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Explicit computing the real or complex 

operator norms for matrices 

TAKAHIRO SUDO 

Abstract 

We mainly consider the real or complex operator norms for real or com-
plex matrices on finite dimensional Hilbert spaces. We compute the real 
operator norm for real matrices directly and explicitly in terms of their 
entries, and similarly compute the complex operator norm for complex 
matrices. We also consider the real or complex operator norms of opera-
tors on Hilbert spaces, respectively viewed as the supremums of quadratic 
or Hermitian forms on the spaces. 

Primary 15A60, 15A63, 47 A30, 47 A07. 

Keywords: operator norm, matrix, Hilbert space, polar coordinate, quadratic 

form, Hermitian form. 

1 Introduction 

We mainly consider the real or complex operator norms for real or complex ma-

trices on finite dimensional Hilbert spaces. ¥,Ve compute the real operator norm 

for real matrices directly and explicitly in terms of their entries, and similarly 

compute the complex operator norm for complex matrices. For computing, we 

use the polar coordinate in the real or complex finite dimensional, Hilbert (or 

Euclidean) spaces. It turns out that computing the operator norms of operators 

is out of checking the spectrums (or in particular, eigenvalues) of operators in 

general, especially in the nilpotent or non-normal cases. But in fact, computing 

the operator norms of operators is equivalent to knowing the spectrums (or in 

particular, eigenvalues) of positive operators as products of operators with their 

adjoints. However, both of doings are difficult in a sense as computationally or 

theoretically. 

In this section 1, as preliminaries we review several well known elementary 

general facts on operators on (finite or infinite dimensional) Hilbert spaces as 

well as real or complex matrices in Linear Algebra. Section 2 is devoted to 

the 2 x 2 matrix case. Section 3 is to the 3 x 3 matrix case. Section 4 is to 

the general n x n matrix case. The results obtained in Sections 2 to 4 with 

direct and explicit computations should be some interesting and useful (as well 
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might be some new) as for references and conveniences, and be self-contained 

for readers. In Section 5, we consider the real or complex operator norms 
of operators on finite dimensional Hilbert spaces, respectively viewed as the 

supremums of quadratic or Hermitian forms on the spaces. In Section 6, we 

consider the case of infinite dimensional Hilbert spaces. The results in Sections 
5 and 6 should be known to some extent, but some interesting as for the same 

reason as above. 

Among not a few references, only cited are Bhatia [1] for Matrix Analysis, 

Conway [2] and Maeda [4] for Functional Analysis, Murphy [6] for C*-algebras 
and Operator theory, and Satake [7] for Linear Algebra, and [5]. More references 

such as Fong, Radjavi, and Rosenthal [3] on related topics can be found in the 

references of [l] and [2]. Also may refer to [8] for the polar coordinate in real 
Euclidean spaces. 

Let us begin with several elementary general facts on operators on Hilbert 

spaces. Let H be a finite dimensional, real or complex Hilbert (or Eucledean) 
space, that is, 尉 orC尺over良 ofreals or (C of complexes respectively. ¥Ve 

denote by the same symbol H a separable infinite dimensional, real or complex 

Hilbert space. The real or complex operator norm for A a real or complex 
linear operator from H to H is defined to be the supremum: 

IIAII = sup IIAxll = sup{IIAxll Ix EH, IはII=l}, 
xEH,Iに11=1

with the norm squared llxll2 =〈x,x〉the(real or complex) inner product of H. 
If IIAII is finite, then A is said to be bounded. We denote by屈(H)the set of all 
bounded operators on H (either finite or infinite dimensional). 

IfH=<C尺then〈x,x〉＝区7=1巧巧 forx = (x1) EH  with巧 thecomplex 
conjugate of Xj E <C. 

Lemma 1.1. The operator norm IIAII for A E JIB(H) is invariant under the 
orthogonal or unitary equivalence in the sense that 

IIVAVtll = IIAII or IIUAU*II = IIAII 

for any orthogonal operator V or any unitary operator U on H, with transpose 
vt — t 

= v-1 and adjoint U* = U = u-1 as inverses. 

Proof. It is enough to show the unitary case as follows: 

IIU AU* 112 = sup IIU AU*xll2 
xEH,11叫l=l

sup 〈AU*x,AU*x〉= sup 〈Ay,Ay〉=IIAll2-
xEH,IIU→ 11=1 yEH,IIYll=l 

口

Lemma 1.2. The operator norm of either an o廿hogonaloperator or a unita可

operator on a Hilbert space H is one. 
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Proof. Let I be the identity operator on H. Then it follows that 

IIVll2 = sup 〈Vx,Vx〉= sup 〈vtvx,x〉
xEH,[[エ[[=l xEH,[[xll=l 

sup 〈Ix,Ix〉=111112 = 1 
xEH,[[叫[=l

and similarly, IIUll2 = 111112 = 1. 

The spectrum of a bounded operator T E四(JI)is defined to be the set: 

cr(T) = {入 ECl入I-T t/c GL(H)}, 

where GL(H) is the group of invertible operators in胆(H).

口

IfH=C尺 thencr(T) is equal to the set of all eigenvalues of T. But in 

general, the set of all eigenvalues of T is strictly contained in cr(T), as well 

known. 
The spectral radius of T is defined by 

r(T) = sup I入I三 sup{l>-1I入Eび(T)}.
入Ea(T)

Lemma 1.3. For any TE屈(H),we always have r(T)~IITII-

Proof. Suppose that lμI > IITII with ft E IC. Then 1tl -T =μ(I -μ-1T) with 

1111―1TII = lμl-1IITII < 1, and henceμI-TE GL(H). Thusμr:t (J'(T). ロ

Lemma 1.4. If A is a diagonal operator of JB(H) with eigenvalues a1皿 th

respect to an o叫hogonalbasis {e1} of H, then IIAII = supj In』=r(A), with 

び(A)eq・ual to { a山 theclosure of the set { Ctj}. 

Proof. For x =区］ゲjEH  with Xj E IC, we have Ax= I:1 XjCtjej. Thus, 

l!Axlド=I: 巳叫2さsupia1i2LI巧ド=supla1ドllxll2,
J J J J 

and hence IIAII ::; supJ la』.On the other hand, IIAej II = llaje』I=la』.Thus, 

la』::;IIAII for any j. 

Also, sinceび(A)is compact, it contains the closure {叫］

Suppose now that入¢ 屈 }J.Then there is an open ball U(入，5)= {z E 

q lz -入I< 5} such that U(入，5)n {a山=0. Then for区］ゲjEH, 

（入I-A)(区 x凸）＝区（入— Cl!j)ゲJ

a diagonal operator with [入 -Q』2'.8 > 0 and [入— a』 :s: I入I+supj [a1[. Hence 

入I-A is invertible in JB(H). Thus, 入¢ ぴ(A).Thereore, a(A) C { a山． ロ
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Lemma 1.5. Let A be a normal n x n complex matrix on H = IC尺 with

AA* = A* A, then IIAII (A) = r , and is equal to the maximum of the set of 
absolute values of eigenvalues of A. 

Proof. It is known that a normal A is diagonalizable, i.e., there is a unitary U 
on H such that U AU* is diagonal, and the set of eigenvalues of U AU* is the 

same as that of A. ロ

Remark. It is known by [6, Theorem 2.4.4] that a compact normal operator 
in lBl(H) is diago叫 izable,but normal operators of lBl(H) are not necessarily 

diagonalizable. For instance, the bilateral shift S defined as Sej = eJ+1 for 
j E Z of integers with (ej) an orthogonal basis for H infinite dimensional is 
unitary, but it has no eigenvalues. • 

We denote by Mn(<C) the set of all n x n matices over IC and by Mn(lR) the 
set of all n x n matices over良

There are several useful facts from Linear Algebra as follows (cf. [7]). 
(Ul) For any A E Mn(<C), there is a unitary U E Mn(<C) such that U*AU 

is upper triangular. 
(U2) For any A E Mn(<C), A is normal as AA* = A* A if and only if A is 

diagonalizable as U* AU by a unitary U. 
(U3) For any self-adjoint A E Mn(<C) with A* = A, there is a unitary 

U E Mn(<C) such that U* AU is diagonal with real entries. 
(U4) For any (real) symmetric A E Mn(恥） with A1 = A, there is an or-

thogonal VEルIn(罠） such that Vt AV is diagonal with real entries. 

Remark. It follows from those facts that computing the operator norm for 
matrices in Mn (IC) is reduced to doing those for upper triangular or diagonal 
matrices in Mn(<C). For A as in the facts (U2) to (U4), IIAII is computable by・ 
Lemmas 1.1,1.4, and 1.5. • 

(U5) For any anti-symmetric A EM叫~) with A1 = -A, there is an orthog-
onal VE M叫~) such that 

vtAv = (④似0)① （吟~1(~゚ ~j 信））
the diagonal sum of 1 x 1 or 2 x 2 matrices over恥 forsome k1, k2 2: 0 with 

柘 +2朽 =n.
(U6) For any orthogonal A EM晶~) with At= A-1, there is an orthogonal 

VEM喜） such that 

『AV=(亨1)① （閾こ1-1) (亨（二~(}j :~: 塁））
the diagonal sum of 1 x 1 or 2 x 2 matrices over良 forsome k1, k2, k3 2: 0 with 

柘＋柁 +2島 =n.

Lemma 1.6. If A E JIB(H) is a diagonal sum A1① A2 with respect to the direct 

sum H = H1 〶 H2 of Hilbert spaces, then IIAII = max{IIA叶l,IIA叫I}.
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Proof. For x = x1① X2 E H1④ H2, we have IIAixill = IIAxill :S: IIAllllx』Ifor 

j = 1, 2. Thus IIA』I:s: IIAII• 
Conversely, by Phthagoras'theorem for Hilbert spaces, IIA(x1 〶四）112 = 

IIA1x1ll2 + IIA虹 2112:S: max{ IIA叶12,IIA叶戸}(llx1112+ llx叩） with llx1 ffi x叶ド＝
llxill2 + llx2ll2. Hence, IIAII :S: max{IIA叶l,IIA叫I}. ロ

Lemma 1. 7. Let A and B be bounded operators on a Hilbe廿 spaceH. Then 

IIABII :s: IIAIIIIBII• 

Proof. We have IIABxll :S: IIAIIIIBxll for any x EH, so that 

IIABII = sup IIABxll :S: IIAII sup IIB叫l=IIAIIIIBII.
xEH,11叫l=l xEH,11叫l=l

口

As for the similar equivalence for operators, 

Corollary 1.8. For bounded operators A, P, p-1 E JB(H), we have IIP-1 APII ::; 

IIP-1 II IIAII IIPII and IIAII ::; IIPII IIP-1 APII IIP-1 II-In pa仕icular,lさ:11P-1IIIIPII-

(S1) For any A E Mn((C), there is an invertibl_e PEル1n(C) such that 
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the diagonal sum of Jordan block n1 x nj matrices J叫屈） for some kミ1,with 

n1 +・・・+以=n and each 1 _::::: 巧_:::::n. 

2 The 2 x 2 matrix case 

Let A be a 2 x 2 matrix over reals (or股）， thatis, 

A = (: !) , a, b, c, d E恥

The real operator norm for A on the real 2-dimensional Hilbert (or Euclidean) 

space配 isdefined by 

IIAII = sup IIAxll 
xE配，II叫l=l

with llxll = J可了言 forx = (x1, 砂）t E記 where(・/ means the vector 
transpose. Since the real I-dimensional unit sphere S1 in配 isgiven by the 
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equation co茫0+ sin2 0 = 1 for 0 E [O, 21r] by trigonometric functions, with 

S1 3 x = (cos0,sin0)t the polar coordinate, we compute 

IIAll2 = sup IIA(cos0,sin0)1ll2 
0E[0,21r] 

= sup ll(acos0 + bsin0, ccos0 + dsin0)り12
0E[0,21r] 

and moreover, 

II (a cos0 + bsin 0, c cos 0 + d sin 0)り12
= (a cos 0 + b sin 0)2 + (ccos 0 + dsin 0)2 

= (a2 +召）cos2 0 + (b2 +沿）sin2 0 + 2(ab + cd) cos0 sin 0 

= b2 +祈+(az +召-bz -炉）cos2 0 +(ab+ cd) sin 20 

= b2 +が+(a2 + c2 -bz -炉）（
1 + cos20 

2 
) +(ab+ cd) sin 20 

1 1 
=-(a2+b2+召＋沿）＋ー(a2+ c2 -b2 -炉）cos 20 +(ab+ cd) sin 20, 

2 2 

and furthermore, by the additive theorem for trigonometric functions, 

1 
-(az +召-bz -沿）cos 20 +(ab+ cd) sin 20 
2 

= a sin 20 + (3 cos 20 = Jc_戸ご戸（
a 

sin20 + 
(3 

~ ~ 
cos 20) 

＝｀戸丁瓦in(20+ "!) 

where cos"/= C< and sin'Y = f3 
~ ~ ・

It then follows that 

Proposition 2.1. The square of the real operator norm for a 2 x 2 matrix A 

with (1, 1), (1, 2), (2, 1), (2, 2) entries as a, b, c, d in瞑 isgiven by 

1 
IIAll2 = -(a2 + b2 + c2 + dり+J;戸丁亙

2 

where a = ab + cd and (3 =厨+c2 -b2 -dり， with

1 
［戸了戸=-v((砂 +dり+(b2十庄））2 -4(a叩 +b叩） + 8abcd. 

2 

The supremum for the operator norm is attained at (cos 0, sin 0) with 20+"! = 

i (mod 21r). 
In particular, 

Corollary 2.2. If A is an upper triangular 2 x 2 matrix with c = 0, then 

1 
IIAI門=-(祈+b2 +炉） +va叩＋伊，

2 
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where /3 =も(a2-b2-沿）， with

1 
✓a叩＋伊＝—凶(a2 + d2) + b叩ー 4a叩．

2 

If A is a nilpotent upper triangular matrix with a = c = d = 0, then 

IIAll2 = b2 2: 0 = r(A). 

If A is a diagonal matrix with b = c = 0, then 

1 
IIAll2 = -(祈＋松）＋

1 
-la2 -d21 = max{a2, 沿}= r(A)乞

2 2 

Corollary 2.3. If A is symmetric as the transpose At= A with b = c, then 

IIAll2 =賛(a2+ 2b2 +炉） +~ 万2= r(A)汽

where a= (a+ d)b and fl=杯(a2-d2), with 

1 
ぃ戸了戸＝—凶(a2 + d2) + 2b叩ー 4(a研 +bり+8ab箪

2 

If A is anti-symmetric as At= -A with a= d = 0 and c = -b, then 

IIAIド=b2 = r(A)乞

Moreover, if A E M厄） is anti-symmetric and vt AV has the form as in (U5) 
in Section 1, then IIAII = max区追2 lb』・

Corollary 2.4. Suppose that A is an inve仕ible2 x 2 real matrix. Then 

1 1 IIA ― 1 附＝（砧＋炉＋召＋炉）＋ ✓(a~戸＋（炉）主
2(detA)2 idetAI 

where a~ = -(ac + bd) and炉＝抄（が +c2-b2-aり．

Proof. Note that the inverse A-1 of A is given as 

A―1 = de~A (!c -}) 

with det A = ad -be the determinant of A. Then use Proposition 2.1. ロ

Example 2.5. Let 

A = G『)with A―1 = G~b) 

for b E罠.Then 

1 1 
IIAll2 = 1 + -b2 + -✓ 函二111=IIA―111乞

2 2 
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It follows that 
1 1 

IIAIIIIA―ill= 1 + -b2 + -,/: 面□戸．
2 2 

Let 

A=  (cos0 sin0) with A―1 = cos 0 -sin0 
-sin0 cos。 (sin0 cos。)

for 0 E [O, 2元.Then 

IIAll2 = 1 + !/4-4(cos40 + sin40) -8cos20sin20 
2 
1 =1+ う ✓4-4(cos20+sin20)2 = 1 = IIA―1112. 

Moreover, if A E M叫R)is orthogo叫 andV1AV h邸 theform as in (U6) in 

Section 1, then IIAII = 1. 
Let 

み(a)=(~!)EM厄）．
Then 

llh(a)ll2 
1 1 ＝記＋う +~~a2=r(み(a))乞

In particular, we have llh(O)II = 1 > 0 = r(h(O)). • 
Lemma 2.6. An upper triangular 2 x 2 matrix A over reals or complexes is 
normal if and only if A is diagonal. 

Proof. We compute 

AAt=(~!)(~ ~)=(a2~ 炉塁）
and 

At A = G~) (~:) = (:: ~g) 
That AAt = At A implies that b = 0 from (1, 1) entry. The complex case follows 

similarly. ロ

We now consider the complex case. Let A be a 2 x 2 matrix over C, that 

，
 

s
 

.
l
 

A = (: :) , a, b, c, d E C. 

The (complex) operator norm for A on the complex 2-dimensional Hilbert (or 
Euclidean) space C2 is defined by 

IIAII = sup IIAzll 
zEC2 ,llzll=l 
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with llzll = ✓lz112 + lz附 forz = (zぃ砂）t = (lz1le'P1, lz2leiP2)t E CC2 the polar 
decomposition by polar coordinate for p1, p2 E [O, 2rr], where i2 = -1. Since the 
unit sphere in CC2 is given by the equation lz1門十悦菫=1, we set (lz1I, lz叶）＝
(cos 0, 叩in0) for 0 E [O, 2rr], and we compute 

IIAll2 = sup IIA(zぃzが112
zEC2 ,ffzlf=l 

sup ll(az1 + bz2, cz1 + dzが112
茨 C2,ffzlf=l

and moreover, 

ll(az1 + bz2, cz1 + dzが112

= (lal2 + icl2)lz1ド+2Re((ab + cd)z122) + (lbl2 + ldl2)lz2ド
= (lal2 + I州） cos2 0 + 2Re((ab +面）ei(p, -p2)) cos 0 sin 0 + (lb已＋犀）sin2 0, 

where Re(・) means the real part and芝 isthe complex conjugate of z E C. 

By using the explicit computation in the real case and Proposition 2.1, we 

obtain 

Proposition 2. 7. The square of the complex operator norm for a 2 x 2 matrix 
A with entries a, b, c, d in C is given by 

IIAll2 =~(lal2 + ibl2 + icl2 + ldl2) + sup ✓ a(p1, P2戸＋伊，
P1 ,p2E[0,2吋

where a(p1, P2) = Re((ab + cd)ei(p,-p2l) and (J =も(lal2+ icl2 -lbl2 -ldl2), and 
moreover, the supremum of the second term above is given by 

sup ✓a(p1,P2戸＋伊＝｀戸+(ii, where a = lab+ c副．
Pl,P咋 [0,2,r]

Further-more, this formula contains that f o竹nulaof Proposition 2.1. 

Proof. Just note that 

IRe((ab + cd)ei(p,-p2))I~jab+ c司，

so that 
sup [Re((ab+面）ei(p, -P2l)[ = [ab+ c祉

p,,p年 [0,2,r]

ロ

3 The 3 x 3 matrix case 

Let A be a nilpotent upper triangular 3 x 3 matrix over reals as 

A~G >, :~:)'u,, E股 (i<; j). 
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We compute the real operator norm of A via the polar coordinate for the 

real 2-dimensional unit sphere S2 in配 as:

IIAll2 = sup IIAxll2 
xEIR3 ,II叫l=l

sup IIA(sin 0 cos r.p, sin 0 sin r.p, cos 0)り12
0E [O, 1r],cpE [0,21r] 

and moreover, 

IIA(sin 0 cos <.p, sin 0 sin <.p, cos 0)り12
= (a12 sin0sin<.p + a13 cos0)2 + aぶcos20 

=aむsin2 0 sin 2'P + (aむ+aぶ）cos2 0 + 2a12叩 sin0 cos 0 sin <.p 

=aむsin2<.p+(-aむsin2'P+ a孔 +aぶ） ~1 + cos20 + 
2 
( )  a12叩 sm2恥 in<.p

1 1 
= -(aむsin2<.p + a孔+a羞）＋ー(-aむsin2<.p +心 +aぶ）cos 20 + a12釘 3sin <.p sin 20, 

2 2 

and furthermore, by the additive theorem for trigonometric functions, 

1 
a直 13sin <.psin 20 + -(-aむsin2<.p十 aI3+ aぶ）cos20 

2 

where 

三 ct(ゃ）sin 20 + (J(叫cos20= yet(ゃ）2 + (J(<.p)2 sin(20 + 7(<.p)), 

1 
cos1(cp) = 

Ja(叫+f3(cp)2 
a12釘 3sin cp, and 

sin1(cp) = 
1 1 

-(-aむsin2cp + a予3:aぶ）．
ya(cp)2 + f3(cp)2 2 

We then compute a(cp)2十 f3(cp)2

=aむaf3sin2 cp 十 ~((-aむ sin2 cp + 誓+2(-aむsin2cp + a孔）心 +aぶ）

1 
= -(aむsin4cp +心 +aぶ+2aむ(ai3-aぶ）sin2 cp + 2aむa弘）．

4 

Since 0 and cp are independent, it follows that 

Proposition 3.1. If A=  (ai1) is a nilpotent upper triangular 3 x 3 matrix over 
股 asabove, then with cp =~, 

IIAll2 =~(aむ+af3 + aぶ）十 ya(評＋疇）2 2: 0 = r(A), 

with a(告） = a12a13 and (3(吾）＝ら(-af2+ af3 + a~3), and with 

冗．

a()2 
冗02 1 

2 
—+ f3(-) = -(af2 + af3 + ai3 + 2ai2(a『3-a~3) + 2ai3a~3). 

') 4 
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_As for the complex case, note that for the polar decomposition 

z = (z1, z2, z3)1 = (lzi le'P1, lz叫eip2,I叫eipふ)tE (C3 

with p1, pかp3E [O, 21r], the condition llzll = 1 is equivalent to the condition 

lz112 + lz212 + lz312 = 1. Then we use the polar coordinate for (lzil, lz2I, lz3l)f as 

(lz1 I, lz2I, lz3I) = (sin 0 cos rp, sin 0 sin rp, cos 0) 

for 0 E [O, ぎ]and rp E [O, ぎ］．
It follows from the similar computation as for Propositions 2.7 and 3.1 that 

Proposition 3.2. If A=  (aij) is a nilpotent upper triangular 3 x 3 matrix over 

CC as above, then 

IIAll2 =~(la12l2 + la1計+la23ド）＋、戸□ミ0= r(A), 

皿 tha=  I叩 adand f3 =½(-la12l2 + la1312 + la2臼）．

In the real case, more generally, let A be an upper triangular 3 x 3 matrix 

over reals as 
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We 
!IAll2 = sup IIAxll2 

xE配，1に11=1

sup IIA(sin 0 cos cp, sin 0 sin cp, cos 0/ 112 
0E[0,7'], 咋 [0,27']

and moreover, 

!IA(sin 0 cos cp, sin 0 sin cp, cos 0)り12
= (a11 sin 0 cos cp + a12 sin 0 sin cp + a13 cos 0)2 

+ (a22 sin 0 sinゃ十 a23cos 0)2 + aぶcos20 

= ai1 sin2 0 cos2 cp + (aむ+a岱）sin2 0 sin2 cp + (ai3 + a~3 + a品）cos2 0 

+2a団 12sin2 0 cosかsincp + 2a11 a13 sin 0 cos 0 cos cp 

+ 2(a12叩+a22a23) sin 0 cos 0 sin cp 

＝叱cos2cp + (aむ+a羞）sin2 cp 

+[-a右cos2cpー(aむ+a羞）sin2 cp + aむ+aぶ+a畠ー 2a11a12cos cpsin cp] cos2 0 

+2au叩 COSかsincp+ [a研 13coscp + (a12叩+a22知）sin cp] sin 20 

= (aむ＋心） + (a右― aむ― a羞）cos2 cp + a団 12sin 2cp 

＋信―a右+aむ+a羞）cos2 cp -(aむ+a弘） +a五 +aぶ十 a~3 -au a12 sin 2cp] 

+l 2 2 2 2 ' )  2 2 2 cos 
2 
[(a11 + a12 + a22) cp (a五十a西） + a13 + a23 + a33 

-a11a12 sin2ゃ]cos20 + [a1氾 13cos cp + (a12釘 3+ a22a23) sin cp] sin 20, 
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and the sum of first two of four lines of the last part of the equality above is 

equal to 

![(2 2 ウ 2 ウ

2 
a12 + a13 +伍+a23 + a33) + (砧ー aむ—心）cos2 rp + a11釘 2sin 2rp] 

1 1 
= -[(ai3 + aぶ+aぶ）＋ー(a右+aむ＋心）

2 2 
1 

＋ー（叱― aむ―心）cos 2({) + a11 a12 sin 2叫
2 

1 1 
= -(a『3+aぶ+a畠）＋ー(ai1+ aむ+a羞）

2 4 

+ !(ai1 -aむ― a羞）COS加+1 -a11a12 sm2({) 
4 2 . 

with 

1 2 2 1 . 

4 
(a11 a12 a~2)cos2({)+ -a11a12sin2rp三 Cl!sm 2rp + (3 cos 2rp 

2 

=~sin(2rp 十 'Y)'

where cos'Y = ° '(3  

《戸戸
and sin"(= 

~' 
and the sum of last two of four 

lines of the last part of the equality above is denoted by 

O!('fJ) sin20 + f3('P) cos20 = VO!('fJ)2 + (3(rp)2 sin(20 +'Y('P)), 

where cos'Y('P) = a(cp) 
and sin'Y('P) = 

(3 

ya(年 +(3位）2 v叫）2+(3(cp)2 
. We then compute 

O!('P)三 a11a13cosrp + (a12叩+a22仰） sin rp 

＝炉三+(a叫 13+ a22知）2 sin(rp + p), 

where 

a1四 13+ a2四 23
cosp= 

✓砧a孔+ (a12釘 3+ a22叩）2' 
aua13 

sinp = 
✓叱ar3 + (a12釘 3+ a22知）2' 

and we compute (3('P) 

and 

三;[(-a『1+ aむ+a羞）cos2'Pー(aむ+a羞） + af3 + a弘 +a畠— a11a12 sin 2叫

=~[af3+a岱 +a畠ー］⑯ +aむ+aぶ）

1 (2  2 2 
2 

+ --a11 + a12 + a22) cos 2cp -a1凶 12sin 2叫

1 1 
= -(ai3 + aぶ十a品）一ー（叱 +aむ＋心）

2 4 
1 2 2 2 1 

＋ー(-a11+ a12 + a22) cos 2cp --a11a12 sin 2ゃ，
4 2 
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with 

1 1 

4 
-(-ai1+aむ＋心）cos 2rp一 -ana12 sin 2rp = -(a sin 2rp + (3 cos 2rp) 

2 

= -~sin(2rp+1), 

where n, (3, and , are the same as above. 
Since 0 and ip are independent, it then follows that 

Proposition 3.3. If A = (aij) is an'upper triangular 3 x 3 matrix over罠 as

above, then' 

1 1 
IIAll2 = -(a『3+a芸3+a~3)+-(a『i+a『2 + a§2)+ 

2 4 

sup {い戸丁戸sin(2ip+ ,) + vn(ip)2 + (3(ip戸｝，
叫ミ[0,2rr]

°' where cos, = and sin, = (3 , and 
ヽこ

and 

where 

and 

1 1 
n=-aua12 and (3=-a -2 2 2 

(11 a12 a22) 
2 4 

叫）＝臼心+(a12叩+a22知）2 sin('P + p), 

a12釘 3+ a2四 23
cosp = 

yar1叱 +(a12叩+a2年 3)2'
a11a13 

sinp = 
yail叫+(a12釘 3+ a22知）2' 

and 

1 1 
(3位）＝ー(a迄+aぶ+a畠）ーー(a『i+aむ+a弘）

2 4 

ー、戸二Sin(2'-P+ 1). 

Similarly, we obtain 

Proposition 3.4. If A=  (ai1) is an upper triangular 3 x 3 matrix over C as 
above, then 

1 1 
IIAll2 = -(la1312 + la2312 + la3312) + -(laul2 + lad2 + la犀）＋

2 4 

sup {~sin(加+,) +心（研＋叩）2}, 
咋 [0,2,r]

where cos,= Q and sin1 = 
(3 

, and 
~ ~ 

a=信I町 ad and f3 = i(lau已― lad2-la22ド）



Takahiro Sudo14

and 

a(<p) = ✓ ia11i2ia13戸+(I叩 ad+I戸 a231)2sin(<p + p), 

where 

阿ラad+I戸 a23I
cosp = and 

✓la11釘叶+ (I可 ad+I巧 a23l)2' 

sinp = la11a13! 

✓la直1312 十 (I叩ad+ 犀a23l)2'

and 

1 1 
/3(<p) =ー(la13ド+lad2 + la33ド）ーー(la11ド+lad2 + la22白

2 4 ー、sin(2ゅ十 'Y).

Example 3.5. Define a real Jordan block 3 x 3 matrix as 

Then 

a 1 0 J,(a)~(~ ~:) EM疇）．

3 
llh(a)ll2 =—+砧＋

4 

二,r]{口sin(加 +1)+

a2sin如 +p) + (~ ーロsin(2<p+ 1)) ¥. 

In particular, we have 

IIJ,{O)II'~ ¾+ ,:~ り,]{¼sin(加+~)+
3 1 =—+ sup {-} = 1. 
4 咋 [0,2,r] 4 

We also deduce the following estimate: 

0-}sin(2~ 十げ｝

3 2 

llh(a)ll2 :c; 4 + a2十口＋＼疋+(i+~)
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On the other hand, we may compute the real operator norm of J3(a) via 

polar decomposition in another way as: 

IIJ3(a)ll2 = sup llh(a)xll2 
xE即，1に11=1

sup 11 h(a) (cos 01, sin仇cos02, sin 01 sin 0が112
0玉 [O,rr},0年 [0,2吋

and moreover ， 

II h(ex)(cos 01, si砂 cos厖 sin01 sin島）り12

= (ex cos化+sin仇cos的）2 + (ex sin仇cos恥+sin01 sin的）2+ふsin201 sin2恥

= cx2 + sin2伍+2cx sin 01 co幽 cos的+2cx sin2 01 sin恥cos02

1 1 
= (X2 +—+ ex sin 202 + (---ex sin 202) cos 201 + ex cos恥sin201 

2 2 

1 
= ex2 +—+ ex sin 2的+ J心 cos2恥+(!十exsin 2島）2 sin(2仇十 'Y),

2 2 

where 

1 
cos'Y = ex cos的(ex2cos2 的＋（—+ex sin昭）2) —½, 

2 
1 1 

sin'Y = (---ex sin 20分(—+ex sin 2恥）2) —½. 
2 2 

Since 01 and 02 are independent, it follows that 

sup llh(ex)(cos仇，sin01cos的，sin仇sin0が112
0匡 [0,1r]

= a2 +!+a sin叫 + y竺(1+ cos20叫＋（！十 asin 202)2 
2 2 2 

and hence that 

llh(cx)ll2 = 

1 
02誓;1r]{ cx2 + 2 + ex sin 202 + 

a2 1 
了(1+ cos20叫＋（ぅ+a sin 202)2} 

三 sup f (sin 20吐
02E[0,21r] 

with cos 202 =土Jl-sin2 202, so that with t = sin 20, when cos 202 2 0, 

1 a2 1 
J(t) = 9+(t)三 a2+ 2 +at+ ✓ 了 (1 十~)+(ぅ＋年）2

fort E [-1, l], and when cos202:::; 0, 

J(t) = g_(t)三 a2+!+at+ 《竺(1-~)+(! +at叩
2 2 2 



Takahiro Sudo16

for t E [-1, l]. Therefore, 

l!Js(a)ll2 = max{ sup 9+(t), sup g_(t)}. 
tE[-1,1] tE[-1.1] 

But it seems to be difficult to determine the maximum in terms of a. • 
We next consider the full real 3 x 3 case by encouraged by the success in 

the non-full partial cases above. Let A be a full 3 x 3 matrix over reals as 

艮E
 

.
J
 

.
9
 a

 
，
 

＼

ー

）

1
3
2
3
3
3
 

a

a

a

 

1
2
2
2
3
2
 

a

a

a

 

1
1
2
1
3
1
 

a

a

a

 

(
|
＼
 

――
 A

 

We compute the real operator norm of A via the polar coordinate as: 

IIAll2 = sup 11Axll2 
XE即，1に11=1

sup IIA(sin 0 cos'P, sin 0 sin'P, cos 0)り12
0E[0,1r]平 E[0,21r]

and moreover, 

IIA(sin 0 cos rp, sin 0 sin cp, cos 0l ll2 

= (a11 sin 0 cos rp + a12 sin 0 sin cp + a13 cos 0)2 

+ (a21 sin 0 cos rp + a22 sin 0 si四+a23 cos0)2 

+ (a31 sin$ cos rp + a32 sin 0 sin rp十 a33cos 0)2 

= (a右十aぶ十a畠）sin2 0 cos2 rp 

+ (aむ＋凸 +a品）sin2 0 sin2 cp 

+ (aむ +aぶ十 a~3) cos2 0 

+ 2(au叩 +a研 22+ a31知）sin2 0 cos rp sin cp 

+ 2(au叩 +a研 23+ a31知）sin 0 cos 0 cos rp 

+ 2(a叫 13+ a硬 23+ a32知）sin 0 cos 0 sin cp 

= (a『i+aぶ+a畠）cos2 rp + (aむ＋心 +a土）sin勺

+[-(叱＋心＋心）cos2 rp -(aむ+a届+a品）sin2 cp 

＋心 +a弘+a畠

-2(au叩 +a研 22+ a31知）cos rp sin cp] cos2 0 

+ 2(a11a12 + a21a22 + a3氾 32)cos rp sin cp 

+ [(a11a13 + a21a23 + a3団 33)cos rp 

+ (a12釘 3+ a22的 3+ a3四 33)sin叫sin20
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and then 

= (aむ +a李 +a岱）＋（叱 +aぶ十 a畠― aむ—→ -a岱）cos2 <p 

+ (au叩＋叫22+ a31知）sin 2<p 

＋贔ー（叱 +aぶ＋咋）cos2 <p -(aむ+a凸+a岱）sin2'P +心＋心 +a畠

-(aua12 + a21丘+a31知）sin 2ip] 

＋信(ai1+ aぶ＋咄）cos2 rp -(aむ+a白+a品）sin2'P + ai3 + aぶ+a畠

-(au叩+a21知+a31知）sin 2叫cos20

+ [(aua13 + a研 23+ a31知）COS<p + (a12叩+a22的 3+a32知）sin叫sin20

and the sum from the first line to the fourth line among of seven lines of the 

last part of the equality above is equal to 

(aむ＋心+a~2) +~(aむ +aぶ十 aぶ）
1 

+ (-(ai1 +aぶ十aぶ）ー 2_ 2 
2 1 、

2 
a12 a22-a32)-(l+cos2 

2 
ゃ）

1 1 1 
＋ー(au叩 +a訊 22+ a31知）sin 2<p --(aむ+a羞+a品）一(1-cos2ip) 

2 2 2 
1 1 1 

= -(a『2+ a~2 + a~2) + -(af3 + a名3+a至3)+ -(a予i+a芸i+a至1)
4 2 4 
1 2 2 

＋ー(ai1+ a21 + a31 
2 2 2 

4 
a12 a22―a32) cos 2ゃ

1 
＋ー(au叩 +a研 22+ a31知）sin 2<p 

2 

with letting 

1 1 
a=  -(au叩 +a21知 +a31知） and (3 = -(砧＋心+aぶーaむ―a羞ー

2 4 

so that 

a sin 2rp十 (3cos 2<p =~sin(2rp + 7), 

2 知），

where cos7 = "' and sin'Y = 
(3 

~ ~ 
. And the sum of last two lmes of 

seven lines of the last part of the equality above is denoted by 

a位）sin20 + (3位）cos 20 = J a(<p)2 + (3(<p)2 sin(20 +'Y炉）），

where cos7(rp) = 
a(,p) (3 

炉（叩＋叩）2

and sin 7(rp) = 
心（叩＋叩）2

. We then compute 

a(rp) = (au叩+a21知+a31知）cos rp + (a12叩+a22知+a32知）sinrp 

= J(a団 13+ a研 23+ a研 33戸+(a叫 13+ a硬 23+ a32知）2 sin(ip + p), 
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where 

a12釘 3+ a2四 23+ a32a33 
cosp = , and 

凶a11叩+a2国 23+ a研 33戸+(a叫 13+ a憂 23+ a32知）2

all叩+a2氾 23+ a31a33 
sinp = 

✓(a氾13 + a21叩 +a研 33戸+(a団 13+ a22虹+a32知）2, 

and we compute /3位）

1 
= -[ー(ai1+ a~1 + a~1) cos2 <p一 (aむ+a李+a畠） sin2~ っ十 ai3+ a年+aぶ

2 

-(an叩+a21知+a31知）sin 2叫
1 1 1 

= -[--(a右十 a~1 + aぶ）ーー(aむ+a~2 + a品） +a孔+aぶ十 a畠
2 2 2 

-~ 瓦＋心 +a畠）cos 2cp +~(aむ +a弘 +a品） cos 2cp 

-(an叩+a21知+a31知）sin2叫
1 2 1 

= --(a11 +aぶ＋吐+aI2 + a羞十 a~2)+-(a孔 +aぶ +a畠）
4 2 

with 

1 
＋ー[-(ail+心 +aぶ） + (aむ+a羞十 a畠）l cos 2cp 

4 
1 

--(a研 12+ a2団 22+ a31知）sin 2cp 
2 

1 

4 
-[-(a右+a出＋心） + (aむ+aぶ+a品）l cos 2cp 

1 
--(a11a12 + a2団 22+ a31a32) sin 2cp 

2 

= -(a: sin 2cp + /3 cos 加）＝ー~sin(2ゃ +'Y),

where a, /3, and'Y are the same as above. 
Since 0 and cp are independent, it then follows that 

Proposition 3. 6. If A = (a;j) is a 3 x 3 matrix over股， then

1 1 1 
IIAll2 = -(ai2 + a~2 + a至2)+ -(a『3+a考3+a~3)+-(a『i+a考i+a至1)

4 2 4 

sup {0戸+/32sin(2cp + 7) + J a(cp)2 + f3(cp戸｝，
ゃE[0,2叶

where cos'Y = Q f3 

~ 
and sin'Y = 

~' 
and 

1 1 2 2 2 2 2 2 
a=  -(ana12+a2直 22+a31a32) and /3 = -(an +a21 +a31 -a12―a22 -a32), 

2 4 
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and 

a:(cp) = (a団 13+ a21叩 +a研 33)coscp + (a12釘 3+ a2四 23+ a3四33)sin cp 

= J(a11叩+a21知 +a研 33戸+(a叫 13+ a誓 23+ a32知）2 sin(cp + p), 

where 

a12叩+a22仰+a32a33 
cosp = , and 

J(a団 13+ a氾 23+ a研 33戸+(a12叩+a22知+a32知）2

a11釘 3+ a21叩 +a研 33
sinp = 

J(a団 13+ a叫 23+ a研 33戸+(a12叩+a22叩+a32知）2' 

and 

1 1 
叩）＝一4(砧 +aぶ十aぶ十aむ＋心 +a品） + 2(a孔+aぶ+a畠）

一`戸+/32sin(2<p + 7). 

Similarly, we obtain 

Proposition 3.7. If A=  (aij) is a 3 x 3 matrix over <C, then 

1 1 
IIAll2 = -(lad2 + la22l2 + ia32ド）＋ー(ianl2+ ia2312 + ia3312) 

4 2 
1 

＋ー(la1112+ la2112 + la31ド）
4 

+ sup {、戸丁戸in(2cp+'Y) +占(cp)2+f3(叩｝，
咋 [0,2,r]

where cos'Y = ° '(3  、and sin"(= . ✓ 百亨'
and 

and 

1 
a= -(I叩 a12I+犀 a22l+I巧 a32I) and 

2 

f3 =~(la1112 + la21l2 + la31ド― la12ド― la22l2-la討），

a(cp) = (固Tad+I巧「a23I+ I巧拉331)cos cp + (I可如131+ I巧如231+ I巧初331)sin cp 

= v(I叩 a13I+ I巧 a叫 +I巧「a33I戸+(1叩 a13I+ I巧2a23I+ I巧初331)2sin(cp + p), 

where 

1可 a叫 +I戸 a23I+ I巧 a33I
cosp = , and 

✓(I可1ad + I巧1a叫 +I叩 a叫）2十 (I叩 ad+I叩 a23I+ I冠 a33l)2 

• I叩 a叫 +I可 a叫 +I巧 a33I
sinp= 

✓(I叩a13I + I右 a23I+ I冗 a33l)2+ (I叩 a13I+ I叩 a23I+ I巧 a33!)2'
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and 

叩）＝―~(lanl2 + ia21l2 + la3112 + iad2 + la22i2 + la討）

+~(lad2 + ia2312 + ia33ド）一勾丁戸sin(2<p+ 1). 

Lemma 3.8. An upper triangular 3 x 3 matrix A = (a;1) over reals or complexes 
is normal if and only if A is diagonal. 

Proof. We compute 
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That AAt = At A implies that a12 = a13 = 0 from (1, 1) entry and then a23 = 0 
from (2, 2) entry. The complex case follows similarly. ロ

4 The general n x n matrix case 

Example 4.1. Consider a special, real Jordan block n x n matrix as 

l
o
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＼
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ヽ
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．

 

We compute the real operator norm of Jn(O) via polar coordinate for the 
real (n -!)-dimensional unit sphere 5n-l in町 as:

IIJn(O)ll2 = sup IIJn(O)xll2 
訳環八II叫l=l

sup 11Jn(O)(cos01,sin01 cos 02, ・ ・ ・, 
01,・・,0nー 2E[O,吋，0,,_,E[0,21r]

・ ・ ・, sin 01・ ・ ・sin 0n-2 cos 0n-1, sin 01・・・sin 0n-2 sin 0n-1)t 112 
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and moreover, 

11 Jn (0)(cos 01, sin 01 cos 02, sin 01 sin 02 cos 03, ・ ・ ・, 

・・ ・,sin01・・・sin0n-2cos0n-1,sin01・・・sin0n-2sin0n-1/ll2 

= (sin佑co叫）2 + (sin 01 sin的cos島）虹

・ ・ ・+ (sin01・ ・ ・sin0n-2cos0n-1)2 + (sin01・・-sin0n-2sin0n-1)2 
= (sin 01 cos 02尺+(sin 01 sin 02 cos 03げ十

・・ ・+ (sin01・・-sin0n_3cos0n-2)2 + (sin01・・-sin0n-3sin0n-2)2 

=・ ・ ・= sin2 01 

It then follows that IIJn(O)II = l > 0 = r(Jn(O)). • 
Example 4.2. Consider a real Jordan block n x n matrix as 

Jn(o)~[ : O ] EM厄）

We compute the real operator norm of Jn(O) via polar coordinate as: 

IIJn(a:)112 = sup IIJn(a:)叫12
xE即，II叫l=l

sup IIJn(a:)(cos01,sin01 cos厖・・・，
01,・・,0n-2E[O,rr],0n-1E[0,2rr] 

・・・,sin01・・・sin0n-2cos0n-1,sin仇・・・sinBn-2 sin Bn-1lll2 

and moreover, 

[[ Jn (a) (cos 01, sin仇cos恥，sin01sin的cos侭・・・，

・ ・ ・, sin 01・・・sin 0n-2 cos 0n-1, sin 01・ ・ ・sin 0n-2 sin 0n-1l 112 

= (aco迅+sin佑cos02戸+(a sin仇cos恥+sin01 sin恥co迅）虹

・ ・ ・+ (a sin 01・ ・ ・sin 0n-2 cos 0n-1 + sin 01・・・sin 0n-2 sin0n-1)2 

+ (asin01―・ ・sin0n-2 sin0n-1)2 

= a:2 + sin2 01 + 2a sin 01 cos 01 co迅+2a sin 0f sin恥cos的cos0叶

---+ 2asin0『---sin2 0n-2 sin0n-1 cos0n-1 
＝記+sin2仇+2a sin 01 cos 01 cos 02 + 2a sin 0『sin恥cos恥cos0叶

・ ・ ・+ 2asin0f・ ・ ・sin2 0n-3 sin0n-2 cos0n-2 cos0n-1 

+ 2asin0『---sin2 0n-2 sin0n-1 cos0n-1・ 
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and furthermore, 

l 
= a2 + -(1 -cos201) + a sin 20t cos恥十 a(l-cos 201) si叫 cos的cos03

2 

＋・・・十 a(l-cos2仇）sin2島・・ ・sin2 0n-3 sin 0n-2 COS 0n-2 cos 0n-l 

+ a(l -cos2仇） sin2的・・ ・sin2 0n-2 sin 0n-l cos 0n-l 

1 1 
＝記＋—+ a sin 201 co叫— cos20叶— +asin的cos02cos0叶

2 2 

・・・十 asin2的・・ ・sin2 0n-3 sin 0n-2 COS 0n-2 COS 0n-l 

+ asin2 02・ ・ ・sin2 0n-2 sin0n-l cos0n-1] 

1 
(where we set [—+· • ・+・ ・ ・cos0n-1]三 (3(02,・ ・ ・, 0n-1) for short) 

2 

+ a sin恥cos恥cos0叶

・ ・ ・+ asin2的・・ ・sin2 0n-3 sin 0n-2 COS 0n-2 cos 0n-l 

+ a sin2 02・ ・ ・sin2 0n-2 sin 0n-l cos 0n-l 

and then 

with 

1 
=Q2 +—+ ✓ a2 cos2島十 (3(02,・ ・ ・, Bn-1)2 sin(201十-y(02,・ ・ ・, Bn-1)) 

2 
1 

+ -a sin 202 cos 03 + 
2 

1 
• • • + -a(l -cos2恥）sin2島・・ ・sin2 0n-3 sin 0n-2 cos 0n-2 COS 0n-l 

2 
1 

+ -a(l -cos2恥） sin2 03・ ・ ・sin2 0n-2 sin0n-l cos0正 1,
2 

cos'Y(恥，...,0い） = QCOS島(a2cos2恥十 (3(化，・ • ・, Bn-1)2)→， 

sin'Y(02, ・ ・ ・, Bn-1) = -(3(恥， ···,Bn-1)(a2cos202+f3(02,···,0正i)2) ―½.

It then follows that 

sup IIJn(a)(cos 01, sin 01 cos 02, sin 01 sin 02 cos 03, ・ ・ ・, 
01E[0,1r] 

・ ・・,sin01・・・sin0n-2Cos0n-l,sin01・・・sin0n-2sin0n-1)tll2 

1 
=a2+ —+ ✓ 心 cos202 + (3(厖・ • ・, 0n-1)2 

2 
1 

+ -asin2恥cos03+
2 

1 
・ ・ ・+ -a(l -cos2恥）sin2 03・ ・ ・sin2 0n-3 sin0n-2 cos0n-2 cos0n-l 

2 
1 

+ -a(l -cos2恥） sin2 03・ ・ ・sin2 0n-2 sin 0n-l cos 0n-l・

2 
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Then we can perform the similar computation with respect to 02, and inductively 
we can compute the real operator norm for Jn(a) in a vis叫 wayin that sense 
as before. But it seems to be very difficult to determine the supremum in terms 

of a. • 
We next may consider the general real n x n matrix case by encouraged 

by the (partial) success in the examples above. Let A be a full n x n matrix 
over reals as 

唸E
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n
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a
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A
 

We compute the real operator norm of A via the polar coordinate as: 

IIAll2 = sup IIAxll2 
xE脱",II叫l=l

sup IIA(cos01,sin01cos02,・・・, 
0,, ... ,0n-2E[0,1Cj,0,, ―1E[0,27r] 

・・・,sin01・・ ・sin0n-2cos0n-1,sin01・・・sin0n-2sin0n-1)tll2 

and moreover, by letting as below to simplify the notation 

IIA(cos 01, sin 01 cos 02, sin 01 sin 02 cos 03, ・ ・ ・, 

・ ・ ・, sin 01・ ・ ・sin 0n-2 cos 0n-1, sin 01・ ・・sin 0n-2 sin 0n-1/・ll2 

= IIA(Ji (01), h(01, 02), ・ ・ ・, f n-1 (01, • • •, 0n-1), f n (01, • • •, 0n-1, 0n = 0n_i))t 112 

~t, (旦的J,(0ぃ ，化）） 2 

~~(言砧Ji(0, 化）＋芦,2a,, 仰 f,(0;, ・, 0,)J,(0,, .. ・, 0,)) 

n n n n 

=I:(I: 砧）f](Bぃ...'化） + L 2(La,jaii)Jj(01,・・・, 化）Ji(Bぃ...'01)-
;=1 i=l J,l=l i=l 

Note that lfj (外・・・，化）I :S 1 for every 1 :S j :S n. Therefore, it follows that 

Proposition 4.3. If A=  (aij) is an n x n matrix over股， thenIIAll2 is equal 
to the supremum of 

n n n n 

1=(1=砧）刀(01,...'化）+ 1= 2(1=%叩）J紅1,...'化）!1(01,・・・,01) 
J=l i=l ;,l=l i=l 

over 01, ・・ ・, 0n-2 E [O, 1r], 0n-1 E [O, 21r], where 

fi(0i) = cos01, j>i(01, ~ ら） = sin01 costら， h(01,02, 03) = sin 01 sin 02 cos 03, 

... ,fn-1(01,・・・,0n-d=sin01・・・sin0n-2COS0n-1, 

fn(01,・・・,0n-l,0n = 0n-I) = sin01・・・sin0n-2sin0n-1, 
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and the supremum can be taken inductively from 01 to 0n-l by only using the 
equations such as cos2化+sin2化=1 and cos2 化 =½(l+cos2化） and sin2化＝

、 ½(l -cos2化）．
This says that the real operator norm IIAII is computable in terms of entries of 

A by taking supremums finitely and inductively with respect to polar coordinate. 
We also have the following estimate: 

n n 

IIAll2::::I叉こ叫1)2.
i=l j=l 

In pa廿icular,if A is upper triangular as reduced as in (Ul) in Section 1, then 

n n 

IIAll2::; L(区Ja,;J)2.
i=l j=i 

Similarly, we consider the complex case. Note that for the polar decompo-
sition 

z = (z1, ・ ・ ・, Zn)t = (lz1leip,, ・ ・ ・, I五 leip,,)tE en 

with pぃ・ ・ ・,Pn E [0,2rr], the condition llzll = 1 for z E en is equivalent to 
the equation lz1ド＋・・・+I互 12= 1. Then we use the polar coordinate for 
(lz1I, ・ ・ ・, lznl)t in the unit sphere sn-l of町 asin the real case above as 

(lz1 I, lz2I, ・ ・ ・, lzn-1 I, lznl) = (cos 01, sin 01 cos 02, ・ ・ ・, 

・・ ・,sin01・・・sin0n-2cos0n-1,sin01・・-sin0n-2sin0n-1) 

for 01, ・ ・ ・, 0n-l E [O, H 

Proposition 4.4. If A=  (a,j) is an n x n matrix over C, then IIAll2 is equal 
to the supremum of 

n n n n 

L(区la記）!](0ぃ...,01) + L 2(ど|勾叫）h(0ぃ...,0j)fz(01, ... ,01) 
J=l i=l ;,l=l i=l 

over仇，・ ・ ・, 0n-l E [O, ~], where 

Ji (01) = cos伍， ん(0ぃ恥） = sin 01 cos~ ら， h(01, 02, 03) = sin 01 sin 02 cos 03, 

・・・,fn-1(01,・・・,0n_i)=sin01・・・sin0n-2Cos0n-1, 

fn(伍，・ • ・, 0n-l, 仇=0n-1) = sin01・ ・-sin0n-2sin0n-1, 

and the supremum can be taken inductively from伍 to0n-l by only using the 
equations such as cos2 0j + sin2化=1 and cos2 化 =½(l+cos2化） and sin2化＝
孔1-cos20j)-

This says that the complex operator norm IIAII is computable in terms of 
entries of A by taking supremums finitely and inductively with respect to polar 
coordinate. 
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We also have the following estimate: 

n n 

IIAll2 S: L(L匹 1)2.
i=l j=l 

In particular, if A is upper triangular as reduced as in (Ul) in Section 1, then 

n n 

IIAll2 :s; L(L 1%1)2. 
i=l ;=i 

Example 4.5. For a complex Jordan block n x n matrix Jn(a) E Mn(C), we 
obtain 

IIJn(a)附2:S (n -l)(lal + 1)2 + ial乞

But this estimate is not sharp as in the case where a= 0: 

1山 (0)112= 1 :S (n -1). • 
Corollary 4.6. For any A E Mn(C), with the Jordan canonical form as 

p-1AP =疇=l九(aj)

by an invertible PE Mn(C) as in (S1) in Section l, we obtain 

IIAIド：：：：： IIPll2IIP-1 ll2毘焚k{(n1―l)(la』+1)2 + I亨｝．

Lemma 4. 7. An upper triangular n x n matrix A = (a,j) over reals or complexes 
is normal if and only if A is diagonal. 

Proof. We compute 

AA'~(>, 0 : 口）（ロ O au三 B~ (加）む~,
to have diagonal elements as 

bu= af1 +・・・+a丘，知 =a羞＋・ ・・+a盆，

We also compute 

b 2 
nn =a nn・ 

A'A~(口 O au (>
to have diagonal elemets as 

C11 = a『1, C22 = aむ+a羞，

ー
＝
 

．］ 

n
,
'
 

‘‘,'’ iJ 
c
 

（
 ――

 c
 

=＝-

＼

）

 

n

n

 

l
 ••• 

n
 

a

a

 

゜
C 

2 
nn = a + ... 2 

ln a nn・ 

That AAt = At A implies that a12 =・ ・ ・= a1n = 0 from (1, 1) entry and then 
a23 =・ ・ ・= a2n = 0 from (2, 2) entry. it follows inductively that odd-diagonal 
elements aij = 0 for i < jこ

The complex case follows similarly. 、口



Takahiro Sudo26

Remark. As a certainly known fact, we note that for any A E匝(H),

IIAll2 = sup 11Axll2 = sup 〈A*Ax,x〉,
xEH,Iに11=1 xEH,11叫l=l

and the inner product〈A*Ax,x〉issaid to be the Hermitian form when H = en. 
Indeed, if A=(%) E Mn(C), then A* A =  (とに1瓦叫）i,J and 

QA*A(x)三〈A*Ax, x〉

= t心ど三）巧）瓦＝どど工％）瓦XJ
i=l j=l k=l ,,;=l k=l 

Hence, if H =町， thenQい (x)is just a real quadratic form on H. In this 
case, computing the real operator norm is equivalent to solving the conditional 
extremum problem for QA'A(x) with llxll = 1, and this problem can be solved 
by Lagrange's method indeterminate coefficients, and in fact, as well known, the 
maximum is just equal to the maximum of squares of non-negative eigenvalues 
of At A positive as an operator. More details about this method are considered 
in the next section. But it seems to be difficult in general to determine the 

d. ・1  con 1t1ona extremums or maximum for QA'A(x) with llxll = 1 in terms of 
entries of A, as carried out so far as above. • 

5 As the supremums of quadratic or Hermitian 

forms 

We assume that His a real or complex, finite dimensional Hilbert (or Euclidean) 
space, that is, 町 orCり

When H =町， forany n x n matrix T over股， thereal quadratic form 
Q戸 forTtT is defined to be 

Qr,r(x) =〈TtTx,x〉

for x = (xぃ・ ・ ・,xn)t E町

When H = C尺forany n x n matrix T over C, the Hermitian form Qr-r 
for T* T is defined to be 

Qr•r(x) =〈T*Tx,x〉

for x = (xぃ・・・,xnYEC匹 Mayrefer to [5]. 
Since T*T is normal, there is a unitary n x n matrix U such that U*(T*T)U 

is a diagonal matrix巧 ofthe rank rk(T) of T with diagonal elements dj for 
1 < j < n, that are non-negative real eigenvalues of T*T positive as an operator. 
Therefore, 

QT*T(x) =〈T*TUy,Uy〉=〈DTY,Y〉
n rk(T) 

=Q巧 (y)=区d1IY爪＝区 djlY爪
j=l j=l 
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with IIYII = 1, where we may assume that dj > 0 for 1 < j~rk(T) and dj = 0 

for rk(T) + 1~j 三 n if rk(T) < n, and d1 > 0 for 1~j さ rk(T) if rk(T) = n .. 
As a summary, 

p ropos1t10n 5.1. Let T be a bounded operator on a real or complex, finite 

dimensional Hilbert space H. Then 

rk(T) 

IITll2 = sup 伽 (y)= sup Ld1IY1ド，
yEH,IIYll=l yEH,IIYll=l j=l 

where Dr = U* (T*T)U =句;=ldj the diagonal sum of eigenvalues dj of T*T 

for some unitary U. 

Now may suppose that y = (Y1, ・ ・ ・, Yj) E H =町 oren with each Yj real 
and positive by replacing it with IYj I if necessary. We then consider the con-

ditional extremum problem for the non-negative, continuous function QDr (y) 

with g(y) = IIYll2 -1 = 0. The partial derivative of Q巧 (y)is computed as 

a 
8yj 

Q巧 (y)= 2d直J

for 1~j~n. Thus, Q Dr (y) has stationary points only zero y = 0. 
Define F(y, 入） = QDr (y) —入g(y) as a function. By Lagrange's method of 

indeterminate coefficients, we consider the following equations: 

a 
-F(y, 入） = 2djy1―入2y1= 2(dj —入）Yj = 0 
ay] 

for 1 :=:: jー：：：： n and 
a 
8入

F(y, 入） = g(y) = 0. 

It follows that Yj = 0 or入＝出 foreach 1 :S j :S n. 

Set dr = max1:c;j:<;n dj・

If dr =も foreach 1 :S j :S n, then 

n 

伽直） =Ld鳩=dr = IITll2 
;=l 

for y with IIYII = 1. 
If入=dk for some k, then 

SUP 伽 (y)= sup tも砂＝入 =IITII〗
yEH,IIYll=l yEH,IIYll=l j=l 

so that入=dy. Note as well that the set of all vectors y E町 withIIYII = 1 
is compact, so that Q巧 (y)has maximum (and minimum) on the set. Also, 

Qvパy)takes every d1 at y = e1 the j-th standard basis vector for町．
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Proposition 5.2. Let T be a real or complex bounded operator on H =町 or
en. Then 

.Jd:i, IITII =甚=max・ 
区 j:Sn

the maximum of eigenvalues of T*T, where U*(T*T)U =噂=ldj the diagonal 
sum of eigenvalues of T*T for some unitary U, and dr = max1琴 nも

Remark. Note that such eigenvalues are not always computatble, because 
determining these is equivalent to solving eigenvalue (or characteristic) equa-
tions for eigenvalue (or characteristic) polynomials, which can not be solved 
algebraically in general if degrees are more than 4, as shown by Abel. • 

6 The infinite dimensional case 

We assume that H is a complex, infinite dimensional Hilbert space. 
Let TE旧(H).Denote by CY(T) the spectrum of T. For any x E H, set 

QT*r(x) =〈T*Tx,x〉=11Txll2-

If T is compact, then the difference setび(T)¥ {O} consists of eigenvalues心
of T with finite multiplicities and CY(T) is countable with the sequence (入n)n
vanishing at infinity (see [4] or [6]). 

It is known that if a normal operator T on H is compact, then T is diago— 

nalizable (see [6, Theorem 2.4.4]). 
It then follows that 

Proposition 6.1. Let T be a compact, normal operator on H. Then 

00 00 

IITll2 = sup Q叫 y)= sup Ldj1Yjl2 = max 
yEH,IIYll=l yEH,IIYll=l j=l yEH,IIYll=l 

LdjlY1I汽
j=l 

where Dr = U* (T*T)U =①ニめ thediagonal sum of non-negative eigenvalues 
dj oJT*T f or some'/1,nitary U. 

Proposition 6.2. Let T be a compact, normal operator on H. Then 

IITII=冨=sup J<{; = max 
1:S:J<oo 

/J;, 
l:S:1<00 

where U* (T*T)U =句芦1dj for some unita可 U,and dT = maxビ］く=di・

Proof. Note that any compact operator T on H is approximated in operator 

norm by finite rank operators and O"(T) is countable. By induction, the state-
ment is proved by Proposition 5.2. ロ

As proved as Lemma 1.4, 
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Proposition 6.3. If T is a bounded diagonal operator on H with dj on the 
diagonal with respect to an orthonomal basis of H, then 

IITll2 = sup QT*r(y) = sup I約12.
yEH,llyll=l J 

Let T E IIB(H). Since T*T is normal, there is a unique spectral measure P 
from Borel subsets in the spectrum O"(T*T) of T*T to projections of IIB(H) such 
that 

T*T = J zdP, 
び(T*T)

where z is the inclusion map fromび(T*T)to C, in the sense that 

〈T*Tx,x〉=f zdPx,x, 
び(T*T)

where Px,x(S) =〈P(S)x,x〉forany Borel subset S ofび(T*T)and any x E H, 
and each Px,x is a regular Borel measure onぴ(T*T),where each P(S) is a 
projection of !Bl(H) such that P(0) = 0, P(c,(T*T)) = 1, and P(S1 n S2) = 
P(S1)P(SサforBorel subsets S1, S2 ofび(T*T).See [6] for more details. 

It then follows that 

p ropos1t10n 6.4. Let TE !Bl(H). Then 

!!Tl戸=r(T*T)三 sup lzl, 
zEcr(T*T) 

the spectral radius for T*T. 

Proof. By functional calculus, the C* -algebra C(c,(T*T)) of all continuous, 
complex-valued functions on the spectrum c,(T*T) is isomorphic to the Cに

subalgebra of !Bl(H) via the spectral measure P as: 

C(c,(T*T))ぅf(z)f-----> f(T*T) = f f(z) dP E !Bl(H). 
び(T*T)

In particular, 

llzll=三 sup lzl = r(T*T) = IIT*TII = IITll2 
z知 (T*T)

by the definition of spectral radius and by the C* -norm condition, where z : 

cr(T*T)→ (C is the inclusion map, and II・II= is the uniform norm for C(cr(T*T)). 

ロ

Remark. However, that equality in the statement above does not say any-
thing without knowing the spectrumび(T*T)or just knowing its boundary or 

maximum. 

Added as a note, this paper has been reviewed, but, from which it is some 

improved for this publication. • 
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