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Abstract

lnthispaperwereview1rebuild，ａｎｄｓｔｕｄｙｔｈｅｔｈｅｏｒｙｏｆｔｈｅｓｅｔ

ｏｆａｌｌｅｘｔｒｅｍａｌｐｏｉｎｔｓｏｆｔｈｅｕｎｉｔｂａＵｏｆａＣ*-algebra，consisting
ofpartialisometrieswithacertaincondition，ａｎｄalsothetheory

ofextremallyrichO*-algebras，andmoreover，ｔｈｅｔｈｅｏｒｙｏｆｔｈｅ入一

fUnctioninoperatoralgebras，ａｓｗｅｌＬ
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Introduction

Thispaperisdevotedtoreviewing,rebuilding,ａｎｄstudyingthetheory

ofthesetofallextremalpomtsoftheunitballofaO*-algebra,consistingof

partialisometrieswithacertaincondition,ａｎｄalsothetheoryofextremally

richO*-algebras，mainly,inthefirstsection・ThedefinitionfbrO*-algebras

tobeextremallyrichisintroducedbyBrownandPedersen[3lWithcarefUl
readingtheitemandsomeefIbrts,revealinglinesandsecret,ｍｏｒｅdetailed

fullproofBareprovidedandcouldbeusefUlfbrreference．

ReceivedNovember30，２０１０．
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Inthemiddleofthefirstandthirdsections，wegiveareviewonhigher

extremalrichnessfbrひ-algebras,introducedbytheauthor[21］
Inthethirdsection，ｗｉｔｈｔｈｅｓａｍｅｍｉｎｄａｓａｂｏｖｅ，ｗｅｒｅview)rebuild，

andstudythe入‐filnctioninoperatoralgebras,studiedbyPedersen[17］
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L1Quasi-invertibleelements

Let副ｂｅａｕｎｉｔａｌＯ*-algebraand別－１bethegroupofallinvertibleelements
of12LRegaｴｄ則asanoperatoralgebraonaHilbertspaceH・Ｌｅｔ則〃be
theweakclosureoMinB(Ｈ)ofallboundedoperatorsonH,calledthe
envelopingvonNeumannalgebraof則,isomorphictotheseconddualof別
asaBanachspace、

Definition1.1.1．ＦｏｒｅａｃｈＴＥ辺)define

m(T)＝inf{llT：||にＥＨ,||(||＝1}，ｍ(|Tl)＝sup{g三ＯＩＥＩ≦|Tl}，

whereIistheidentityoperator・Wemaycallm(T)thesphericaldistance
ofT(fromzero)．

Itfbllowsthatm(T)＝ｍ(|Tl)Indeed,notethat

llT（''2＝<T(,Ｔ（>＝(ＴＴ（,（>＝<(T*T)1/2（,(T＊T)1/25)＝lllT|（|l2

andiffbr（ＥＨｗｉｔｈｌ＝|に''2＝(（,（)(theinnerproduct),wehaﾊﾞﾉｅ

Ｇ＝(E（,（)≦<|Tに,（)，

since<|Tl（,(）≦lllTEll,thenｅ三ｍ(T),sothatm(|Tl）二ｍ(T)．Con-
versely）

ｍ(T)2二||T（''2＝lllTに''2＝(|T'2（,()＝<T*T（,<)．

HenceO二ｍ(T)２１≦Ｔ*mltfbllowsbyafactofO*‐algebratheory(see
[10]）(orL6wner-Heinzinequality(see[7]))that、(T)’三|Tl,Therefbre，
ｍ(T)三ｍ(|Ｔｌ)．

ThuMz(T)＞OifandonlyiflTlisinvertibleSincelT|＝Ｕ*Ｔｗｈｅｒｅ
Ｔ＝Ｕ|TlisthepolardecompositionofT,thatisequivalenttosaythatT
isleftinvertibleinB(Ｈ)andalsoin2L

Let1U1denotetheclosedunitballof別ａｎｄ辺ｅｔｈｅｓｅｔｏｆａｌｌｅｘｔｒｅｍｅ

ｐｏｉｎｔｓｉｎｔｈｅconvexset別,、Recallthatelementsof則econsistofpartial
isometriesVｏｆ１Ｕｓｕｃｈｔｈａｔ

（１－Ｗ*)狐(Ｉ－ｒＶ)＝Ｏ

(see[13])Thus,thedefectprojectionsI-W*ａｎｄＩ－ＶＷｆｂｒＶａｒｅ
(saidtobe)centraUyorthogonaLInparticular,ｗｅｈａｖｅ

（１－Ｗ*)(１－炉V)＝(１－Ｗ*)－(Ｉ－ＷＷ*Ｖ＝O

andI＝Ｗ*＋ＶＷ－Ｖ(V*)2VMoreover,fbranyA,Ｂｄ２１，

（１－Ｗ*)A*Ｂ(１－Ｖ*V)＝(A(１－Ｗ*)ＷＢ(１－Ｖ*V))＝０
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Theoreml.Ｌ2．Ｆｂｒ(L〃ｅ/emcntTq/ｑｕｍｔｑｌひ-ｑｌ９ｅ６ｍ則,theんｌＪｏＭ叩
coMitMDsqmee9伽ﾉαにnt：

（i)TElu-llMl-l．

（ii）Thereareortho9onMcJosecMeqM,月Ｑ/別s2`c/2t/ＺｑｔＴ＋DMsM
muer肋にｍＷＤｉｑＭＴ＋Rjsrj9/ZtmUer肋に、辺/且

（iii）Ｔ/Ｚｅ７ＷｓｑｎＥ＞Osuc/Dtmtm(Ｔ＋､i)三ｅ`Ｍｍ(T*＋Ｒ)三Ｇｍ
ｕ/､i〔加以/只花specilMueノリ

（iv）Ｔ/JerejsQnE＞OsucMDqtmax{m(汀(T)),ｍ(汀(T瀧))｝ニビノbrlz〃
ｉｒｒｅ(jluc〃ｅ７でpmesentqtjo7z7rq/12Ｌ

（v)ＴｑＭＱＪｓｏＴ＊ＭｅｃｌｏｓｅｄｍＭｓ,ｕｎｄt/Depmjectjo"ｓｏｎt/jcor-
t/Do9onqJcomplel7zents．“,ｵﾉZeﾉIierneJpmjectionsq/Ｔ＊〔ＭＴｑｒｅｃｅｎ伽Ｉk/
ortbo9onqJml2L

（vi)Ｔ/Jemeisqneleme"ｔＶｅ別e伽仇kerV＝kerTsucMDqtT＝Ｖ|Ｔｌ，
qMOZsqMsolaMpojntmt/Despectrumsp(|Ｔｌ)．

（vii)ＴｇＭＩ千L

Pmoqf（i)＝＞(ii)LetＴ＝AVBfOrA,ＢｅＵ－１ａｎｄＶＥ別eLetDianM
betheclosedidealsof2[generatedbythedefectprojectionｓＩ－ＶＷａｎｄ
Ｉ－Ｗ*ｏｆＶ,respectivelySinceVe脇wehaveOiM＝{O}Indeed,Ｉｆ
ａｅＤｉＭ,thenα＝lim"→｡｡Ｅ先Ⅱ､(Ｉ－ＶＷ川,nfbrsomeQj,",ｂｊ,ｎｇＪ
ａｎｄα＝limm-ooZ隆川､(Ｉ－ＷＭ胸,mfbrsomeck,m瓜ｍｅ別,sothat

ｎ ｎＤ

ｑ２＝(隅Ｚα，,"(１－Ｗ胸,､)咄架ＺｃＭＩ－Ｗ鱸)Ｍ
ｊ＝１に１

，， ７７２

＝鳳隅｡(Ｚ＠ｍ(Ｚ－Ｗルェc伽(１－Ｗ鵜)0Ｍ
Ｊ＝１k＝１

，，７７Ｚ

＝紐｡｡(ＺＺ,zj,"(J-W)bjm"Ｍｒ－ｗ瀧川)＝０
Ｊ＝Ｍ＝１

ＳｉｎｃｅＤｉＲ＝ＤｍＲ,wehaveDiandRorthogonal
LetpⅢ→Ⅲ/DibethequotientmapNotethatp(V)isanisometry

because

β(V)*β(Ｖ)＝(Ｖ*＋0i)(Ｖ＋､i)＝Ｖ零Ｖ＋､i＝Ｉ＋0i＝β(1)

SinceA*Ａ＞ＢＩａｎｄＢ*Ｂ＞ＥＩｆＯｒｓｏｍｅｅ＞０，ｗｅｈａｖｅ

ｐ(T*T)＝β(Ｂ*VWAVB)三Eβ(ＨＶ*ＶＢ）
＝Eβ(Ｂ*Ｂ)三E2p(1)．
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Itfbllowsthatlo(|Ｔｌ)isinvertibleimU/Dilwhencep(T)isleftinvertiblein
lu/Ｉ

Let汀：Ⅲ＿→別/月bethequotientmapThen汀(Ｖ*）isanisometry・
SinceAA＊＞ＪＩａｎｄＢＢ＊＞ＪＩｆｂｒｓｏｍｅ６＞０，

７r(TT*)＝汀(AVBB*Ｖ*A*)三J汀(AVVW）
＝6汀(Ｍ*)三J271(1).

Hence汀(|T*|）isinvertibleSincelT*|＝Ｔ『fbrT＝Ｕ|Tlthepolar
decompositionofT,7T(T)isrightinvertiblein別/且

（ii)骨(iii).Thisisevidentfromthedefinitionofm(T)givenabove．
（iii)＝＞(iv)Ｉｆ汀isanirreduciblerepresentationoflu,thenker7｢isa

primeideal,Ｌｅ.，ｉｆｇｉ１ａｎｄＤｉ２ａｒｅｃｌｏｓｅｄｉｄｅａｌｓｏｆ別ｓｕｃｈｔｈａｔＤｉ１３２Ｃｋｅｒ７Ｔ，
ｔｈｅｎｇｉｌＣｋｅｒ７ＴｏｒＤｉ２Ｃｋｅｒ７Ｔ・ＳｉｎｃｅＯｍＲ＝０，itfbllowsthateither
D｢Ｃｋｅｒ７ＴｏｒＲＣｋｅｒ７ＴＩｎｔｈｅｆｉｒｓｔｃase，

ｍ(汀(T))三ｍ(Ｔ＋□i)三g

becausesp(汀(|Ｔｌ)）Ｃｓp(|Ｔｌ＋､｢)sincethereisa＊‐homomorphismfrom
A/DitoA/ker7imndeed,firstnotethat

l7T(T)'2＝汀(T)*汀(T)＝汀(T*T)＝汀(lTl2)＝汀(|Tl)2．

Hencel汀(T)|＝汀(|Tl).Similarly,wehavelT＋Dil＝|Tl＋0i､Nowsuppose
thatm(汀(T))＜ｍ(Ｔ＋３)Therefbre，

m(汀(|Tl))＝ｍ('汀(T)|)＝ｍ(汀(T))＜ｍ(Ｔ＋が)＝，γl(|Ｔ＋Dil)＝ｍ(|Tl＋､｢)．

Thus,ｍ(汀(|Tl))Ｉ＜ｍ(|Ｔｌ＋〕)’三|Ｔｌ＋JItfbllowsthatm(汀(|ＴＩ)）三
sp(|Ｔｌ＋､i)Ontheotherhand,sincelT|＋Diisinvertible,汀(|Ｔｌ)isalso
invertibleHence,ｍ(汀(|Ｔｌ)）＞Ｏａｎｄｍ(汀(|Tl))’三打(|Ｔｌ),andsincethe
setofallinvertibleelementsof7T(則)isopeninit,ｍ(汀(|Tl))esp(汀(|Tl))．
Thisisthecontradiction・

InthesecondcasethatRCker7T,weobtainm(汀(T*))三esimilarly．
（iv)今(iii)LetPrim(則)denotetheprimitiveidealspaceof別equipped

withtheJacobsontopologyElementsofPrim(則)arekernelsofirreducible
represenｔａｔｉｏｎｓｏｆｌＩＷｅｈａｖｅ

ｍ(汀(T))＝ｍ(汀(|Tl))＝ａ－Ｉｌ７ｒ(αＩ－ｌＴ|)|l

fOranyα三llTll,becausellTll＝|ⅡTlllsince

llTll2＝llTITll＝|llTl211＝lllTlll2，
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andＯ二Ａ三llAllIfbrAe121since

（A（,（>≦||A（||||（''三||Ａｌ|||(''2＝(||Ａｌに,（>，

andlT'二|||Ｔｌ''’三aIimplies

O＜α1-7『(|ＴＩ)≦1万(αI-lT|)''１

sothat(ａ－ｌｌ行(αI-lTl)||)’二汀(|Tl)Hencea-ll7r(αI-lTl)''二ｍ(汀(|ＴＩ))．
Conversely,fbrO≦E’三７１(|Ｔｌ),itfbllowsthataI＋E’三万(|Ｔｌ)＋αＩｆｂｒ
α三llTllTherefbre，

０＜α１－汀(|Ｔｌ)≦(ａ－Ｅ)I，whichimpliesllaI-7r(|Ｔｌ)''二a-S

Thus,Ｅ≦α－||汀(αＩ－ｌＴ|)||Hence,ｍ(汀(|Ｔｌ))≦α－||汀(αI-lT|)|｜
Also,thefimctionA八：ker7r片ll7T(A)llfbreachpositiveelementAeU

islowersemi-continuousonPrim(則)Indeed,wehavefbreachα三０，

（Aﾊ)-1([０，α])＝{ker汀ＥＰｒｉｍ(Ⅲ)lsp(汀(A))Ｃ[０，α]｝

isshowntobeclosedinPrim(別)(see[l3DTherefbre,theinverseimage
(Aﾊ)-1((α,｡。))isopenthereltfbllowsthatbothfilnctionsたandん*on
PrimCu)definedby

力(ker汀)＝ｍ(汀(T)）ａｎｄ力霧(ker7T)＝ｍ(汀(T*)）

areuppersemi-continuouslndeed,fbrβ三ｍ(汀(T)）＝ｍ(7r(|Ｔｌ)),ｔａｋｅ
α三max{β,llTll}sothatm(汀(T))＝α－||汀(αI-lTl)||Hence力isupper
semi-continuoussince庁'([β,｡｡))isclosedsothaMfT1([Ｍ))open,ａｎｄ
ｓｏｉｓｆｒ*Sincewehave

sp(|ＴＤｕ{0}＝ sp(T*T)Ｕ{O｝ sp(TT*)Ｕ{O｝ ＝sp(い')Ｕ{0}，

weseethatか(2)＝ん蝋(2)fbreveryLEPrim(則)ifnon-zerolndeed,let
Ｌ＝ker汀and、(汀(|Ｔｌ))≠ＯＴｈｅｎ

ｍ(汀(|Ｔｌ)＝ｍin{入Esp(汀(|Ｔｌ)ハ{0}｝

＝ｍin{入Esp(汀(|T*|))（{0}}＝ｍ(汀(い'))．

LetＰ＝{ＬＥＰrim(辺)'ん(2)＜E｝ａｎｄＱ＝{ＢｅＰｒｉｍ(Ⅲ)'た峰(2)＜Ｅ}，
whichareopeninPrim(別)，anddisjointbytheassumption（becauseif
PnQ≠0,thenthecontradiction).Ｔｈｅｎthecorrespondingclosedideals

gi＝ker(Prim(別ハＰ)＝ｎ{ＬｅＰｒｉｍ(別ハＰ}，
月＝ker(Prim(囚)Ｗ)＝ｎ{ＢｅＰｒｉｍ(則)Ｗ｝
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areorthogonaLIndeed,ifDiR≠{0},thereareqdiand6eRwithq6≠O
Thenthereisanirreduciblerepresentation汀oMsuchtham(α6)≠０，so
tham(0i)≠｛0｝ａｎｄ汀(月)≠｛O}・Hence7rEPand汀eQThisisthe
contradictionLetp:副→ＷワbethequotientmapThen

ｍ(β(T))＝inf{た(2)|ＬｅＰｒｉｍ(副ハＰ}=a

lndeed,thefirstequalityholdsasfbllows・SinceDiCCfbrLEPrim(皿)ｌ
ＰｗｉｔｈＬ＝ker汀,thereisthequotientmapfromWDitｏ則/２，sothat
llp(α)''三||汀(α)llfbrqe肌Therefbre,fbrα三||Ｔｌ|，

ｍ(汀(T))＝α－||汀(αＩ－ｌＴ|)''三ａ－ｌｌｐ(αI-lTl)||＝ｍ(p(T)）

wherethelastequlityfbrthe＊-ｈｏｍｏｍｏｒｐｈｉｓｍｐｉｓｓｈｏｗｎａｓｔｈｅｓａｍｅ
wayexactlyasaboveHencem(β(T))三theinfimumabove､mrthermore，
nowassumethatm(β(T)）＜theinfimumaboveThereisanirreducible

representation/L`ＣＭ/Disuchthatllp(αI-lT|)||＝Ⅲ(β(αI-lTl))||,which
correspondstotheirreduciblerepresentation1[ZoMsuchthat叩)＝O
and1Zj＝/uopHencepEPrim(則ハＰ,whichimpliesthecontradiction・

Similarly>ｍ(T*＋月)三Ein1U/且
（iii)＝>(v).Since

sp(|Tl＋､｢)Ｃ[e,llTll]，ａｎｄｓｐ(|T*|＋尺)Ｃ[e,llTI]，

itfbllowsthat

ｓｐ(|T*|＋ﾌﾞ)Ｃ[E,llTllU{O}，ａｎｄｓｐ(|Tl＋月)Ｃ[E,||Ｔｌ|]Ｕ{O｝

usingthespectrumidentityfbrlTlandlT*lcheckedaboveSinceD｢Ｍ＝
{O},thecanonicalmapfrom則to別/Ｊ＄則/Risaninjection,ie.,thereis
a＊-homomorphismfromtheimageof則ｔｏ別．Thus,ｗｅｓｅｅｔｈａｔ

sp(|Tl)Ｃに,|ｌＴｌＩ]Ｕ{O}，ａｎｄｓｐ(|T*|)Ｃ[８，|lTll1U{0}．

IflTlisinvertible,thenitsrangeisclosedclearly,andtherangeofTis
alsoclosedviapolardecompositionBytheinclusionsabove,ｉｎparticular，
iflTlisnotinvertible,Oisanisolatedpointinsp(|Tl).Thisisequivalent
withlTlandalsoThavingclosedrangesJnfact,Oisaneigenvaluefbr
lTl,andthereisaprojectionp(givenbelow)suchthatlT'十pisinvertible
HencetherangeoflTlisclosedConversely,iftherangeoflTlisclosed,we
assumethatOisnotanisolatedpointofsp(|Ｔｌ)．SincelTlisnormaland
hasitsrangeclosed，theresidueandcontinuousspectruｍｓａｒｅｅｍｐｔｙ,so
thatthereisasequenceQn)conversingtoO,eachofwhichisinthepoint
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spectrumoflTlAnyway,spectraltheoryandfilnctionalcalculusimply
thatthereis九(|Ｔｌ)invertiblesuchthatlllTl-九(|Ｔｌ)||＜Ｅ,where九(･)is
aninvertiblecontinuousfilnctiononsp(|Ｔｌ）thatapproximtatesunifbmly
thecoordinatefimctiontRt,fbrexample,J/h(t)＝１/冗fbrt≦１/､ａｎｄ
九(t）＝tfbｒｔ三１/n．ThenlllTlピーノh(|Ｔｌ)（||＜efbrany（ＥＨＬｅｔ
<＝ん(|ＴＩ)-1〃fbrany〃eHThenlllTlﾋﾟｰﾜ||〈aTherefbre,theclosure
oftherangeoflTlisH,buttherangeoflTlisnotequaltoHThisisthe
contradiction・

TheprojectionsontheorthogonalcomplementsoflTl(Ｈ)andlT*|(Ｈ）
aregivenbyh(|Ｔｌ)ａｎｄｈ(|T*|),wherehisanycontinuousfUnctionｏｎＲ＋
suchthaM(O)＝１ａｎｄｈ(t)＝Ofbrt＞gviaspectraltheorem・Itfbllows
byspectraltheoremthat

｛0}＝/､(sp(|Ｔｌ＋ﾌ))＝sp(ん(|Tl＋〕))＝sp(ん(|Tl)＋０１)．

Therefbre,ハ(|Ｔｌ)ＥＤｉ・Similarly,ｈ(|T*|)ｅ且Thus，

ｈ(|Ｔｌ)12M(|T*|)。Ｍ＝{0}．

（v）＝（vi)．SincelTlandlT*|haveclosedranges,Oisanisolated
pointinbothsp(|Ｔｌ)ａｎdsp(|T*|).ThuswehaveacontinuousfUnctionon

sp(|Ｔｌ)definedbye(0)＝Oande(t)＝l/tfbrt＞ｅ＞０(smallenough)Ｌｅｔ
Ｖ＝Ｔｅ(|Ｔｌ)Ｅ乳ThenVisapartialisometryinlUwithkerV＝kerT，
ａｎｄＶｌＴ|＝TIndeed，

Ｖ*Ｖ＝e(|Ｔｌ)T*TeOT|)＝e(|ＴＩ)lTl2e(|Ｔｌ）

isaprojectionsincee(t)t2e(t）＝Oift＝０ａｎｄ＝１ifｔ＞＆Also，
ＶｌＴ|＝Ｔｅ(|Ｔｌ)|Ｔｌ＝Tsincee(t)t＝Ｏｉｆｔ＝０and＝１ifｔ＞a

FYomthepolardecompositonabove,therangeprojectionsofTandT＊
areＷ*andVWrespectivelyBytheassumption,(１－Ｗ*)則(Ｉ－ＶＷ)＝
{0}・Therefbre,ＶＥme．

（vi)＝＞(vii)ＩｆＴ＝VITlfbrsomeVeUewithkerV＝ｋｅｒＴ,then
I-VWistheprojectiononthekerneloflTlIndeed,VWistheprojection
totheclosureoftherangeoflTlHenceitscomplementisthatoneSince
Oisanisolatedpointofsp(|Ｔｌ),itfbllowsthatA＝|Ｔｌ＋I-VWisan
invertibleelemelltof以十，ａｎｄ

ＶＡ＝Ｖ|Ｔｌ＋Ｖ－Ｗ*Ｖ＝ＶｌＴｌ

HenceTgMI平１．
（vii)今(i)ＩｆＴ＝ＭｇＭＩ千1,thenＴ＝ＩＶＡｅⅢ－１副e則-1. □
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RemcmhLet2bealnodularleftidealofanalgebra別)ｉ､e､，ｌ２ＬＣＣ２，and
fbrsomeuE別,ｑ－ｑｕ,α－２`ｑＥＤｆｂｒａｌｌａｅ狐,thatis,瓢/Lunital(see
[lODTheidealoMdefinedbyDi＝｛αｅ則ｌｑｕＣ２}fbrLmaximalis
calledtheprimitiveidealoflUassociatedto2Thisidealisjustthekernel
ofanirreduciblerepresentationof別．Anirreduciblerepresentation7Tｏｆ別
isunitarilyeqllivalenttotheGNSrepresentaion7Tpaccociatedtoapure
(cyclicvector)statep・Aprimitiveidealofaび-algebraisalwaysprime・
Forthis,notethatkermp＝Ｍ＋jVi:asDi,wherejVi,as2isaclosedleft
idealoMdefineｄｂｙ{αＥ則|ｐ(向)＝０},and7rp(α)(6＋jVip)＝α6＋Ｍ
ｆｂｒｑＥ別and６＋ＩＶ１ｐＥＨｌ,theHilbertspacecompletionofA/１V1,,with
theinnerproduct：

〈α＋jＶＭ＋Ｍ>＝Ｐ(6*α)．

Asweobservedabove，

ｍ(T)＝ｍ(|Tl)＝ｍin{入esp(|Tl)}，

sothatwemaycallitthespectrumdistanceoflTlfromzero．

PropositionLL3.〃ｵﾉzeprjm伽ejdeqlSpqcePrim(瓢）ｑ/αⅧｔｑｌＯ*‐
叩e67n刺isqHtLTLsdo7:j6FSPqce,ｔ/tent/Zecond伽ｏｎＭｎｔｈｅｔ/ＺｅｏＴｅｍｑＭｅ
ｑ泥e9MMentto仇e/blJo伽ｎ９ｃｏＭ伽on：

（viii)ＦｂｒｑｎＺ/jrre(加眺mCpresentqtjon7Tq/辺,汀(T)ise肋erJQ/ｆｏｒ
ｒｊ９ｈｔｍＵｅｒ肋ｌｅ．

ProQ/:（iv)＝＞(viii)Ｉｆｍ(汀(T)）＞０，ｔｈｅｎ汀(T)isleftinvertiblesince
lTl＝『TviapolardecompositonT＝ＵｌＴｌ,ａｎｄｉｆｍ(汀(T*))＞０，then
汀(T)isrightinvertiblesincelT*|＝〃*．

（viii)＝(iv)ＩｆＰｒｉｍ(Ⅲ)isaHausdorfIspace,thefimction

ker汀片max{ｍ(7T(T)),ｍ(汀(T*))｝

iscontinuous,becauseallnorm-valuedftlnctionsonPrim(則)suchasker汀芦
ｌｌ７ｒ(|Ｔｌ)||arecontinuous,andwehavem(7T(T))＝α_||汀(αI-lTl)llfbrany
α三||Ｔｌ|asshownaboveByassumption,thefimctionisneverzeroSince
Pri、(則)iscompact,thefunctionhastheminimumpositivelndeed,its
compactnesscanbeprovedbyconsideringafamilyofclosedsubsetsthat
haveHniteintersectionsnon-emptytoshowthattheintersectionofthe

familyisnon-emptybyusingthepropertyofhull-kerneltopology． □

Example

notsatisfiy
irreducible

1.1.4．ＴｈｅｒｅｉｓａＯ*-algeba則withanelementTthatdoes

theconditionsinthetheoremabove;theimageofTunderany
representationoMisleftorrightinvertibleLetH＝J2(Z）
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andＢ(Ｈ)②c(N)theび-algebraofallconvergentsequenceｓＳ＝(ＳＪｗｉｔｈ
ｅａｃｈＳｕＥＢ(Ｈ)LetPdenotetheprojectiononthesubspacel2(N)ｏｆＨ・
Define

Ⅲ＝｛Ｓ＝(S,､)ｅＢ(Ｈ)⑭c(N)|(Ｉ－Ｐ)S6oP＝ＰＳ6｡(Ｉ－Ｐ)＝O}，

whereS6｡＝limn一・.ＳｎｅＢ(Ｈ)Ｔｈｅｎanyirreduciblerepresentationo側
eitherpassesthroughoneofcopiesofB(Ｈ)obtainedbyevaluatingS-Sn
fbrsoｍｅｎＥＮ,ｏｒｉｔｐａｓｓｅｓｔｈｒｏｕｇｈｏｎｅｏｆｔｗｏｃｏｐｉｅsatinfinityobtained
bytheevaluationsSト→Ｓ６ｏＰａｎｄＳ卜→Soo(Ｉ－Ｐ)．Indeed,ifitdoes
passthroughmorethanonesuchcopy）itdoeshavenon-trivialinvariant
subspacesThisisthecontradictiontoitsirreducibility・

Let(eA)bethestandardbasisfbrHLetnbetheweightedbilateral
shiftdefinedbyT1zeh＝ｅｈ+,fbrA≠０，andneo＝n-1e1Letmoeh＝eA+l
fbrk≠０，butZ6oeo＝０ＴｈｅｎZ;､→ZBoinB(Ｈ)Indeed,itfbllowsby
directcomputationthaｔ

llThピーTb｡（Ⅱ＝lln-1aoe,||＝n-1laol二n-1

fbr（＝已足_｡｡α胸ｅＨｗｉｔｈｌに||＝lHencell唖一Zbo''三
over,恥ｅｈ＝ｅｈ－１ｆｂｒｈ≠１，but蝋e，＝OIndeed,fbrピ
リーＥａｅＩｅＨ，

1/n.More‐

＝ＺａＡＯｅｈ，

（ｚＭ'７)＝<Ｚ…+,,Ｚ伽)＝<Zak-le魔,Ｚ胴）
峠Ｏ ＩＣ≠１

＝Ｚα&-,戸k＝Ｚα州，
峠１ A≠ｏ

＝<(,工凸+leI)＝(（,ｚａｅ`-,)＝<<,zl;i・小
ｌ≠Ｃ ｌ≠１

Thus,ＺＢｏａｎｄＺ:i｡commutewithP・Indeed，

６
｜
｜

刊
一
仇

一
仇
１

ａ
α

・
●
」
堺
（
』
》
。
。
」
一
癖
一
（
》

囚
Ｚ
旧
函
Ｚ
Ｈ

(zBoP（,り>＝<Pﾋﾟ,醜〃)＝<Ｚα胸e府,D81e1-,>＝
ん＞１１＞２

(PIMり>＝(､｡ピル)＝<Ｚα胸e胸十,,Ｚａｅ１)＝
ん＞１１＞１

○○

Ｚα胸凡+Ｌ
Ａ＝１

Consequently,Ｔ＝(囚)belongstolUtobenon-empty・
Ｆｏｒｅｖｅｒｙｎ,ZMsinvertible・Moreover,Z6oPisleftinvertiblein別Ｐ，

beingtheunilateralshiftonl2(N),whereasL｡(Ｉ－Ｐ)isrightinvertible

2８



ｉｎ則(Ｉ－Ｐ),beingtheadjointshiftonl2(ＺⅧ)Indeed,Ｐ＝唯ZboP＝
醜PZ6oPand

（Ｉ－Ｐ)＝ZboZ墓(Ｉ－Ｐ)＝Zも｡(Ｉ－Ｐ)唯(Ｉ－Ｐ)．

ＩｔｆｂｌｌｏｗｓｔｈａｔｔｈｅｉｍａｇｅｏｆＴｕｎｄｅｒａnyirreduciblerepresentationoflUis
eitherinvertible，lefMnvertible，orrightinvertible、Nevertheless，Tdoes
notsatisfjmhecondition(vi)above,becausesp(lZhl)＝{､~1,1}､Indeed，
directcomputationshowsthatZMieA＝eh-1fbrk≠landZWie,＝n-1eo，
sothat嗽Z;neA＝eAfbrlc≠OanMqliZheo＝n-2eoHence

sp(lZM)＝ｖ百万面河＝VT77=すTIT＝{､-1,1}、

Remarkthataseparableexamplecanbeconstructed,ａｓｇｉｖｅｎｂｙｔｈｅＯ*－
subalgebraof1UgeneratedbyT，togetherwithallsequencesofcompact
operatorstendingtozeroatinfinity．

Wedenoteby2171thesetofallelementsofaunitalぴ‐algebra則sat-
isfyingtheequivalentconditionsabove,andtheelementsarecalledquasi‐
invertible、Itfbllowsfromthecondition(iv)thaⅧ71isopenlnthe
casewhere則ｉｓａｐｒｉｍｅＣ*-algebra，ｉｅ.，ｉｆｔｈｅｚｅｒｏｉｄｅａｌｏｆｕｉｓｐｒｉｍｅ，
equivalently〉ifeverypairofnon-zeroclosedidealsofuhastheintersection

non-zero,inparticulariMissimple,thentheelementsoMす'areeither
leftorrightinvertible(bythecondition(viii)）

Definition1.1.5.ＦｏｒＴｅ則可1,define

mqI(T)＝max{E|(０，８)nsp(|Tl)＝O｝

＝inf{max{ｍ(汀(T)),ｍ(汀(T*))}|汀anirreduciblerepresentationof別,}．

wherethesecondequality

T受別71,setm9(T)＝０，
Ｔｅ別,define

fbllowsfromtheproofofthetheoremabove・If

sothatlU71＝｛Ｔｅ別lm9(T)＞Ｏ}Tbrany

αq(T)＝dist(T,以可'）

sotham9vanishesontheclosureof則７１．
Wemaycallmq(T)thespectraldistance(fromzero)fbrT,ａｎｄαq(T）

thedistanceofTtom71、

Proposition1.1.6．ＦｂｒｑｎＺ/Ｔｅ別，ｕﾉｅｈｑｕｅ

m9(T)＝dist(mlu71)．
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P７℃qfSince別71isopen,ifTfZ2(51,ｂｏｔｈsidesgivezerotobeequaL
LetTE別71ｗｉｔｈＴ＝ＶｌＴｌａｎｄＶＥＬＬｅｔ

ｒｂ＝Ｖ(|Ｔｌ－ｍ９(T)Ｖ*Ｖ))＝VlZbト

lndeed，ｗｅｈａｖｅ

zUTb＝(ｌＴｌ－ｍｑ(T)ＶＷ)Ｖ*Ｖ(|Ｔｌ－ｍ９(T)ＶＶ）

＝ｌＴｌＶ*ＶｌＴｌ－ｍｑ(ＺＷ*VlTl-m91TlV蕊Ｗ*Ｖ＋、｡(T)2V*Ｗ零Ｖ
＝ＩＴｌ２－２ｍｑ(T)|Tl＋ｍ９(T)2Ｖ*Ｖ＝(ｌＴｌ－ｍｑ(T)Ｖ*Ｖ)2．

clearly,llT-Zbll＝ｌｌｍ９(T)Vll＝ｍｑ(T)Itfbllowsfromthecondition(vi）
abovethatZrb崔以７１sincespectraltheoryimpliesthatOisnotisolated
inthespectrumoflTl-mq(T)VWviafunctionalcalculus,whereＶ*Vis
viewedasafmctionpdefinedasp(0)＝Ｏａｎｄｐ(t)＝lfbrtEsp(|Tl）
nonzeroTherefbre，

dist(T,以側ﾗ')三ｍｇ(T)．

Conversely,ifBE2Lthenfbranyirreduciblerepresentation7Tof瓢we
have

m(汀(Ｔ＋Ｂ))三ｍ(汀(T))－||汀(B)''三ｍ(汀(T))－llBll．

Indeed,notethatfbrany（ＥＨうTtherepresentationspacefbr7Twｉｔｈｎｏｒｍ
ｏｎｅソ

｜|汀(T)（''三||汀(Ｔ＋Ｂ)<||＋||汀(B)(-（)''三||汀(Ｔ＋Ｂ)（||＋ll7T(B)|l

Similarly,wegetm(汀((Ｔ＋Ｂ)*))三ｍ(汀(T*))－||BllThus，

ｍ(7r(Ｔ＋Ｂ))Ｖｍ(汀((Ｔ＋Ｂ)率))三ｍ(汀(T))Ｖｍ(汀(T*))－llBll，

whereVmeansmaximumFromthecondition(iv)inthetheoremabove，
ifllBll＜ｍ９(T),thenＴ＋Be217'Itfbllowsthat

m9(T)≦dist(T,別Ⅶ71）

Indeed,ifＣ＝Ｔ＋Ｂ=別す',thenm9(T)≦||Ｂ||＝lｌＴ－Ｏｌｌ□

Corollaryl.Ｌ７．Ｔ/zeSpec胸Mjstance九Ｍｊｏｎｍｑ(.）ｏｎ則71(Mthe
djstqnce九nctjo〃α9(）ｏｎ肌ou51Mis【/i/t/Ze/bllouﾉlin9:/brS,Ｔｅ別ｑｎｄ
ｚＥＣ，

nz9(zT)＝lzllγ09(T）ｑＭｌｍｑ(S)－，９(T)'三ｌｌＳ－Ｔｌｌｉ
ａｑ(汀)＝lzla9(T）（Ｍｌａ９(S)－α9(T)'三lｌＳ－Ｔｌｌ
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Pmoq/HomogeneityfbllowsfronlthefactthaⅦ51isstableundermulti-
plicationwithnon-zerocomplexnumbersNotethatlzTl＝lzllTl,and

dist(zT,以可')＝i夢llzT-Bll＝|Zli夢llT-z~lBl|＝|zlaqn
Fortheinequalitiesascontinuity,notealsothat

llS（''三llS-Tll＋||正ｌｌｉｌｌＳ－Ｂ''三llS-Tll＋llT-Bll

fbr（ＥＨａＪ１ｄＢＥ以可1． □

ＲｅｍｑｒＡ、Ｔｈｅｓｅｔ則ｅｏｆｅｘｔｒｅｍｅｐｏｉｎｔｓｉｓｄｅｓｃｒｉｂｅｄａｓｔｈｅｉｎｎｅｒｃｏｒｅｉｎ
別71：

Ｒ+則e＝(Ｃ（{0})別e＝{ＴｇＵ５１ｌｍｑ(T)＝llTll}．

lndeed,ifmq(T)＝llTll,thensp(|Tl)＝{0,||Ｔｌ|},sothatlT|＝ITlIPwith
Paprojectionviafimctionalcalculus・Thus,Ｔ＝|lTllVPwithVe1Ue
sinceTE別71Notealsothat

（VP)(VP)*＝ＶＰV*＝Ｗ*，（VP)窯(VP)＝ＰＶＶＰ＝Ｐ＝Ｖ*y

HenceVPe則esince(１－Ｗ*)副(１－Ｖ*Ｖ)＝｛0}・Thus,ＴＥＲ+副ｅＣ
(Ｃ（{O})LConversely,ｌｅｔｚＶＥ(い{0})凡Thenm9(ZV)＝lzlm9(V)．
SinceVVandalsolVlareprojections,wehavesp(|Ｖ|)＝{0,1},sothat
mq(V)＝１＝|lVllHencemq(zV)＝lWll・

Ｔｈｅｔｗｏｆｉｍｃｔｉｏｎｓａ９ａｎｄｍ９ｍｅａｓｕｒｅthedistancetotheboundary
伽『'ｏｆ別可'fromtheoutsideoM豆'andfiomtheinside,respectively

Proposition1.1.8．LetＴｅ別．〃ｌｌＴ－Ａｌｌ＜,ｑ/ｂｒｓｏｍｅＡｅ副可’
ＭｔｈＡ＝Ｗ|Ａｌ(ＭＷＥ脇thenＴ＋ｐＷｅ別7’Ｍｔｈｍｑ(Ｔ＋βＷ)三
ｌ８－ｌｌＴ－Ａｌｌ・MWeoUer,ＷＴ＋βＩｅ別-1ｑＭＴＷ*＋βIgU-1．

P７ＤｑｆＷｅｈａｖｅ

Ｔ＋βＷ＝βＷ＋Ａ＋Ｔ－Ａ

＝Ｗ(βＷ灘Ｗ＋|Ａｌ)＋Ｔ－Ａ

ThespectrumoMW*Ｗ＋lAlisdiSjointfromtheinterval(0,β).Indeed，
let9beacontinuousfunctiondefinｅｄｂｙ９(O）＝Ｏａｎｄｇ(t）＝β1＋t
fbrtesp(|Ａｌハ{O}Functionalcalculusandspectraltheoryimplythat
βＷＷ＋|Ａｌ＝ｇ(|Ａｌ)ａｎｄ

ｓｐ(，(|Ａｌ))＝９(sp(|Al))＝{0}Ｕ{β＋tltEsp(|Alハ{0冊
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Therefbre，

ｍｑ(Ｔ＋,８Ｗ)三ｍ9(Ｗ(βＷＷ＋|Ａｌ))－ｌｌＴ－Ａｌ｜

＝ｍｑ(|Ｗ(βＷＷ＋|Ａｌ)|)－ｌｌＴ－ＡｌＩ

ニローＩＴ－Ａｌｌ＞０，

wherenotethat

（βＷ*Ｗ＋|Ａｌ)ＷＷ(βＷＷ＋|Ａｌ)＝(βＷＷ＋|Ａｌ)２

andhencelW(ＢＷｉＷ＋|Ａｌ)|＝ａＷＷ＋|Al
Fortheotherstatement,putＢ＝Ｗ*(Ｔ－Ａ).Theｎ

Ｗ*Ｔ＋βI＝Ｂ＋|Ａｌ＋α＝(Ｂ(|Ａｌ＋βI)-1＋I)(|Ａｌ＋βI)．

Ｗｅｈａｖｅ

｜|Ｂ''三ＩＴ－Ａｌｌ＜β二||(|Ａｌ＋βI)-1||~’

sinceＯ＜β’三｜Ａｌ＋βＩｓｏｔｈａｔ（|Ａｌ＋〃)-’三β-11,whichimplies
ll(|Ａｌ＋βI)-'''二B-1ItthenfbllowsthatB(|Ａｌ＋βI)-1＋ＩＥ剰一lsince
llB(|Ａｌ＋βI)-1||＜１，whenceW*Ｔ＋βIgU-1Thus,一昨sp(Ｗ*T),ｓｏ
－“sp(ＴＷ*)either,sinceβ≠０□

Denoteby(則可')－thenormclosureof以了L

TheoremL1､9.〃Ｔｅ(別す')-(則71,仇e7WsqMrre〔M6lemeprese伽tion
7rq/則sucMZqt汀(T)jsnejtherJQ/fnorrj9/Ztj7wer肋lejnB(Hう『)．

PmoqfSinceTE別す',thereisauniversalnet(fBj)ｉｎＰｒｉｍ(狐)suchthat

max{ｍ(Ｔ＋必,),ｍ(T*＋1Bi)}→０，

whereuniversalitymeansthatfbranysubsetY
eithereventuallyinY（Le，1ＢｉＥＹｆｂｒａｎｙｊ三
ｉｎＰｒｉｍ(ⅢハＹ・Ｆｏｒｅａｃｈｊ,choosepurestates
representationshavekernelSBj，ｓｕｃｈｔｈａｔ

ofPrimCU)，thenetis
josome)oreventually
pdandV)ｊｗｈｏｓｅＧＮＳ

Ｐｔ(|Ｔｌ)三２ｍ(Ｔ＋【Ｂｉ）ａｎｄＵｊｉ(|T*|)≦２ｍ(T叢十Ｂｉ)，

becauseviaGNS(､p`,どい`)fbrい，

Pj(|Tl)＝(叩`(|Tl胸,（P>三|腕(|Tl)（Pfll三２ｍ(汀w(|Tl))＝２ｍ(Ｔ＋1Ｂｉ)，

andsimilarlyfbrVjかSincethenetisuniversal,therearestatespandV)ｏｆ
Ⅲ,suchthatpi→ｐａｎｄ山→血nweak*topology､Notethatfbraunital
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C*-algebral2Litsstatespaceistheweak*closedconvexhullofpurestatesof
2LInparticular,itfbllowsfromthoseestimatesthaｔｐ(|Ｔｌ)＝WlT*|)＝0．

Let、enotetheclosedsetoflimitpoints(＝accumulationpoints)ｏｆ
(Ｂｉ)ｉｎＰｒｉｍ(則).Putゴーker行theintersectionofelementsof行.IfAdi，
thenAeSBfbreveryq3e行,sothatllA＋Ｂ||＝''0＋iBll＝0,whence

C＝{q3EPrim(則)|||Ａ＋Ｂ''三E｝

isacompactsubsetofPrim(別),diSjointfrom行fbreverye＞ＯＩｆ(232）
werefrequentlyinCitwouldhavealimitpointinCbycompactness,which
isimpossibleThus(q3j)belongstoPrim(則)にeventually）andsincethis
happensfbreveryEweconcludethatllA＋Ｂｉｌｌ→OItfbllowsthat

lP(A)|＝limlPi(A)|＝liml(汀P`(A)（P`l5P`)’
二limll行p`(A)||＝limllA＋Bill＝０

SimilarlM)(A)＝OSincethisholdsfbreveryAE〕,thestatespandu)are
viewedasthoseof則/mSincep(|Tl)＝ⅧT*|)＝Oitfbllowsthatneither
lTl＋DinorlT*|＋Diareinvertiblein則/DiIndeed,iflTl＋Diwereinvertible，
|Ｔｌ＋､i三JIfbrsomebOThemp(|Ｔｌ＋､｢)＝ｐ(|Tl)＝Ｏ三ＭI)＝６＞０，
thecontradictionmherefbre,thereareirreduciblerepresentationsof則/ブ
withkernelsD/Diand班/Disuchthat

ｍ(|Ｔｌ＋の)＝ｍ(|T率|＋瓜)＝０，

where(辺/､i)/(の/ﾌﾞ)=則/、and(則/〕)/(WDi)=瓢/DMndeed,if、(7r(|Tl＋
､i)）＞Ofbranyirreduciblerepresentation汀ｏｆ１Ｍ｢,then7r(|Ｔｌ＋豆)is
invertible,sothatlT|＋Diisalsoinvertibleviauniversalrepresentation

Assume,toobtainacontradiction,thatlT|＋猟andlT*|＋Ｏａｒｅｂoth
invertibleinWⅨandⅢ/の,respectively>sothat

rn(Ｔ＋射)三Ｅａｎｄｍ(T*＋の)三E

fbrsomeE＞ONowusethefactthatTe(別71)－ｔｏｆｉｎｄＳｅ以可'ｗｉｔｈ
ｌｌＳ－Ｔ||＜l/3altfbllowsbynormcontinuitythat

ｍ(Ｓ＋の)≦１/3Ｅａｎｄｍ(S*＋”二１/3ｓ；

ｍ(Ｓ＋射)三2/3ｇａｎｄｍ(S*＋の)三2/3E，

ｗｈｅｒｅｎｏｔｅｔｈａｔ

Ｅ－ｍ(ｓ＋瓜)三ｍ(Ｔ＋射)－ｍ(ｓ＋瓜)三|ｍ(Ｔ＋瓜)－ｍ(ｓ＋瓜)|＜1/3E、
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However,sincesp(|S|)andsp(|S*|)arethesame,zeroapart,wehavem(S＋
の)＝ｍ(S*＋の),unlessoneofthevaluesiszeroltistherefbreconcluded
that

m(ｓ＋の)＝ｏ＝ｍ(s*＋孤)．

Forevery6＞０，ｔｈｅset｛1ＢＥＰrim(lU)|ｍ(Ｓ＋昭）＜６｝isopenand
aneighbourhoodofDSincｅｆＢｊ－→DbecauseDehull(ker行)＝行the
closureof行inhull-kerneltopology,equalto谷,itfbllowsthatm(S＋q3j)→
OThesameargument,appliedtoS*and猟,showsthatalsom(S*＋iBj)→
OButthisisthecontradiction,ａｓＳＥｌＵ可1．Thusweobtainthateither
m(Ｔ＋瓜）＝Ｏｏｒｍ(T*＋の）＝OTherefbre,thereisanirreducible
representation7TwithkernelDor瓜,ｓｕｃｈｔｈａｔ

Ｏ＝ｍ(汀(T))＝ｍ(|汀(T)|)＝ｍ(|汀(T)*|)＝ｍ(汀(T*))，

whichsaysthatneighther7r(T)nor7r(T*)isinvertibleinB(Hう｢)．□

Corollary1.1.10.〃瓢71jsde"sem別,thenthecoM伽ｏｎ(viii)qMejs
eqⅧqJeniftothosecoM伽ons(i)ｔｏ(vii)ａＭｅ・

PmoqfTheimplication(iv)＝＞(viii)ischeckedbefbre、Weneedtocheck

that（viii）。thoseequivalentconditions,ｉ､e､,ＴｅＵ７１・Supposethat
TfZ則71,sothatTE(別７１)－WI71Bythetheoremabove,thereisan
irreduciblerepresentation7ToMsuchthat7T(T)isneitherleftnorrightin-
vertible,whichcontradictsto(viii)thatfbreachirreduciblerepresentation
汀ＣＭ,汀(T)iseitherleftorrightinvertible □

CorollaryLL11．Ｔ川elementＴ＝（脇）ＥＢ(J2(Z))⑭c(N）suc/ＭＭ
(Ｉ－Ｐ)T1ｺ｡Ｐ＝PTB｡(Ｉ－Ｐ)＝０，ｕ）herensif/Zepmjecttjontol2(N),、t/Ze
emqmPJeaMedoesMMon9totheclosw1e(21万')-．

１．２Extremalextensionsofpartialisometries

Proposition1.2.1．比tE1,Ｅ2,Ｆ1,Ｆｈ６ｅｐｍ/ectionsoncuHilbertSpqceH
suc川ＭＥ,＋Ｅ２＝Ｆ１＋Ｆｈ＝ZSUppose伽ｔＴＥＢ(Ｈ）suc川hqt
FlTE2＝ＯｑＭＦｌＴＥ１ｉｓｑ６１１ｊｅｃｔｊｏｎｑｆＥ１ＨｏｎｔｏＦ１Ｈ．〃ＴｉｓｌＧ/ｆｏｒ
ｒｊＷ伽er肋ｌｅｍＢ(Ｈ),ｵﾉuesqmcjsmLe/brq〃opemtor

S＝FlTE1＋FbREl＋FbTE2，ｕﾉﾉZemeREB(Ｈ)．

P7DqfOntheorthogonaldecompositionH＝Ｅ１Ｈ＄Ｅ２Ｈ＝I711H＄ＬＨ，
ｗｅｈａｖｅ

Ｔ＝(F1＋届)Ｔ(E1＋Ｅ２)＝FlTEl＋FbTE1＋FhTE2

-(騒圀呈助)薑(ニニルー(Fh量E’二）
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IfThasarightinverseUinB(Ｈ),wehavetheequation：

〃-(二二)(紙)-(糊）
whereTU＝(JF11＋Fb)T(E1＋Ｅ２)(E1＋Ｅ２)Ｕ(Ｆ１＋Fh)viewed・SinceAis
assumedtobeinvertible,Ｋ＝Ａ－１．ＴｈｕｓＡＬ＝OfOrcesL＝0,whencejV
becomesarightinversefbrB・itfbllowsthat

〔Fh量E』)(-Ｎ遇EnK月)-(畑）
wherejVF12RE1K＝jVRK,sothatSisrightinvertibleinB(Ｈ)．

IfThasaleftinverseVinB(Ｈ),ｗｅｈａＮ'etheequation：

γT=(紙)(≦皇)薑(｣Ｍ)，
whereVT＝(E1＋Ｅ２)Ｖ(Ｆ１＋Ｆ１2)(F1＋Fb)T(E1＋Ｅ２)viewedThemVis
aleftinversefbrB・Ｗｅｔｈｅｎｈａｖｅ

（－１V録,A_』:池曼Eﾕﾆ)-(Ｍ）
wherejVE2RE1A-’＝ＮＲＡ－１，whichshowsthatSisleftinvertiblein
B(Ｈ)．□

ＬｅｔｌＵｂｅａｕｎｉｔａｌＯ*-algebraand則〃theenvelopingvonNeumann
algebrafbr狐.ＩｆＴＥ則,wehaveT＝ＶｌＴｌｉｎ別",butViZ瓢ｉｎgeneral・
However,itfbllowsfromStone-WeierstrasstheoremthatW(|Tl)巳以fbr
everycontinuousftlnction′ｏｎｓｐ(|Tl)ｗｉｔｈ/(O)＝０．Indeed,ノcanbe
approximatedclosely(orunifbrmly)bypolynomialswithoutconstantterms
andwithvariablelTlForeverｙＪ＞０，letE5andFbdenotethespectral
projectionsoflTlandlT*|＝ＶｌＴｌＶ*in則",respectively>correspondingto
theopeninverval(6,○○)．

Theorem1.2.2．LetＴｅ別ｑｕｍｔｃＬＪＣ*‐qJ9ebm，Ｍｔｈｐｏｌｑｒｄｅｃｏｍｐｏｓ伽ｏｎ
Ｔ＝ＶｌＴｌｍ則"ＪｂｒｅｑｃＭ＞α9(T)＝dist(T,皿71),the7WSqneZt『weｍｅ，
pczrtjaJisomet?ＷＵｍ別ｅｓｕｃｈｔｈｑｔ

UEJ＝｣ＦＷ＝VE6＝１Ｗ：

MLmeIy，

U)((6,｡｡)(|Tl)＝ＶＸ(6,｡｡)(|Ｔｌ）αｍｅ伽Ｉｔｏ）((6,｡｡)(|T*|)Ｕ＝Ｘ(6,｡｡)(|T*|)V

FbrJ＜αq(T),ｵﾉZelWsnoez舵mqllezteMonoL/ＶＥＭ、別．
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Pmoqflfのαq(T)wecanfindA＝ＷｌＡｌｉｎ狐71,sothatWe則e,with
llT-All＜５．chooseβand7suchthatllT-All＜β＜γ＜JDefine
continuousfimctionsJmndｇｏｎＲ＋ｂｙ

ﾊﾙﾄ(llz9二三7刑⑥臺僻二二7‘
NowletB＝(Ｔ＋βＷ)(I＋βg(|Ｔｌ)ＶＷ)-1/(|Tl),wheresincellβ911｡｡＝
β〃＜landV9(|Ｔｌ)Ｅ則becauseｇ(0)＝０，weseethatI＋βg(|Ｔｌ)Ｖ*Wis
indeedinvertiblein則,becauselll89(|Ｔｌ)ＶＷｌｌ≦||βg(|Ｔｌ)||＝||β911..＜１
viaGelfandtransfbrm,ｗｈｅｒｅｔｈｅｓｕｐｒｅｍｕｍｎｏｒｍｉｓｔａｋｅｎｏｎｔhespectrum

鯉邑離撫柵岳i駕主瀧二棚嗣鰡'鰯鱒l
Calculatethat

F),(Ｔ＋βＷ)＝Ｗ*)((７，｡｡)(|T*|)ＶＷＶｌＴ|＋βＷ）

＝Ｖ)((7,｡｡)(V*|T*|Ｖ)ＷＶｌＴｌ＋βＷ）

＝ＶＥγ|Ｔｌ＋βVEYVW

＝VE1lT|(I＋β9(|Ｔｌ)ＶＷ)，

whereXh1,｡｡)(･)meansthecharacteristicfunctioncorrespondingtotheopen
interval(７，｡｡),andnotethatlT|＝Ｖ*|TWandp(|Tl)＝Ｐ(V*|T*|Ｖ)＝
V*p(|T*|)Vhanypolynomialp(･）withonevariable,ａｎｄ;l((7,｡｡)(t）＝
)((７，｡｡)(t).ｔ､9(t)fbrt三７１tfbllowsthat

ｎＹＢ＝ＶＥγ|Ｔｌ/(|Tl)＝ＶＥ１,，

wherenotethatX(γ,｡｡)(ｔ)＝)((７，｡｡)(t).t､/(t)fbrt三丁・Also,ＶＥＹ＝１Ｗ，
because

Ｖ)((γ,｡｡)(|Tl)＝Ｖ)((7,｡｡)(|Tl)Ｖ*Ｖ＝ｘ(7,｡｡)(VlTlV*)Ｖ＝)((７，｡｡)(|T*|)y
WriteBinthefbnowingmatrixfbrm：

Ｂ＝(Fb＋(FY-IW；)＋(Ｉ－Ｆ１,))Ｂ(町十(Ｅ),－Ｅ５)＋(１－回γ)）

‐化鶏}劇瞬川溺犀蔑'）
＝(Bjj)．

Sincewehaﾊﾞﾉｅ

（Fb＋(Fγ－Ｆb))Ｂ＝Ｆ),Ｂ＝1Ｗ＝(JFb＋(nY-I7b))Ｖ
＝ＶＥγ＝Ｖ(E6＋(ＥＹ－Ｅ６))，
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itfbllowsthat

匪伝ｻﾞュ
１Ｗ(ＥｒＥＹ）

(EY-zw;)ｖ(ＥｒＥＹ）
Ｂ3２ 』」

andmoreover，

ＩＷＥＦ)((6,｡｡)(VlTlV*)VEJ＝Ｖ)((6,｡｡)(|Tl)ＶＶＥ６＝Ｖ町，
１Ｗ(Eγ－町)＝)((6,｡｡)(VlTlV*)Ｖ(E),－Ｅ６)＝Ｖ町Ｈ１,－ＶＥＦＯ；
（E１，￣１７$)ＶＥＦ()((７，｡｡)(VlTlV*)－ｘ(6,｡｡)(VlTlV*))VE5

＝ＶＥγ町一Ｖ辱＝ＶＥ６－ＶＥＦＯ，

(F〕Y-Fb)Ｖ(Ｅ),－町)＝Ｖ(EY-E6)2＝Ｖ(Ｅγ＿Ｅ６）

sothatBhasthelowertriangularfbrm

Choosedecreasingcontinuousfilnctionsb1andh2fromR＋ｔｏＲ＋ｓｕｃｈ
that

ｈｊ(t)＝１（0三ｔ≦')/)，恥(t)＝０（6二t)；ノ､,(ｔ)ん2(t)＝/z,(t）Ｍ)，

whereｊ＝１，２Forexample,sincehl(t)(ん2(t)－１)＝Ofbr7＜ｔ＜６，let
７＜(Ｕ＜６，define

ルル芦'ﾄ妙)川(`)=](γ<#<`ル
ハ,(t)=oh($)=局(ﾄ`),に‘<D

DefineO＝Ｂ－ｈ１(|T*|)Ｂ(I-h2(|Tl)).Sinceweha八'ｅ

ＩＭｊ(|T*|)＝()((6,｡｡)･ｈｊ)(|T*|)＝０，

ｈｉ(|Tl)ＥＦ(んi･)((6,｡｡))(|Tl)＝０，

（Ｉ－ＦＹ)(１－/Ｂｉ(|T*|))＝((１－ｘ(７，｡｡))(１－h.))(|T*|)＝０，
（１－ｈt(|Tl))(Ｉ－Ｅ))＝((１－肱)(１－ｘ(７，｡｡)))(|Tl)＝０，

itfbllowsthat

hl(|T*|)Ｂ(Ｉ－ｈ２(|Ｔｌ)）

＝(0＋/､,(|T*|)(FY-町)＋(１－F〕γ))Ｂ(町十(Ｅｒ町)(Ｉ－ｈ２(|Tl))＋O）
sｏｔｈａｔｗｅｈａｖｅ

臘川BいⅢ-(』ｗ嚇洲MTmI）
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wherenotethat

ｈｌ(|T*|)Ｖ(ＥｒＥ６)(Ｉ－ｈ２(|Ｔｌ)）

＝(F〕γ－Ｅ;)んl(|T*|)Ｖ(EY-E6)(Ｉ－ｈ２(|Ｔｌ))(Eγ－Ｅ６)，
Ｂ32(Ｉ－ｈ２(|Ｔｌ))＝Ｂ32(Ｉ－ｈ２(|Ｔｌ))(Ｅ１，－町)．

Moreover1observethat

h1(|T*|)Ｖ(Ｅ１，－町)(Ｉ－ｈ２(|Ｔｌ)）

＝/､1(ＶｌＴｌＶＷ()((７，｡｡)(|Ｔｌ)－)((6,｡｡)(|Tl))(I-h2(|Ｔｌ)）
＝WZ1(|Ｔｌ)(X(７，｡｡)(|Ｔｌ)－Ｘ(5,｡｡)(|Tl))(Ｉ－ｈ２(|Tl)）

＝Ｖ()川｡｡)(|Ｔｌ)－Ｘ(5,｡｡)(|Ｔｌ))(んl(１－h2))(|Ｔｌ)＝O

Therefbre,thematrixfbrmofObecomes：

…川叩MT卜げ鮴鍬J
IfBisleftorrightinvertibleinB(Ｈ),thenitfbllowsfromtheproposi-

tionabovethatOalsoisleftorrightinvertible,respectively,sinceＶ(町十
(E)'一町))isabijectionof(E6＋(ＥＹ－町))Honto(町＋(Ｆ１,－Fb))Ｈ・In‐
deed,fbr（ＥＨ,wehaveV露（＝IWEY（ＥＦ１Ｈ,withllVEY（||＝||Ｈ１,<||，
andfbr77EH，

Ｆ１,り＝ｘ(７，｡｡)(|T*|)り＝Ｖ)((v,｡｡)(|Ｔｌ)Ｖ*〃＝ＶＥＹＶ*りＥＶＥγH

NotethatwithB21＝(B31,Ｂ32),Ｂ&1＝(０，B32h2(|Ｔｌ)),andO2＝(0,0)t，

B薑(J1fWEiLEpAj臺峨沖臺峨）
Suchsimultaneousleftorrightinvertibilityalsoholdsfbrquotientim-

agesoftheoperatorsBandOTherefOre,itfbllowsfromBe則71ｔｈａｔ
ＣｅＵ７'also,bythecondition(ii)．

EvidentlyPE5＝Ｆｂｏ＝VEFIWusingthe(first)matrixfbrmfbr
CLetO＝UlClbethepolardecompositioｎｏｆＣｉｍＵ,ｗｉｔｈＵＥ則eby
thecondition(vi).Ｗｅｈａｖｅ

ぴＯＥＦぴ(OE6)＝Ｏ*1Ｗ＝(ＦｂＣＷ＝(ＦＷ)*Ｖ
＝Ｖ課1Ｗ＝い)((6,｡｡)(ＶｌＴｌＶ*)Ｖ＝Ｅ6，
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Remark. Note that w11at we have is

V*(I + t(BV* + VB*) + t 2VB* BV*)V(I - Z)

~ (V*V - tlIV*BV* + V B*VIl1/*V + t2V*VB*BV*V)(I - Z)

~ ((1 - 2t)I + t 2B* B)(I - Z)

== ((1 - t)2 I - t 2(I - B*B))(I - Z)

== (1 - t) 2(I - Z) - t2(I - B* B - Z + Z)

== (1 - t)2(I - Z) - t 2(I - B*B),

with B*B :s; I, where this estimate is not sufficient to prove the estimates
in the proof above, that is only the part we can not recover at this moment.
Probably, other reasons to dedllce those estimates in the proof would be hid
den. A reason might be that the estimate II+tBV*1 ~ I -tI/BV*1I1 holds,
with I - tIIBV*III ~ (1 - t)I, where the plausible estimate certainly holds
if VB*BV* -IIBV*112I ~ 0, but we always have V B*BV* -I/BV*1/21 :s; O.
Finally, we certainly have III + tBV*11 2 ~ (1 - t)2.

References

[1] R. M. ARON AND R. H. LOHMAN, A geometric function determined
by extreme points in the unit ball of a normed space, Pacific J. Math.
127 (1987), 209-231.

[2] LAWRENCE G. BROWN AND GERT K. PEDERSEN, C*-algebras of
Teal rank zero, J. FUnct. Anal. 99 (1991), 131-149.

[3] LAWRENCE G. BROWN AND GERT K. PEDERSEN, On the geometry
of the unit ball of a C*-algebra, J. reine angew. Math. 469 (1995),
113-147.

[4] J. CUNTZ, K-theory for certain C*-algebras, Ann. of Math. 113
(1981), 181-197.

[5] K. GR.OVE AND G. K. PEDERSEN, Sub-Stonean spaces and corona
sets, J. Funct. Anal. 56 (1984), 124-143.·

[6] U. HAAGERUP AND M. R0RDAM, C*-algebras of unitary rank two,
J. Operator Theory, 30 (1993), 161-171.

[7] F. HIAI AND K. YANAGI, Hilbert spaces and linear operators (in
Japanese), Makino Bookstore (1995).

- 114 -



[8] R. V. KADISON, Isometries of operator algebras, Ann. of Math. 54
(1951), 325-338.

[9] R. H. LOHMAN, The A-function in Banach spaces, Contemp. Math.
85 (1989), 345-353.

[10] G. J. MURPHY, C*-algebras and Operator theory, Academic Press,
(1990).

[11] C. L. OLSEN, Unitary approximation, J. Funct. Anal. 85 (1989),
392-419.

[12] C. L. OLSEN AND G. K. PEDERSEN, Convex combinations of uni
tary operators in von Neumann algebras, J. Funct. Anal. 66 (1986),
365-380.

[13] G. K. PEDERSEN, C*-Algebras and their Automorphism Groups,
Academic Press (1979).

[14] G. K. PEDERSEN, SAW*-algebras and corona C*-algebras, contri
butions to non-commutative topology, J. Operator Theory 15 (1986),
15-32.

[15] G. K. PEDERSEN, Unitary extensions and polar decompositions in
a C* -algebra, J. Operator Theory 17 (1987), 357-364.

[16] G. K. PEDERSEN, Three quavers on unitary elements in C*
algebroas, Pacific J. Math. 137 (1989), 169-180.

[17] G. K. PEDERSEN, The A-function in operator algebras, J. Operator
Theory 26 (1991), 345-381.

[18] 1\11. A. RIEFFEL, Dimension and stable rank in the K-theory of C*
algebras, Proc. London Math. Soc. 46 (1983), 301-333.

[19] ]\IL R0RDAM, Advances in the theory of unitary rank and regular
approximation, Ann. of Math. 128 (1988), 153-172.

[20] B. Russo AND H. A. DYE, A note on unitary operators in C*
algebras, Dllke Math. J. 33 (1966), 413-416.

[21] T. SUDO, Higher extremal richness for C*-algebras, Far East J.
Math., Vol. 1, no. 3-4 (June-Dec. 2007) 4 pp.

- 115 -



Department of I\tlathematical Sciences, FaClllty of Science, University of
the Ryukyus, Senbaru 1, Nishillara, Ol<:inawa' 903-0213, Japan

Email: slldo@math.u-rYllkyu.ac.jp
(Visit also www.math.ll-ryukyu.ac.jp/l"..Jsudo)

- 116 -


