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Abstract

We study weighted unilateral and bilateral shift operators and their
C*-algebras in a systematic way. We mainly consider some basic or ex-
tended, spectrum theory for those operators and their C*-algebras. As
results we obtain several extended generalizations from certainly known
results in some cases.
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1 Introduction

In this paper we would like to study weighted unilateral and bilateral shift
operators and their C*-algebras respectively in some details, beyond the usual
(non-weighted) unilateral shift operator and bilateral operator and their C*-
algebras (as an account as in Murphy [11]), although weighted or not, such
operators and C*-algebras are quite well known in the literature in Operator
Theory and Operator Algebras. For instance, may refer to Bunce [1], Bunce-
Deddens [2], Conway [4], Davidson [6], Ghatage [7], Ghatage-Phillips [8], Halmos
[9], and Hiai-Yanagi [10] (and more items). Especially, it has been noticed that
the paper [12] by Shields should be refereed as a reference, but this item has
not been at hand and so not checked. This is the very first reason for this work
as a motivation, before the notice, to make some details by ourselves on this
subject for some purpose using them later somewhere suitably.

This paper is organized as follows. In Section 2, we review and study
weighted unilateral and bilateral shift operators respectively in a systematic
way (cf. [4] and [2]). As a result we determine the spectrums of those operators
in terms of, or under conditions of bounded sequences of complex numbers as
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weights of shifts in some cases. In particular, we obtain several extended gen-
eralizations from the cases of the usual shift operators ([10]) and hyponormal
weighted shift operators ([4]). In Section 3, as an attempt we consider Banach
spaces of all weighted shift operators. In Section 4, we consider C*-algebras
generated by weighted shift operators. As a result we determine the algebraic
structures of those C*-algebras in terms of, or under conditions of bounded
sequences as weights of shifts in some cases. In particular, we obtain several
extended generalizations from the case of C*-algebras generated by hyponormal
weighted shift operators ([1] and [4]).

The results obtained, but containing several or many basic and elementary
facts, as accumulation would be some useful as a convenient reference for further
studying this topic. More investigations on this subject may be continued and
considered in elsewhere.

Added as a note. The (early) versions of this paper with slightly different
titles have been reviewed, from which this paper is improved to some extent for
this publication.

2 Weighted shift operators

We denote by L?(N) the Hilbert space of all square summable sequences a =
(aj) = Zj’;l aje; of complex numbers a; € C over N of natural numbers, with
the 2-norm squared as

oo oo
lall3 = > las* =Y aja; = (a,a)
j=1 j=1

as the inner product, which is linear in the first variable and complex-conjugate
linear in the second, where (e;)72; is the canonical orthonormal basis of L?(N).
Similarly, we define the Hilbert space L?(Z) of all square summable sequences
b= (bj) =>_,czbjej of bj € C over Z of the integers.

Let w = (w,) be a bounded sequence of complex numbers. We denote by
C®(N) the C*-algebra of all bounded sequences w = (wy,),z = (z,) of complex
numbers with the pointwise operations such as addition w + z = (w, + z,),
multiplication wz = (wpz,), and involution w* = (wy,), and with the uniform
norm as ||w||ec = SUP,en |wn|. Similarly, we define the C*-algebra C®(Z).

Define the unilateral weighted shift (UWS) operator S, with weight
w € C*(N), acting on L?(N) as an co x oo infinite matrix:

0 O
w1 0
Sw - 0 wWo

so that S, (3°72, aje;) = Y272, wiajej1 for 3572 aje; € L*(N). Namely,

Sw(ai,as, )t = (0,wyas, waaz, )" € L*(N).
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Because
o0 o0
I1Sw(@)ll3 = lwia;|* < wl|2 Y laj1* = [wl|llafl3 < oo
j=1 j=1

Ifw= (w,) =1= (1) with w,, = 1, then S is the usual unilateral shift operator
on L?(N). The adjoint operator S}, of S,, is identified with

0 wy

so that Sye; =0, S;e; = w;—1e;—1, and SZ;(Z?; ajej) = Zjiz Wj—-1G;5€5—1
as
Sk (a1, a2, )" = (Wrag, wzas,--- )" € L*(N).

Because

oo oo
155 (@)3 = D lwiaznl? < lwll% D lajl* < JwllXllall3 < co.
J=1 j=1

The bilateral weighted shift (BWS) operator U, for w € C(Z), acting
on L*(Z) is defined by Uye; = wjejiq for j € Z. If w =1, then U is the usual
bilateral shift operator on L?(Z). The adjoint operator U} of U, is defined by
Usej =wj—1ej—1 for j € Z. Namely,

We denote by D,, the diagonal operator on L?(N) with w = (w,) € C*(N)
as entries on the diagonal. Similarly, we define the diagonal operator D, on
L2(Z) with w € CY(Z).

Let H be a Hilbert space with the 2-norm associated to an inner product,
such as || - |2 = /(-,-). We denote by B(H) the C*-algebra of all bounded
(linear) operators on H, with the operator (uniform or supremum) norm

|IBl|= sup ||BE||2 finite for any B € B(H).
SeH, €]l2<1

Lemma 2.1. The product S},S,, is the diagonal operator D =, with the bounded
sequence (Jw;j|?) on the diagonal, so that the operator norm ||S%S,| is equal to
sup, e g2 = ],

The similar as above holds for UXU,, on L*(Z).
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The product Sy,S,, is the diagonal sum operator 0 ® Dy = D ww), SO
that the operator norm ||S, Syl is equal to sup;cy [w;]* = |lw||2,.

We have UyUy, = D(yrw)_, with (w*w)_1 = (w;_jw;-1);ez defined so, so
that |UuUs || = [[wll3-

Proof. By computing the infinite matrix multiplication, we have S Sy, = Dy
and Sy, S = 0@ Dyr.

Since Dyyej = |wj|?e; with |lej]la = 1, we have || Dysy|| > ||w|/%,. Con-
versely, for £ = (¢;) € L3(N),

(o]
[ Duw|? = (wwg, w*w) = wjw,;§w7w;é;
j=1

oo
<suplugl* Y 1617 = [wllZl€]3.
jEN =1

Therefore, we obtain || Dy« || < [Jw||3.
The proof for U;U,, and U, Uy, is similar. O

We denote by T = S! the real 1-dimensional torus or the circle.

Corollary 2.2. The product S,,S;, is not invertible in B(L?(N)).

The product Sy S, is invertible if and only if the sequence w = (w;) is
bounded away from zero, that is, there is € > 0 such that |w;| > € for any j € N.

The products U U, and U,UY are invertible if and only if the sequence
w = (w;) is bounded away from zero.

The unilateral weighted shift S, is isometry if and only if each w; € T, that
is, w is a unitary of C*(N).

The adjoint S}, is a partial isometry if and only if each w; € T, that is, w
is a unitary of C*(N).

The bilateral weighted U,, and U}, are unitaries if and only if each w; € T,
that is, w is a unitary of C*(Z).

The bilateral weighted U,, and U}, are invertibles if and only if w is invertible
in C*(Z). In this case,

UJl = D(w*w)*l Uz) = D(w*w)71D@Uf
= Vo Dyt = Dol Dy

and

(U:))_l = UwD(w*w)—l == UlDwD(w*w)—l
= D(’UJ*'IU):} w — D(w*w):iUlDw’

where (w*w)~' = ((Jw;|?)™"), (w*w)~"} = (jw;_1|~2) € C*(Z) defined so.
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Proof. Tt is clear that the being bounded away from zero implies the invert-
ibility. If not being bounded away from zero, there is a subsequence (Jw;)|?)
converging to zero. Since each |wj()|* belongs to the spectrum o(S;S,,) of
SiSw = D+, that is a compact subset of C, thus the zero point belongs to
o(S%S,). This says that S S, is not invertible in B(L?*(N)).

If w is invertible in C*(Z), then UXU, = Dy, is invertible, and thus
DL Ur = Dyewy-1Uy, is the left inverse for U,. Also, U,Uy = D(yrw)_,

wrw Y w

is invertible, and hence UJ)D(_J*U;),I = U D=1 1 the right inverse for U,,,.
The similar holds for U,,U;. The converse for these also holds. O

Lemma 2.3. The weighted shift operator S,, for w = (w,) € C*(N) is bounded,
with the operator norm ||Sy|| = |[w|le = 1S5 ||. Namely, Sy, S € B(L*(N)).
The similar holds for U,, and U}.

Proof. For &€ = (&,) € L*(N),
1SwEll* = (Sw€, Swé) = (SiSuwE, &) = (Durwé, €).
The Cauchy-Schwarz inequality implies that
(Durwts ) < | Durwblléll < [1DwwllIE1? = llwl 3 [1€]1*.

It thus follows that ||Sy] < ||w]so-

Conversely, [[Swe; || = [lwjej1]l = [w;|. Hence [|Sy | > [w]]oo-
Similarly, we obtain that ||S5 || = ||w]/eo- It is well known that the operator
norm of bounded operators preserves the involution x (cf. [11]). O

Remark. The above Lemma 2.1 together with the C*-norm condition for the
operator norm of B(H) as | B*B|| = || B||? implies the preceding lemma.

Proposition 2.4. For any w = (w;) € C*°(N), we have the unique polar de-
composition Sy = (S1Disre(w)) Dy, with S1D ey a proper isometry and
ker(S,,) = ker(S1 D iars(w) ), where |w| = (Jw;]) € C*(N) and e@8(w) = (e?8(wi)) ¢
CP(N) with w; = €™®&Wi)|w;| the polar decomposition of w; € C, with each
arg(w;) € [0,27] and i* = —1.

Also, we have the polar decomposition Uy = (U1 D iare(w) ) Doy 00 L*(Z) in
the same sense, with U1 D giarg(w) @ unitary.

Proof. 1t follows from Lemma 2.1 above that /S S, = D). Compute that

(SlDeiarg(w))*(S]_De'iarg('w)) = D, iarg(w) SikS:[Deiarg(w) =1,
(81D iaraw) ) (S1Dgiara(w) )" = S1D giara(w) Do—iara(w)S7 = 0@ 1,

and hence S1Diare(w) is an isometry and not a unitary. The uniqueness follows
from the equality of the kernels in the statement. O

Remark. This result certainly generalizes a similar statement in the case that
each component w; is non-negative, as mentioned before [2, Lemma 2.1].

As well, we have
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Lemma 2.5. We have Sy, = Sjy|Deiaretw) with D iarew) a unitary of B(L?(N)).
Also, Uy = Ujy| Dyiarswr with D sy a unitary of B(L?(Z)).

Moreover, as mentioned in [2], it holds that

Proposition 2.6. ([4, Proposition 8.1]). The unilateral weighted shift operator
Sw for w = (w;) € C*(N) is unitarily equivalent to the unilateral weighted shift
operator S, with |w| = (Jw;]) € C*(N).

The similar holds for U,, bilateral.

Remark. Constructed in the proof below is a unitary equivalence between S,
and S|, by a diagonal unitary operator.

Proof. Let V be a unitary operator defined on L?(N) by Ve, = \,e, with
[An| =1 for all n € N. Compute

VSwV*Gn = )\n+1wn/\nen+1
and suppose that
S|w\en = ‘wn|en+1 = )\nJrlwn)\nenJrl

forn € N. If we take A\; = 1, then Ay = e ~""8(w1) and then A3 = e~ r8(w2) giarg(w)
and inductively, we can determine such a unitary operator V. O

Corollary 2.7. If w € C*(N) is a unitary, then S, is unitarily equivalent to
Si.
If w € C%(Z) is a unitary, then U, is unitarily equivalent to Uy.

Remark. If T € B(L?(N)) is unitarily equivalent to S, then T' = VS,,V* for
some unitary V on L?(N). Then T*T =1 and TT* = V(S,,S;)V*. Thus, T is
the same as Sy, up to the choice of a basis for L?(N). Namely, for any j,k € N,

(Tej,ex) = (Sw(VTe;), V¥er).

We denote by o(B) the (full) spectrum of a bounded (linear) operator
B € B(H) on a Hilbert space H. By definition, a complex number A € C does
not belong to o(B) if and only if A\1 — B is invertible in B(H).

Corollary 2.8. We have that 0(Sy) = 0(S)y|) and 0(Uy) = o(U}y)|)-

Proof. The unitary equivalence between bounded operators as in Proposition
2.6 above implies the equality of their spectrums. O

Proposition 2.9. ([4, Proposition 8.4]). The unilateral weighted shift operator
Sy for w = (w;) € C*°(N) is unitarily equivalent to zS,, for any z € T.
The same also holds for U, bilateral.
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Proof. Define a unitary operator V on L?(N) by Ve, = z"e, for n € N. Then
compute

VSwV¥en, = 27"V Sye, =27 "w, Vet
= z*”wnznﬂenﬂ = zWpent1 = 2S5 €n.
O
Corollary 2.10. For any real 8 € R, We have the equalities of the spectrums:
0(Sy) = 0(eS,) = 5 (S,).

Namely, it says that the spectrum of Sy, is circular in this sense.
The same holds for U,, bilateral.

Proposition 2.11. If w € C*(N) is a unitary, then we have
0(Sw)=0(S1)=D={z€C||z] <1},

that is, D is the closed unit disk in C.
If w € C*(Z) is a unitary, then we have

o(Uy) =0c(Uy) =T.

Proof. The first equality in the first statement follows from the unitary equiva-
lence between S, and S, = S1 as in Corollary 2.7. The second equality in the
first statement is well known. Refer to [10].

The second statement follows similarly. May use Corollary 2.10. O

Recall that an element B of B(L?(N)) is said to be a Fredholm operator if
the kernel ker(B) is finite dimensional and the image im(B) is finite codimen-
sional. In this case, the index of B is defined to be an integer:

index(B) = dim(ker(B)) — dim(L?(N)/im(B)),
where L?(N)/im(B) is the quotient space of L?(N) by im(B) closed in this case.

Lemma 2.12. If w = (wy,) is an invertible bounded sequence of non-zero com-
plex numbers in Cy(N), then Sy, is irreducible. The converse also holds.

If w = (wy,) is an invertible bounded sequence of complex numbers in Co(N),
then Sy, s a Fredholm operator with index —1 and S, is a Fredholm operator
with index 1. Moreover,

index(S,,) = index(S;) = index(S),|) = —1.
For U,, bilateral with w invertible in C*(Z), we have
index(U,) = index(U;) = index(U),|) = 0 = index(Uy ).

But if w is unitary in C®(Z), then U, is not irreducible.
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Proof. In the first case, note that S, = S1D,, with D,, invertible. Hence, the
irreducibility of S, is equivalent to that of Sy. It is known that S; is irreducible
(cf. [11]). For the converse, if S,, is irreducible, then suppose that w is not
invertible. Then we may assume that D,, is a compact operator, so is S,,. But
this implies that S, is not irreducible as a fact in the invariant subspace problem
([10]).

As in the case above, note also that S,, is injective, so that ker(S,,) = {0}
and im(S,) = L3(N\ {1}), and that ker(S}) = Ce; and im(S}) = L?(N).
Indeed, as well,

index(S,,) = index(S) 4 index(D,,) = index(S7)
= index(S|,,|) + index(D iaug(w) ) = index(S)y,))-

Note that an invertible bounded operator always has index zero by definition.
As a fact in the invariant subspace problem, it is known that a normal
operator such as unitary operators always has a non-trivial invariant closed
subspace via functional calculus ([10]). O

Lemma 2.13. If w, is the first zero of w € C*(N), then S, = F, ® Sy a
diagonal (or direct) sum of the finite rank operator F,, identified with

0

wq

Wn—1 0

and the weighted shift operator Sy of w' = (w}) with w}; =0 for 1 < j <n and

w) =w; for j >n+1, identified with its restriction to L*(N\ {1,--- ,n}).

For w € C%Z), if w, = 0 for some n € Z, then Uy, = Uy @ Uy, where
w' = (w}) with w}; = w; for j <n—1and wj =0 for j > n and w" = (w})
with w} =0 for j < n and w} = w; for j > n+1. Namely, Uy is identified
with Sy on L2(N), where each k € N is identified with k' = k+n — 1 of the set
{k' € Z|K' > n}, and Uy is identified with S on L3(N) for w’ = (wig), where
each k € N is identified with ¥' = n — k of the set {k' € Z|k' <n—1}. In
other words, U, is the direct sum of the forward and backward unilateral shift
operators Sy, and S% = By so denoted, so that

0
Uy = D | Wnt1 = By @ Swr,
Wn -1 0
where the last equality is obtained by converting the orthonormal basis for L?(N).

Proof. The first part of the statement is clear.
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For the second, note that Uy e,_1 =0and for j=n—k <n— 2,

Uwej = Wj1€41 = Wp—(k—1)Cn—(k—1),
which is identified with wy_1ex_1 = S%ek with ey, identified with e;. O
We denote by Cy(N) the C*-algebra of all bounded sequences w = (w;)
of complex numbers vanishing at infinity, so that lim;_,. w, = 0. Denote by
Co(Z) the C*-algebra of all bounded sequences vanishing at both +oo.

We denote by K(H) the C*-algebra of all compact operators on a Hilbert
space H.

Lemma 2.14. If w = (w;) € Cy(N), then S,, and S}, are compact operators.
If w = (wj) € Co(Z), then Uy, and U}, belong to K(L*(Z)).

Proof. In this case, these operators are norm limits of finite rank operators. [

Lemma 2.15. If w = (w;) € C*(N) has no or finitely many components w;
not equal to 1, then S, and S, are not compact, but 1 — S% S, and 1 — 5,5
are compact operators.

The same holds for U,, and U,

Proof. 1t is clear. O

A bounded operator B € B(H) on a Hilbert space H is said to be essentially
invertible if 7(B) is invertible in the Calkin algebra B(H)/K(H) = B/K, where
7 is the quotient map from B to B/K. This is equivalent to say that B is a
Fredholm operator on H.

Corollary 2.16. If w € C*(N) has no or finitely many zero components, then
Sy and S} are essentially invertible.
The same holds for U, and U

Lemma 2.17. For S,, with w € C*(N), the (additive) commutator [S},, S,,] =
S Sw — SwSy, s given by

[SZH Sw] = Dw*w - (0 ¥ Dw*w),

so that [Sr, Syler = |wi|?er and [S}, Swlen = (Jwn|? — |wn_1]?)en for n > 2.
For w € C*(Z), we have

[U{;, Uw] = Dw*w - D(w*w)_lv
so that (U}, Uylen = (|wn|?* — |wn—1|?)en for each n € Z.

Corollary 2.18. The unilaterel S,, is normal, that is, [S},Sy,] = 0 in B, if

and only if w1 = 0 and |w,| = |wp—1| for any n > 2, so that w is the zero
sequence.
The bilateral Uy, is normal if and only if |w,| = |w,—1| for any n € Z.

The Sy, is essentially normal, that is, [7(S,)*, 7(Sw)] = 0 in B/K, if and
only if Dyrw — (0@ Dyry) € K, if and only if w*w — (0, w*w) € Cy(N).
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In particular, if w € Cy(N), then S, is essentially normal.

The U, is essentially normal, that is, [1(Uy)*, 7(Uy)] = 0 in B/K, if and
only if Dy — D(ww)_, € K, if and only if w*w — (w*w)_1 € Co(Z).

In particular, if w € Co(Z), then U, is essentially normal.

A bounded operator B € B(H) is said to be hyponormal if B*B > BB*,
ie., (B*BE &) > (BB*E€) for every € € H.

Lemma 2.19. A bounded operator B € B(H) is hyponormal if and only if
|BE|| = || B*¢]| for any & € H.

Proof. By definition, B*B > BB* implies that for any £ € H,
IBE|I> = (B*BE, &) > (BB*¢,€) = || B*¢|1*.
O

Remark. Note that B* is hyponormal if BB* > B*B. Namely, B*B < BB*
as the reverse inequality of the inequality of B hyponormal.

Proposition 2.20. ([4, Proposition 8.6]). For w € C*(N), the weighted unilat-
eral shift Sy, is hyponormal if and only if the sequence |w| = (Jw;|) € C*(N) is
monotone increasing as that |w;| < |wjiq| for j € N.

Also, the similar holds for U, with w € C*(Z).

Similarly, Sy, is hyponormal if and only if the sequence |w| = (|w;|) is mono-
tone decreasing.

Also, the similar holds for U,

Proof. Note that
SpSw = SwSy = Dy — [0® Dyry] = |w1|2 @ (@?‘;l‘ijrl'Q - |wj|2) >0
if and only if |w; 41| > |w;]| for all j € N, O

Corollary 2.21. If S,, for w € C*(N) is hyponormal, then the norm ||S,|| =
lim; o0 |wj| the limit at + infinity.

If Uy, for w € C(Z) is hyponormal, then ||Uy|| = lim;_ |w;| the limit at
+ infinity, and the infimum inf;cz |w;| = lim;__ |w,| the limit at — infinity.

Similarly, if S, is hyponormal, then inf;en |w;| = im;_, 4 o0 |wj].

Also, if U} is hyponormal, then ||Uj| = limj_,_ |w;| and inf;cz jw;| =
limj‘}+oo |wj|

We may define ||w||o = inf;ez |w;| (or inf;en [w;|) for w € C*(Z) (or C*(N))
and use this notation in what follows, which may be called as infimum height
(or weight) for w. It is clear that w € C®(Z) is invertible if and only if ||w||o > 0.
It also holds that ||awl|lo = |a||w|lo for @ € C as only one of three axioms
of norms, but does not hold by some particular examples that ||w 4+ w'[jo <
lwllo + [|w!]|o for some w,w’ € C*(Z). As well, for any w,w’ € C*(Z), we have
lwllollwllo < |Jw - w'||o as the reverse submultiplicativity.
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Proof. For instance, let w = (0,1,1,---) and w’ = (1, 4

,%,%,--+) in C*°(N). Then

lwllo + llw'llo =040 < [jw + w'[lo = 1.

Also, for any w = (w;),w’ = (w}) € C*(Z), we have [[w]o[w[lo < |wjw}| for
any j € N. Hence |Jwl|o[|w’[jo < ||w-w’||o. In particular, if w = (3,1,1,---) and
w' = (2,1,1,---) in C°(N), then

1
lwllolw'llo = 5 < flw-w'o = 1.

O

For any A € B(H), we denote by 0,(A) the point spectrum of A consisting
of A € C such that the kernel ker(A1 — A) is nonzero.

We define that an element w = (w;) € C*(N) or C®(Z) is continuous at
plus infinity +o0o to a € C if limj_,4cw; = . As well, an element w =
(w;) € C*(Z) is continuous at minus infinity —co to 8 if lim;__ . w; = 3.
In particular, if |w| = (Jw,]|) is continuous at +o0o to ||Sy||, or if |Jw| = (Jw,]|) is
continuous at +0o to ||Uy || and continuous at —co to |w||p, then we may define
that the corresponding S,, and U,, are hyponormal-like, respectively. This
condition holds, in particular, if S,, and U,, are hyponormal.

We define that an element w = (w;) € C*(N) or C*(Z) is upper boundedly
continuous at plus infinity +oo to o € C if lim; o w; = @ and |w;| < |«
for any j > ng for some ng € N. As well, an element w = (w;) € C®(Z) is lower
boundedly continuous at minus infinity —oo to 8 € C if lim;_._, w; =
and |w;| > |B| for any j > ng for some ny € N. In this case, we may define that
the corresponding S, and U,, are less hyponormal-like. In this definition, we
may replace w = (w;) with |w| = (Jw;|) from the beginning, as in what follows.

Similarly, we may define that S is hyponormal-like if |w| = (Jw,]|) is
continuous at +oo to |w|o, and U} is hyponormal-like if |w| = (|Jw;|) is
continuous at —oo to ||U || and continuous at 400 to ||w]|o.

Also, S} is less hyponormal-like if |w| = (|w;|) is lower boundedly con-

tinuous at +oo to 3, and U, is less hyponormal-like if |w| = (Jw;|) is upper
boundedly continuous at —oo to a and lower boundedly continuous at 4+oco to
G.
Remark. Under those assumptions as above, we could obtain the similar results
on S and U} as those on S, and U, given below in this section, but omitted
or only commented. The upper or lower boundedness at +oo is crucial as a
technical assumption below. As a problem to be considered, this condition may
(or not) be weakened only to the continuity at +oo. This remark is also applied
for several results given below in this section.

Proposition 2.22. (Extended from [4, Proposition 8.7]). Suppose that every
component w; of w € C*(N) or C*(Z) is non zero.

If S, is hyponormal, or if jw| = (Jw;|) is continuous at +00 to ||Sy|| (namely,
Sy is hyponormal-like), and if [A| < ||Sy||, then X € 0,,(S},) and dim(ker(S;, —
Al)) =1.

11
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1IN > 1Sull, then A & 0,(S3).

The first statement also holds by replacing || Sy || with o < || Syl if |w| is con-
tinuous at +00 to a, and the second holds if |w| is upper boundedly continuous
at +oo to a.

If Uy, is hyponormal, or if |w| = (Jw;|) is continuous at +oo to ||Uyl|| and
|lwllo = infjez |w;| respectively (namely, Uy, is hyponormal-like), and if ||w|lo =
lim;_, o |wj| < |A| < ||Uy||, then X € 6,(U;) and dim(ker(U;, — A1)) =

1IN 2 [0l or IN] < wllo = lim - o Jug], then A ¢ 0, (U2):

The first statement also holds by replacing |Uy || and ||w|lo with o < [|[Uy||
and B > ||lw|lo if |w| is continuous at +00 to a and continuous at —oo to [3,
and the second holds if |w| is upper boundedly continuous at +oco to a and lower
boundedly continuous at —oo to 3.

Proof. Suppose that S;z = Z;’;Q wj_1rjej—1 = Ax for some A € C and = =
ZJ Lxje; € L?(N). Then w;—jx; = Azj_; for j > 2. It then follows that for
Jj=2,
A N1
x]: 'rj—lz.":7‘rl7

so that
|)\|2(] 9]

2 2 2
] Zw |x1|+|x1|2|w TNER

Now suppose that |A| < p < ||Sy||. Then there is ny € N such that |w;| > p for
j>ng. If j >mng+1, then

|>\|2(j71) _ |)\|2n0 ( p )2(j—1—7l0)

[wj—1 w12 7wy wi]?\ Jwn,|

with Ton]

and then r=3 7" e € L*(N) is defined with each z; = ij 1, to satisfy
(S5 — Az =0.

If [A| = || Sw]| (or |A] > [|Sw]|), then the above equation for z; in terms of x;
implies that |z;| > |21|. Hence it follows that z1 = 0 = z; for every j € N.

Note as well that the arguments above essentially only depend on the behav-
ior at infinity and can be converted to the case of converging to « if necessary
changing the base point x; to a suitable point zj for some k large enough.

For U,,, use the same approach to compute U} x = Az to determine similarly
x; as well as x_; for j positive as

| < 1. Therefore, the series displayed above converges for any x; € C,

Oy = 201
P A

ZL'_]‘ =

Then suppose that lim;_,_ |w;| < p’ < |A] < p < ||Uyl|, to deduce the similar
estimate in the terms of the series of x over positive and negative integers. [J
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Proposition 2.23. (Extended from [4, Proposition 8.10]). Suppose that every
component w; of w € C*°(N) or C%(Z) is non zero. Then the point spectrum
0p(Sw) =0 the empty set.

The same also holds for Uy, for |w| = (Jw;|) € C®(Z) continuous at infinity
+00 to ||Uy|| or upper boundedly continuous at +0o to o < ||Uy||.

Proof. Suppose that S,z = Az for some A € C and x = (z;) € L*(N). If A =0,
then x = 0. If A # 0, then Azq = 0 and Az; = w;j_1x,;—1 for j > 2, so that
w]‘fl wj*ll.'wl

\ xjflz"':Txlzov

Zl'j:

and hence x = 0.
If |A| > ||Uw||, then for j > 0,

A bY
l'_J - 7:1:_‘7_’_1 —_ = 71}0
wij wij s W

J
w2 (2 ).
ol

Since |z_;| — 0 as j — oo, then |zg| = 0. Hence z; = 0 for any j € Z follows.
Similarly, if 0 < [A| < p < ||Uy||, then there is ng € Z such that |w;| > p for
J = np. Since z; — 0 as j — oo, it follows from the above equation for z; that
ZTpn, = 0. Hence z = 0.
The arguments above also valid in the case where |w]| is upper boundedly
continuous at infinity. O

and thus,

Recall that for any A € B(H), the spectrum o(A) is decomposed into the
following disjoint union:

o(A) =0,(A)Uo.(A)Uo.(A4),

where the residue spectrum o,.(A) consists of A € C such that ker(A\1—A4) = {0}
but the closure of the range (A1 — A)(H) of A1 — A is not equal to H, and the
continuous spectrum o.(A) consists of A € C such that ker(A\1 — A) = {0}, the
closure of the range (A1 — A)(H) is H, but the closure is not equal to the range.
Also, denote by 04, (A) the approximate point spectrum of A, consisting of A €
C such that there is a sequence (&,,) of H with norm 1 such that ||A&, — A&, || — 0
as n — oo, or equivalently, inf{||(A — A)¢|| | € H,||&]| =1} =0, or A — Al is
not left invertible. As facts,

e If \ € 0,(A), then its complex conjugate A € o,(A*).

o If A € 0,(A), then \ € 0,.(A*) Uo,(A*).

e It holds that A\ € o.(A) if and only if A € .(A%).

e Note as well that o(A*) = 0(A) the complex conjugate of o(A).

e Note that both 0, (A4) Uo.(A) and do(A) C 04p(A) contained, and o4, (A)
is closed, where 0o (A) is the boundary of o(A). Note also that A € 6(A4)\oqp(A4)

13
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if and only if the range of A — A1 is closed, but proper, and ker(A — A1) = {0},
so that 0(A) \ 04p(A) C 0,(A). For these facts, may refer to [4] or [10].

We denote by B(r) the closed ball in C with center 0 and radius r > 0 and
by B(ry,r2) the closed (balled) band (or annulus) in C with center 0 and (outer
and inner) radii 71 and o with 0 < 7o < r;. Set B(r,0) = B(r). Let B°(r) and
B°(ry,72) be the interiors of B(r) and B(ri,r2) respectively. Denote by 0B(r)
and 0B(r1,r2) the boundaries of B(r) and B(ry,rs) respectively. As a note,
B(r1,r2) = B(r1) N B°(rz)¢ with B°(r2)¢ the complement of B°(ry) in C. Also,
B(r,r) = 0B(r).

Corollary 2.24. (Extended from [10, Example 3.1.21]). Suppose that every
component w; of w = (w;) € C*(N) or C*(Z) is non zero.

If Sy is hyponormal, or if lw| = (Jw;|) is continuous at +oo to ||Sy||, then
we have 0,.(S%) =0 and o(Sk) ={A € C||A| < ||SE|l}, so that

o(Sw) = {A € Cl[A] < [|Sull} = B([Swl)-

If lw| = (|w;]) € C*(Z) is continuous at +oo to |Uy,l|| and continuous at
—00 to ||wllo, then o.(US) =0 and

o(Uy) = {X € Clfwllo = inf juw;] < A < Uy},

so that
o(Uw) ={A € Cllwllo < [Al < [Uw I} = B(IUw I, [[w]]o)-
Namely,
o(Sy) = op(Sy,) Uae(Sy) = B2 (1S, 1) U oB([|1S, 1)
=0(Sw) = 07 (Sw) Uoe(Sw) = B°([[Swll) WOB(([Swl]),

where B°(||Sy[]) = {X € C||A| < S5} and OB(||S5[]) = {A € C||A| =[S, 1},
with Uap(S*) = U(S:;) = B(”S:;”) and Uap(Sw) = 0.(Sw) = 0B(||Swl|), and

w

0(Uy) = 0p(Uy) Uoe(Uy) = B*(|UL]l; [[wllo) W OB(|Ug]], [wllo)
= 0(Uw) = 0r(Uw) Uoe(Un) = B*([|Un]l; [[wllo) U OB([|Uw]]; [[wl]lo),

where BC([|UG[|; [[wllo) = {A € Clllwlo < Al < [|U[[} and OB(|UL |, [wllo) =
{A e ClIA[ = llwllo or [Al = UL}, with

0ap(Uy) = 0(Uy) = B(|U5 I, [[wlo);
Tap(Uw) = 0c(Uw) = IB([|Uw ||, lwllo)-

Proof. It follows from that o, (S,) and o,(U,,) are empty sets in this case and
that the compact set o(S},) contains the interior B°(||S5 ) of B(|| S5 |) equal to
0,(S%) and is contained in B(||S||) and that the compact set o(U}) contains

the interior B°(||U ], [lw]lo) of B(||U%Il, lw|lo) equal to o, (U;) and is contained
in B(|ULI]; [[wllo)- O
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Corollary 2.25. Suppose that every component w; of w = (w;) € C*(Z) is non
zero.
If |w| = (Jw;|) € C*(N) is upper boundedly continuous at +oo to «, then

o(5y) = 0p(Sy) Uoe(Sy), 0p(Sy) = B (), 0¢(Sy,) D 9B(a),
0(Sw) = 0-(Sw) Uoe(Sw),0r(Sw) = B°(a), 0.(Sw) D IB(a),

with 04, (S%) = 0(5%) D B(a) and 0(Sy)ap = 0¢(Sw) D 0B(a).
If lw| = (lw;]) € C*(Z) is upper boundedly continuous at +oo to o and is
lower boundedly continuous at —oo to B, with 0 < (8 < «, then

o(Uy) = op(Uy) Uoc(Uy), 0p(Uy) = B®(a, B),0c(Uy,) D 0B(a, B),
o(Uy) = 0+ (Uyw) Uoc(Uy),0-(Uyw) = B° (e, 8),0.(Uy) D 0B(cv, §),

with o4, (U%) = o(U) D Bla, B) and 04p(Uy) = 0.(Uy) D 0B(a, B).

Remark. The assumption on the equality 8 < « is rather restrictive and not
automatic. In fact, as noticed in the last moment, the case where 8 = a does
hold, and the proof has already done as contained above, and the case as with
B(a, @), B°(a, &), and dB(«, ) can be contained in the above case. The left
case of § > « may be considered as a problem left to be considered. As a slightly
different case, as a question, if |w| = (Jwj|) is lower boundedly continuous at
+00 to «, then does the same statement hold by (or without) replacing Sy,
with S 7 Philosophically, this should be true. Namely, the limits at + infinity
determine the boundary (or origin) of the spectrums. Also, if |w| = (|wj]) is
upper boundedly continuous at —oo to a and lower boundedly continuous at
400 to B, with 8 < a, then the same statement does hold by replacing U,, with
Uy. Tt follows from the philosophical point of view that even in the left case
where 5 > «, the same statement would hold by the same replacing as above.
This remark is also applied for several results given below in this section.

Recall from [10] the following facts.

Let A € B(H). The essential spectrum o.(A) of A is defined to be the
set of A € C such that 7(A1 — A) is not invertible in B(H)/K(H). Namely,
the complement C \ o.(A) consists of A € C such that A1 — A is a Fredholm
operator on H. The Weyl spectrum oy (A) of A is defined to be the intersection
of 0(A+ K) for any K € K(H).

A moment of thought implies that c.(A) = 0.(A*) and ow (A*) = ow (A)
for any A € B(H). Also, ow(A) = ow (A + K) for any K € K(H).

Proof. Fix K € K(H). For any K’ € K(H), K + K’ € K(H). Thus, ow(A) C
oc(A+ K + K') for any K’ € K(H). Hence ow(A) C ow (A + K). Conversely,
ow(A+K)Co(A+ K— K+ K')=0(A+ K') for any K’ € K(H). Therefore,
ow(A+ K) C ow(A). O

It is known as a fact that for any A € B(H), A € C\ 0.(A) if and only if
the range of A1 — A is closed, the dimension of ker(A\l — A) is finite, and the
dimension of the orthogonal complement of the range of A1 — A is finite.
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For any A € B(H), both 0.(A) and ow (A) are non-empty closed sets, and
0c(A) Coe(A) Cow(A) Co(A).

Proof. It A € 0.(A), then the range of A1 — A is not closed.

If we take K = 0 in the definition, then ow (A) C o(A).

If A1 — A is invertible in B(H), then w(A1 — A) is invertible. Thus c.(A) C
o(A).

For any K € K(H), we have 0.(4) = 0.(A+ K) C 0(A + K) since m(Al —
A)=7(Al - (A+ K)). Hence, 0.(A4) C ow (A). O

Moreover, for any A € B(H), A € C\ ow(A) if and only if A\1 — A is a
Fredholm operator and the index of A\1 — A is 0, and A € ow (A) \ 0.(A) if and
only if A1 — A is a Fredholm operator and the index of A1 — A is not zero.

If A e B(H) is normal, then o.(A4) = ow (A4).

Corollary 2.26. (Extended from [4, Proposition 8.13] and [10, Example 6.1.21]).
Suppose that every component w; of w = (w;) € C*(N) or C*(Z) is non zero.
If S, is hyponormal, or if |w| = (|w;|) is continuous at 400 to ||Sy||, then

0e(Sy) = 0c(Sy) = OB([[SL 1) = 0B([|Swll) = 0ap(Sw) = 0¢(Sw) = 0e(Sw)
and
ow (Sy) = 0(85,) = 0ap(5y,) = B(IS,11) = B([|Sull) = 0(Sw) = ow (Sw).

If lw| = (|lw;]) € C¥(Z) is continuous at +oo to ||Uyl|l and continuous at
—o0 to ||w||o, then

0e(Uy) = 0c(Uy) = 0B(|UL ], [[wllo)
= 6B(||Uw||7 Hw”O) = O'ap(Uw) = Uc(Uw) = Ue(Uw)

and

ow (Uy) = 0(Uy) = 0ap(Uy,) = B([[Uy |l [[wllo)
= B([|Uu]]; [[wllo) = 0(Uw) = ow (Uw)-

Proof. Tt |A| = ||SE] = [|Swll, then A € 0.(S%) = 0¢(Sw), so that the ranges of
Al — S and Al — Sy, are not closed. Thus, A € 0.(S}) = 0.(Sw).

If Al < 1S5 = ||Swll, then X € 0,(Sy,) and X € 0,(S%), so that ker(Al —
Sw) = {0} and dimker(A1 — S}) = 1. Moreover, since

1(Sw = ADEI = (15wl = [ADIIE],

it then follows that any Cauchy sequence in the range of S,, — Al converges in
the range, so that the range is closed. Thus, S,, — Al is a Fredholm operator
with index —1 # 0. Hence 7(S,, — A1) is not invertible, so that A & o.(S,,) but
AE Uw(Sw).
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Similarly, if |A| = ULl = ||Uwl| or |A] = ||w|lo, then X € 0.(U%) = 0.(Uy),
so that the ranges of A1 — U} and A1 — U,, are not closed. Thus, A € 0.(U}) =
e(Uy)-

If |wllo < |Al < |UL]] = ||[Uw|l, then X € 0,.(Uy,) and X € 0,(U;), so that
ker(Al — U,,) = {0} and dimker(A1 — U}) = 1. Moreover, since

[(Uw = ADEN = (10wl = IADIEN,

it then follows that any Cauchy sequence in the range of U,, — A1l converges in
the range, so that the range is closed. Thus, U,, — Al is a Fredholm operator
with index —1 # 0. Hence 7(U,, — A1) is not invertible, so that A & o.(U,,) but
A€ ow(Uy). O

Corollary 2.27. Suppose that every component w; of w = (w;) € C*(N) or
C*(Z) is non zero.
If |lw| = (Jw,|) is upper boundedly continuous at +o00 to «, then

B°(0)° D 0(S%) D 0(S%) D OB(qt) C 04p(Sw) = 0e(Sw) C 0e(Sw) € B°(a)°

and
ow (Sy,) = 0(Sy,) = 04p(S,,) D Bla) C o(Sw) = ow (Sw)-

If lw| = (|w;]) € C*(Z) is upper boundedly continuous at +oo to o and lower
boundedly continuous at —oo to B, with 0 < 0 < «, then

B%(a, 8)° D 0e(Uy) D 0c(Uy) D 0B(a, B)
C 04p(Uy) = 0¢(Uy) C 0e(Uy) C B°(e, B)°

and
ow(Uy) =0(Uy) = 04p(Uy) D Ble, ) C 0(Uy) = ow (Uy)-

In fact, we obtain

Theorem 2.28. Under the same assumptions as above, we have

ow (Sy,) = 0(Sy) = 0ap(5y,) = B(@) = 0(Sw) = ow (Sw)

and

0e(Sy) = 0c(Sy,) = 0B(a) = 04p(Sw) = 0c(Sw) = 0e(Sw).
Similarly,

JW(U:;) = O'(U:;) = O—ap(U:;) = B(aaﬂ) = U(Uw) = UW(Uw)
and

O—e(U;)) = JC(U;) = aB(O‘;ﬁ) = Uap(Uw) = Uc(U1u) = Ue(Uw)-

17
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Proof. Let F, be a finite rank operator obtained from restricting .S,, on C™ gen-
erated by the standard basis vectors e, - , e, of C" viewed in L*(N) canon-
ically. By the assumption, there exists ng € N such that if n > ng, then the
limit o = lim; o |w;| is equal to the norm ||S,, — F||. Therefore,

O-W(S:,:} _F';:) = O-(S:;) _F:{) :B(a) :U(Sw _Fn) :UW(Sw _Fn)7

with ow (S) — Ff

n

) = ow(S}) and ow (Sy — Fp) = ow(Sw), and

o (S,

w

- F;) = JC(S:; - F;:) = 83(04) = Uc(Sw - Fn) = Ue(Sw - Fn)

with 0.(S% — F¥) = 0.(S%) and 0.(Syw — Fp,) = 0c(Syw). It then follows from
Corollary 2.27 above that

o(Sk) = B(a) =0(Sy) and 0.(S)) = I0B(a) = 0.(Sw).

Similarly, the same argument as above is applied for U, by using Corollaries
2.26 and 2.27. O

Remark. There may be more results on this subject in the literature, or in
the future to be continued. As a summary, given as a non-surprising present
(to the experts) are the following tables for the spectrums of UWS S, and
BWS U, before the last minute or so. As a note, for UWS* S* and BWS*
U hyponormal-like or less hyponormal-like, the same tables could be obtained
by just exchanging (or replacing) S, for (or with) S} and U, for (or with) U}
respectively, where, in the case of U, a at +00 and 8 at —oo, with o > 3 > 0,
are respectively replaced with « at —oo and 3 at 400, with a > 8 > 0. The last
table (as in [10]) in the next page corresponds to one of the cases where a = S.

Table 1: The spectrums of the hyponormal-like UWS and BWS

Spectrum Sw Sk Uy Uy
Fullo | B([[Sull) | BUISLI) | B([Uwll[wlle) | B(IULI; [lwllo)
Weyl ow Ball Disk Band Annulus
Point 7, 0 BO(]S5 1) Empty § BY([|Us ], [[w]lo)
Conti. ac | IB([Swl) | OB(IS51) | 9B([Uwll; [[wllo) | dB([U ], [lwllo)
Ess. o Circle Boundary 1 or 2 circles Same as left
Res. o, | BY([[Swl) 0 BO([Uw]l, [[wllo) No 0
App. gap 0c(Sw) a(Sy) oc(Uw) o(Usy)
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Table 2: The spectrums of the less hyponormal-like UWS and BWS

Spectrum Sw S Uy U,
Full o B(a) B(a) | B(eyp) | B(a,p)
Weyl ow The same as above
Point o, [} B%(a) [ B, B)
Conti. 0. | O0B(«a) | 0B(«) | 0B(a,3) | 0B(«, )
Ess. o, The same as above
Res. 0, | B%«) 0 B, B) 0
ApD- oap | 0c(5a) | 0(55) | 0eU) | o)

Table 3: The spectrums of the US and BS

Spectrum S S U, Uy
Full o B(1) | D=B(1) oD T=0D
Weyl ow Ball Disk Circle Torus
Point o, 0 D 0 0
Conti. o. | 0B(1) oD 0D T
Ess. o, The same as above
Res. 0, | B°(1) [ 0 [
Apb_oup | 050 |_0(50) | oaUs) | o(U7)

3 Banach spaces of all weighted shift operators

The C*-algebras C®(N) and C®(Z) with the supremum norm may be viewed as
only Banach spaces by the same symbols, with forgetting product and involu-
tion.

We denote by S(C®(N)) the (linear) space of all unilateral weighted shift
operators S, corresponding to w € C®(N) and by U(C?(N)) the (linear) space
of all bilateral weighted shift operators U, corresponding to w € C®(Z).

Define a linear map S : C*(N) — S(C*(N)) by S(w) = S,, and a linear map
U:C%Z)— U(CZ)) by U(w) = U, (for both of which, see the proof below).

Proposition 3.1. There are Banach space linear isomorphisms between C°(N)
and S(C*(N)) and between C*(Z) and U(C®(Z)) under the maps S and U re-
spectively.

Proof. Check that for w,w’ € C*(N) and k € C,
Swrwe; = (wj +w))ejr1 = Swej + Surej,
Skwej = kwjej+1 = kSwej.

It is shown in Lemma 2.3 above that ||.Sy || = ||w]]co- O
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Define a conjugate linear map S* : C*(N) — S*(C?(N)) by S*(w) = S}, and
a conjugate linear map U* : C*(Z) — U*(C*(Z)) by U(w) = U (for both of
which, see the proof below).

Define the linear map S @ S* from the direct sum C*(N) @ C?(N) = ©2C*(N)
to the sequilinear direct sum S(C*(N)) @~ S*(C*(N)) by (S @ S*)(w ® w') =
Sy @ S, and define the linear map U @ U™ similarly (for both of which, see the
proof below). We assume that these linear and sesquiliner direct sums have the
maximum norm defined as ||w ® w'||oc = max{||w||co, ||| }. In details,

Proposition 3.2. There are Banach space linear isomorphisms between the lin-
ear direct sum ®*C®(N) and the sesquilinear direct sum S(C?(N))o~S*(C?(N))
and between ©*C(Z) and U(C*(Z))@~U*(C*(Z)) under the linear maps S®S*
and U ® U* respectively.

Proof. Check that for w,w’ € C*(N) and k € C, S}, ,e1 =0 = She1 + S e,
Si.e1=0=kS’ ey, and

Swtw € = (Wj—1 +wi_q)ej_1 = Sye; + Se,
Siwes = kwj_1ej_1 = kSje;
for j > 2. Moreover, for k € C,
(S @ S*)(kw, kw') = Spw © Sk = kSw @ kS, = k(Sw @ S5,

where the last identification is the definition of the component-wise, sesquilin-
ear scalar multiplication (which we define so). Note that by Lemma 2.3,

18w @& Siy |l = max{[|Swll, 155, 1} = max{[lwllec, [lw']lec} = [w & w'l.
O

Remark. The sesquilinear scalar multiplication as well as the sequilinear direct
sums of linear spaces, which we introduce as an attempt, but only for this, may
not be found in the literature so far. But these notions may be natural in that
sense and be some useful for some purposes somewhere later.

Lemma 3.3. For w,w’ € C*(N), the product Sy,Sy is equal to S3Dyy. ,w with
the pointwise multiplication wiiw’ = (wj1w)) € C®(N), and is not equal to
Sww' = S1 Dy if non-zero.

The operator Sz is equal to S1Dg, and is not equal to S}, = DwSy.

Similarly, Uy,Uy = UwaHw/ and Uz = Uy Dy.

It then follows that the maps S, U, S ® S*, and U & U* can not extend to
x-homomorphisms of C*-algebras.

Proof. Compute
/ l /1 Q2
Swa/ej = Swwj6j+1 = wj+1wj€j+2 = wj+1wj51 €j.

The reason for those maps not to be extended to x-homomorphisms is simply
in that the C*-algebras C*(N) and C*(Z) are commutative, but the C*-algebras
generated by the images under those maps are non-commutative. O
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Corollary 3.4. For w € C*(N), we have S? = S?D,,, ., and

W41

k+1 _ gk+1
Sw - Sl Dw+k~~’w+1wa
where the successive pointwise multiplication wiy - Wi W = (Wjyg - - - Wjp1W;) €
C*(N).
For w € C*(Z), we have U2 = UfDy, 0. Moreover, we have ULt =
E+1
U™ Dy yyoowgyw-

A weighted shift operator S,, for w € C?(N) is said to be p-periodic if there
is a positive integer p such that w; = wj4, for all j € N, where such p is assumed
to be the least period. Similarly, U,, for w € C?(Z) is defined to be p-periodic.

Note that if S, is 1-periodic, then w = w11 and S,, = w1 5.

Lemma 3.5. If S, is p-periodic, then S?, = wyws - - w,SY.
If Uy, is p-periodic, then UP = wyws - - - w,UY.

Proof. Note that in this case
St = ST Duw, 1y wiyw = STw1 -+ wp Dy = wy -+ -wpSY.
O

Remark. There may be more results on this subject in the literature, or in the
future to be continued. In fact, the last and several corresponding results in the
next section are just the beginning of the advanced theory for certain non-type
I C*-algebras involving the inductive limit structure for C*-algebras (cf. [2]).
Namely, the limit C*-algebra is the Bunce-Deddens algebra (cf. [6]).

4 (*-algebras of weighted shift operators

For any w € C®(N) (fixed), we denote by C*(S,,) the (universal) C*-algebra
generated by the unilateral weighted shift operator S, (and S}), which may be
called the unilateral weighted shift C*-algebra. Similarly, we define C*(U,,)
as the bilateral weighted shift C*-algebra.

Recall that C*(S7) is said to be the Toeplitz C*-algebra generated by the
non-untary isometry Sy, and the C*-algebra C*(U;) generated by the unitary Uy
is isomorphic to the C*-algebra C(T) of all continuous, complex-valued functions
on the 1-torus T, by functional calculus. Indeed, C*(U;y) = C(o(U;)) = C(T)
by the Gelfand transform ([11]).

There is a short exact sequence of C*-algebras ([3], or for instance [11]):

0—->K—C*S) — C(T) = C*(Uy) — 0.

Indeed, the quotient map is induced by the universality of C*(S7) as well as
C*(Uy). Note that 1 — S7S; = 0 but 1 — 5155 is the rank one projection in K.
It then follows that K is contained in C*(S1) as a two-sided closed ideal, so that
the quotient C*-algebra C*(S7)/K is isomorphic to C*(T).
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Corollary 4.1. For any w € C*(N), the C*-algebra C*(S,,) is isomorphic to
C*(S)w))-
For any w € C*(Z), the C*-algebra C*(U,,) is isomorphic to C*(Uly)).

Proof. The unitary equivalence between S,, and S),,| as in Proposition 2.6 above
extends to a *-isomorphism between C*(S,,) and C*(S),)).
The proof for U, is the same as this. O

Corollary 4.2. If w € C%N) is a unitary, then C*(S,) is isomorphic to
C*(S1).
If w € C*(Z) is a unitary, then C*(U,,) is isomorphic to C*(Uy).

Proof. The unitary equivalence between S, and S|, = S1 as in Corollary 2.7
above extends to a x-isomorphism between C*(S,,) and C*(S1).
The proof for U, is the same as this. O

Slightly generalizing from [2, Lemma 2.1] we obtain

Lemma 4.3. [2, Lemma 2.1]. Ifw € C*(N) is invertible, then C*(S,,) contains
the C*-algebra K of all compact operators.

Proof. Since Sy, = S1D., then S Sy, = DDy = D)2 is in C*(Sy,). Thus,
Dy € C*(Sw)-

Suppose now that each component w; of w is positive. Then we have D, =
(5%8,)2 € C*(S,,). Since D,, is invertible by hypothesis, then its inverse Dy
belongs to C*(S,,). Hence S; = S, D! € C*(S,). It is known that C*(S;)
contains K, so that C*(S,,) does also.

In the general case, we use the fact that S, is unitarily equivalent to S, in
the sense that there is a unitary V on L?(N) such that Ad(V)S, = V.S, V* =
Sjw|- The adjoint map Ad(V) extends to a x-isomorphism from C*(S,) onto
C*(S}w). Since C*(S),|) contains K by hypothesis, then C*(S,) contains
Ad(V*K 2 K. O

We denote by {e;;}7 -, the matrix unit for My(C). We define

0 O
Fy =wieq = <w1 0> € M;(C)
for wy € C non-zero. Note that FoFy = F? = 0 and o(F) = {0}.

Lemma 4.4. The C*-algebra C*(Fy) generated by the nilpotent matriz Fy is
isomorphic to the 2 x 2 matriz C*-algebra My(C).

Proof. Since FyFy = |wi|?e1; and FoFy = |wi|?e22, then ey, e0 € C*(Fy).
Since F5 = wieq; and FQ* = wiela, then €21,€12 € C*(Fg) O

We denote by {e;;}?,;_, the matrix unit for Mz(C). We define

0 0 O
F3 =wiegr +wgezo=w; 0 0 € M3((C)
0 Wa 0
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for w1, ws € C non-zero. Note that F = wywqesr, F§ = 0 and o(F3) = {0}.

Lemma 4.5. The C*-algebra C*(F3) generated by the nilpotent matrix F3 is
isomorphic to the 3 x 3 matriz C*-algebra Ms(C).

Proof. Since Fji Fy = |w1|?e11 +|wa|*e22 and F3F; = |wy|>ea2 + | w2 |?es3, it then
follows that ey, eas,e33 € C*(F3). Since F3 = wiea; + waege, then egnFs =
w1€21, e33F3 = woezs € O*(Fg) O

We denote by {e;; = e; ;}7 ;- the matrix unit for M, (C). We define

0 0
w1 0
Fn =wi€21 + -+ Wp—1€n,n—-1 = . . € Mn(c)
0 Wn—1 0
for non-zero wy, -+ ,w,—1 € C. Note that F" = 0 and o(F,,) = {0}.

Proposition 4.6. The C*-algebra C*(F,,) generated by the nilpotent matriz F,
is isomorphic to the n x n matriz C*-algebra M, (C).

Proof. Since F}F, = |wi|?e11 + - + |wn—1]*€n_1,n—1 and F,F} = |wq[2en +
oo+ |wp_1]%€nn, it then follows that e11,- -, en, € C*(F,). Indeed, note that

(Fg)*Fr% = |U}1’u}2‘2611 +---+ |wn72wn71|2en72,n727

Fﬁ(Fi)* = |w1w2‘2633 +- |wn—2wn—1|2en,na

and we compute inductively (F¥)*(F¥) and (F¥)(F¥)* and then the products
F=1and (FP~1)*(F"1) implies that e, ; and ej; belong to C*(F,), and use
the equations of those products reversely.

It then also follows that e; ; € C*(F,,) for i # j by taking products of the
matrix unit components e;; on the diagonal with F¥ and (F¥)*. O

Lemma 4.7. The C*-algebra generated by F,, & F,, with n # m is isomorphic
to C*(F,) ® C*(F,,) as a direct sum C*-algebra.
But the C*-algebra generated by F,, ® F,, is isomorphic to C*(Fy).

Proof. If n < m, then (F,, ® F},,)" = 0@ F} = F. Hence (F)*F belongs
to C*(F, ® F,,). It then follows that C*(F),) is contained in C*(F,, @ F,,), so
that C*(F,,) and C*(F,) ® C*(F,,) are contained in C*(F,, & F,,). Its converse
also holds. O

Corollary 4.8. The C*-algebra generated by F,,, & --- @ F,,, with ny,--- ,ny
mutually distinct is isomorphic to C*(F,,) & --- & C*(Fy,).

Proposition 4.9. If w € C*(N) has only one zero component w, = 0, then
C*(Sy) 1is isomorphic to C*(F,) ® C*(Sy) with Sy, = F,, ® Sy, where Sy is
assumed to be an isometry. Moreover, C*(S,,) is unital in this case.

If w € C*(Z) has only one zero component w, = 0, then C*(U,,) is isomor-
phic to C*(By) ® C*(Syr), with Uy = By @ Sy, where By is assumed to a
co-isometry and Sy is an isometry. Moveover, C*(Uy) is unital in this case.
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Proof. Let L?(N) = C" @ H’ be the corresponding direct sum of Hilbert spaces.
Then S S, = F}F, & S, Sy, with S*,S,» = 1y the identity operator on H'
and F'F,, = |w1|?®- - -®|wy,—1]*®0. Since F? = 0, we have ST (S5 S,) = 0057,
Hence, (S)"(06S],) = 061x belongs to C*(S,,). It then follows that C*(S,)
is contained in C*(S,), so that F,, @ Ogs as well as C*(F),) are contained in
C*(Sw). Therefore, the direct sum C*(F,,) & C*(S,) is contained in C*(S,,)
and its converse also holds.

Since B, can be identified with S%, we may assume that U, = S%EB St
Then U{:}Uw = Sws% @ lgr with 1 = 1y = 1y & 1y~ the corresponding
identity operator. Then

Uw(UpUy) — Uy = 538575

%@ O = S%EB O € C*(Uy).
It then follows that C*(B,,) is contained in C*(U,), so that Og & S, as well
as C*(S,,) are contained in C*(U,,). Hence the direct sum C*(B,, ) ® C*(Sy)

is contained in C*(S,,), and its converse also holds. O

Corollary 4.10. If w € C%(N) has finitely many zero components Wiy 4ot
withn; > 1 (1 < j < k—1) mutually distinct such that Sy, = Fy,, ®---®F,, &
Sw, where Sy is assumed to be an isometry. Then C*(S,) is isomorphic to
C*(Fnl) DD C*(Fnk—l) D C*(Sw’)-

Ifw € Cb(Z) has finitely many zero components Witng+ni++n; Withng =0
and otherwise n; > 1 (0 < j < k—1) mutually distinct for some l € Z such that
Uy =By @F,, ® - -@®F,, , ®Sy , where B, is assumed to a co-isometry
and Sy is an isometry. Then C*(Uy) is isomorphic to

C*(BW’) D O*(Fm) DD C*(Fnk—l) D C*(Sw”)-

Proposition 4.11. ([6, V.3]). For p > 1, if S,, is p-periodic with w € C*(N)
invertible, then C*(Sy,) is isomorphic to the pxp matriz C*-algebra M,(C*(S1))
over C*(S1).

The same also holds for C*(U,,) with w € C*(Z) p-periodic and invertible.

Proof. 1t is clear for p = 1.
Since C*(Sw) = C*(S|,|) by Corollary 4.1, we may assume that each com-

ponent w; of w is positive, and wi, - ,w, are mutually distinct, and as well
that 0 < wy <wy < -+ < wyp.
If p = 2, then
o0
Su(d wie)) =Sul D wiej+ > wje;)
j=1 7 =1mod 2 7 =0 mod 2
—wi( Y meg)twa( Y we)
7 =1mod 2 7 =0 mod 2

:wlSl( Z l‘jej)+w251( Z xjej)'

j=1mod 2 7 =0 mod 2
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If we set H = H; ® Hy with each Hj the Hilbert space generated by elements
2_j = k mod 2 Lj€j, then we have the identification as

_ 0 w2S1
Sw - <w151 0 ) ’

We then have

N wi|28:S 0
S = (| ! 0 o lwo|287S1 ) ~ [wr "L, @ [,

on H = Hy & Hy. Since the spectrum o (S} S,,) is equal to the set {|w1|?, |wz|*},
the functional calculus implies that both 15, &0, and 0, 15, are contained in
C*(S:S%) C C*(Sy). It then follows that Ma(C*(S1)) is contained in C*(S,,),
and its converse also holds.

For p in general,

o] p—1
Suw(Y_wjes) = Sul > zjej |)
j=1 k=0 \j=k+1modp
p—1
= E Wr+1 E Tj€j41
k=0 j=%k+1modp
p—1
= E wk+151 E e
k=0 j=k+1modp

Ifweset H=H, ®---® H,_1 ®© Hy with each H}, the Hilbert space generated
by elements > xje;, then we have the identification as

j =k mod p
0 wpsl
w151 0
Sw =
’wp,151 0
We then have
|w1|25f51 0
SZ)S'LU = = |w1|2]‘H1 69...69|u)p|211—1p

0 |wp[*S1 S

on H=H;®---®Hp_1® Hp. Since the spectrum o(S},S,,) is equal to the set
{lwi|?,- -+, |wp|?}, the functional calculus implies that Iy, for 1 < j < p are
contained in C*(S S%) C C*(Sy). It then follows that M, (C*(S1)) is contained
in C*(Sy), and its converse also holds. O
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Corollary 4.12. Forp > 1, if S, is p-periodic with w € C*(N) invertible, then
there is a short exact sequence of C*-algebras

0—K— C*(Sy) — M,(C(T)) — 0.
If U, is p-periodic with w € C*(Z) invertible, then C*(Uy,) = M,(C(T)).

Proof. Tensoring the short exact sequence for C*(S7) (as given in the first of
this section) with M,(C) implies the statement. O

Lemma 4.13. For any w = (w;) € C°(N) such that each w; # 0 and the limit
lim;_,o |wj| = 0, then C*(S,) is isomorphic to K.

The same also holds for C*(U,) with w € C*(Z) such that each w; # 0 and
both of the limits lim;_, 1 |w;| are zero.

Proof. Since the limit is zero, Sy, is a non-zero compact operator, so that C*(.S,,)
is contained in K. Conversely, since S,, is irreducible by the non-zero condition
of w = (wj), C*(Sy) is also irreducible and has non-zero intersection with K,
so that K is contained in C*(Sy,) ([11, Theorem 2.4.9]). O

Proposition 4.14. For any w = (w;) € C*(N) such that each w; # 0 and the
limit limj oo w; = « exists and is nonzero, if Sy, is non-normal, then C*(S,)
is isomorphic to C*(S1).

For any w = (w;) € C*(Z) such that each w; # 0 and both of the limits
lim; 4o w; = a exist and coincide, and is nonzero, if Uy, is non-normal, then
C*(Uy) is isomorphic to C*(K, Uy) the C*-algebra generated by K and Uy, which
is isomorphic to C*(S1).

Proof. 1t holds that S,, = a.S1+G for G some compact operator. Then compute

S% S — Sw(Sw)* = (@S + G*)(aS1 + G) — (aS; + G)(@S; + G*)
= o> (1 = $1.87) + A(S; G — GS}) + a(G*Sy — 5,G*) + G*G — GG,

which belongs to K and is non-zero by non-normality of S,,. Since C*(S,,)
is irreducible, then C*(S,,) contains K. Thus S; is contained in C*(S,,), and
hence C*(S1) is contained in C*(S,,). Conversely, S, is contained in C*(S1) by
the equation, and hence C*(S,,) is contained in C*(Sy).

It holds that U, = aU; + G for G some compact operator. Then UXU,, —
U, U} is computed to be a non-zero compact operator. Since C*(U,,) is irre-
ducible, then C*(U,,) contains K. Thus U; is contained in C*(U,,), and hence
C*(Uy) is contained in C*(U,,). Therefore, C*(K, Uy) is contained in C*(U,).
Its converse also holds by the equation. O

As shown in [1] or [4, Proposition 4.14], with some refinement,

Proposition 4.15. ([4, Proposition 4.14]). Let A € B(H) and C*(A,1) the
C*-algebra generated by A and 1 the identity operator, where H is a Hilbert
space. If there is a x-homomorphism ¢ from C*(A,1) to C, i.e. a character of
C*(A, 1) such that p(A) is equal to X, then \ € g4,(A).
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Proof. We refer to the proof of Conway [4, Proposition 4.14].

Suppose that ¢ : C*(A,1) — C is a character with p(A4) = \. If we assume
that A\ & 04,(A), then there is a constant ¢ > 0 such that ||[(A — A1){]| > c|[¢]|
for any ¢ € H. This implies that

(A= A)"(A=A1)E,8) = [[(A = AE|* = lfg]* = (%€, 6),
so that (A — A1)*(4 — A1) — c%1 is a positive operator. Thus,

0 < (A= A" (A= A1) - c%1)
= (p(A") = Np(1)p(4) = Ap(1)) — *p(1) = —c* <0,
a contradiction. Hence A € g,4,(A). O
Conversely, in part,

Proposition 4.16. ([4, Proposition 4.14]). Let A € B(H) and C*(A,1) the C*-
algebra generated by A and 1, where H is a Hilbert space. If A is hyponormal
and X\ € 04p(A), then there is a *-homomorphism ¢ from C*(A,1) to C, i.e. a
character of C*(A,1) such that p(A) is equal to .

Proof. We refer to the proof of Conway [4, Proposition 4.14].

Suppose that A € 04,(A). Then there is a sequence (&,) of unit vectors in
H such that ||[(A — A1)&,|| — 0 as n — oo. Define a positive linear functional
¢ : B(I’(N)) — C by ¢(b) = B-lim((b&,,, &) for b € B(H), where B-lim :
[°°(C) — C means the Banach limit, defined to be a positive linear functional
such that the norm is 1, i.e., ¢ is a state, B-lim is the usual limit for convergent
sequences, and the B-limit is invariant under the shift on N (see [5, III, 7]).

For any b € B(H), we have ||[b(A — A1)&,|| — 0 as n — oo, so that p(b(A —
Al)) = 0. In particular, ¢(A) = A, so that p(A*) = A*. Since A is hyponormal,
then

(A=A)* (A= A1) = A*A = MA* — XA+ |)?
> AA* = XA = N A+ NP = (A=) (A= D)7,

and hence [[(A — A1)*&, || < ||(A — A1)&,]|- Thus, ¢(b(A — A1)*) = 0 for any
be B(H). Also, p(1) = B-lim ||, ||* = 1. Therefore, if p(A — A1, A* — \*1) is a
polynomial without the constant term, then p(p(A — A1, A* — A\*1) + al) = «
for any « € C. It then follows that ¢ is multiplicative on C*(A, 1), because if
q(A — A1, A* — X\*1) is another such polynomial, then

o({p(A — A1, A" = X*1) + al}H{q(A — A1, A" — \*1) + B1}) = af

=p(p(A— AL A" = X\"1) + al)p(q(A — A1, A" — \*1) + (1).

Note as well that C*(A — A1,1) is isomorphic to C*(A4,1). O

Similarly, but extendedly in part,
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Proposition 4.17. Let A € B(H) and C*(A,1) the C*-algebra generated by A
and 1, where H is a Hilbert space. If X\ € 04p(A) and X\ € 0,,(A*), then there
is a x-homomorphism ¢~ from C*(A,1) to C, i.e. a character of C*(A,1) such
that o~ (A) is equal to \.

Remark. In fact, that ¢~ is defined to be the normalization of ¢ obtained
similarly but slightly differently as in the proof above, without the normalization
condition.

Proof. We modify the proof of Conway [4, Proposition 4.14].

Suppose that A € 04,(A) and X € o,,(A*). Then there is a sequence (&)
and (n,) of unit vectors in H such that ||(A — A1)§,]| — 0 as n — oo and
that ||(A* — A1)n,|| — 0 as n — oco. Define a bounded sequence (s,,) as s, =
Sn(b) = (b&pn,mn) for n € N and b € B(H). Define a bounded linear functional
¢ : B(I*(N)) — C by ¢(b) = B-lim(s, (b)) for b € B(H). For any b € B(H),
we have that ||b(A — A1)&,|| — 0 as n — oo and that [|b*(A* — A1)n,| — 0
as n — oo. It then follows that ¢(b(A — A1)) = 0 and ¢((A — A1)b) = 0. In
particular, ¢(A) = Ap(1). But ¢(1) = B-lim({{,,n,)) may not be equal to 1.
We thus need to redefine o™~ = ﬁgp, so that ™~ (1) = 1 and ™~ (A) = A. It then
follows from the same argument in the proof above that ™ is multiplicative on
C* (A, 1). O

Theorem 4.18. Suppose that every component w; of w = (w;) € C*(N) or
C*(Z) is non zero.

If lw| = (Jwj|) is upper boundedly continuous at +o00 to o, then X € 04p(Sw) =
0B(a) if and only if there is a x-homomorphism p from C*(S,,1) to C, i.e. a
character of C*(Sy,1) such that p(Sw) is equal to A, where C*(Sy,1) is the
C*-algebra generated by S, and 1.

If lw| = (|w;]) € C*(Z) is upper boundedly continuous at +oo to o and lower
boundedly continuous at —co to 3, with B < «, then X € 04,(Uy) = 0B(w, 3) if
and only if there is a x-homomorphism p from C*(Uy,1) to C, i.e. a character
of C*(Uy, 1) such that p(Uy,) is equal to A, where C*(Uy, 1) is the C*-algebra
generated by Uy, and 1, and C*(Uy, 1) = C*(Uy,) if and only if B is positive in
this case.

Proof. It is shown in Theorem 2.28 that 0,,(Sy) = 0B(«) C B(a) = 04p(S5).
It is also shown in Theorem 2.28 that o4,(Uy) = 0B(e, 8) C Bl(a, ) =
oap(U). O

Lemma 4.19. ([4, Lemma 13.1]). Let 2 be a unital C*-algebra. Denote by A7
the space of all non-zero x-homomorphisms (or characters) from 2 to C (with
the weak x, or the point-wise convergence topology). Let [, ] denote the closed
(commutator) ideal of A generated by additive commutators [a,b] = ab — ba
for a,b € A, as the completion of the algebraic commutator [A,2A]. Then the
following equality holds:

LA = €= Nyeapker(p) =7,

the intersection of all kernels of ¢ € A}
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Proof. 1t is clear that J is a closed (two-sided) ideal of 2(. For any a,b € 2 and
any ¢ € A7, we have ¢([a, b]) = o(a)p(b) — p(b)p(a) = 0. Hence, € is contained
in J.

Conversely, take a € A\ €. Then the class a + € is non zero in the commu-
tative, quotient C*-algebra (/€. Thus, there is a *-homomorphism p from /¢
to C such that p(a+ €) # 0. Then define an element ¢ € A} as the composition
© = pogq, where g : 2 — 2/C is the quotient homomorphism, so that ¢(a) # 0.
Hence a € J. Therefore, J is contained in €. O

Proposition 4.20. ([4, Proposition 13.2]). With the same notation as in the
preceding lemma, A7 is the mazimal ideal space of A/€. It then follows that
A/C = C(AY) the C*-algebra of all continuous, complez-valued functions on
A2 under the Gelfand transfrom defined as (a + €)"(p) = p(a) for a € A and
p e AP.

Proof. If ¢ € A7, then ¢(€) = 0. Thus, we define ¢ : 2A/€ — C by the same
symbol as p(a+€) = ¢(a). Hence A7 is identified with the space of all characters
of 20/¢ with the weak-x topology, which is identified with the maximal ideal
space of 2/, that is, the space of all kernels of characters of 2/€. Since /¢ is
a commutative C*-algebra, then the C*-algebra isomorphism in the statement
is deduced from the Gelfand transform (for instance, see [11]). O

Since we may have C*(A) # C*(A,1) in general, with some refinement we
obtain

Corollary 4.21. ([4, Corollary 13.3]). If A € B(H) is hyponormal, then

C*(A,1)/[C*(A,1),C*(A,1)] = C"(A,1)/€ = C(C™(A, 1)7) = Coap(A)),

where A+€ is sent to the coordinate function on o4,(A), identified with elements
A€ ggp(A).

Proof. There is a homeomorphism from C*(A, 1)} onto o,4,(A) by sending ¢ €
C*(A)} to w(A) € o4p(A). Tt is checked that the map is well defined and
is surjective. Since C*(A4,1) is generated by A and 1, then if ¢(A) = ¥(A4),
then ¢ = v in C*(A4,1)7. Thus, the map is injective. It is clear that the
map is continuous and so is its inverse as well, because o4, (A) is compact and
C*(A,1)7 is a Hausdorff space. Note that (A + €)" () = p(4) = A. O

Similarly, but extendedly in part,

Corollary 4.22. Let A € B(H). Suppose that if A € g,p(A), then X € oqp(A*)
(which is not automatic). It then follows that

C*(A,1)/[C*(A,1),C*(A4,1)] = C*(A,1)/€ 2 C(C*(A,1)}) = Clop(A)).

Therefore, we get
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Theorem 4.23. Suppose that every component w; of w = (w;) € C*(N) or
C*(Z) is non zero.
If |lw| = (Jw,|) is upper boundedly continuous at +o0o to «, then

C* (S, 1)/[C*(Sw,1),C*(Sw, 1)] = C*(Sw, 1)/€ = C(C*(Sw, 1)1) = C(0ap(Sw)).

If lw| = (|w;]) € C*(Z) is upper boundedly continuous at +oo to o and lower
boundedly continuous at —oco to 3, then

C* (U, V)/[C*(Up; 1), C* Uy, 1)] = C* (U, 1) /€ = C(C* (Un, 1)) = C(00p(U)),
where C*(Uy,, 1) = C*(Uy,) if and only if B is positive in this case.

Remark. There may be more results on this subject in the literature, or in the
future to be continued. For more advanced details, may refer to, for instance, [2],
[7], and [8]. In fact, we could only consider the quotient structure as given above,
but not the corresponding ideal structure which does involve a pathological but
familiar non-type I representation theory.
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