ*(R)>qS
Hence

indexK(び(G))＝index臭(C零(R))＝indexK(び(S))(-1)dimR，

whereｗｅａｓｓｕｍｅｔｈａｔｔｈｅａｃｔｉｏｎｏｆＳｃｏｍｍｕｔeswithsuccessiveactions

ofRaccosiatedwiththedecompositionR＝Ｒ〉。Ｒ…〉ｑＲ・Fnrthermore，

Ｃ*(S)二＄汀jEsﾊＭ２,(C)byFouriertransfOrm,whereＳ八isthedualgroup
ofSandnjarethedimensionsfbr7TjeS八(theunitaryequivalnceclasseｓ
of)irreduciblerepresentationsofSTherefOre，

indexK(O*(S))＝indexK($可ＥＳﾊＭ２，(C))＝|Sﾊ|，

wherelSﾊlisthecardinalnumberofthediscretespaceSヘTherefbre,a
discoveryundertheassumptionfOractionsisthefbllowingfOrmula：

indexK(O*(R)>ＯＳ)＝|S八lindexK(び(R))．

Ｅｘａｍｐｌｅ２､１５ＬｅｔGbeanoncompactconnectedrealsemi-simpleLie

groupwithrealranklandfinitecenteLItisobtainedby[16]ｔｈａｔ
Ｋｉ,(α(Ｇ))=Ｚｏｏａｎｄｋｉ,+,(α(G))=０，wherepisthedimensionofG/K
fbramaximalcompactsubgroupKofGItfbllowsthatindexK(α(G))＝
＋ｏｏｉｆｄｉｍＧ/Ｋeven,ａｎｄ＝－ｏｏｉｆｄｉｍＧ/KoddltisknownthatG

islocallyisomorphictooneofthefbllowing:Ｓｏｏ(､’1)(connectedcompo-

nent),ＳＵ(､’1),Ｓｐ(n,1),ａｎｄＥ４(-20)fbrn三２(see[7]).Furthermore,ｆｂｒ
Ｇ＝Ｓｏｏ(､’1),ＳＵ(､’1),andSp(､’1),itsmaximalcompactsubgroupKis
givenbySO(､),(Ｕ(､)×Ｕ(1))ｎＳＬｎ+,(C),andSp(､)×SP(1)respectively，
andＧ/KisidentifiedwiththehyperbolicspaceHh(F)withdimensionn
fbrF＝Ｒ，Ｃ，andHrespectively

lnparticular,letＧ＝SL2(R)．ＴｈｅｎＧ＝KAjVtheIwasawadecom-
positionwｉｔｈＫ＝ｓｏ(2),Ａ=Ｒ(sothatGhasrealrankl),ａｎｄｊＶ二R

Therefbre,indexK(α(SL2(R)))＝＋ＣＯ．

sC1assificationbyK-ranksanｄＫ－ｉｎｄｅｘ

WegivethefOllowingseventables,ｓｉｘｏｎｅｓｏｆｗｈｉｃｈａｒｅｇｉｖｅｎｆｂｒｃｌａｓｓifi-

cationfbrnuclearandnon-nuclearexamplesbyourK-ranksandK-index

andthelastonefbrclassificationfbrgroupC*-algebrasbyK-index、These

tablespresentedbelowwithcollectedexamples，ｓｏｍｅｏｆｗｈｉｃｈａｒｅｖｅｒｙ

ｉｍｐｏｒｔａｎｔｉｎＣ*-algebratheory，couldbeusefUlandhelpfillfbrfilrther

classificationfbrC*-algebrasbyK-ranksandK-index．
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Tnblel：C1assificationfbrnuclearexampleｓｂｙＫｒｏ

Ｋｒ

２，－１

ｎｂｌｅ２：ClassificationfbrnuclearexampleｓｂｙＫｒｌ

Ｋｒ Ｓｉｍｐｌｅ

ＡＴ冗冗

２７L－１ Ｔろ(simple）

－７３－

Ｋrｏ Non-simple Simple
0 CO(Ｒ

２，＋１

C零(瑚),ひ(Ｒ>q…河Ｒ)(odd）
α(ｓｏ(２，＋1,1)）

ｑｆ(ＳＵ(２，＋1,1)),α(Sp(２，＋1,1)）

○２

０２，

０，

○、

⑭Ｋ

⑭Ｔら(simple）
Ｍ２｡。〉dａＴ

１ c(ｓ
２，＋１

),ＣＯ(R2n）
C*(A2),ぴ(Ｒ×…>ｑＲ)（

行

ｅｖｅｎ

Ｃ， ＭＤ
Ｋ

○°Ｃ

(c）

２ O(S2"） ？
Ｃ

グ

Ｔ
２，

Ｌ〃

Ｔ
２

ｅ (simple）
６ C6二○*(Z6） Ｔ

s；

２

０
>0

￣

￣

び Ｚ２ (simple）

(T;)｡(simple）
、 C､二○*(Zn） ＡＦ

ＩｒＬ， AＴ7L,、Ｚ

2，
－１

c(T､),Ｔろ（
●

non-s1mpｌｅ Tろ(simple）
＋○○ C*(T"),Ｏ*(Ｋ）

(Ｋcompact,Ｋハinfinite）
α(ｓｏ(2,,1)),α(SL2(R)）
o;$(su(2,,1)),α(Sp(2,,1)）

Ｍ２ｏｏ

ＵＨＦ

ＡＦ

ＡＴ

○○

００，７几

Ｋｒｌ Non-simple Sｉｍｐlｅ

0 C",Ｃ(S2"),ＣＯ(R2n）
行,Ｃ*(A2）

○*(Ｒ>q…>ｑＲ)（ｅｖｅｎ

C*(Zn),Ｏ*(T"),Ｏ*(Ｋ）
α(ｓｏ(2,,1)),α(SL2(R)）
α(Su(2,,1)),α(Sp(2,,1)）

Ｍｎ(c）
Ｍ２｡･，

○

Ｔ

s；

，
Ｋ

ＵＨＦ

ＡＦ

ｎ，

２

０
〉。

－

－

、

○○○

◎Ｚ２

(T;)。
１ c(ｓ

び(HlR） ，

２，＋１
),ＣＤ(Ｒ

27L＋1

C*(Ｒ>q…>ｑＲ)(odd）

AＴ、'１

、 ①､CO
'

Ｒ
ＬＪ

ＡＴ
、,、

2，
－１

C(T〃),Ｔろ (non-simple） Tろ(simple）
＋○○ α(ｓｏ(2,＋1,1)）

α(SU(2,＋1,1)）
α(Sp(2,＋1,1)）

Ｍ２｡。〉qａＴ
AＴ

ＩｒＬＤＯＯ



Ｉｎｂｌｅ３：ClassificationfbrnuclearexamplesbyindexK

ｉｎｄｅｘＫ

○○－○○

－７４－

indexK Non-simple Simple
○○一○○ CO(R)⑭ＡＴ○○)○○

AＴ
○○，○○

＋○○ C*(T”),Ｃ*(Ｋ）
α(ｓｏ(2,,1)),α(SL2(R)）

α(ＳＵ(2,,1)）
Ｃ;f(Sp(2,,1)）

Ｍ２○○
，
ＵＨＦ

(O伽⑭Ｋ)>qβＴ
ＡＦ

ＡＴ

○○

○○)、2

、 C､＝ぴ(Ｚｎ） ＡＦ、， AＴ、＋ｍ,、

６ C6＝び(Z6） T;川Z2,ｓ;＝(T;）
。

２ O(S2n） ＡＦ２

１ CD(R2”）
行,⑭ﾉ@行
C*(A2）

C*(Ｒ>q…>ｑＲ)（ｅｖｅｎ）

Ｃ

Ｍｎ(c）
Ｋ

ＯＣＣ

０ O(T"),Ｏ(Ｓ
2冗十１

Tら(non-simple）
Ｃ*(H霊）

Ｃ*(Ｚ>q…>ｑＺ）
瓢②Ｃ(T)(nuclear）

ＯＢ

瓢>ｑＺ…>ｑＺ(non-simple）
(瓢 nuclear

) indexK(瓢） finite）

○刀フ ○Ａ

Tろ(simple）
ｏｎ⑭Ｋ

Ｏ

Ｔ

２

２

０

②Ｔ

>0

虹〉。Ｚ・・・〉。

。

、

０

Ｚ

Ｚ(simple）

(別nuclear,indexK(瓢)finite）
－１ Cb(Ｒ

２，＋１

び(H3R）
）

C*(Ｍｑ…>ｑＲ)(odd）

AＴ、,ｎ＋１

－， SCn二＄nCb(R）
SＡＦ汎ｿ SAT、＋ｍ,、

AＴｍ,７，＋7T2

一○○ α(ｓｏ(２，＋1,1)）

α(ＳＵ(２，＋1,1)）
α(Sp(２，＋1,1)）

Ｍ２｡。〉qａＴ

AＴ
、，○○



Ｔａｂｌｅ４：C1assificationfbrnon-nuclearexａｍｐｌｅｓｂｙＫｒｏ

Ｓｉｍｐｌｅ

α(ｚ＊Fh）

α(PSL2(Z)）

α(SL2(Z)）
α(Ｆ×凡）

２ｍ￣１＋２７２－１－１ α(ｚｍ＊Ｚｎ）

ｑＸｚ ｍ）

α(F､.×Ｆｈ）

ｎｂｌｅ５：C1assificationfbrnon-nuclearexａｍｐｌｅｓｂｙＫｒ，

Ｋｒ Ｓｉｍｐｌｅ

Ｂ/Ｋ

α(汀,(Ｚ３)）

α(凡）
ｍ＋〃 α(ＦＭh）

２ｍ－１＋２ｍ－１ α(ｚｍ＊Ｚｎ）
９－１ α(汀'(Ｍ,)）
ｋ－１ α(汀,(ZAG)）
十○○ α(且．

－７５－

Ｋrｏ Non-simple Simple
０ B,Ｍ(別⑭Ｋ)Ｍ３

c*(Fb｡）
B/Ｋ

α(FB｡）
１

び（
￣

o*(Ｅｕ）

Fb｡)ｖｉａＦｂ｡＝[I;1。｡,Fb｡］

C*(汀,(Ｍｂ)),汀,(Ｍｂ)=Ｆｈ*zFh９－２
O*(7r,(Zk)),汀,(Z,c)＝Ｚ*zFh-，

α(Fh）

α(型Fb｡）
α(汀'(Ｍｂ)）
α(汀'(zk)）

２ c*(Fh>４ｏｚ） ,α(Fh>４ｏｚ） α(Z2＊Fh）
４ O*(PSL２

'

しz)） ソ ｐＳＬ２ (Z)＝Ｚ２＊Ｚ３ α(PSL2(Z）
８ ○

＊

(SL2
「

Ｚ
ＬＪ ， SＬ２

'

Ｚ
、

LＪ 皇Ｚ４＊z２Ｚ６ ａ (SL2(Z)）
ｍ、＋１ o*(Fh,×Ｆｈ

、

」 α(FhD×凡
２ｍ－１ ＋２，

－１
１ ○

＊
Ｐ

Ｚ、Z ＊Ｚ〃、

し」 α(Z、＊Ｚ河
、＋ｍ－ｌ C*(Zn*zｌＺｍｌ ｑｆ(Zn*ｚｌＺｍ）

＋○○ び(F6｡×Ｆｈ） α(Fb｡×Ｆｈ）

Ｋｒｌ Non-simple Simple
０ c*（

￣
E｡｡）

O*(SL2(Z)),SL2(Z)=Ｚ４*z2Z６

C*(PSL2(Z)),PSL2(Z)=Ｚ２＊Ｚ３

C*(Zn*zｌＺ770

B,Ｍ(別②Ｋ)Ｍ３

α（
￣

Fb｡）

α(SL2(Z)）
α(PSL2(Z)）

α(Z”*ｚｌＺｍ）

１ C*(穴,(Z2)） B/Ｋ
２ O*(Fb>ｑｏＺ),α(Fh>0ｏｚ） α(7Tl(E3)）
、 ０

＊
「

し凡） α(凡）
ｍ＋、 Ｃ

＊

Ｅ７ｚ×Ｆｈ α(Ｅ､×凡
、

」

２ｍ－１ ＋２，
－１

Ｃ
＊

「

Ｚ、Z ＊Ｚ
、、

ｂＪ ａ
Ｐ

ｂｚｍ＊ｚ"）
２９ １ ０

＊

(汀'(ＭＤＩ ),汀'(Ｍｂ〕 二Ｆh＊ｚＦｈｇ－２ α(７r'(Ｍｂ)）
Ａ １ c*(汀，

、
〃

ｊ

ｋ

ｚｒ
し

， 7T,(ｚｈ〕 皇Ｚ*ｚＦ)@－１ α（7T１

１
Ｊ

ん

Ｚｒ
し

）
＋○○ Ｃ

＊

(F1｡｡） α(Fb｡）



Ｔａｂｌｅ６：ClassificationfOrnon-nuclearexamplesbyindexK

indexK

○○－○○

＋○○

、＋ｍ－ｌ

（１－ｍ)(１－，）

－７６－

indexK Non-simple Sｉｍｐlｅ

○○一○○ ひ(､｡｡×凪） α(Fb｡×Ｆｂ）
＋○○ 型Ｃ*(Zn聡＊1,2） 型α(znk＊Fh）

、十ｍ－ノ C*(Zn*ｚｌＺｍ） α(Z"*ｚｌＺｍ）
(１ －，８)(１－，） び(FhD×凡） α(Fhn×Ｅ’）

、－２ び(Ｚｎ＊Fh） α(Ｚｎ＊Fh）
８ び(SL2(Z)） ，

SL2(Z)=Ｚ４*z２Ｚ６
α(SL2(Z)）

４ O*(PSL2(Z)） ，

PSL2(Z)=Ｚ２＊Ｚ３
α(PSL2(Z)）

１ び（
一十

Fb｡）

viaI7B｡=[E｡｡,Fb｡］
α(型Fb｡）

０ B,Ｍ(別⑭Ｋ)Ｍ３

C*(FカルＺ),α(､2町Ｚ）
瓢⑭ｃ(T)（ｎｏｎ－ｎuclear）

劇>ｑＺ…>ｑＺ(non-simple）
(別 non-nuclear)，
(indexK(瓢） finite）

ソ

α(凡)⑭Ｔら(simple）
別>ｑＺ…>qＺ(simple）

(狐 non-nuclear)，

(indexK(劇)finite）

，

－１ ひ(Fh）
C*(Ｚ

、、
＊ Ｚｎ）

α(恥）
ｑｆ(ｚｍ＊Ｚｎ）

B/Ｋ
１ －， c*(Fh） α(凡）
２ ２９ c*(汀'(Ｍｂ))，

汀,(Ｍｂ)=脇*zFh9-2
α(汀'(Ｍｂ)）

２ 片 ひ(汀,(EA)） ，

汀,(ZA)=Ｚ*zFル－１

α(7Tl(■ん)）

一○○ C*(Fb｡） α(Fb｡）



Ｔａｂｌｅ７：ClassificationfbrgroupC*-algebrasbyindexK

indexK

○○－○○ α(且.×Ｆｈ）

〃＋ｍ－ｌ α(ｚｍ）

（１－ｍ)(１－，） α(Ｆ×Ｆｈ）

α(SL2(Z)）

α(PSL2(Z)）

α(凡）

α(汀'(Ｍｂ)）２－２

２－ん α(汀,(zAc)）

－７７－

indexK Non-simple Simple
○○－○○ C*(Fb｡×Ｆ12） α(１７６｡×Ｈ２）
＋○○ c*（

￣

ぴ(Ｔ
〃

z"府＊Fh）
） フ c*(Ｋ）

(Ｋcompact,Ｋ八infinite）
α(ｓｏ(2,,1)),ｑｆ(SL2(R)）
α(SU(2,,1)),α(Sp(2,,1)）

α(聖Z､脆＊Fh）

、＋ｍ－Ｊ び(Z"*ｚｌＺｍ） α(Z"*ｚｌＺｍ）
「

し

１ －ｎＵ)(１
、

、 び(脇×凡） ａ
'

しＥ刀×Ｆｈ』

、 O*(Zn）
Ｏ*(Z叶2＊脇）

α(E2×Ｆｈ+1）
α(Z叶2＊Fh）

８ C*(SL2(Z)),SL2(Z)＝Ｚ４*z２Ｚ６ α(SL2(Z)）
４ C*(PSL2(Z)),PSL2(Z)=Ｚ２＊Ｚ３ α(PSL2(Z)）
２ C*(R2n)＋（unitization

び(Ｒ>q…>ｑＲ)＋（ｅｖｅｎ
α(､2×Ｒ３）

１ c*（
￣

Fb｡）

viaFb｡＝[F1D｡,F6｡］
α(聖凡）

０ O*(乃川Ｚ),α(Fh川Ｚ）
C*(Ｚ

、

） C*(Z2＊I7h）
C*(Ｇ×Ｚ),ｑｆ(Ｇ×Ｚ）

C*(Ｚ>q…>ｑＺ）

び(Ｒ
2冗十１

C*(Ｒ>0
)＋（
●●●

unitization

〉｡Ｒ)＋(odd）

α(7Tl(Z2)）
α(Z2＊I7h）

－１ c*(Fh）
C*(Z、＊Ｚｎ）

α(Fh）
α(ｚｍ＊Ｚｎ）

１－， ひ(Fh） α(Fh）
２ ２, C*(汀,(Ｍｂ)),汀,(Ｍｂ)二Ｆb*zFh9－２ α(7T'(Ｍｂ)）
２－A、 び(7r,(Ｅｈ)),汀,(Ek)＝Ｚ*z凡－１ α(汀,(囚k)）
一○○ Ｃｌ*(Fb｡）

α(ｓｏ(2冗十1,1)）
α(SU(2,＋1,1)）
α(Sp(2,＋1,1)）

α(J7b｡）



ＲｅｍｑｒＡ・Ingeneral，itiscomplicatedtocomputeK-groupsofcrossed

productsofC*-algebrasbyZorbysuccessiveactionsbyZHowever，as

thetablesabovesuggests,the(most)ｍeritfbrourK-indexisthattheK-
indexfbrthosecrossedprdocutsis(almost)alwayszerowithoutknowing
theirK-theorygroupsexplicitly・

TheK-ranksarefinerthantheK-indexindexKinasensethatthey

candistinguishnoncommtative〃torifbrndiHerentwhileindexKcannot・

However，theK-indexismorecolnputableinasensethantheK-ranksas

explainedabove

Problem・DeterminetheclassesofC*-algebrasthathaveK-mdexpositive，

Zero，andnegativerespectively、

Ｒｅｍｑ戒．ThismaJorproblemhasbeenconsidered，butnotyetsolved

completely・Thisisalsoanoncommutativeanaloguetotheclassicalclas-

sificationresultfbrclosedorientableRiemannsurfacesMifX(Ｍ)＞０，

theｎＭ～Ｓ２;ifＸ(Ｍ)＝0,thenＭ２～Ｔ２;ifＸ(Ｍ)＜０，theｎＭ～Ｍｂ
(に2),where)((･)istheEulercharacteristicfbrspaceMnd～ishomotopy
equivalence(seeExamplebelow).Hopf，stheoremsaysthatfbramanifOld
M,itsEulercharacteristiciszeroifandonlyifthereexistsanon-singular
vectorfieldonM・Itsnoncommutativeversioncouldbeconsidered

Asmentionedbefbre，homotopyequivalentC*-algebrashavethesame

K-index・Therefbre,theproblemwewanttoconsideristoshowitsconverse

insomesubclassesofC*-algebrassuchascertainclassesofsimple,nuclear

(orpurelyinfinite)ぴ‐algebraS

ExamplealLetSnbethe汗dimensionalsphere(〃三1)LetHJ(S",Ｚ）
bethej-thcohomologyofS〃withcoeflicientsinZThenwehave

Ho(S､,Ｚ)＝Ｚ，Ｈｊ(S2,Ｚ)＝０（1三Ｊ二，－１)，Ｈ､(ＳｎＺ)＝Ｚ，

x畔zいん.…腓(ｉｆ:鯛ｊ＝０

lnparticular,Ｘ(S2)＝２＞OForthe2-torusT2,ｗｅｈａｖｅ

Ｈｏ(T2,Ｚ)＝Ｚ，Ｈ１(T2,Ｚ)＝Ｚ２，Ｈ２(T2,Ｚ)＝Ｚ，
２

X(T2)＝Ｚ(－１)jrankzHj(T2,Z)＝Ｏ
ｊ＝０

H1rthermore,wehaveX(T､)＝０(、三１)LetMbbeaclosedRiemann

－７８－



surfacewithgenusgc2).Ｔｈｅｎｗｅｈａｖｅ

Ｈｏ(Ｍ０，Ｚ)＝Ｚ，Ｈ１(ＭｂＺ)＝Z2g，Ｈ２(Ｍ9,Ｚ)＝Ｚ，
OrL

）((Mb)＝Ｚ(-1)jrankZHj(M9,Z)＝２－２９〈Ｏ
ｊ＝０

Letrg＝汀,(Ｍ９)bethefilndamentalgroupofM9andBrgitsclassifying
space・SinceMbishomotopictoBr9,itfbllows

Ｈｊ(Ｍ9,Ｑ)=ＨＪ(Br9,°)＝Ｈｊ(r９，Ｑ）

(Cartan-Eilenberg).SeealsoAppendixbelow．

Definition３．２ＷｅｓａｙｔｈａｔａＣ*-algebral21isK-indexpositive，K-index

zero，andK-indexnegativeif

indexK(皿)＞０，indexK(則)＝０，indexK(劇)＜O

respectively､ＡＣ*-algebra21isK-indexunitalifindexK(瓢)＝1

RemqrA．Someexamplesaregiveninthosetables・BothK-indexzeroand

K-indexunitａｒｅｎｏｔｕｎｉｑｕｅａｔａｌＬ

Ｐｒｏｂｌｅｍ・WithouttakinginductivelimitssuＣｌｌａｓＡＦｏｒＡＴ，findex-

amplesofO*-algebraswith(explicit)generatorsandrelationsthatfillthe
boxesinthosetables・

比mqrA.Sincefiniteness(instructureorstepstoconstructO*-algebras）
ｉｓcrucialincomputingourK-index,thisquestionissomereasonable・As

mentionedabove,itisknownthatbothanyinductivelimitoffinitelygen-

erated,abelianfreegroupsZnIcandacountable,torsionfree,abeliangroup

canberealizedasKOandK1-groupsofaunitalsimpleAralgebrarespec-

tively(see,fbrinstance,[9,4.7])．

Asmentionedearlyabove,ourK-indexdononbehavewellwithinduc-

tivelimitsofC*-algebrasForrecoveringthis,ｗｅintroduce

Definition３．３Ｌｅｔｌ２１ｂｅａＣ*-algebrathatisaninductivelimitoｆＣ*－

algebraslU汀DefinethefbrgetfillK-indexof瓢tobethefbllowinglimit：

findexK(121)＝,l1H9bindexK(卿

ifitexists(orthelimitmaybereplacedwithlimitinfimum)．

－７９－



ＲｅｍｑｒＡＤ・Ｔｈｉｓdefinitiondependsonthechoiceofinductivelimitsystemsso

thatit,preciselyishouldbedefinedastheminimumofsuchlimits(orlimit
infimums)．Forinstance,（certain)AHalgebrasthatareinductivelimits
ofhomogeneousO*-algebrascanbewrittenasATalgebrasthroughsome

knownclassificationtheorems(see[９１)．

ExampleMLet瓢ｂｅａｎＡＦａｌｇｅｂｒａ・ThenfLindexK(別）＝１．This

consequencecomesfromthattheindexfLindexKisfbrgetfUlaboutpositions

ofunitsininductivelimitsystemsfbrlU(whicharecrucialtodetermine
K-theoryoflU).Suchanimportantinfbrmationislost,butsothatwecan
getconsistencyfbrcontinuitywithrespecttoinductivelimitsThisisthe

reasonfbrnamingtheindexfLindexK・

Let別beanATalgebraThenfLindexK(皿）＝O1tisknownthat

simplenoncommutative2-toriT;areＡＴ､Thisfactisconsistentwith
indexK(T;)＝０＝fLindexK(T;)．

However,surprisingly,itisshownby[3]thatＴ;》qoZ2and(T;)・are
AF-algebras・HencetheyhavefLindexK1，buttheyhaveindexK6

Asasummary,ａ(partial)permanenceresultfbrourK-indexis

Theorem３．５Ｔ/ZeK-jMIezjs/Zo7notopZ/、TﾉdrjqntqM九nctorjaJinsome

sensesqs/bJlouﾉs：

（Additive）indexK(瓢①q3)＝indexK(則)＋indexK(必)，

（Multiplicative）indexK(則Ｍ３)＝indexK(劇)indexK(!B)，

（Stability）indexK(則②Ｍｈ(C))＝indexK(則）

＝indexK(則⑭Ｋ)＝indexK(別⑭０．｡)，

（Periodicity）indexK(S則)＝_indexK(則)＝indexK(則〉ｑａＲ)，

（Vanishing）indexK(狐>ｑａＺ)＝Ｏ＝indexK(則⑭０２）

＝indexK(狐⑭Ｂ)＝indexK(瓢⑭Ｍ(q3⑭Ｋ))，

（Dividity）indexK(則)＝indexK(3)＋indexK(１Ｍ|)，

（K-indexMV）indexK(則＄C1B）

＝indexK(則)＋indexK(Ｂ)－indexK(C）

＝indexK(別*cq3）（u）肋『℃mLctjonstoC)，

（Shifting）indexK(瓢十)＝indexK(瓢)＋１＝indexK(則＄Ｃ)，

indexK(則*ｃｃ(T))＝indexK(狐)－１（別ｗＤｊｔｑｌ)，

（Scaling）indexK(劇>qα,rFh)＝(１－，)indexK(則)，

（K-indexBC）indexK(α(r))＝indexK(Br)，

（Classical）indexK(Ｃ(Ｘ))＝indexK(Ｘ)，

－８０－



uﾉﾊｅ７ｖｅｓｏｍｅ７℃strjc伽ecLssu77zptjonssuc/Ｚｑｓ６ｅｍ９Ｚｎｔ/ＺｅＵＣＴｏｒｔ/Ｚｅｃｌｑｓｓ

Ｘ,脳Mez戸njteness,qMsomeXtbeorZ/ＣＯＭ伽onsq7℃necessq7Yﾉqsdjs-
cTLssedcL6oue・

Ａｌｓｏ，ｵﾉZeKG-Zndezjs/ZomotopZ/ｍｕｑｒ伽ｔｑｎｄ/WuctorjqMmjJdrJZ/、
(someｑ/)thosesenses．

脇mqrADInparticular,themultiplicativityfbrKGisjust

index員×G(別Ｍ３)＝index宴(別)index宴(B）

asshowenbefbre・

AsfbrclassificationofgroupC*‐algebrasbyK-index，

Ｔｈｅｏｒｅｍ３､６ＬｅｔＧｑｓｊｍｐＪＺ/connectedsohﾉableLie9moUp．Ｔ/Zen

(:織蓋::鰯indexK(C*(G)+）

ＬｅｔＧ６ｅｑｓｏｌｕａ６にdjscmete97DUpt/Ｚｑｔｃｑｎ６ｅｕﾉrittenqsqsuccessjTﾉｅｓｅｍ－

ｄ舵ctpmoductbZ/Ｚ・Ｔｈｅｎ

indexK(C*(G))＝Ｏ

Ｉｎｑｄｄ伽ｏｎ’んｒａｌｏｃｑｌｌＺ/compqct9m叩Ｇ，

indexK(C*(Ｇ×Ｚ))＝０＝indexK(α(Ｇ×Ｚ))．

PmoqfAnysimplyconnectedsolvableLiegroupcanbewrittenasasucces－

sivesemi-directproductbyRHenceO*(G)isisomorphictoasuccessive
crossｅｄｐｒｏｄｕｃｔｂｙＲ・TheotherstatementsareprovedinExamplesabove．
□

Remcz7Wh．Thosevanishingfbrmulaeareofsomeinterest・

Problem・LetGbeasolvable(oramenable)Ｌｉｅ(orlocallycompact）
groupDetermineGsuchthatindexK(C*(G)+）三0,ｉｅ,Ｏ*(G)＋isK-
indexpositive

Remqrlc・ItshouldberighttoconsidertheunitizationofC*(G)asin
thetheoremaboveNotethatC*(G)ｉｓ(almost)non-unitalifGisnon‐
discrete，andsolvablelocallycompactgroupsarealwaysamenable・The

K-indexinequalityindexK(O*(G)+)三OiseasilyfalseingeneraLInfact，
letGbeaconnectedcommutativeLieｇｒｏｕｐｓｏｔｈａｔＧ＝Ｒｓ×Ｔｔｆｂｒ
ｓｏｍｅｓ,オニＯＴｈｅｎＣ*(G)=ＣＯ(Rs)⑭ＣＯ(Zt)bytherburiertransfbrm・
ThusindexK(C*(G))＝(－１)SindexK(Cb(Zt))＝一ooifsisoddandt=１，
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and＝＋ｏｏｉｆｓｉｓｅｖｅｎａｎｄｔ＞LThisalternativeisdiscussedinEx-

amplesabovefbrsimplyconnectedamenableLiegroupsandnon-compact

connectedsemi-simpleLiegroups、

IngeneraLweobtain

Proposition３．７LetG6eMocα"Z/compqct9mUp.〃Ｋｒo(び(Ｇ))ｉｓβｍｔｅ

ｑｎｄＫｒ,(C*(G))＝0,then

indexK(O*(Ｇ×Ｔ))＝＋･･，

andがＫｒ,(ひ(Ｇ)）is伽teCMKro(C*(Ｇ))＝０，t/Zen

indexK(Ｃ*(Ｇ×Ｔ))＝－｡。，

ｑｎｄＯ*(G),Ｃ*(Ｇ×Ｔ)cqn6ereplacedMtb印(Ｇ),α(Ｇ×Ｔ)reSPectjueノリ
ハ７t/Ze7wDome，ＴｃｑｎｂｅｍＣｐｌＱｃｅｃｌｕﾉｉｔ/Ｄｑｃｏｍｐｑｃｔ９ｍｏＵｐｕﾉﾉZoseduqldjsc花te

9moUpjM航mte．

PmoqfNotethatO*(Ｇ×Ｔ)=Ｃ*(G)⑭Ｃｂ(Z)ａｎｄ印(Ｇ×Ｔ)＝α(G)②
CD(Z)ThestatementfbllowsfromtheKiinnethfbrmula． □

Also，ａｔｔｈｉｓｍｏｍｅｎｔ，itislikelythat

ColLjecture，Ifrisanon-amenable，highlynon-commutativediscrete

groupwithouttorsion,thenindexK(α(r)）＜0,1e，α(r）isK-index
negative

RenwWIbrsionfTeenessisnecessaryastheexamplessuchasr＝SL2(Z）
andPSL2(Z)inthetablesgivenabove・Highlynon-commutativenessfbr
discretegroupsshouldbedefinedasthatsuchgroupsareakindoffree

groupsE､buttheyarenotasortofproductsEz×E72asrequired、

OneoftheclassificationresultsbyKirchberg(see[12Dsaysthatthe
tensorproduct瓢⑭Ｏ２ｉｓｉｓｏｍｏｒｐｈｉｃｔｏＯ２ｉｆａｎｄｏｎｌｙｉｆ則ｉｓａｓｉｍｐｌｅ，

separable，unital，andnuclearCi*-algebralf瓢ｉｓｉｎｔｈｅｃａｔｅｇｏｒｙＸ，then

indexK(劇②０２）＝０＝indexK(02)sinceKrj(則②０２）＝0．Anotherby
Kirchbergisthatfbrasimple，separable，andnuclearC*-algebrａｌＵ，ｗｅ

ｈａｖｅ瓢二瓢⑭Ｏｏｏｉｆａｎｄｏｎｌｙｉｆ辺ispurelyinfinite・Ifl21isinthecategory

X,thenindexK(別⑭○・｡)＝indexK(別)sinceKrj(則⑭○・｡)＝Ｋｒj(瓢)．

Theorem3､８（Kirchberg-Phillips)，（[12,84.1ａｎｄ8.4.71）Ｌｅ川,1Ｂｂｅ
Ｋｉ７℃/Zbe7yql9ebms,』.＆,ＰｕＭＺ/ｉｎ/mjte,ｓｊｍＰ化,nucleqrsCpqm肱ひ-ｑｌ９ｅ伽s・
Ｔｈｅｎ

(1).ｕ二＄卯MonlZﾉWZeyq７℃KKLe9Ⅷαlent．

(2).〃劇,Ｂａ７℃mtheUCTclqss,the川二!ＢがｑＭｏｎＩＺﾉがＫｊ(皿)二
K)(Ｂ）(ノー0,1)．

(3).瓢二＄がｃＭｏｎｌＺ/が仇eZ/qMZomotWe9Ⅷαｌｅｎｔ
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RemqrAD、NotethataKirchbergalgebraiseitherstableorunitaLIneach

caseabove,itimpliesindexK(Ⅲ)＝indexK(Ｂ)．

Proposition３．９（[12,8.4.4]）ＢＭＺ/脳7℃hben9G幻e6『MntbeUCTcJqss
jsjsomo71phictoqnjndMiTﾉｅｌ伽ｔｑｆＣ*-qbebmsqfthe/brm：

(O",①022＄…①Ｏ"γ)②Ｃ(T)，ｎｊｅ{2,3,…,｡｡}．

Euerystq6JeKimchbe7PqJ9ebmjntheUOTclqssjsjsonMphjctoacmssed

P7DductE>ｑａＺ,ｕﾉﾊe7weBjsq8imple,７℃qMBnAzemoATal9ebmcL,ｉ､e､，ｑｎ

ｊＭｕｃ伽ｅｌ伽tけｍα伽qJ9ebmsoUerO(T).〃Ｋ,(劇)jsto噸oM1ee,仇ｅｎ
ＢｃｑＭｅＱｓｉｍｐｌｅＡＦａＪ９ｅｂｍ．

Ｒｅｍｑｒ府．ＨｏｍｔｈｉｓｉｔｍｉｇｈｔｂｅｌｉｋｅｌｙｔｏｓｈｏｗｔｈateveryKirchbergalge-

bra(notisomorphictoOoowhoseK-indexisl)hasK-indexzerolfso，
ourK-indexisnotusefUlinthiscase,andjustdistinguishesOoofromoth-

ersAtleast，anyKirchbergalgebraintheUCThasfLindexKzerosince

indexK((O",＄Ｏ"2＄…①Ｏ"『)⑭Ｏ(T))＝0．

However,thatexpectationisfalseby

Proposition３．１０[12,4.3.3]LetGo,G1beco伽qbleqbeJjQ7WoUpsqM
1et9oEＧｏｂｅｑｎｅ肥ment.ZMweezi8tq剛ｔｑＭｍｐｌｅＡＴｑｌ９ｅ６ｍＢｑｆ7℃αJ

mnAzem,qpmperp7njectjo7DPdB，ｑＭｑｎｊＳｏｍｏｍｈｉｓｍｐ：昭一→ｐＢｐ

ｓｕｃＭｊｑ川＝必叩Ｎｉ８ｑ川ｔｑｌ肋℃hbeWqJ9eb7njntheUCZWDd

(KO(囚),[1]o,Ｋ,(凪))＝(ＣＯ,go,Ｇ１)．

〃G1jstomsjon縦e,仇enBczznbechOSento6equ7DitqMmｐｌｅＡｈｂｅｂｍ・

Also,仇emeezjstawDitqMmpleATq地ebm必ｑ/､ｃａｌｍnAzemandqn

qutomo71phjsnMqハＢｓｕｃ/Ｍﾊα川＝Ｂ>ｄｐＺｉｓｑｓｔｑｂに肋℃/ＺｂｅＷｑｌ９ｅｂｍ
ｊｎｔｈｅＵＣＴｑＭ

（KO(凪),Ｋ,(21))＝(00,Ｇ１)．

〃G1jsto畑onﾖﾉﾔ℃e,仇emBcqMechosentobeastqb1esjmpleAFqJ9e6m．

Ｒｅｍｑｒｋ．Ｆｂｒｎ,mnon-negativeintegersoroo，ｗｅｄｅｎｏｔｅｂｙｕＫ池,msucll

aunitalKircllbergalgebrasuchthatindexK(uKn,､)＝、－ｍ,where、＝
Kro(uK",､)ａｎｄ、＝Ｋｒ,(uKM),andbysK",msuchastableKirchberg
algebrasuchthatindexK(８K",､)＝、－ｍ・Hence,allATalgebrasATn,ｍ
ｉｎｔｈｏｓｅｔａｂｌｅｓｌｔｏ３ｃａｎｂｅｒｅｐｌａｃｅｄｗｉｔｈｅｉｔｈｅｒｕＫｎ,ｍｏｒｓＫ〃,、．
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４ＫＫ－ｔｈｅｏｒｙｒａｎｋｓａｎｄｉｎｄｅｘ

Let別ａｎｄｆＢｂｅ(graded）Ｃ*‐algebras、TheKKo-groupKKoい,q3）ｏｆ
別ａｎｄＢｉｓｄｅｆｉｎｅｄｔｏｂｅｔｈｅａｂｅｌｉａｎｇｒoupofhomotopyclassesofKas-

parov121-iB-modules,orofhomotopyequivalentclassesｏｆ(Cuntz)quasi‐
homomorphismsfrom別ｔｏｑＳ,whereaquasi-homomorphismfroml21toBis

apairof*‐homomorphismsp±：瓢→Ｍ(Ｂ②Ｋ)suchthatp+(α)－p_(α)Ｅ
ｑ３⑭ＫｆｂｒｃＬｅ１２Ｌ

ＳｅｔＫＫ１(21,$B)＝ＫＫＣ(瓢,ＳＥ）(orKKo(S則,ns))．Ｓｅｅ[1]ｏｒ[12]fbr
moredetailsinKK-theoryofO*-algebras．

Definition４．１Let別,!Ｂｂｅ(graded)Ｃ*-algebras・WedefinetheKKJ-

rankoMand1BtobetheZ-rankoftheirKKJ-group(ｊ＝0,1),and
denoteditby

KKrj(則,SB)＝rankzKKj(則,Ｂ)ｅ{0,1,2,…,＋ＣＯ｝

ｗｈｅｒｅＫＫｏ＝KKofKasparov・ＤｅｆｉｎｅｔｈｅＫＫ－ｉｎｄｅｘｏｆ２１ａｎｄｑ３ｔｏｂｅ
thefbllowingdifIerence：

indexＭ(別,!B)＝KKro(則,Ｂ)－ＫKr'(則,!B)ＥＺＵ{士CO}．

Proposition４．２ＦｂｒａＣ*-ｄｌ９ｅｂｍ１ＵｍｔｂｅＵＣＴｃＪｑｓｓＮｑＭqsepqmcu61e

C*-ql9e6mq3，ｕﾉｅ/Dｑｕｅ

KKro(則,B)三ZrankZHom(Kj(別)川(B))，
ｊ＝Ｏ

ａＭｍｑｄｄ航0,,がe伽erK懇(瓢)isﾉｹweeorK*(!B)isdMsj6Ie,仇en

KKro(2L1B)＝ZrankzHom(KX則),ＭB)〕
ｊ＝０

P7℃qfThefirstinequalityfbUowsfromtheuniversalcoefIicienttheorem

(UCT):undemthefiIstassumptionthereexiststhefbllowingsplitexact
sequence：

O→$)=oExth(K)(12Ｍ〕+,(B))→Ｍｏ(l2LiB）

一$｝=oHom(K)(則),K)($))→０

SeeAppendixbelowfbrthefmctorExt・Thesecondassumptioninduces

KKo(狐,Ｂ)二$)=oHom(K7(則),K）(必)〕□
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Corollary4､３ＤMerthesameqsswnptjonqsqMe,がＫｒj(別)＝ｏｏａｎｄ
Ｋｒｊ(fB)≠Ｏ(j＝Oorl),thenKKro(皿,q3)＝＋｡｡,sotbqtindexM(則,SB)＝
+CＯ（orundQ/ｍｅ｡)．

Example44NotethatHom(Z,Ｚ)=Zwhereitconsistsofthemaps

n×：Ｚ→ｎＺＣＺｗｉｔｈｎ×ｍ＝nmfbrlγIEZAlso,Ｈｏｍ(Z,ＺＡ）二
$AHom(Z,Ｚ)＝ＺｋａｎｄＨｏｍ(Z',Ｚ)二＄ｌＨｏｍ(Z,Ｚ)＝ZlHence,wehave
Hom(Z',Ｚｋ)=が．

ItfbllowsfromUCTthatKKo(則,!B）＝Ｈｏｍ(KO(瓢),Ｒｂ(Ｂ)）fbrAF
algebras則andfBbecausetheirK1-groupsaretriviaLHence

KKro(則,SB)＝rankzHom(KO(別),ＫＯ(fB))．

Ｍｏｒｅgenerally,theseholdfbrC*-algebraswithK1trivialandUCT・

Ｐｒｏｐｏｓｉｔｉｏｎ４５ＦｂｒｑｎｙＣ*-ｄｌ９ｅ６ｍｓ別ｑＭ１Ｂ，

indexKK(狐,!B)＝indexKK(別⑭Ｍｎ(C),!B⑭MhB(C)）

＝indexＭ(皿⑭Ｋ,Ｂ)＝indexKK(則,!B②Ｋ）

＝indexⅢ(皿⑭Ｋ,Ｂ⑭Ｋ)，

qndindexKKcqn6e7weplcuceduﾉjthKKrj・

PmoqfWehave

KKJ(則,ns)二ＫＫJ(則⑭Ｍｎ(C),iB⑭MhD(C)）

二ＫＫJ(則②Ｋ,Ｂ)二ＫＫJ(則,Ｂ⑭Ｋ）

二ＫＫJ(皿⑭KfB②Ｋ)．

□

Proposition46Fbr(L､"ひ-qJ9e伽s則,皿j,ｑＭＢ,SBj(ノー1,2)，

indexKK(則1＄瓢2,1B)＝indexKK(則1,1B)＋indexＭ(別2,＄)，

indexKK(則,!B1＄Ｂ２)＝indexⅢ(則,YB1)＋indexＭ(則,qS2)，

ｑＭｉｎｄｅｘＫＫｃａｎ６ｅ７ｗｅｐｌｑｃｅｄｕﾉjthKKrJ・

PmoqfThisfbllowsfromtheadditivity：

ＫＫｊ(別1＄狐2,23)二ＫKＪ(瓢1,＄)ｅＫＫＪ(ｕ2,日3)，

ＫＫｊ(劇,Ｂ1＄1B2)二ＫＫＪ(則,Ｂ１)①ＫＫＪ(則,Ｂ２).

□
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Proposition４．７比川＝①j12(ｊ６ｅｑｃｏｕｎｔａ６Ｊｅｄ舵ｃｔｓｗ７ＤｏＬ/ｓｅｐｑｍ６Ｊｅ
Ｃ*-qJ9e6mS皿j・ＦｂｒｑｗＣｌ*-qJ9e6mMB，

ZmdexM(狐,,B〕indexⅢ(則,fB）
』

〃則ｉｓｍ仇eUCTcJqssqndK*(別)MmtelWenemted,ｃＭ１Ｂ＝＄jfBj
q/sepqmbleC*-ql9e伽８，t/Zen

ZmdexWMj〕indexKK(別,GB)＝
〕

P7DqfUndertheassumption,thecoordinateinclusionsfrom狐jtolUinduce
anisomorphism：

ＫＫＯ(別,Ｂ)＝ⅡｊＫＫＯ(別j,q3）

by[1,Theorem19.71｝Also,ＫＫＣ(則,iB)=ｎｊＫＫｏ(則,iBj)by[1,2315.51．
□

RemarAcKK-theoryKKo(,）iscountablyadditiveinthefirstvariablein
thatsense，ｂｕｔｎｏｔｓｏｉｎｔｈｅｓｅｃｏｎｄｖａｒｉａｂｌｅｉｎｇeneraLIfiB＝＄jSBj，
thenfbranyぴ‐algebra則thereexistsanaturalmapfrom＄ｊＫＫｏ(別,q3j）
ｔｏＫＫｏ(則,Ｂ),however,thisisnotsuljectiveingeneraLForexample,if
QI＝ＣＯ(N)＝q3withSBj＝Ｃ,thentheunitofKKo(則,ns)isnotinthe
imageunderthemap

Proposition４．８ＦｂｒｑｎＺ/Ｃｌ*-cLl9e6ms別ｑＭｆＢ，

indexKK(則,S1B)＝indexKK(S別,SB)＝－indexKK(則,fB)．

PmoqfThisfbllowsfromtheBottperiodicity：

ＫＫＣ(則,!B)二ＫＫ1(1Ｊ,ＳＥ)二ＫＫ1(Ｓｕ,qS)，

ＫＫ１(則,qS)＝ＫＫＣ(則,SSB)三ＫＫo(側,ns)．

□

Example49WehaveindexKK(ｃｃ)＝１because

ＫＫＣ(ｃｃ)=Ｈｏｍ(Z,Ｚ)≦Ｚ，ａｎｄ

ＫＫ１(ｃｃ)二ＫＫo(C,ＳＣ)=Ｈｏｍ(Z,0)＄Ｈｏｍ(0,Ｚ)＝０
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Furthermore，ｗｅｈａｖｅ

indexKK(ｃｃ)＝１＝indexKK(Ｍｎ(C),MhD(C)）

＝indexＭ(K,Ｃ)＝indexⅢ(C,Ｋ)＝indexⅢ(ＫＫ)，

andindexKKcanbereplacedwithKKro,andwithKKr1wherelisreplaced
withOByadditivityぅindexM(0,,ｃｍ)＝ｎｍ．

ＡＣ*-algebralUiscalledK-contractibleifKKo(別,瓢)＝O

Proposition4・１０〃αＣ*-ｑｂｅｂｍ川sKLcontmctj肌,ｵﾉZen

indexKK(瓢,iB)＝Ｏ＝indexＭ(必,瓢）

んｒｑｎＺﾉＯ*-ql9ebmqS．

PmoqfTheassumptionimpliesthatKＫＯ(皿,Ｂ)＝Ｏ＝ＫＫＣ(!B,別)fbrany
O*-algebraBHence

KK1(則,Ｂ)＝ＫＫＣ(則,ＳＢ)＝Ｏ＝ＫＫ１(ｑＭＯ＝ＫＫＣ(S1B,瓢)．

□

Example411AnycontractibleO*-algebraisK-contractible・Inparticu-

lar,。Ｂ＝Ｃ([0,1])⑭＄ａｎｄＣｂ([0,1))②＄＝ｏ'1BfOranyC*‐algebraSB
areK-contractible・Therefbre，

indexＭ(21,ｄＢ)＝０＝indexKK(OSB,別)，

indexＭ(則,Ｏ'1B)＝Ｏ＝indexKK(C'昭,劇）

ｆｂｒａｎｙＣ*-algebral21、

Proposition４．１２Let別ｂｅａＣ*‐ql9ebm，Then

indexK(瓢)＝indexＭ(C,瓢)．

PmoqfNotethatKO(劇）＝ＫＫＣ(C,別）ａｎｄＫ,(則）二ＫＫo(Ｓｃ,別）二
ＫＫ'(Ｃｕ)．□

Bydefinition,theK-homology(group)〃(瓢)(ノー0,1)ｏｆａＣ*-algebra
瓢isdefinedtobeKKj(瓢,Ｃ)．
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Definition４．１３ＬｅｔｍｂｅａＣ１*-algebra・DefinetheKJ-homologyrankof

utobetheZrankoftheK-homologyKJ(劇)＝ＫＫＪ(別,Ｃ),anddenoteit

by

Krj(則)＝rankzKj(則)Ｅ{0,1,2,...,＋CO}．

ＷedefinetheK-homologyindexofQMobethefbllowingdiHbrence

indexK(狐)＝Ｋｒo(劇)＿Kr1CU)ＥＺＵ{士｡｡}・

RecallthattwoextensionsEjofひ‐algebrEMland(stable)必：０－→
Ｂ－→身→則一→OidentifiedwiththeBusbyinvariants万：則一→Ｍ(q3)/Ｂ
(j＝1,2)arestronglyequivalentifthereexistsaunitaryuEMCB)such
tham(CM)＝汀(u)７１(α)汀(u)*fbrqE瓢,where汀：Ｍ(!B)→Ｍ(!B)/qaThe
sum7I伽isdefinedbyT1仇：(Ｍ(Ｂ)/q3)①(Ｍ(Ｂ)/Ｂ)ＣＭ２(Ｍ(!B)/1B)二
Ｍ(Ｂ)/＄・AnextensionEoMbWBwithT:ｌＵ→Ｍ(Ｂ)/Bistrivialifit
liftstoa*-homomorphismfrom瓢toＭ(iB),whichisthecaseifandonlyif
thereexistsa＊-homomorphism8：瓢→Ｅｓｕｃｈｔｈａｔ９ｏｓ＝id21theidentity

mapon則,where9：Ｅ→別→OTheextensiontheoryExb(則,Ｂ)｡f別ａｎｄ
Ｂｉｓｄｅｆｉｎｅｄｔｏｂｅｔｈｅｃｏｍｍｕｔａｔｉｖegroupofstrongequivalenceclassesof

extensionsof瓢byfBmodulotrivialextensions・SetExt(別)＝Ext(則,Ｋ)．

Proposition4・ｌ４Ｆｂｒａ叩○*-ｑｌ９ｅ６ｍｓｕｑＭ(stable)Ｂ，

rankzExt(皿,Ｂ)＝KKr1(則,Ｂ)．

hzPqrtjculqr,rankzExt(則)＝KKr1(則,Ｃ)＝Ｋｒ'(則)．

P7DqメWehave

Ext(則,!B)二ＫＫo(劇,ＳＥ)二ＫＫ'(皿,qS)．

Inparticular,Ext(別)＝Ext(瓢,Ｋ)二ＫＫo(21,ｓC)＝ＫＫ１(瓢,Ｃ)＝Ｋ１(別)．
□

Example4・l5WehaveExt(Ｍ､(C),Ｋ)=ＯAlso,Ext(C,ns)二Ｋ,(!B)．
Inparticular,Ext(ＣＯＯ(R)）＝ZIfXisalocallycompactHausdorfT

space,thenExt(Ｘ)＝Ext(CD(Ｘ))＝Ext(CO(Ｘ),Ｃ)＝ＫＫ１(Cb(Ｘ),Ｃ)＝
Ｋ'(ＣＯ(ｘ))．

Ｅｘａｍｐｌｅ４・ｌ６１ｆｗｅｔａｋｅ１ＵｉｎｔｈｅＵＣＴｃｌａｓｓｊＶａｎｄＢ

Ｅｘｔ(則)二ＫＫo(則,ＳＣ)sothatUCTbecomes

O→①)=oExth(K)(別),K)(C))-→KKC(別,Sc）
→$)=oHom(K)(12Ｍ〕+,(C))→0，

Ｃ，ｔｈｅｎ

-８８－



whichimpliesimmediatelythat

O→Extと(KO(則),Z)→Ext(則)→Hom(K,(別),Z)一Ｏ

ＴｈｉｓｉｓＢｒｏｗｎ，suniversalcoeHicienttheorem・

Theorem4､１７Thesiz-te7wDezqctse9uence/b7KKhLet

o---→ゴー別」一瓢/ゴーo

6eqsemj-Spljtezqctsequenceqﾉヮｰu"伽！(grqded)び‐ql9e6ms(ｊ､e,,there
ezjstsqcompJetek/pos伽Tﾉe,normdecreqsm9,９Mjn9-pmeserTﾉjn9sectjon/br

9)．ＦｂｒｑｎＺ/sepqmb化(grqded)ひ-αbebmO，

ＫＫＯ(の,､｢）￣卜ＫＫＯ(の,狐）」ＬｕｒＫＯ(ｏ,１Ｍ｢）

Ｉ１
ＫＫ１(の,Ｗ〕）－２ＬＫＫ１ＣＤ,皿）－２ＬＫＫ１(の,〕)，

ａｎｄが肌ssepam6Je,仇e〃んｒｑｎＺﾉヮｰu"伽J9TMedC*‐αJ9ebmCzD，

ＫＫＣ(〕,の）←エーＫＫＣ(則,の）－２二ＫＫo(21/､,,、）

Ｉ １
ＫＫ１(則/､１，の）－Ｌ>ＫＫ１(辺,の）－１２－ＫＫ'(､｢,の)．

〃indexKK(の,ﾌﾞ),indexＭ(の,剰),qndindexKK(の,狐/３)αme伽te,then

indexKK(①,瓢)＝indexKK(の,､｢)＋indexＭ(の,Ｗ〕)，

ＣＭがindexⅢ(ﾌﾞ,Ｏ)，indexＭ(!U,Ｏ)，qMindexKK(１Ｍ｢,の）αme伽te，
then

indexM(則,の)＝indexKK(,｢,の)＋indexⅢ(副/ｺﾞ,の)，

u〃Ze7Wtjsenou9htoqssumetM伽ＣＱ/thoseqme戸njtejneqc/Zcqse．

P7DqfThiscanbeprovedasshownintheK-theorycaseabove． □

Theorem418比t川eα(trMqJJZ/gmded)グーwDjtaJび-叩ｅｂｍａｎ川>qa

Zjtscmssedpmo(luct6Z/ZFbrCWsepqmble(grqded)ひ-ql9ebmの，

ＫＫＣ(０，瓢）」'二二1ﾖL+ＫＫＣ(０，瓢）－－→ＫＫＣ(0,21>ｑａＺ）

１１
ＫＫ'(の,川αｚ）－ＫＫ'(の,狐）・ＬＬ二二1二ＫＫ'(ｏ,狐)，

－８９－



(Ｍが肌ssepqmbJe,ｵﾉbe､/brqnW-wz伽l(gMed)ひ-qJ9e6nzO，

ＫＫＣ(皿,の）令11ﾆﾆｌ２ＬＫＫｏ(21,の）←_－－ＫＫo(別〉｡αＺ,の）

Ｉ１
ＫＫ１(川αｚ,の）－ＫＫ'(皿,の）と当ＫＫ１(狐,①)．

〃indexKK(の,別)qMindexM(の,別>ｑａＺ)αme伽te,tben

indexM(の,狐>ｑａＺ)＝０，

〔MlifindexM(別,の）qndindexM(副>ｑａＺ,の）α花/Ｍｅ,then

indexM(以沁Ｚ,の)＝０，

tuhe花jtjsenou9hto(zssumethatindexKK(の,以)orindexKK(瓢,①)is伽te
jneqchcqse．

PmoqfTheproofisthesameasgiveninSectionlfbrindexK(別>ｑａＺ)＝Ｏ
□

Proposition419Le川beα(triujqllWmczded)び-ql9e6mqn川>qaRjts
cmossedp7Dduct・ＦｂｒｑｎＺﾉＣ*-ｑｌ９ｅｂｍＭＢ，ｕﾉｅ/Zque

indexⅢ(瓢>ｑａＲ,qS)＝－index肌(則)Ｂ)，

indexＭ(Ｂ,ｕＸａＲ)＝－index肌(q3,劇)．

PmoqfThisfbllowsfromtheThomisomorphismfbrKK：

ＫＫｊ(別>ｑａＲ,瓢)三ＫＫＪ+'(則,Ｂ)，ＫＫｊ(qMl>ｑａＲ)二ＫＫＪ+'(!】Ｍ１)．

□

Ｔｈｅｏｒｅｍ４､２０Let別ｑｎｄＢｂｅｓｅｐｑｍ肌ｏ*-ｑｌ９ｅ６ｍｓｑＭ狐、ｔ/ＤｅＵＣＴ

ｃｌｑｓｓＮ.〃Ｋ*(劇)ｏｒＫ*(２３)ｉｓ/MelWenemted,ｵﾉDen

indexM(狐)ns)三indexK(則)indexK(Ｂ)，

qndmqdcl伽on,がＫ*(瓢)ｏｒＫ*(SB)jstorsion-/７１ee,then

indexM(別,SB)＝indexK(則)indexK(Ｂ)．

－９０－



PmoqfTheKiinneththeoremis

O→Ｋ*(虹)⑭Ｋ＊(q3)→ＫＫ*(則,,3)→TorP(K*(別),Ｋ零(B))→０

underthefirstassumption・Inparticular，thesecondassumptionimplies
that

ＫＫ*(別,Ｂ)二Ｋ*(則)⑭Ｋ*(!B)，ｉｅ.，

ＫＫＣ(則,Ｂ)=(ＫＯ(則)⑭ＫＯ(!B))①(Ｋ'(則)②Ｋ１(qS))，

ＫＫ１(則,iB)=(ＫＯ(瓢)⑭K1CB))①(Ｋ'(瓢)②ＫＯ(Ｂ))．

Therefbreナ

KKro(別,!B)＝Ｋｒo(瓢)Ｋｒo(Ｂ)＋Ｋｒ'(則)Ｋｒ,(qS)，

KKr1(劇,Ｂ)＝Ｋｒo(別)Ｋｒ,(２Ｓ)＋Ｋｒ'(瓢)Ｋｒo(!B)．

ltfbllowsthat

indexKK(則,Ｂ)＝(Kro(瓢)－Ｋｒ'(21))(Kro(!B)－Ｋｒ,(Ｂ)）

＝indexK(則)indexK(必)．

□

Remqrk.Notethatq[brP(Ｍ’１V)＝Ｈ１(Ｍ⑭Ｚｎ)bydefinitionisthefirst
twistedproductofZmodulesMandN，whereBmeansaprojective
resolutionoHV：

．．：弓Ｂ２→ＢＯ－１→…→Ｂ→日〕→JV-→O

fromwhichthefbllowingbecomesacomplexofZmodules乳

…→Ｂ２→ＢＤ－１→…→Ｐ,→几→Ｏ

ｓｏｔｈａｔＭ⑭ｚＲ箙meansthefbllowingcomplexofabeliangroups：

…→Ｍ⑭ＺＥＤ→Ｍ②ｚＢｕ－１→…→Ｍ⑭ｚＰｌ→Ｍ⑭ｚ臼〕→O

andtherefbre,Ｈ１(Ｍ②ｚＢ)isthefirsthomologygroupofthiscomplex・

Theorem421FbrqpullbqcAdiq9ｍｍｑ/sCpqm肌nuclearひ一山ebms：

Ｐ二＞則，

’２１１八
劇2-22-》の

－９１－

■



仇eMzyer-VietorjssZz-tevmezqctse9uence(ＭＶ)is：

ＫＫ(の,Ｂ）上型型，ＫＫ(狐,,!B)＄ＫＫ(則2,昭）上空i・ＫＫ(P,!B）

１ Ｉ
ＫＫ１(RGB）竺土2二ＫＫ'(別,,Ｂ)＄ＫＫ１(則2,sB）゛L二i二』ｉＬＬＫＫ１(の,!B）
んｒａｎＺノワーリ､伽ＩＣ*-ql9e6mB,師ｍｕﾉﾊＩＣ/ＺＷｂｌｌｏｕＭ/Zat

indexM(R1B)＝index肌(別1,iB)＋indexⅢ(別2,＄)－indexＭ(０，fB)，

uﾉﾊeme友mtenessq/仇esejndezesjsdssumed・

FbrqpulJ6qcMjq9mmofグーｗｕ伽ｌｎＵｃｌｅｑｒＣ*‐qJ9e6mS：

Ｐ」'一＄，

,ｚＩＩｈ
ｑ３２－些一Ｄ

ｔｈｅＭｑＺ/er-WetomsSjZ-te7WDezqctSe9uenceos：

ＫＫ(則,Ｐ）上型i１．ＫＫ(12'’5B,)ｅＭ(瓢,Ｂ２）上【=[i[・肌(瓢,の）

１１
ＫＫ'(瓢,の）三二ｌＬＫＫ１(瓢ハ)＄ＫＫ１(則,fB2）+12i:ｊ２ｉｉＬＫＫ１(瓢,Ｐ）

/brqnZ/sepqmbleC*‐αl9emz瓢,/momu)hjchWblloujst/zat

indexM(別,Ｐ)＝indexKK(皿,Ｂ１)＋indexⅢ(則,1B2)－indexKK(瓢,の)，

uﾉhere万njtenessqﾉｵﾉZeseiMezesjsqssumed、

ＥｑｕｉｖａｒｉａｎｔＫＫ－ｔｈｅｏｒｙｒａｎｋｓａｎｄｉｎdex

Definition4o22Let狐ａｎｄｑ３ｂｅ(graded)GLCi議一algebrasfbrGa(com‐

pact)groupWedefinetheG-equivariantKK-rankoMandBtobethe

Z-rankoftheG-equivariantKK(abelian)groupM志(別,Ｂ)(j＝0,1)，
anddenoteitby

KKrら(別,Ｂ)＝rankZMi8(別,２Ｓ)Ｅ{0,1,2,…,＋｡｡}，

whereKKg＝KKCDefinetheG-equivariantKKindex(orKKC-index）
ｏｆ１Ｕａｎｄ１Ｂｔｏｂｅｔｈｅｆｂｌｌｏｗｉｎｇｄｉｆference

indexさK(則,＄)＝ＫＫｒ２(別,Ｂ)－ＫKrと(則,!B)ＥＺＵ{±｡｡}．

－９２－



Proposition４．２３ＦｂｒｑｎＺ/Ｇ－Ｃ*-αJ9emzWMMiB，

index悪K(則,STB)＝indexきK(S則,ns)＝－indexぎK(瓢,fB)，

u〃Zemet/Zeqctjonq/ＧｏｎＣｂ(R)jstrMqL

PmoqfThisfbllowsfromtheBottperiodicityfbrKK16：

ＫＫさ(別,Ｂ)二ＫＫｇ(別,SSB)二ＫKg(S則,Ｂ)，

ＫＫＢ(21,iB)二Ｍさ(狐,SSB)二ＫKと(S則,Ｂ)．

□

Theorem424T7Zesjz-termezqctse9uence/ｂｒＫＫＧ：Ｌｅｔ

0--→、｢」一別」一Ｗゴー-→o

beqsemj-SpJjtezactse9uenceｑﾉﾜｰⅧｔａｌ(graded)ＧＬぴ‐qJ9ebmsu）ｉｔ/ZG
compqcM7bra叩sepqmble(grqded)G-C鵡一ql9ebmの，

Ｍｇ(の,､｢）-2ど-,ＫKgＣＭ)」g-MgCM/､'）

Ｉ１
Ｍと(の,Ｗﾌﾞ)←ＬＫ聡(①,別)_ＬＫＫさ(o,Ｊ)，

ａｎｄがwssepqmbに,ｵﾉZen/ｂｒｑｎｚﾉﾜｰunjtqJ9mdedGLC*-叩ebmの，

Ｍ２(〕,の）4mg(瓢,の)←ＬＭｇ(劇/〕,の）

Ｉ １
ＫＫさ(Ｗﾌﾞ,の)二Ｋ姥(瓢,の)－ＬザＫ鴎(〕,の)．

〃index悪K(の,､｢),index悪K(の,皿汕Mindex遷K(の,Ｗルヅwe伽te,the〃

indexきK(の,別)＝index碁K(の,〕)＋indexきK(の,１Ｍ)，

(ＭがindexきK(〕,の),indexきK(別,の),`MindexきK(Ｍ,の)α花伽te，
then

indexきK(則,の)＝indexきK(ﾜ,、)＋index窓K(則/３１，，)，

uﾉbemejtjsenou9btoqssume仇cLt伽ＣＱ/t/Zoseq7we万njtejnecuc/Zcase．

PmoqfThiscanbeprovedasshownintheKK-theorycaseabove．□

ＳｅＭＷ３)＝ＫＫｉ６(C,B)andKろい)＝Ｍき(Ｍ)fbrひ-algebras
別ａｎｄｑａ

－９３－



Proposition４．２５ＦｂｒｑＣ*-.Z/"α伽cqlsZ/stem(!B,/8,0)伽ｵﾉZGcompQct，

index窓K(C,Ｂ)＝indexK(!B>qβＧ)，

ａｎｄ/ｂｒａＣ*-.Z/nqmjcqlsZ/stem(別,α,Ｇ)MtMMjscmete，

indexきK(別,C)＝indexK(以刈Ｃ)．

"/Weindex窓K,indexK,QMindexKc`m6e花place〔MhKKrら,Ｋｒ血`Ｍ
の

KrJmeSpectjuelZ/、

PmoqfItisshownundertheassumptionsthat

KF(!B)二Kj(sB>QβG)，Ｋろ(辺)二Ｋ，川α印

□

Example4261nparticular)ｉｆＧｉｓｃｏｍｐａｃｔ，then

indexきK(ＣＣ)＝indexK(O零(G))＝|G八|，

whereＧ八isthedualgroupofGandisdiscrete．

Example4271ngeneral,thereexistsahomomorphismfromKKC(別,!B）

ｔｏＫＫ(則×αＧ,Ｂ>qβＧ)，sothatthereexistsahomomorphismfrom
Mと(瓢,!B)toKK1(川αＧ,川βＧ)Inparticular,thereexistsaho‐
momorphismfromKKC(C,Ｃ)ｔｏＫＫ(び(G),○*(G)),sothatthereexists

ahomomorphismfromKKと(C,C)toKK1(ひ(G),ひ(G))Compute

indexKK(C*(G),Ｏ*(Ｇ))＝indexⅢ(①汀eGﾊＭ２雨(C),＄汀ＥＣﾊＭＭＣ)）

＝EZindexM(MMC),MMC)）
７ＴＥＧ八7ＴＥＣハ

ーＺＺｍｄｅｘＭ(C,C)＝|G八|Ｚ
７ＴＥＧ八7ＴＥＧ八

Hence,ｉｆＣ八isnon-trivialandfinite,then

index吾K(ＣＣ)≠indexM(び(G),び(G)）

butthenon-equalitybecomesequalityifO八isinfinite

Asasummary,ａ(partial)permanenceresultfbrourKK-mdexis

－９４－



Theorem4､２８ＴｈｅＫＫ－ｊＭｅｚｊｓ/MMOPZ/ｍｕｑ７ｗｊｑｎｔｑｎｄ/;wDctomzljn

somesensesqs/bIloujs：

（Additive）index肌($州B)＝ZmdexM(1211,1B)，
J

indexKK(狐,$jqSj)＝ZindexKK(瓢,!B，)，
Ｊ

(Multiplicative）indexKK(121,1B)＝indexK(狐)indexK(!B)，

indexⅢ(別,B1M32)＝indexＭ(別,!B1)indexK(＄2)，

indexＭ(lUlMt2,!B)＝indexK(211)indexⅢ(瓢2,q32)，

（Stability）indexKK(瓢,Ｂ)＝indexＭ(瓢⑭Ｋ,Ｂ）

＝indexKK(瓢,Ｂ⑭Ｋ)＝indexＭ(別②Ｋ,Ｂ⑭Ｋ）

＝indexＭ(則⑭Ｍｍ(C),Ｂ⑭Ｍ､(C))，

（Periodicity）indexＭ(則,S1B)＝－indexKK(瓢,Ｂ)＝indexＭ(側,Ｂ)，

indexＭ(劇,ns>qβＲ)＝－indexⅢ(則,＄）

＝indexKK(劇>ｑａＲ,＄)，

（Vanishing）indexKK(121,ｄＢ)＝Ｏ＝indexＭ(伽,＄)，

indexＭ(則,Ｂ>qβＺ)＝Ｏ＝indexＭ(則>ｑａＺ,Ｂ)，

（Dividity）indexKK(則,!B)＝indexⅢ(〕,iB)＋indexＭ(21/〕,!B)，

indexＭ(劇,!B)＝indexＭ(21,0)＋indexＭ(則,Ｗ､)，

(KK-indexMV）indexⅢ(劇1＄の別2,1B)＝

indexＭ(則,,!B)＋indexⅢ(瓢2,＄)－indexⅢ(の’２３)，

indexＭ(則,必1＄のＢ２)＝

indexⅢ(別,q3,)＋indexＭ(皿,Ｂ２)－indexKK(瓢,の)，

（K-index）index肌(C,Ｂ)＝indexK(fB)，

(K-homindex）indexＭ(21,Ｃ)＝indexK(則)，

（Homrank）mdexM(瓢,!B)＝(ZrankzHom(K)(則)四(!B))）
ｊ＝０

－(ErankzHom(K)(瓢),K)+1(B)))，
ｊ＝０

Ｍ仇ＫＫ１(瓢,!B)＝ＫＫＣ(則,ＳＢ)＝Ext(瓢,Ｂ)，

uﾉﾊe7℃so77zemestric伽eqsswnptionssuc/Ｚｑｓｂｃｍ９ｊｎ仇ｅＵＣＴｏｒｔｈｅｃｌｑｓｓ

－９５－



Ｘ，ＫｒｊＭｅｚ戸mteness，ｃＭｓｏｍｅＫＬｔｈｅｏｍ/ＣＯＭ伽onsqmenecessq,Was
djscmssedq6oue・

Ａｌｓｏ,ｔ/ZeKKC-MezZs/ZomotopWmﾉｑｒｊｄｎｔｃＭ/wzctomqMnMLrJZ/、

(someqDthosesenses．

５Ａｐｐｅｎｄｉｘ：Preliminariesandfacts

Chaincomplexes

LetRbearing・AgradedR-moduleisasequenceC＝(Ｑ２)nEzofR-
moduleslfzeQz,thenzhasdegreM＝deg(⑩).Amapofdegreepfroma

gradedR-moduleCtoanotherC'isasequenceﾉｰ(ん:CrD-→OA+小Ezof
R-modulehomomorphisms・AchaincomplexoverRisagradedR-module

C＝(C,｡)witlld＝(｡”：Ｃｎ－ＱＤ－,川Ezamapofdegree-1suchthat
d2＝0,ｉ､e､,Clnodn＋，＝Ｏｆｂｒｅａｃｈｎ,calledthedifIerentialorboundarymap
ofODefinethecyclesZ(C),boundariesＢ(C),andhomologyH(C)ｂｙ
Z(C)＝ker(｡)＝(ker(｡､)几Ezthekernel,Ｂ(C)＝ｉｍ(｡)＝(ｉｍ(｡､+,川Ez
theimage,andＨ(C)＝Ｚ(C)/Ｂ(O)＝(H､(C)＝ker(d")/ｉｍ(｡"+,川EZ

AcochaincomplexisagradedR-moduleC＝(ｏｎ北Ｅｚｗｉｔｈｄ＝(｡､：
Cn-→Ｃ冗十'光Ezamapofdegreelsuchthatd2＝０，calledthecoboundary
mapofCDefinethecocyclesZ(C),coboundariesB(Ｃ),andcohomology
H(C)＝(Ｈ凧(ＣⅢEzsimilarlyasabove

Achammapfrom(C,｡)ｔｏ(O',｡')isagradedmodulehomomorphism
/：Ｃ→Ｃ'ofdegreeOsuchthatd'ノーノ｡､Ahomotopyfromachainmap
ハoanothergisagradedmodulehomomorphismh：Ｃ→Ｃ'ofdegreel
suchthatd'ん＋ｂｄ＝ノー９，andwethensaythatノishomotopicto9．

Proposition５．１Ａc/ＺｑｊｎγＭｐノ：Ｏ→Ｃ'mducesqmCLpH(/)：Ｈ(O)-→
Ｈ(C'),αＭＨ(')＝Ｈ(9)がハs/Zomotopjcto9

Wedenoteby7VomR(0,Ｃ')nthesetofgradedmodulehomomorphisms
ofdegreenfromachaincomplex(C,｡)overRtoanother(Ｃｌ',｡')Then

wehave況omR(C,C'ルーn9ezHomR(Ci,Ｃｌ+").TheboundarymapDn：
7VomR(C,Ｃノル→７YomR(○,０'ルー,isdefinedbyD"(f)＝。'ノー(-1)”/d，
ｓｏｔｈａｔＤ２＝０．NotethatO-cyclesarethechainmapｓｏ→Ｏ/，andO-
boundariesarethenull-homotopicchainmapsThus,Ｈｂ(7VomR(C,Ｃ')）
istheabeliangroupofhomotopyclassesofthechainmaps、Thereisan

interpretationofHWYomR(C,Ｃ'))intermsofhomotopyfbranyn、
Ａｃｈａｉｎｍａｐ介○→Ｃ'iscalledahomotopyequivalenceifthereis

achainmapf'：Ｃ'→csuchthatノノ。ノａｎｄノ｡′'arehomotopicto
theidentitymapsoｎＯａｎｄＣ/respectively・Ａｃｈａｉｎｍａｐｉｓｃａｌｌｅｄａｗｅａｋ

－９６－



equivalenceifH(/）：Ｈ(Ｃ)→Ｈ(O')isanisomorphism、Anyhomotopy
equivalenceisaweakequivalence

Achaincomplexiscalledcontractibleifitishomotopyequivalenttothe

zerocomplex､Anycontractiblechaincomplexisacyclic,Ｌｅ.,Ｈ(Ｃ)＝0．

Proposition５．２Ａｓｈ０㎡ezqctse9uenceq/chQjncomplezes：

ｏ－ｃノユーｃ’一＞ｃ〃－o

9iuesrjsetoqlon9ezqctse9uenｃｅｉｎｈｏｍｏｌｏ〃：

－Ｈｈ(C'）一旦111→Ｈｈ(C）＝lLZl-》Ｈｈ(C''）-2-Hh-,(C'）－－→
uﾉﾉZe7℃仇econnectjn9/Zomomom/Ｚｉｓｍａｉｓｎｑｔｕｍ〔zljnt/Ｚｅｓｅｎｓｅｔ/Ｚｑｔｑｃｏｍ－

ｍｕｔｑ伽ｅｄｊＭ〔ｚｍｑ/cMncompJezes：

Ｏ－Ｃノー－－→０－→Ｃ〃－０

１１１
０－－→Ｅノー一Ｅ－Ｅ〃－－－→Ｏ

Z/jelclsczcommutq伽ｅｓ９ｕｑ７ｖｅｊｎｈｏｍｏｌＭ/：

Ｈｈ(C"）－－→Hh-,(C'）

１１
Ｈｈ(E''）----→ＨＭ(E')．

ThetensorproductO⑭ＲＣ'ofchaincomplexes(C,｡)and(O',｡')ofR-

modulesisdefinedby(O②RO'ルー$p+q="q,⑭RC;andwithdifferential
DgivenbyD(c⑭c/)＝｡(c)②c/＋(-1)deg(c)c⑭｡'(c')fbrceCandc'ｅｄ
ＮｏｔｅｔｈａｔＣ⑭ＲＣノｉｓａｃｏｍｐｌｅｘｏｆａｂｅｌｉａｎｇｒｏｕｐｓｉｎgeneral，ａｎｄｉｔｉｓａ
ｃｏｍｐｌｅｘｏｆＲ－ｍｏｄｕｌｅｓｉｆＲｉｓｃｏｍｍｕｔａtive・

Proposition５．３（KiinnethFormula)ＬｅｔＲｂｅｑｐｒｍｃｊｐｑＭｌｅｑＭｏγＭｎ
ａＭｌｅｔＣｑｎｄＣノｂｅｃ/ZamcomPJezesoTﾉｅｒＲｓｕｃ/ZｵﾉZqtCjsdimensio〃uﾉjse

ﾉｹwee．Ｚ伽ntbemeezjstn伽mJezactse9uences：

０弓①HP(C)⑭RHh-p(C')→Hh(C②Ｒｄ）
ｐＥＺ

→①TbrP(H),(O)ﾙｰp-,(C'))_→０，
ｐｅＺ

Ｏ→ⅡExt士(Hi,(C),HP+"+1(C'))→Hh(7h(omR(C,C')）
ｐｅＺ

→ⅡHomR(H】,(O)４，(C'))-→０，
ｐｅｚ
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ｑＭｔｈｅｓｅｓｅＷｅｎｃｅｓＳｐＪｊｔ・

I7MMicuJqr,11/○'consjstsqfqsm91emoCMeM,‘.e､,ＯＢ＝ＭｑＭ
ＯＡ＝Ｏ/brn≠０，t/WDt/Zeemctse9ue"ces6ecomet/ZeuⅧersqJcoがcjent
theo7wem：

Ｏ－Ｈｈ(O)②ＲＭ→Ｈｎ(Ｃ②ＲＭ)一Tbr写(Hh-1(C),Ｍ)一０，

０－Ext左(ＨＭ(C),Ｍ)→Ｈ”(７YomR(C,Ｍ))→HomR(Hh(C),Ｍ)→0，

uﾉﾉZe７℃u)e剛qM7YomR(C,Ｍ)qsqcocMncompJezu1jt/Z7YomR(C,Ｍ)"＝
７VomR(C,Ｍ)－，＝ＨｏｍＲ(ｑ,Ｍ)．

Ｒｅｓｏｌｕｔｉｏｎｓ

ＬｅｔＲｂｅａｒｉｎｇａｎｄＭａｎＲ－ｍｏｄｕｌｅＡｒｅｓｏｌｕｔｉｏｎｏｆＭｉｓａｎｅｘact

sequenceofR-modules：

…→Fb-→Ｆ１→I7b→Ｍ→０．

IfeachIZ7isfree,thenitiscalledafreeresolution・FYeeresolutionsalways
existfbranymoduleMbyastep-by-stepconstruction:Chooseasuljection

EfromafreeFbtoM,thenchooseasurjectionfromafreeFltothekernel

ofg,etc、IfthereisanintegernsuchthatEi＝Ｏｆｂｒｊ=、＋１，ｔｈｅｎｗｅ

ｓａｙｔｈａｔｔｈｅｒesolutionhaslengthニル

ExampleM(1).AfreemoduleFadmitsthefreeresolution:０－→Ｆ且
Ｆ－→OoflengthO

(2).ＩｆＲ＝Ｚ,thenanysubmoduleofafreemoduleisfree・Henceany
moduleMadmitsafreeresolution

Ｏ→、l→Ｆｂ→Ｍ→O

oflength≦1．Ｆｏｒexample,ｗｅｈａｖｅ

Ｏ→Ｚ△Ｚ→Ｚ２→０．

(3)LetＭ＝Ｚ２ａｎｄＲ＝Ｚ[⑪]thepolynomialringThenwehaﾊﾞﾉethe
freeresolutionoflength2：

O→ＲムＲ＄R-2LH鼻Ｚ２→０

wherethemapEfromRtoZ2isdefinedｂｙｅ(/)＝/(O)ｍｏｄ２,andthe

mapsalanda2aregivenbythematrixCc,2）andthetransposeofthe
matrix(2,-z)respectively
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ＬｅｔＧｂｅａｇｒｏｕｐＬｅｔＺＧ(orＺ[G]）bethefreeZmodulegenerated

byelementsofQwhichiscalledtheintegralgroupringofGwiththe

naturalringstructure・Theaugmentationmape：ＺＧ－今Zisthering

homomorphismdeHnedbyE(9)＝１ｆｂｒ９ｅＧ、
ＡＧ－ｃｏｍｐｌｅｘｉｓａＣＷ－ｃｏｍｐｌｅｘＸｗｉｔｈａｎａctionofGonXwhich

permutescellsｏｆＸＩｆＸｉｓａＧ－ｃｏｍｐｌｅｘ，thentheactionofGonX

inducesthatofGonthecellularchaincomplexQ(Ｘ),whichbecomesa

chaincomplexofG-modules,whereｑ(Ｘ)isthefreeZmodulegenerated
bythe(、＋l)-tuplesofelementsofXandhasaZbasiswhichisfreely
permutedbyG,henceCh(Ｘ)isafreeZG-modulewithonebasiselement
fOreveryG-orbitofcellslfXiscontractible,瓜(Ｘ)二m(point),sothat
thefbllowingisexact：

…→ｑ(ｘ)→ｃｈ－,(ｘ)→…→ｃｂ(ｘ)皇ｚ→o

TherefbrawehaN/ｅ

Proposition５．５比ｔＸ６ｅｑｃｏｎ純ctj61eﾉｹweeG-complez．Ｔ/ZeMhequ9-

mentedcelMqrchａｊｎｃｏｍＰｌｅｚｑｆＸｊｓａ/mee7℃soMjonqfZoTﾉｅｒＺＧ．

Ａｎ（Eilenberg-MacLane）Ｋ(Ｃ’1)‐complexisaCW-complexYsuch
thatYisconnected,汀1(Ｙ)＝GandtheuniversalcoverXofYiscon-

tractibleThelastconditioncanbereplacedwithHi(Ｘ)＝Ofbri三２，or
7Tj(Y)＝Ofbrj＞２

Proposition５．６〃ＷｓｑＫ(0,1)‐compJez,ｵﾉZeMhequ9me"tedcelhqr
cMncomplezq/仇eoMuemsqJcoUerq/Ｗｓｑﾉｹ℃e7wesoMZonq/ＺｏＴﾉｅｒＺＧ．

RecallthatanR-modulePisprojectiveifthefimctorHomR(2)is
exactThisisequivalenttothateveryexactsequenceO→Ｍノ→Ｍ→

Ｐ－今Osplits,ｏｒｔｏｔｈａｔＰｉｓａｄｉｒｅｃｔｓｕｍｍａｎｄｏｆａｆｒeemodule・

RecallthatanR-moduleFisHatifthefimctor(･)②RFisexact､Hee
modulesareHat,sothatprojectiveonesareflat・

Ｈｏｍｏｌｏｇｙｆｂｒｇｒｏｕｐｓ

ＬｅｔＧｂｅａｇｒｏｕｐａｎdMaG-module、ＴｈｅgroupMCofco-invariants

ofMisthequotientofMbythesubgroupgeneraｔｅｄｂｙｔｈｅｅｌｅｍｅｎｔｓ

９ｍ－ｍｆｂｒｇＥＧａｎｄｍeMNotethatMCisthelargestquotientof

MonwhichGactstriviallyiwhereasthegroupMCofinvariants(under
aG-action)isthelargestsubmoduleofMonwhichGactstriviallyNote

alsothatMC=Ｚ②zGMviathemaps[m]片１②ｍ＝９⑭ｍ＝１Ｗｍ
ａｎｄａ⑭ｍ～α[m]．
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ForanexactsequenceofG-modules：Ｍノ→Ｍ→Ｍ〃→０，wehave

theinducedexactsequence:Ｍと-→ＭＣ→〃さ‐→Ｏ
ＬｅｔＧｂｅａｇｒｏｕｐａｎｄＦａｐｒｏｊｅｃｔｉｖｅｒesolutionofZoverZGDefine

thehomoｌｏｇｙｇｒｏｕｐｓｏｆＧｂｙ

Hi(Ｇ)＝ＨＸＦ⑭ｚＧＺ)＝Ｈｉ(F1c)，

whichisindependentofthechoiceofaresolution

lfG＝Znwithtagenerator，thereisaresolution；

…呉ｚＧ型ｚＣ旦ｚＧ具ｚ→ｏ

ｗｈｅｒｅｌＶ＝１＋ｔ＋…＋t冗一’ＥＺＧ,ａｎｄＨＱｉｓｇｉｖｅｎｂｙ

…＿ｚ△ｚユｚ△z

Thus,ＨＯ(G)=Ｚ,Ｈｉ(G)=Znfbrjoddand=Ofbrj＞leven

Proposition5､７〃ＹｉｓｑＫ(Ｇ’1)-complez,仇ｅｎＨ*(G)=瓜(Y)．

TheHurewicztheoremsaysthatif耐(Ｘ)＝Ofbrj＜、－１(、三２)，
thenHi(Ｘ)＝Ofbrl＜ｄ＜ｎ－１ａｎｄ７Ｔｎ(Ｘ)＝Ｈｈ(Ｘ)．

Theorem5､８（Hopf)FbrqwcomDectedCWとcompleW,the７℃isqcQ"o〃
jｃａｌｍ叩/､０ｍｍ(Y)toＨ*(汀,(Y)).〃汀,(Y)＝Ｏ九ｒ２三．二，－１(、三2)，
ｵﾉWWsqnjSolMPhjSm伽ｍＨｔ(Y)ｔｏＨｉ(汀,(Y))/bri二，－１,＠Ｍtｂｅ
/bJloujin9se9uencejsezczct：

汀ね(Ｙ)→Ｈｈ(Ｙ)→Ｈ７ｍ(汀,(Ｙ))→０

Theorem5､９（Hopf)〃Ｇ＝Ｆ/Ｒｕ'ZereFZsﾉｹ'ee,ｔｈｅｎＨ２(G)＝(Ｒｎ
[F,Ｆ])/[ＥＲＩ

Theorem5・1０（Seifert-vanKampen)ＬｅｔＸ６ｅａＣＷ≧comp化ｚｔＭｊＭｈｅ
ⅧonqftuﾉoconnectedsubcompIezesX1qMX2mosemtersectjonYjs

connectｅｄｑｎｄｎｏ汗emptZ/、Ｔｈｅ〃仇ｅｍｅｊｓｑｎｄｊｑ９ｍ〔Ｌｍ：

汀1(Y）－７Tl(X2）

１１
汀,(Ｘ,）一万,(Ｘ）

sotM7T1(Ｘ)二万l(Ｘ１)*汀,(Y)汀1(Ｘ２).
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Ｔｈｉｓｔｈｅｏｒｅｍｓａｙｓｔｈａｔ７ｒ１ｉｓａｆＵｎｃtorfromconnected，pointedcom-

plexestogroups，preservingamalgamation．

Theorem5､1１（Whitehead）Ｔ/DeqmqJ9qmqtjoMjMCMm/br9mUps：

Ｈ」２－〉Ｇ２

．,１１比
Ｇ１」1-’０，＊ＨＧ２

ｕﾉjtba1，ａ２ｊｎｌｊｅｃ伽ｅｃｑｎ６ｅｍｅｑｌｊｚｅｄ６Ｚ/ＭＷｍｍ：

Ｙ＝Ｘ１ｎＸ２－－￣→ Ｘ２

Ｉ Ｉ
Ｘ，－－→Ｘ＝Ｘ１ＵＸ２

/brK(汀,(Ｗ),1)‐compにzes/brW＝ＹＸ１,Ｘ2,ｑＭＸ

Ｎｏｔｅｔｈａｔｓｉｎｃｅａ１ａｎｄａ２ａｒｅｍｊｅｃｔive,ｔｈｅｎｓｏａｒｅＢ１ａｎｄ比．The

proofrequiresthefbllowingtwolemmas：

Ｌｅｍｍａ５・ｌ２ＬｅｔＸ'－Ｘｂｅｑｎｍｃｈｓｊｏｎｑ/connectedOWとcomplezes

sucMZqtt/Dei"ducedmqPs7T1(Ｘ')→7Tl(Ｘ)ｑﾉﾉiMqme伽MoUpsisj〃
jec伽e・Ｌｅｔｐ:Ｘ～-→X6etbeⅧuersqlcouerq/Ｘ、ＴｿZeneqc/Zconnected

comMentq/p－１(Ｘ'）jssimplyco"nected(/ZenceitjsqcWq/ｔｈｅｕｎｊ‐
Ue7wsqJcouerqfX')．M0meoUer,t/Zesecomponentsamepermuted伽ｎs伽eJZ/
bZﾉｵﾉZeqctjonq/汀,(Ｘ）ｏｎＸ~,qnd7T,(Ｘ')jst/ＺｅＭＭ,ＷｍｏＵｐｑ/oneqf
t/Zem,Ｉ.e､,汀o(p－１(Ｘ'))三行,(Ｘ)/7r,(Ｘ')．

Sketchｑ/PmqfWehavethefbllowingdiagram：

汀,(p-1(Ｘ')）－町(Ｘ~）

１１
汀,(Ｘ'）－行,(Ｘ）

wheretheverticalmapsareinducedｂｙｔｈｅｍａｐｐ,andthehorizontalmaps

arebyinclusionsSince行,(Ｘ~)istrivial,thefirstassertionfbllows．□

Ｌｅｍｍａ５・ｌ３Ａｄｊｑ９ｍｍｑ/gmoUps:Ｇ１←Ｈ→Ｇ２ｃｑＭｅ７ｗｅｑＪｊｚｅｄｂｙｑ

ｄｉｑ９ｍｍｑ/Ｋ(7T’1)‐complezes:Ｘｌ←Ｙ＝Ｘ１ｎＸ２→Ｘ2．

－１０１－



Shetc/jqfPmq/:ＳｉｎｃｅＫ(汀,1)-complexescanbeconstructedfUnctorially，
wecanrealizethegrouphomomorphismsbycellularmapsofK(汀,1)‐
complexes：Ｘ１←Ｙ→Ｘ2．Takingmappingcylindersifnecessary，we

canmakethesemapsinclusions． □

S片etchq/Pmoqf/brt/Ｚｅｔ/Zeo7℃ｍ・ＴａｋｅＸ１←Ｙ→Ｘ２ａｓｉｎｔｈｅｌｅｍｍａ

ａｂｏｖｅＬｅｔＸ＝X1UYX2betheadjunctionspaceobtainedfromthe

diajointunionofX1andX2byidentifjlingtwocopiesofYThen7r,(Ｘ)＝
G1*ＨＣ２＝GsoweneedonlyshowthatHi(Ｘ~）＝Ｏ(j三２)fbrthe

universalcoverX～ｏｆＸ、ＬｅｔＸｆ，Ｘ牙，ａｎｄＹ～betheinverseimages
ofX1,Ｘ２，ａｎｄＹｉｎＸ～respectivelySinceX1,Ｘ２，andYhaveacyclic

universalcovers,itfbllowsthatXf,Ｘ昼,ａｎｄＹ～havetrivialhomologyin
positivedimensions・TheMayer-Vietorissequencefbrthediagram：

Y～－－→Ｘョ

１１
Ｘｒ－Ｘ～

showsthatHi(Ｘ~)＝Ofbrj＞２．－

□

Corollary5・ｌ４ＦｂｒＧ＝Ｇ１＊ＨＧ２ｑｎｑｍｄｂｑｍｑｆ９ｍｏＵＰｓ，ｔ/Wejsthe

Mtzyer-Vietorjsse9uenCe：

…→Ｈｈ(Ｈ)→Ｈｈ(Ｇ１)＄Ｈｈ(G2)→Ｈｈ(G)→Hh-1(Ｈ)→…

Asabi-product，ｗｅｏｂｔａｉｎ

Ｏ→Ｚ[G/Ｈ]→Ｚ[G/G1]①Ｚに/G2]_Ｚ→0．

Thisisthelow-dimensionalpartoftheMayer-Vietorissequencethatwe

usedintheproofabove

Homologyandcohomologywithcoeflicients

RecallthatfbrarightR-moduleMandaleftR-modulejV,thetensor

productM②RIV(overaringR)isdefinedtobethequotientofM②１V＝
Ｍ⑭zjVobtainedbyassumingtherelations：ｍｒ⑭、＝?７Ｊ⑭ｒｎｆｂｒｍＥＭ，

ｎｅｊＶ，ａｎｄｒＥＲＦｏｒａｇｒｏｕｐＧ，Ｍ⑭ＧｊＶｉｓｏｂｔａｉｎｅｄｆｒｏｍＭ②Ⅳby

assumingtherelations：９－１ｍ⑭、＝ｍ⑭９，．Ｓｉｎｃｅｍ⑭、＝９ｍ②９，，ｗｅ
ｈａﾊﾉｅＭ⑭GjV=(Ｍ⑭Ⅳ)c,where９(ｍ⑭､)＝ｇｍＷｎ、

LetFbeaprojectiveresolutionofZoverZGandletMbeaG-module・

DefinethehomologyofGwithcoefIicientsinMbｙ

瓜(Ｇ,Ｍ)＝瓜(Ｆ⑭ＧＭ)．
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IfwetakeM＝Ｚ,then瓜(０，Ｚ)＝Ｈ*(Ｇ)．

DefinethecohomologyofGwithcoeflicientsinMby

H*(Ｇ,Ｍ)＝Ｈ*(７VomC(ｎＭ))，

wherenotethat汎omG(F,Ｍ)”＝７YomG(F,Ｍ)－，＝Homc(１ＭV)ａｎｄ
７ＹｏｍＧ(F,ＭルーHomG(Ｒｎ,Ｍ)．

NotethatanexactsequenceF1-→Ｆｂ→Ｚ→Oyieldsthefbllowing：

０→Homc(Z,Ｍ)→HomG(Fb,Ｍ)→HomG(F1,Ｍ)．

Example515(1).IfG＝Zwithgeneratort,thenwehavearesolution

O→ｚＧ二ｚＧ→ｚ→o

HenceL(G,Ｍ)isthehomologyof

…→Ｍ旦Ｍ

ａｎｄＨ*(Ｇ,Ｍ)isthecohomologyof

M且〃→０→…．

Thus，ｗｅｈａｖｅ

Ｈｂ(G,Ｍ)＝Ｈ１(G,Ｍ)＝ＭＣ＝Ｚ②ｚＧＭ

Ｈ,(G,Ｍ)＝Ｈｏ(G,Ｍ)＝ＭＣ＝{ｍＥＭ９ｍ＝mfOrallgeG}，

andＨ)(G,Ｍ)＝Ｈｉ(Ｇ,Ｍ)＝Ofbrj＞２．

NowtakeprojectiveresolutionsF→ＭａｎｄＰ→jVoftwoG-modules
MandN・Ｓｅｔ

ｈ三(Ｍ,Ⅳ)＝Ｌ(Ｆ②GⅣ)＝瓜(Ｆ⑭ＧＰ)＝Ｈ勲(Ｍ⑭ＧＰ)．

NotethatL(G,）isrecoveredash三(Z,).Ｓｅｔ

Ｅｘｔろ(Ｍ,Ⅳ)＝Ｈ*(７VomG(ＦＷ))．

NotethatH*(G,.)isrecoveredasExt芒(Z,）

Proposition5・l6LetMqndN6eG-moduJes.〃MjsZ-to剛ｏＷｹ'ee，

、r二(Ｍ,Ⅳ)=Ｈ*(G,Ｍ②１V)，

uﾉﾉZemeGqctsdiq9onqllZ/０，Ｍ⑭1V.〃ＭｊｓＺﾉｹwee，

Extろ(jWV)皇Ｈ*(０，Ｈｏｍ(Ｍ,Ⅳ))，

u'2e『weGqctsdjq9oMlZ/ｏｎＨｏｍ(Ｍ’１V)．
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PmoqfLete：Ｆ一Zbeaprojectiveresolution,andconsidertheresolution

E⑭Ｍ：Ｆ⑭Ｍ→MThisisflatifMisZ-torsion-free,andisprojective

ifMisZ-free・Therefbre,ifMisZtorsion-free,ｔｈｅｎ

、二(Ｍ’１V)＝Ｈ賑((Ｆ⑭Ｍ)⑭Ｇ１V）

＝瓜((Ｆ②Ｍ⑭Ⅳ)G）

＝瓜(Ｆ⑭Ｇ(Ｍ⑭Ⅳ))＝凡(Ｇ,Ｍ⑭Ⅳ)，

andifMisZ-free,ｔｈｅｎ

Extら(Ｍ,Ⅳ)＝Ｈ*(7YomG(Ｆ⑭Ｍ,Ⅳ)）

＝Ｈ*(７Mom(Ｆ⑦Ｍ’１V)G）

＝Ｈ*(７V。ｍ(F,Ｈｏｍ(jWV))G）

＝Ｈ*(7YomG(ＥＨｏｍ(Ｍ’１V)))＝Ｈ*(ＱＨｏｍ(Ｍ,Ⅳ))．

□

Proposition５．１７（Shapiro'slemma)〃Hjsus血moUpq/ｑ９ｍ叩ＣＭｎｄ
ＭｊｓｄｎＨ－ｍｏｃＭｅ，ｔｈｅｎ ●

瓜(H,Ｍ)=瓜(G,ind畳Ｍ)，〃(H,Ｍ)=Ｈ*(G,co-ind畳Ｍ)，

u/Zereind号Ｍ＝ＺＧ⑭ｚＨＭ(Mco-ind畳Ｍ＝HomzH(ZG,Ｍ)qmethe
jnducedcLndco-mduceｄｍｏＣＭｅｓ花SpectjTﾉeJZ/、

PmoqfLetFbeaprojectiveresolutionofZoverZGThenFcanbeviewed

asaprojectiveresolutionofZoverZH,sothatL(Ｈ,Ｍ)＝Ｈ*(Ｆ⑭zHM)．
Also，

Ｆ⑭zHM二Ｆ⑭zG(ZG②zHM)二Ｆ⑭G(ind号Ｍ)，

whichimpliesthefirstisomorphisｍ・ThesecondisomorphismfOllowsfrom

theuniversalpropertyofco-induction,whichimpliesthat7YomH(F,Ｍ)ニ

フYomG(F,co-ind号Ｍ)． □

ＩｆｗｅｔａｋｅＭ＝Ｚ，ｔｈｅｎ

瓜(Ｈ)=凪(Ｇ,Ｚ[G/Ｈ])．

If(Ｇ:Ｈ]＝|G/Hlisfinite,thenco-ind畳Ｍ二ｍd畳Ｍ,sothatwehaN'ｅ

Ｈ*(Ｈ,Ｚ)＝Ｈ*(G,Ｚ[G/Ｈ])，

andalsoH*(Ｈ,ＺＨ)＝Ｈ*(ＧＺＧ)sinceZG⑭ｚＨＺＨ＝ＺＧ．

－１０４－



Ｃｏｈｏｍｏｌｏｇｙａｎｄｇｒｏｕｐｅｘｔｅｎｓｉｏｎｓ

ＡｎｅｘｔｅｎｓｉｏｎｏｆａｇｒｏｕｐＧｂｙａｇｒｏｕｐＮｉｓashortexactsequenceof

groups：１→Ⅳ→Ｅ－÷Ｇ→LExtensionsEandEノｏｆＧｂｙＮａｒｅ
ｅｑｕｉｖａｌｅｎｔｉｆｔｈｅｒｅｉｓａｍａｐｐ：Ｅ→Ｅﾉsuchthatthediagram

汀

１－－－→Ⅳ－－→Ｅ－－－÷Ｇ－－－→１

’’’’１｜｜｜’
１－－－→ＩＶ－Ｅノー０－－－→ｌ

ｃｏｍｍｕｔｅｓｓｏｔｈａｔｐｉｓａｎｉｓｏｍｏｒｐｈism・

ＮＣｗａｓｓｕｍｅｔｈａｔｊＶｉｓａｎａｂｅｌｉａｎｇｒｏｕｐＭ・ThenMbecomesaG-

module;fbrEactsonMbyconjugationandthecolljugationactionofM

onitselfistrivial1sothereisaninducedａｃｔｉｏｎｏｆＧｏｎＭ・

AnextensionEofGbyMaG-modulesplitsifthereisahomomorphism

s：０－→Ｅ(calledasplitting)suchthat7Tos＝idG､Thisisequivalentto
thattheextensionEisequivalenttotheextension：Ｏ→Ｍ→Ｍ>４０－→

Ｇ→１，whereMxGisthesemi-directproductofGandMwithproduct

givenby(Ｍ)(6,9)＝(α＋96,9h)forα,ｂｅＭａｎｄｇ,ｈｅ０．

Derivationsarefimctionsd:Ｇ→Msuchthatd(gh)＝。(9)＋9.(ｈ)fbr
g,hEGNotethatasplittings：Ｇ－→Ｍ>qGhasthefbrms(9)＝(｡(9),9）
fbraderivationd・

Ｔｗｏｓｐｌｉｔｔｉｎｇｓ８１ａｎｄｓ２ａｒｅｓａｉｄｔｏｂeM-conjugateifthereisan

elementqeMsuchthatsl(9)＝ａｓ2(9)α－１fbrgEGThisrelation
becomesdl(9)＝α＋d2(9)－gaintermsofthecorrespondingderivations
dlandd2・Thus,８２ands2areM-conjugateifandonlyifthedifTerence

d2-d1hasthefbrm９片ｇｑ－ａｆｂｒｓｏｍｅｆｉｘｅｄａＥＭａｎｄｉｓcaneda

principalderivation．

Proposition５．１８ＦｂｒｃｕｎｙＧ－ｍｏ〔ＭｅＭ，ｵﾉZe7℃jsqone-to-onecormeSpo汗

dence6e伽eenH1(Ｇ,Ｍ)ａｎｄ仇esetM-co〃u9qcycJqssesqfspl伽､9s/br
theSpJjteztensjon：

Ｏ→Ｍ→ＭｘＧ→Ｇ→１．

PmoqfTheMcolljugacyclassesofsplittingsofasplitextensionofGby

Mcorrespondtotheelementsofthequotientgroupoftheabeliangroupof

derivationsfromGtoMbythegroupofprincipalderivations,thatisjust

thequotientofthegrouｐｏｆｌ－ｃｏｃｙｃｌｅｓｂｙｔｈｅｇｒｏｕｐｏｆｌ－ｃoboundaries．□

Proposition5o19Themeisq町ectjonbe伽eenH2(G,Ｍ)んr`ＷＧ－ｍｏ(Ｍｅ
ＭｑＭｔｂｅｓｅｔｑ/eqⅧaJentcldssesq/eztensjonsEq/Ｇ６Ｚ/Ｍ：０→Ｍ→
Ｅ→Ｇ→１．
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Sﾙetc/ZqfPmoqfChooseaset-theoreticcross-sectionof汀：Ｅ→Ｇ,ｉｅ.,a

functions：Ｇ一Esuchthat7Tos＝idG・Assumethats(1)＝１(normal-

izationcondition).Thereisafimction/：Ｇ×Ｇ→Mthatmeasuresthe

fajlureofstobeahomomorphismandisdefinedbys(9)s(ん)＝/(9,h)s(9A）
fbrg,heGNotethatハsnormalizedifノ(9,1)＝Ｏ＝′(1,9)ｆｂｒｇｅＧ・It
isknownthatthereisanbijectionsbetweenextensionswithanormalized

sectionsandnormalized2-cocycles'ｏｆＧｗｉｔｈcoeHicientsinM□

ＬｅｔＥａｎｄｊＶｂｅｇｒｏｕｐｓ・SupposethatwearegivenanactionβofE

onjVandahomomorphisma：jV-→EsuchthaMα(､)(〃')＝、､'n-1and
α(ん(､))＝ｚα(､)z-1fbr7MD'eNandzEEWethensaythaMVisa
crossedmoduleoverE．

Theorem5､２０The剛sα物ectionbe伽eenH3(Ｇ,Ｍ)qMthesetqfe9Ⅷ－
ｑｌｅｎＭａｓｓｅｓｑ/4-temBezactse9uencesqs：

Ｏ→Ｍ→ｊＶｇＥ→Ｇ→１，

uﾉﾉze花ｊＷｓｑｃｍｏＳＳｅｄｍｏＣＭｅｏｕｅｒＥ,MjMheAe7vueJqfa，ｑＭＧｊＳｔ/je

coAerneJqfa,ａｎｄt/Zeequjuqlencemeqnst/Zqtthedjq伽、

０－－－→Ｍ－－－→Ⅳ－－－→Ｅ－－－→Ｇ－－－→１

|｜｜’１１１
０－－－→Ｍ－－Ｎノー一Ｅノー－－→０－－→l

conznMes/bγ仇ese4-termezqctsequences．

Shetcbq/PmoqfChooseaset-theoreticcross-sections：Ｇ→Efbrthe

quotientmap7T：Ｅ→０．Itsfailuretobemultiplicativeismeasured

byafimctionノ：Ｇ×Ｇ_ker(汀)suchthats(9)s(ん)＝′(9,b)s(9ｈ)fbr
9,ｈｅ０.AssociativityoftheproductinEfbrcesacocycleconditiononノ

suchthat八9,h)/(9Ｍ)＝s(9)'(Ｍ)s(9)-1/(9,ｈA)fbr9,ＭＥＧ､Since
ker(汀)＝ｉｍ(α),wecanliftノtoafUnctionF：Ｇ×Ｇ→NThefailureof
Ftosatisfj'theanalogueofthecocycleconditionismeasuredbyafimction
c：Ｇ３→Ｍｓｕｃｈｔｈａｔ

s(9)Ｆ(Ｍ)s(9)-1Ｆ(g’んん)＝c(9,Ｍ)Ｆ(9,h)Ｆ(９Ｍ)．

Thenthefimctioncisa3-cocycle,whosecohomologyclassisindependent

ofthechoicesofsandF,andisthedesiredelementofH3(G,Ｍ)．□

Spectralsequences
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AdoublecomplexisabigradedmodulｅＣ＝(Cb9胆9Ezwithahorizontal
difTerentiala'ofbidegree(－１，０)andaverticaldifferentiala"ofbidegree
(０，－１)suchthata'a"＝ａ"a'：

q,-,,ｑ←且Ｌｑ９

ａ"IＩ，〃
０’

Cl,-,,9-,-Ｃ1,,9-,.

Foreach9wehaveahorizontalchainｃｏｍｐｌｅｘＣ鍬,qwithdifferentiala'，
andwearegivenchainmapsa":Ｑ’9→q9-1suchthata"Ca"=0.
SimilarlyifbreachpwehaN'eaverticalchaincomplexq,,*withdifIerential
a'',andwearegivenchainmapsa':ｑ,,*→ｑ,-,,*ｗｉｔｈａ'。a'＝Ｏ

ＡｄｏｕｂｌｅｃｏｍｐｌｅｘＣｇｉｖｅｓｒｉｓｅｔｏａｃｈajncomplexTCcalledthetotal

complex：（T○兆＝＄p+9=汎q9withdifYerentialagivenbyalCw＝ａ'＋
(－１)pa''・

ＨｂｒｔｗｏｃｈａｉｎｃｏｍｐｌｅｘｅｓＯﾉａｎｄＣ",wehaveadoublecomplexCwith

Cl,q＝C;⑭Ｃｌ,andTOisthetensorproductC'⑭C''ofchaincomplexea
Nowassumethatq,9＝Owhenp＜Ｏｏｒｑ＜OThenwehaN'easpectral

獣:蝋芒;獅謡IjliBEli}6馴鯛'三ＩＩＥ三｣fi:?i鯛房
thechainmapa'：Ｃｌ,,*-→Ｃｌ,_,,*,andE2canbedescribedasthehorizontal
homologyoftheverticalhomolｏｇｙｏｆＣ・Thereisanotherspectralsequence

convergingtoL(TC)suchthat蝋＝Cbp,Ｅ;9＝Ｈ@(ｑ,，)withd1：
尋，→E3-,,qinducedbya'':Ｑ,p→qp-L

LetFbeaprojectiveresolutionofZoverZGandCanon-negative

chaincomplexofG-modules・WesetL(G,Ｃ)＝瓜(F②ｃｃ).SinceF⑭GC

isthetotalcomplexofthedoublecomplexofabeliangroups(E,⑭ＣＱ)，
wehaN'etwospectralsequencesconvergmgｔｏ＆(Ｇ,Ｃ).Thefirstspectral

sequencehas場q＝Ｈｂ(Fb⑭ＣＱ)＝F),⑭GHq(C)andE;q＝H】,(G,Hi(C))，
ｓｏｔｈａｔ

曙q＝H),(GHb(C))。H),+q(G,C）

ThesecondspectralsequencehasE3q＝Hi(瓜⑭GCl,)＝Ｈｉ(G,q,)sothat

男､＝Hb(G,q,)今Hb+9(G,C）

andthegroup鴎qisdescribedastheDthhomologygroupofthecomplex
obtainedfromCbyapplyingthefimctorHb(Ｇ,.)dimension-wise・Both
spectralsequencescanbethoughtofasgivingapproximationsto瓜(G,Ｃ）
intermsofhomologygroupsL(ＧＭ)．
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IfGactstriviallyonC,theｎＦ⑭Ｇ○二Ｆ１０⑭Ｃ,sothereisaKiinneth
fbrmula：

0→＄Ｈ),(G)Ｍ可(C)→Hh(G,C）
Ｐ＋9＝、

→①Ibr(HP(G),H@(C))→Ｏ
Ｐ＋9＝、－１

IfセisafieldandCisacomplexofP-ventorspaceswiththetrivialG-action，

thenＨ*(Ｇ,Ｃ)＝Ｌ(Ｇ,P)⑭セ氏(C)，

Proposition5o21LetCbeqno汁ne9qtjuecMncompJezqfG~moCMes

suc/2t/Dqteqc/ZQlis風-qcZ/cljc.Ｔ/Bent/Ze7WsqSpec伽lse9uenceqﾉｫﾉＺｅ

/b7WD：

Ｅ:q＝Hi,(G,Ｈｉ(O))=MZ,+q(ｃｃ〕

Sketchｑ/P7DqfTheassumptionimpliesthattheEl-termisconcentrated

ontheline9＝０，and配,o＝(q,)Gsothatthespectralsequencecollapses
atE2toyieldfL(Ｇ,Ｃ)=Ｈ*(ＣＤ)．□

Theorem5､2２（Hochshild-Serre)Fbrl-→Ｈ－→Ｇ－→Ｑ→１Qneztensjon

q/gruUpsandMqnZ/G-mocMe，仇eγwejsqSpec伽lse9ue"cMenotedby

E:,＝Ｈｉ,(Q,Hb(H,Ｍ))＝ＨＰ+q(G,Ｍ),uﾉﾉZjc/ZjmpljeM/Ze/blloMw5-
te7wDezcLctse9uenceqflouﾉｰdimensZonql/ZomoJW9moUps：

H2(G,Ｍ)→Ｈ２(Ｑ,ＭＨ)→Ｈ１(Ｈ,Ｍ)Ｑ→Ｈ１(Ｇ,Ｍ)→Ｈ１(Q,ＭＨ)→O

I7BpqrtjcMqr，

Ｈ２(Ｇ)→Ｈ２(Ｑ)→Ｈ１(１V)Ｑ→Ｈ１(G)→Ｈ１(Ｑ)-→０，

mﾉﾊjc川sdeducedﾉｹｗｏｍＨＤｍ/，s/brmuJq．

SAetchq/PmoqflfFisaprojectiveresolutioｎｏｆＺｏｖｅｒＺＧ,andMisa

G-module,theｎＦ⑭ＧＭ＝(Ｆ⑭Ｍ)Gcanbecomputedbyfirstdividing
OutbytheactionofHonF⑭ＭａｎdthendividingoutbytheactionofQ：

Ｆ⑭ＧＭ＝((Ｆ⑭Ｍ)H)Ｑ＝(Ｆ⑭ＨＭ)９

Thus,Ｈ鵜(Ｇ)Ｍ)＝瓜(○。,whereＣ＝Ｆ⑭HMNotealsothatwehave
aQ-moduleisomorphism:Ｈ蝋(Ｈ,Ｍ)=Ｈ*(C).ClaimthattheQ-modules

q,＝(Fb⑭Ｍ)Hare凪一acyclioInfact,itsuflicestoshowthat(ＺＧ⑭Ｍ)Ｈ
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ism-acyclic・Forthisoneneedonlyobservethat(ＺＧ⑭Ｍ)Hisaninduced
Q-moduleZQ⑭ANowapplytheabovepropositiontotheQ-complexO

Furthermore，notethatthereisanexactsequence：

０→明→Ｅ３,o→E;,,→Ｈ１(G,Ｍ)－Ｅ;,o→O

whereEf,o＝Ｅ品andE:q＝Ｂｉ,(QHb(H,Ｍ))andE品isaquotientof
H2(c,Ｍ)．□

EquivariantHomology

LetXbeaG-complexandC*(Ｘ)thecellularchaincomplexofXThe

equivarianthomologygroupsof(G,Ｘ)aredefinedby

HP(X)＝瓜(G,ｑ(X))．

Moregenerally,ifMisaG-module,thereisadiagonalC-actiononq(Ｘ,Ｍ）

ｑ(Ｘ)⑭Ｍａｎｄｓｅｔ

Ｈ１?(X,Ｍ)＝Ｈ牢(G,α(Ｘ,Ｍ))．

Similarlyitheequivariantcohomologygroupsaredefinedby

Ｈき(Ｘ,Ｍ)＝Ｈ*(G,Ｏ*(Ｘ,Ｍ))．

NotethatHM?({point},Ｍ)＝瓜(G,Ｍ)SinceanyG-complexXad‐
mitsaG-maptoapoint,thereisacanonicalmapfromHf;(X,Ｍ)ｔｏ
H*(Ｇ,Ｍ)H1rthermore，

Proposition５．２３〃′：Ｘ→ＹｊｓｑｃｅｌＭｑｒｍｑｐｑ/G-com此zessucハ

オ川人：Ｈ衆(Ｘ)→Ｈ*(Y)isqnjsomom脇､,them′jMucesqnjsomo形
phjsmHP(X,Ｍ)=Ｈ１?(Y;Ｍ)/br川G-mo`ＭｅＭ

Ｉｎ〃tjculqr,がXisqcZﾉclic,ｔｈｅｍｈｅ'weisq，Mso7MphismHFF(X,Ｍ)=
瓜(Ｇ,Ｍ)mduced61ﾉｫﾉZecqnonjcqJmcUP．

Ｗｅｈａﾊﾞﾉethespectralsequence：

El:､＝Hi,(G,Ｈｉ(X,Ｍ))→Ｈｌ:2ＭX,Ｍ）

wheretheE2-terminvolvesthediagonalactionofGonL(Ｘ,Ｍ)ｉｎｄｕｃｅｄ
ｂｙｔｈｅａｃｔｉｏｎｏｆＧｏｎＸａｎｄＭ、

ＦｂｒｅａｃｈＤｃｅｌｌぴｏｆＸ，ｗｅｈａｖｅａＧﾜｰmoduleZCwhichisisomorphic

toＺＬｅｔＭ６＝Ｚ。⑭MwhichisaGo-moduleisomorphictｏＭＬｅｔＸｉ，
bethesetofp-cellsofXandletZpbeasetofrepresentativesfbrXj,/Ｇ
Ｔｈｅｎ

ｑ,(Ｘ,Ｍ)＝ｑ,(Ｘ)⑭Ｍ＝＄◎ExpMb，
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fromwhichweobtainq,(X,Ｍ)二＄・EZpindgoM6Shapiro，slemmayields

Hi(Ｇ,ｑ,(Ｘ,Ｍ))二＄oeEpHb(Ｇｏ,Ｍ６)．

ｓｏｔｈａｔ

鴎q＝＄oEzpHb(GのＭ６)=今期9(X,Ｍ〕

Theorem5､2４（Cartan-Leray)〃ＸｊｓａﾉｹweeG-compJez,仇ent/Zemejsq

Spec伽lse9…ceq/the/brm:畷＝Ｈ),(G,Hb(X))→Ｈｊ,+q(X/G)．

SAetchq/Pmoq/:SincetheG-actionisfree,ｗｅｈａ('ｅＧ｡＝(1).Theabove
spectralsequencefbrM＝ＺｃｏｌｌａｐｓｅｓａｔＥ２ｔｏｙｉｅｌｄ

H』?(Ｘ)二m(O(Ｘ)G)＝瓜(X/G)．

□

Ｅｘａｍｐｌｅ５､２５ConsideranamalgamG＝Ｇ１＊ＨＧ２・ＬｅｔＸｂｅｔｈｅｔｒｅｅ

ａｓｓｏｃｉａｔｅｄｔｏＧｓｕｃｈthatGactsonXwithnoinversions,Ｌｅ.,noelements

ofGinterchangestheverticesofal-simplexofX,ｗｈｅｒｅａｔｒｅｅｉｓａｇｒａｐｈ

(oral-dimensionalCW-complex)suchthatitiseithercontractible,simply
connected,acyclic,ｏrconnectedandcontainsnonon-trivialreducedloops，

equivalentlyThereisasinglel-simplexewhichmapsisomorphicallyonto

thequotientgraphX/Ｇ,andtheisotropygroupsofeanditsverticesu

anduﾉａｒｅｇｉｖｅｎｂｙＧｕ＝Ｇ１，ＧＴＵ＝Ｇ２，ａｎｄＧｅ＝HTherefbre，fbrany

G-moduleMwehaveaspectralsequenceconvergingtoH*(ＧＭ)ｗｉｔｈ

Ea*=瓜(G1,M)①L(G2,M),Eルー瓜(H,M),

and場,*＝Ofbrp三２ThespectralsequencecollapsesatE2toyielda
Mayer-Vietorissequence：

→Ｈｈ(Ｈ,Ｍ)→Ｈ､(Ｇ1,Ｍ)①Hh(G2,Ｍ)-→Ｈ､(０，Ｍ)-→Hh-1(Ｈ,Ｍ)→．

AgraphofgroupsisaconnectedgrapｈＹｗｉｔｈｇｒｏｕｐｓＧひａｎｄＧｅｆｂｒ

ｖｅｒｔｉｃｅｓｕａｎｄｅｄｇｅｓｅｏｆＹｓuchthatthereareinjectionsGe-GUfbr

uverticesofeveryedgee・Ａｓｉｎｔｈｅｃａｓｅｏｆａｍａｌｇａｍｓ，thereisatreeX
associatedtoYsuchthatthefilndamentalgroupGofYactsonXwithout

inversionThenY＝Ｘ/GandthegroupsG妙andGearetheisotropy
subgroupsofGConsequently>weobtamaMayer-Vietorissequence：

…→＄eEYiHh(Ｃｅ,Ｍ)→＄UEYbHh(GU,Ｍ)→Ｈｈ(ＧＭ）

→＄eEYiHh-1(Ｃｅ,Ｍ)→…
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where昭isthesetofj-cellsofY・Inparticular,ｔｈｅａｍａｌｇａｍＧ＝Ｇ１*HG2

isthefUndamentalgroupofthegraphYofgroupswithYb＝｛G1＝
Gひ,Ｇ２＝Ｑｕ｝ａｎｄＹｉ＝｛Ｈ＝Ｃｅ},whereMﾉarevertexesofthesingle
edgee・Also,ｆｂｒａｇｒｏｕｐＨ,asubgroupK,andaninjectionO：Ｋ→Ｈ，

anHNNextensionG＝Ｈ*KiSdefinedbyadjoininganelementttoH

subjecttotherelationst-1ａｔ＝０(α)fbrqEKThenGisregardedasthe
fundamentalgroupofthegraphYofgroupswithYb＝｛Ｈ＝Ｇひ＝Ｑｕ｝

andYi＝｛Ｋ＝Ｃｅ｝tomakeacircleandwiththeinclusiｏｎＫ－Ｈａｎｄ
ｔｈｅｍａｐＯ：K-Hasinjectionslnthiscase,ｗｅｈａｖｅ

…→Ｈｈ(Ｋ,Ｍ)→Ｈ､(Ｈ,Ｍ)→Ｈ､(ＧＭ)→Hh-,(Ｋ,Ｍ)→…．

６Ａｐｐｅｎｄｉｘ：Ｃｏｈｏｍｏｌｏｇｉｃａｌｄｉｍｅｎｓｉｏｎｓ
ａｎｄＥｕｌｅrcharacteristics

Cohomologicaldimension

lfRisaringandMisanR-module,thentheprojectivedimensionof

M,denotedbyprojdimRMisdefinedtobetheleastnon-negativeinteger

nsuchthatMadmitsaprojectiveresolution

０→Ｂ２→…→凡→Ｍ→O

oflength”RecallthattheExtfilnctorsaredeflnedby

Ext鬼(Ｍ,.)＝〃(〃omR(Ｒ､))，

wherePisaprojectiveresolutionofMInparticular,Exthr(Z,.）
●

H'(r,.)．

Ｌｅｍｍａ６､１Ｔ/Ze/ｂｌｌｏｕﾉm9condjtionsq7℃equ伽lent：

(1)．

(2)．

(3)．

projdimRM≦ｎ．

Ext壷(Ｍ,.)＝０ノリｒｊ三、＋L

ExtlH+'(Ｍ,）＝0

(4).〃０→Ｋ→Ph-1→…→Ｐｂ→Ｍ－→ｏｉｓ(WezQctse9秘enceq／
Ｒ－ｍｏＣＭｅｓｕﾉｉｔ/ZeqchBpmqjectjUe,ｵﾉZenKjsp町ec伽e、

肋etcbqfPmoqfltisobviousthat(4)=(1)今(2)今(3)．Weneedonly

prove(3)今(4)．Givenapartialresolutionasin(4),completeittoa

－１１１－



projectiveresolutionsuchthat

…－Ｂｌ－Ｂｕ－ｌ－

－
１
↓
Ｋ
－
ｌ
↓

－
脇
１

０ ０

wherewejustsetK＝Ｋｎ．ForanyR-moduleN,ａｎ(、＋1)‐cocyclein
7YomR(ＰＷ)isamapED+１－WwhosecompositionwiththemapBL+2-→
日､+，ｉｓｚｅｒｏ・Ｓｕｃｈａｃｏｃｙｃｌｅｃａｎｂｅｒｅｇａｒｄｅｄａｓａｍａｐｐ：Ｋｉｚ+，→Ⅳ，

whereKh+，isdefinedasKnbyreplacingnwithn＋１．Ｔｈｅcocycleisa

cobundaryifandonlyi“extendstoamapPh→Ｎ・Thus,(3)implies
thateverymapoｎＫｹ｡+，extendstoELInparticular,theidentitymapon

Kh+lextendstoH,sothatBz二Ｋh+,＄Ｋｎ.Hence脇isprojective.□

ConsiderthespecialcaseofR＝ＺｒｆｂｒａｇｒｏｕｐｒａｎｄＭ＝Ｚ・The

cohomologicaldimensionofagrouprisdefinedtobetheinteger：

cd(r)＝projdimzrZ

＝inf{、三Ｏ:Zadmitsaprojectiveresolutionoflengthn｝

＝inf{、=Ｏ:Ｈｊ(r,.)＝Ofbrj三、＋1｝

＝sup{、三Ｏ:〃(r,Ｍ)≠Ofbrsomer-moduleM}．

Thegeometricdimensionofrisdefiｎｅｄｔｏｂｅｔｈｅｍｉｎｉｍａｌｄｉｍｅｎｓｉｏｎｏｆ

ａＫ(r’1)‐complex,denotedbygeomdimr・Sincethecellularchaincom-
plexoftheuniversalcoverofaK(r’1)-complexYyieldsafreeresolution
oｆＺｏｖｅｒＺｒｏｆｌｅｎｇｔｈｅｑｕａｌｔｏｔｈｅｄｉｍｅｎｓｉｏｎｏｆＹ，ｗｅｈａｖｅ

PropositionMcd(r)≦geomdimn

ExampleM(1).ｃd(r)＝OifandonlyifristriviaL
(2)Ifrisfreeandnon-trivial,theｎcd(r)＝１１tsconverseisadeep

theoremofStallingsandSwanlnotherwords，ifrisagroupwithno

non-splitextensionwithabeliankernel,thenrhasnonon-splitextension．

(3)．IfristhefUndamentalgroupofaconnectedclosedsurfaceY
otherthanS2orP2,thenYisa2-dimensionalK(r’1),ｓｏｃｄ(r）二２．
SinceH2(r,Ｚ２）二Ｈｚ(YZ2）≠０，thuscd(r）＝２．Ifrisaone-relator
groupwhoserelatorisnotaproperpower,theｎcd(r）三２byLyndon，s
theorem．
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(4)Ｉｆｒ＝Ｚｎ,thenthe〃torusTnisaK(r’1)ｗｉｔｈＨ"(T､,Ｚ)=Ｚ≠
０，hencecd(r)＝、．

(5)Letｒ＝Ｈ子bethediscreteHeisenberggroupofrank3Then
H3(r,Ｚ)=Ｚ,hencecd(r)＝aMoregenerally,ifrisafinitelygenerated，
torsionfree,nilpotentgroup,ｔｈｅｎ

cd(r)＝rank(r)，

whichistherank(orHirschnumber)ofrthatisdefinedtobethesumof
ranksoffreeabeliansubquotientsassociatedwithcentralseriesofT,which

isindependentofthechoiseofcentralseries．

Proposition6o4〃cd(r)＜CO,tben

cd(r)＝sup{、=Ｏ:Ｈ”(r,Ｆ)≠Ｏ/brsomeﾉｹweeZr-mo`ＭｅＦ}．

Pmoq/Let、＝cd(r).Inviewofthelongexactcohomologysequence,the
fimctorH"(r,.)isrightexact・SinceHn(r,Ｍ)≠OfbrsomeMitfbllows
thatH"(r,Ｆ)≠OfbranyfreemoduleFwhichmapsontoM□

Proposition６．５〃ｒ'isqsuMoUpq/q9moUpr,tben

cd(r')二cd(r）

uﾉﾉWee9UaljtZ/Mdsがcd(r)＜ｏｏｑｎｄ[ｒ:ｒ']＜CO．
〃１→ｒ'→Ｔ→Ｉｗ→１０sαshortezqctsequenceqMDUps,tｈｅｎ

ｃd(r)二cd(r')＋cd(1W)．

〃Ｔ＝Ｔｌ*Ｈｒ２ｊｓｑｎｑｍｑｌ９ｑｍｑｆ９ｍＵＰｓ,仇ｅｎ

ｃｄ(r)≦max{cd(Ｔｌ),cd(T2),１＋cd(Ｈ)}．

SAetchqfPmq/：ThefirstinequalityfbllowsfromShapiro，ｓｌｅｍｍａ,or

fromthefactthataprojectiveresolutionofZoverZTcanberegarded

asaprojectiveresolutionofZoverZT'・Ifcd(r）＝、＜ＣＯ,thereisa
freeZr-moduleFwithH"(r,Ｆ)≠ＯＩｆＦ'isafreeZIv-moduleofthe
samerank,thenＦ=indF,F'＝Ｚｒ⑦Zr,Ｆ',soShapiro，slemmayields
H”(r',Ｆ')＝Ｈ"(r,Ｆ)≠OThuscd(r')ニル

ThesecondfbllowsfromaconsequenceoftheHochschild-Serrespectral

sequence・ThethirdfbllowsfromthecohomologyversionoftheMayer-

Vietorissequence． □
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Corollary6､６〃cd(r)＜･･,仇enrjstorsjon-ﾉｹvee．

Pmoqflfrisnottorsion-free,thenrcontainsanontrivialfinitecyclic

subgroupr'・Theｎｃｄ(r'）＝ｏｏｓｉｎｃｅＨ２Ａ(r',Ｚ）≠Ｏｆｂｒａｌｌｈ,which
impliescd(r)＝｡｡． □

Ifrisagroupwithtorsion,theｎcd(T)＝｡。．

Proposition6・Ｗ７ｂｒｑｎＷ７ＤＵｐｒ,t/ｚｅ７Ｗｓｑ/meemesoMjonqfZouerZT

oLfにn9the9ualtocd(r)．

NotethatfbraprojectivemodulePoveraring,thereisafreemoduleF

suchthatP＄Ｆ二Ｆ(Eilenberg，strick)Infact,Fistakenasacountable
directsumoｆＰ＄QthatisfreefbramoduleQ・

PmoqfLetn-cd(r)fbrsomeO＜、＜oqChooseapartialfreeresolution
ED-，→…→Ｉ７ｂ→Ｚ→Ooflengthn-1・LetPisthekernelofthe

ｍａｐａ：Ｆｈ－１→Ｆｈ－２,ｗｈｅｒｅＲ１＝ZThenPisprojective,sothereis

afreemoduleFsuchthatP①Fisfree・ReplacingED-1withEu-1①F

andsettingalF＝０，weobtainapartialfreeresolutionoflengtM-1with
ker(a)free． □

TheoremM（Serre)〃TisMomsjonカ℃e9moUpcMr''８ａｓ血moUpqf
伽temdez,theｎcd(1Ｖ)＝cd(r)．

Sketchｑ/PmoqflnviewofProposition6､５above,weneedonlyshow

thatifcd(1Ｖ）＜ＣＯ,theｎcd(r）＜。｡、Supposethatcd(r')＜oQThen
thereisafinitedimensiona1Ｋ(r'’1)-complexwhoseuniversalcoverX'is
afinitedimensional,contractiblefreer'一complex.'Ibprovecd(r)＜ＣＯ,we
constructfromX'afinitedimensional,contractiblefreer-complexXThe

constructionisastraightfbrwardanalogueoftheco-inductionconstruction

fbrmodules，ｗｈｅｒｅｉｔｉｓｏｍｉｔｔｅｄ・Ibcompletetheproof,ｉｔｉｓｓｈｏｗｎｔｈａｔ

ｒａｃｔｓｆｒｅｅｌｙｏｎＸａｓｆbllows・ThereisacanonicalmapX→Ｘノgiven

bｙｅｖａｌｕａｔｉｏｎａｔｌｅｎＴｈｉｓｍａｐｉｓｌｖ－equivalentandtakescellstocells・
SincerﾉａｃｔｓｆｒｅｅｌｙｏｎＸﾉ，ｉｔｆｂｌｌｏｗｓｔｈａｔｒﾉａｃｔｓｆｒｅｅｌｙｏｎＸＦｏｒａｎｙｃｅｌｌ

ぴofX,wehaveronlv＝(1),hencer◎isfinite・Sinceristorsion-free，
thesefiniteisotropygroupsr◎aretriviaL□

ExampleMThegroupSLn(Z）（、三２）hastorsion・ＨｅｎｃｅｗｅｈａＮ'e

cd(SLn(Z)）＝oolthastorsion-freesubgroupsroffiniteindex、The
intersectionofrwiththestrictuppertriangulargroupNhasfiniteindex

imVandhascd＝〃(､－１)/2.Thus,cd(r)三、(､－１)/２１nfact,equality
holds．
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Ｖｉｒｔｕａｌｃｏｈｏｍｏｌｏｇｉｃａｌｄｉｍｅｎｓｉｏｎ

Ａgrouprisvirtuallytorsion-freeifrhasatorsion-freesubgroupof

finiteindex・InthiscaseSerre，stheoremimpliesthatallsuchsubgroups

havethesamecd；ｆｂｒｉｆｌｖａｎｄｌｗａｒｅｔｗｏｔｏｒｓｉｏｎ－ｆｒｅｅsubgroupsoffinite
index,ｔｈｅｎｌｖｎＩｗｈａＳｆｉｎｉｔｅｉｎｄｅｘｉｎｂｏｔｈｌｖａｎｄｒ"，ｓｏｔｈａｔ

cd(r')＝cd(r'ｎｒ")＝cd(r")．

Ｔｈｉｓcommoncohomologicaldimensioniscalledthevirtualcohomological

dimensionofrandisdenotedbyvcd(r)．

Theorem6､ｌ０Ｌｅｔｒｂｅｑｌﾉj伽ｑｌｋ/twwsjon-ﾉｹwee9mo叩ＴＭｖｃｄ(r）＜
ＣＯがｑＭｏｎｌＺ/がthe7weezjstsq/mjtedjmenSjonqJ,ＣＯ､伽ctjbJepmpe7T-

comPlez．

Example6､1１(1).vcd(r)＝Oifandonlyifrisfinite．

(2)．ＩｆＴ＝Ｔｌ*HT2whererlandr2arefinite,thenvcd(r）二１．
Moreover，ifristhefundamentalgroupofafinitegraphoffinitegroups，

thenvcd(r）≦１，whichfbllowsfromSerre，stheoryofgroupsactingon
trees，providingacontractiblel-complexonwhichractsproperlyiwith

finitequotient・Ifvcd(r）≦１，ｔhenStallings-Swantheoremshowsthat
rhasafreesubgroupoffiniteindex，ａｎｄｉｔｉｓｔｈｅｎｋｎｏｗｎｔｈａｔＴｉｓｔｈｅ

ｆＵｎｄamentalgroupofagraphoffinitegroups．．

(3)．Ifrisafinitelygeneratedone-relatorgroup,thenvcd(r）≦２．
Indeed，risvirtuallytorsion-freebyFischer-Karrass-Solitar，andLyndon

showedthefbllowingexactsequence：

O→Ｚ[r/Ｈ]→Ｆ→Ｚｒ→Ｚ→0，

whereFisafreeZr-moduleoffiniterankandHisafinitecyclicsubgroup

ofmNotethatZ[IyH]isafreeZr'一moduleoffiniterankfbranytorsion-
freesubgrouprﾉofTwithfiniteindex・Also,wehaveacontractibleproper
2-dimensionalT-complexwithfinitequotient．

(4)．LetGbeaLiegroupandXitshomogeneousspaceG/Ｋ,where
Kisamaximalcompactsubgroup・ＬｅｔｒｂｅａｄｉｓｃｒｅｔｅｓｕｂｇｒｏｕｐｏｆＧ１ａnd

assumethatrisvirtuallytorsion-free・Thisisautomaticif,fbrinstance,r

isasubgroupofGL"(Z)Itfbllowsthat

vcd(r)三ｄｉｍＸ，

whereequalityholdsifandonlyifrisco-compactinGForinstance，

vcd(SL"(Z))＝､(、－１)/2．
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Proposition６．１２〃rjscLujrtuqllZﾉｫorsjoｎカ℃ｅ９ｍｏＵｐｑＭｒ'ｉｓａｓ心

gmoUp，then

vcd(r')≦vcd(r)，

uﾉﾉWee9uqlZtZ/Mdsが[ｒ：ｒ']＜｡｡．

Eulercharacteristicfbrcomplexes

LetGbeafinitelygeneratedabeliangroupTherank(ortorsion-free

rank)ofGisdefinedby

rankz(Ｇ)＝dimQ(Ｑ②ｚＧ)．

lnparticulaMankz(Ｇ)＝OifandonlyifGisfinite、
LetCbeanon-negativechaincomplexofabeliangroupsWesaythat

OisfinitedimensionalifCj＝Ofbrsuflicientlylargejlf,inaddition,each

Qisfinitelygenerated,thenCiscalledfinite、

SupposethatOisfinitedimensionaｌａｎｄＬ(C)isfinitelygenerated
DefinetheEulercharacterisｔｉｃｏｆＣｂｙ

X(O)＝Ｚ(-1)`rankZHi(C）
。＞０

lfOisthecellularchajncomplexQ(Ｘ)ofafinitedimensionalCW-complex
X,setＸ(Ｘ)＝)((ｑ(Ｘ)),sothat

)((X)＝Ｚ(-1)irankZHXX）
ｉ＞０．

IfXisfinite,thenＸ(Ｘ)＝Ｚｊ(-1)iMheclassicalEulercharacteristicfbr
X，where、ｊｉｓｔｈｅｎｕｍｂｅｒｏｆｊ－ｃｅｌｌｓｏｆＸＩｎｄｅｅｄ，

Proposition６．１３〃Ｃｊｓｑ/ｍｉｔｅｃｈｑｍｃｏｍＰＪｅｚ,ｵﾉＷ、

X(O)＝Ｚ(-1)irankz(q〕
Ｚ

Proposition6・ｌ４ＬｅｔＣ６ｅａ/mjtedjmensZonqMweec/ZaZ7LcompJezouer

Zsuc/2t/Zqt風(C)ｉｓ伽Ｍ２/genemtedLetP6eqprmDenumber.Ｔ/Dｅｎ
Ｃ

X(O)＝工(-1)idimZpHi(C⑭Zp】
Ｚ
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PmoqfLetrj＝dimzpHi(Ｏ)ｐａｎｄｓｉ＝dimzppHt(Ｃ),wherefbrGan
abeliangroup,Ｃｐ＝Ｇ⑭Ｚｐ＝Ｇ/pGfbrpG＝｛ｇｅＧ：〃＝Ｏ｝＝
Tor(ＧＺｐ)．Usingtheuniversalcoeflicienttheorem（orthelongexact

homologysequenceassociatedtotheshortexactsequence：０→Ｏ呉
Ｃ→Ｃ⑭Ｚｐ－→０)，onefindsdimzpHi(Ｏ②Ｚｐ）＝γj＋sj-LOnthe
otherhand,ｓｉｎｃｅＨｉ(C）isadirectsumofcyclicgroups,oneseesthat

r,＝rankzHi(Ｏ)＋sj・Thus,dimzpHi(Ｃ⑭Ｚｐ)＝rankzHt(Ｃ)＋s,＋s，_,．
□

Theorem6・ｌ５ＬｅｔＧ６ｅａ万nite9mo叩ｑＭ化ｔＯｂｅｑ/mjtecljmensjonaノ

c/Ｚａｊｎｃｏｍｐｌｅｚｑ/ｐｍｊｅｃ伽ｅＺＧ－ｍｏＣＭｅａ〃Ｈ*(Ｃｌ）ｉｓ伽teJWenemted，
thensojsH*(ｃｃ),ｑＭ

x(o)＝|Ｇ|)((ｃｃ)．

Corollary616LetGbeq万njte9moUp（ＭletXbe

sMDqMeeG-CWcomplez汕肋Ｈ糸(Ｘ)伽telWenemted・
ｉｓ/ＭｅｌＺ/genemted,ａｎｄ)((Ｘ)＝|ＧｌＸ(Ｘ/G)．

αノmjtedjnze汗

TheML(Ｘ/G）

lfrisagroupsuchthatHi(r)isfinitelygeneratedfbralljandfinite
fOrsufYicientlylargej，ｔｈｅｎｓｅｔ

Ｚ(-1)`rankzHi(r)，x~(r)＝
Ｚ

whichisasortofEulercharacteristicfbrT,ｂｕｔｎｏｔａｌｗａｙｓｒｉｇｈｔｉｎａｓｅｎｓｅ

ａｓｅｘｐlainedbelowandthatthisEulercharacteristicisignorantoftorsion

dataofr(or瓜(r))andisinthesamespiritasdefiningourK-index．

Corollary6､ｌ７Ｌｅｔｒ６ｅ(ＷｏＵｐＭｔ/2cd(r)＜ｏｏｑＭＪｅｔｒ'６eqnormql

s山､Cupけｶﾞｯ,jtejMez.〃瓜(r'脳伽telZ/gene伽ed,ｵﾉWDsojsL(r)，
`Ｍｘ~(r')＝[r;r'])(~(r)．

PmoqfLetPbeaprojectiveresolutionoffinitelengthofZoverZr,letＧ＝

r/r',andＯ＝Piv＝ＺＧ⑭zrP・ＴｈｅｎCisafinitedimensionalcomplexof
projectiveZC-modulessuchthatH隙(C)＝Ｈ*(r')ａｎｄ風(ｃｃ)＝瓜(r)．
□

Eulercharacteristicfbrgroupswiｔｈｏｕｔｔｏｒｉｓｉｏｎ

Ａｇｒｏｕｐｒｉｓｓａｉｄｔｏｂｅoffinitehomologicaltypeifvcd(r）＜ＣＯ，
andforeveryr-moduleMwhichisfinitelygeneratedasanabeliangroup，

HXr,Ｍ)isfinitelygeneratedfOrallj・Ifristorsion-free,thenvcd(r)＜oo
impliescd(r)＜○○．
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Ｌｅｍｍａ６､１８〃ｒｊｓｑ９７Ｄ叩ｑＭｒ'ｊｓｑｓｕ町moUpqf戸mteindez,ｔｈｅｎｒ

ｊｓ吋冗njteho7刀olO9icaltWelWzMonJZ/がｒ'ISSC．

Supposethatrisoffinitehomologicaltypeandtorsion-free・Define

the(Brown，s)Eulercharacteristicofrby

Ｚ(~1)jmnkzHj(、x(r)＝
』

Inthiscase,Ｘ(r)＝Ｘ~(r).Also,ifPisafiniteprojectiveresolutionofZ
overZr，ｔｈｅｎ

）((T)＝Ｚ(-1)jrankz(Z⑭ZTEj）
ｊｚＯ

(Serre，sEulercharacteristicofr)．

Example6・ｌ９ＬｅｔＦｈｂｅｔｈｅｆｒｅｅｇｒｏｕｐｗｉｔｈｎｇｅnerators・Thereexists

aK(凡,1)-complexwithonevertexandnl-cellsHenceX(凡)＝１－〃
Then-torusT"ｉｓａＫ(Zn,1)-complexwithEulerchracteristic)((T､)＝

)((T)…Ｘ(T)＝０.HenceX(Z”)＝O
LetrbethecommutatorsubgroupofSL2(Z)．Ｔｈｅｎｒ＝脇．Hence

)((r)＝１－２＝－１Notethatrisofindexl2inSL2(Z)．

Theorem6､２０〃rjstorsjonガ℃ecMWmjtebomolO9jcqltZ/ＰｅａＭｒ'js

qsu幼ｍＵｐｑｆ/mjtejMez,ｵﾉZｅ７ｕ

x(r')＝[ｒ:ｒ'])((r)．

Corollary6､２１Fbrq9moUpeztensjon1→ｒ－→Ｅ→０－→lsuc/Ｚｔ/DcLtr

jstorsion-/meeqndoLf/mitehomolo9jcqJtz/ｐｅＣＭＧｊｓｑ/prjmeomderp,が

pdoesMdjujdeX(r),ｵﾉZe〃theez伽sjonSpIjts.（〃ｒ＝凡,thensuc/Zα〃
eztensjoMoSplj川ｈｅｎｅｕｅｒｐｄｏｅｓｎｏＭＭｄｅｎ－１.）

Pmoq/:ThegroupEnecessarilyhastorsion;fbrifitweretorsion-free,then

pmustdevide)((r),contrarytothehypothesis・LetHbeanon-trivial
finitesubgroupofESinceristorsion-free,Ｈｎｒ＝(1)、ThusHis
mapedinjectivelytoGSincelGlisprime,Hismapedisomorphicallyand
itprovidesasplitting． □

Eulercharacteristicfbrgroupswithtorision

lfrisagroupoffinitehomologicaltype,ｔｈｅｎwechooseatorsion-free

subgrouprﾉoffiniteindexandset

x(r)＝[ｒ:1M]－１)((r')ＥＱ
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ｗｈｅｒｅｉｔｉｓｓｈｏｗｎｔｈａｔｔｈｅｒｉｇｈｔｈａｎｄsideismdependentofthechoiceof

rﾉ．Indeed,supposethatT〃isanothersuchsubgroupandletro＝Ｉｖｎｌｗ・
Ｔｈｅｎ

ｘ(r'） ｘ(ro） Ｘ(ro）

［ｒ:Iv］［ｒ:1Ｖ][1Ｖ:ｒｏ］［ｒ:ｒｏ］

andsimilarly[ｒ:ｒ"]-1)((r")＝[ｒ:ｒｏ]-1)((ro)．

ExampleM2Ifrisfinite,thenwecantaker'＝(1)and

ｘ(r)＝lrl-1、

Ifr＝SL2(Z),thenwetakeT'asthecommutatorsubgroupand

×(SL2(Z))臺帯芸
Proposition６．２３(1)UrjstomsioMveeqndqf/mjtebomolO9icqltZ/pe，
then

Ｘ(r)＝X~(r)＝Ｚ(-1)`dimz露Hi(r,Z，）

んｒｑｎＺ/PlW7zeP．

(2).Ｌｅｔｌ→ｒ'→ｒ→ｒ''→１beqshortezqctse9uenceq/gmoUpsm伽
ＩＷＭＴ''ｑｆ/injte/Zomol叩jcqltZ/Pe．〃rjsuirmqllytoTsjoWｹwee,ｔｈｅｎｒ

ｊＳｑﾉｶﾞnjtehomoJo9jcqltWeCM

）((r)＝)((1M))((r")．

(3).Letｒ＝Ｔｌ*Ｈｒ２６ｅｑｎｑｍ山qmqf9moUPs,ｕﾉﾉZemerl,ｒ2,ＱｎｄＨ
ｑｒｅｑｆ/、Ｉｔｅ/Zomol叩jcaJtZ/pe．〃ｒｉｓｕｊ伽qJlZ/ｔｏ耐on-ﾉｹwee，ｔ/ＷＤｒｊｓｑノ

ノｍｉｔｅ/ZomolO9MLltZ/PｅｑＭ

X(r)＝Ｘ(Ｔｌ)＋Ｘ(r2)－)((Ｈ)．

Sketchq/Ｐｍｑｆ(1).Thefirstequalityfbllowsbydefinitionandthesecond
equalityfbllowsfromProposition6､１４givenabove．

(2)Letrobeatorsion-freesubgroupofrwitllfiniteindexwhoseimage
TUinlwistorsion-freeLetr6＝ｒｏｎｒ'・C1aimthat

[r:ｒｏ]＝[r':Ｔｂ].[1Ｗ:rU]；

fbr[ｒ：ｒｏ]＝[Ｔ：ｒ'ro]・[TTC：ｒｏ]andtheisomorphismlawsofgroup
theoryimplythat[ｒ：ｒ'ro1＝[r〃：ｒ３]ａｎｄ[Ivro：ｒｏ]＝[r'：Ｔｂ]、
Therefbre,wereplacethegivenexactsequencebyl→r6-→ｒｏ→ｒ６→1，
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sothatwemayassumethatr',ｒ,andlwaretorsion-freeThencd(r)＜･･，
andtheHochschild-Serrespectralsequence：

露q＝Ｂｉ,(r",Hb(r',Ｍ))=Ｈ),+9(T,Ｍ）

showsthatrisoffinitehomologicaｌｔｙｐｅＮｏｗｔａｋｅＭ＝Ｚ2．Since

H*(r',Z2)isfinite,thereisasubgrouprUoflwwithfiniteindexwhichacts
triviallyonitReplacingr"byrUandrbytheinverseimageofr6,wemay

assumethatr"actstriviallyon風(r',Z2)ThenＥ;q＝ＨＰ(r",Z2)⑭Z，
H､(1Ｖ,Ｚ２)．ComputingEulercharacteristicsfromthisspectralsequence，
weobtainX(r)＝)((r')Ｘ(r")．

(3).Thisfbllowsfromthestatement(3)inthenextproposition,applied
tothetreeassociatedtorl＊Ｈｒ２． □

Example624SinceSL2(Z)=Ｚ４*zzZ6andPSL2(Z)＝Ｚ２＊Ｚ３，

％(SL2(Z))=;+;_；-吉
１

×(ＰＳ恥(z))=;+;－１－－５
LetMbbeaclosedRiemannsurfacewiｔｈｇｅｎｕｓｇＥ２）ａｎｄｒ９

７Ｔ１(Ｍｂ).Sincerg二F１２*zFbg-2,itfbllowsthat

)((rg)＝)((E2*z団9-2)＝Ｘ(皿)＋Ｘ(Fbg-2)－)((Z）

＝(1-2)＋(1＋２－２９)＋０＝２－２９＝ｘ(Ｍｂ〕

ＲｅｍｃＬｒＡｑｌｔｓｅｅｍｓｎｏｔｃｌｅａｒｔｏｅｘｔｅｎdthedefinitionofEulercharacteris-

tic(orK-index)fbrC*-algebraswithtorsion-freeK-groupstothosewith
K-groupswithtorsion,withoutdeletingtorsiondata・OurK-indexisigno-

rantoftorsiondataThatpointofviewfbrextendingthenotionwillbe
discussedsomewhereinthefilture・

NowsupposethatXisaT-complexsuchthateveryisotropygroupr◎

isoffinitehomologicaltypeandXhasonlyfinitelymanycellsmodr・

DefinetheequivariantEulercharacteristicXr(Ｘ)fbrsuchXbysetting

）(｢(X)＝Ｚ(-1)、(｡)X(r･)，
ｏＥＣ

whereCisasetofrepresentativesfｂｒｔｈｅｃｅｌｌｓｏｆＸｍｏｄｎＮｏｔｅｔｈａｔ

Ｘ(r)＝ＸＴ(point).Thus,theequivariantEulercharacteristiccanbeviewed
asageneralizatioｎｏｆＸ()．
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Proposition６．２５(1).〃ＸＴ(Ｘ）jsdG/ｍｅ(ＺｑＭｒ'jsas血ｍｏＵｐｑｆｒＭｔｈ

伽temdez,ｔｈｅｎ)(T,(Ｘ)jsda/me｡,ａｎｄ

Xr,(Ｘ)＝{ｒ:ｒ']Ｘｒ(Ｘ)．

(2).〃)(r(Ｘ)ＭＱ/medqMeqc/ZrojstorsjoM℃e,仇eMDeequZfMqnt
/ZomolO9ZﾉＨＩＰ(Ｘ)ＭｍＭＷｅ"eMed川ｄ

）(r(X)＝XF(X)＝Ｚ(-1)irankZHF(X)．

(3)．SUppose仇ｑｔＸＺｓａｃｏｎ伽ctj肌r-complezsuc/Zt/ZqtXr(Ｘ）js
cMned．〃ｒｊｓｕｊ伽ａｌｌ!/Msjon-/Ｍ,ｔ/Ｚｅｎｒｊｓｑﾉﾉｍｊｔｅ/Do77BolO9icqltWe

aMX(r)＝Ｘｒ(Ｘ)．

SAetchqfPmoqfTbprove(1),fixacelloofXConsiderthesetrひ
ofcellswhichareequivalenttoひmodmThereisal-1correspondence

betweenlbandr/ｒｏ,sothatitdecomposesintofinitelymanylv-orbits，
representedbythecells'Wwhere7rangesoverasetSofrepresentatives

fbrr'１r/roNotethatr；｡＝r'ｎｒ７｡＝r'n71W-1,whichisconjugate
inrto7-1rﾉＴｎｒ◎．Therefbre，

Ｚ(－１)dim(1.)x(r'mTo7-1)＝(－１)dim(｡)Ｚｘ(7-1r'7nr｡）
γＥＳγＥＳ

＝(-1)dim(｡)Ｚ[r゜:7-1r'７nr｡]x(r･）
γＥＳ

＝(_1)dim(｡)[ｒ:Ｔｌ]ｘ(rｸﾞ)．

、prove(2),considertheequivarianthomologyspectralsequence：

場q＝①pEepHb(roZ｡)＝H;ＭＸ)，

whereEpisasetofrepresentativｅｓｆｂｒｔｈｅＤｃｅｌｌｓｏｆＸｍｏｄＥＳｉｎｃｅｒ◎
istorsion-freeandoffinitehomologicaltype,瓜(r･)isfinitelygenerated

HenceHF(X)isfinitelygenerated,andwecancomputeXfY(Ｘ)fromthe
E1-termofthespectralsequence、ＮｏｗａｓｓｕｍｅｔｈａｔｒヮactstriviallyonZ◎
fｂｒａｌｌｑｓｏｔｈａｔ

XF(X)＝ＥＺ(-1)州rankzHi(r・）
ｐ’９ぴECP

＝ＺＺ(-1)，x(r･)＝xp(x〕
ｐワｅｃｐ
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Inthegeneralcase,notethatallEulercharacteristicscanbecomputedfrom

homologywithZ2-coefIicients・Sinceroactstriviallyon(Z2L,theresult
fbllowsfromasabovefromtheequivarianthomologyspectralsequencewith
Z2-coefIicients・

ItsuHicestoprove(3)whenristorsion-freeSinceXiscontractible，
wehaveH*(r,Ｍ)＝ＨＰ(X,Ｍ)fbranyT-moduleM,andsimilarlyfbr
cohomology､AspectralsequenceargumentthenshowsthatHi(r,Ｍ)＝O
fbrj＞ｄｉｍＸ＋max{cd(r・)}＋１andthatH*(r,Ｍ)isfinitelygenerated
ifMis・HencerisoffinitehomologicaltypeMoreover，

）((r)＝Ｘ~(r)＝ＸＦ(Ｘ)＝)(r(Ｘ）

becauseristorsion-free,凪(r)二郎(Ｘ),and(2)inthestatement．□
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