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Abstract 

We review and study the Kunneth theorem for tensor products of 
C九algebras，which is obtained by Claude Schochet. 
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1 Introduction 

This is nothing b凶 areview on the paper by Cαlau吋deScl附 he色[7ηlト.Bu 
not merely， we made sωome considerable effi偽or凶tto understand 色ぬh恥ec∞on凶.te印nt句s 
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perfectly組 dinterpret and explain them plainly in our sense， so that some 
elementary b凶 helpfulcomputations or proofs are added by us in some 
places. Several notations釘 echanged仕omthe original ones in [7] by our 
t鎚 te.This paper may be viewed邸 aprelude to the next one in this volume 
of RMJ and would be to more in the future. 

Let 2( and m be C申-algebras. There is a Z2・gradedpairing (defined 
below) 

α:Kp(怨)@Kq(m)→ Kp+q(怨@m)，p，qεZ2 = Z/2Z 

where Kj(恕)and Kj(m) are the K-もheorygroups of匁釦dm (j = 0，1り)，a叩1且n
@i詰sthe minimal (いori凶n吋je伐c七悦iv'刊e)tensor product defined 鎚 : for an element 
zε 2(@ m theもensorproduct C申-algebraof 2( and 23" defined舗もheC*圃

algebra completion ofもheiralgebraic七ensorproduct byもhenorm: 

IIxll = sup II(π⑧p)(x) 11 
7r'，p 

where the supremum of the operator norms is taken over 'Tr and p all repre-
sentations of 2( and ~ on Hilbert spaces， respectively， withπ@ p the tensor 
producもrepresentationof πand p (cf. Takesaki [8， Page 207]). 

We denote by ')1もhesmallest subcateg~ry of the category of separable 
nuclear C事-algebr邸， which contains出eseparable type 1 C* -algebras and 
is closed under the operations of七akingclosed ideals， quotien色s，extensions， 
inductive limits， stable isomorphism， and crossed products by Z of integers 
and by 1R of reals. 

The Kunneth theorem in K-theory for C*-algebr舗， established by 
Schochet， is: 

Let 2lαndmbeC仁 α1gebraswith 2(ε')1. Then there isαnαtural short 
exαct sequence: 

0 → ι(羽)@ι(悠)~ ι(的~) ~To弓(K*(怨)， K*(m)) → O
切hereK，事(.)= Ko(・)ED Kl (・)， and the sequence is Z2-graded with the degree 
deg(α)=0αnd deg(β) == 1， where Kp(・)@Kq(・)， Kp(・@・)EDKq(・⑧・)， and 
the torsion product Tòr~(Kp(・ )， Kq(・))αII have degree 9初enby p + q E Z2・

If 2l = C(X) and ~ = C(Y) the C九algebrasof all continuous functions 
on finite CW-complexes (or more generally compact spaces) X and Y， then 
the hypothesis is satisfied and the theorem becomes: 

The classical Kunneth theorem in topological K-theory for spaces， 
due to Atiy.ぬ [1]:

0→ K*(X) @ K*(Y) ~ K*(X x Y) ~ Torf(K事(X)，K*(Y))→ O. 
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Note that Kホ(・)= KO(・)ED K1(・)， Ko(C(X))包 KO(X) the topological 
K-theory group of X， and K土1(X)= KO(X x IR)さ K1(C(X))(cf. [2]). 

The proof of the theorem above of Atiyah is as follows. Let Y be a 
compact space. Then七hereis a compact space 日anda continuous function 
11: Y→ Y1 such that K事(Y1)is torsion free and li : K事(Y1)→ K本(Y)is 
suりective.A homotopy argument then yields a cofibration: 

Y ーム→竹ーム→巧

such that the associated long exact sequence degenerates七oa free presen-
色aもion:

0 → K*(巧)~K牢(巧) ~ K*(Y)→ O 

of the Z2・gradedgroup K申(Y). The space Y1 is given by a product of 
Grassmann manifolds and their suspensions. 口

The proof for the Kunneth七heoremby Schochet parallels the argument 
of Atiyah. The key step is the following theorem: 

Theorem (Geometric Realization). Let 23 be αunital C九α1gebra. Then 
there existsαcommutαtive C*-algebra ~ = Co(Y) 01 all continuous lunc-
tions on Yαdisjoint union 01 pointsαnd lines， vαnishingαt infinity，αηd 
αn inclusion mαpμ:~ → 23 @ IK of C九α1gebrassuch thαtK串(苦)is Iree 
αbelian and the induced mα，p byμon K-theory groups: 

内 :K:事(苦)→K申(23③ IK)さ K事(23)

is suヴective，where OC = OC( H) denote the C事.α1gebra01αII compact opera-
tors onαn infinite dimensional Hilberl spαce H. If K:申(93)is jヤ'eeαbeliαn，
then μ申 isαnisomorphism. 

The theorem above and a homopoty argument imply that there is a 
short exact sequence of C九algebras:

0→93 @ IK @ Co(IR)→e: ~v_→苦→ 0

whose 邸 sociatedexact sequence in K-theory becomes a free resolution of 
k車(怒):

0→ι(e:) ~ K*(~) __!!_二→ Kホ(怒)→o.
Note that noもeverymap 1 : C(X)→ C(X') @ Mn(C) or 1 : C(X)→ 

C(X')③ OC arises via a map of spaces X'→ X， where Mn (C) deno岡山e
C九algebra.of all n x n matrices over C. It fol1ows from this fact that the 
geometric realization theorem does not imply Atiyah 's geometric realization 
theorem. 
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The K unneth theorem in C寧-algebrasfollows fromもhegeometric real-
ization theorem in the same way as七heK unneth theorem in spaces follows 
from Atiyah's geometric realization theorem. 

Note th抗 ify+ c <C， • then K* (Y) h槌 atrivial ring structure and 
so 11* : K事 (Y) → K申(~) h錨 nochance of being a ring map when ~ is 
commutative. Maps X → X' induce ring maps K寧(X')→ K串(X)，and 
maps C(X')→ C(X) @ IK do not in general. 

Kunne七htheorems are a necessary prelude to product structures and to 
the introduction of coefficien旬 intohomology and cohomology七heoriesfor 
C* -algebras. 

In Section 2， it is shown七hatthe mapα :K事(匁)⑧K*(~) → K申(匁@~)
is an isomorphism when 21 E m and K，寧(~) is torsion free. In Section 3， 
the geometric realization theorem is proved. In Section 4， the results in七he
previous sections are combined to prove the K unneth theorem. 

2 The Kunneth formula in special cases 

Let 21 and ~ be C* -algebras. The following map: 

α: Kp(21) @ Kq{~) → Kp+q (忽③~)， p，qεZ2 

is a Z2-graded pairing defined as follows. Let us check it. 
Denote by Mn(21) the C'仁algebraof all n x n matrices over a C* -algebra 

21. Suppose that 21 and ~ are unital C九algebras.The natural mappings: 

日:Mr {恕)⑧ M8(~) → Mr+8 (匁@~)，

for both r and s positive integers are defined鎚

/α@ 1r 0 ¥_  
ir，s{α②b)={)一(α@1r) ED (18⑧ b) 

¥ 0 18 ② b} -

for αε Mr{匁)and bεM8{沿)with 1r and 18 the identity matric句 of
Mr(~) and Ms(忽)respectively. The mappings induce a paring: 

io，o : Ko(恕)@Ko(匁)→ Ko(匁@~)

definedωio，o{[α]@[b]) = [α@17・]EB [18③b] for [α] E Ko(21) and [司 εKo(笥)，
which is natural with respecむtopairs of *ーhomomorphismsf : 21→ 21' and 
g:~ → ~' ofC事-algebras.
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Check that 

ir，s{ (α⑧ b)(c@ d)) =山(αc@bd)

(ω1r 0 ¥ {α~ 1r 
o bd@ls} ¥ 0 

= ir，s{α@ b)ir，s{c@ d) 

for α，c E Mr{匁)and b， d E Ms{~) ， it follows from which that ir，s is a 
*・homomorphism.Also， 

b;1X11Tふ)

io，o{ ([α] + [a']) @ [b]) = io，o{[α@ a'] @ [司)

= [(αED a') @ 12r] ED [18⑧司

=[α@ 1r] ED [ls @司 +[α，@ lr] ED [18 @ b] 

= io，o{[α] @ [司)+ io，o{[a'] @ [司)

and similarly， 

io，o{[a] @ ([司+[b'])) = io.o([a] @例)+ io.oUα] @ [的)，

from which the map io，o is a group homomorphism between abelian groups. 

The naturality of io，o wiぬ respectto f and 9 above should mean that七he

following diagram is commutative: 

Ko(匁)@ Ko(~) ム笠む Ko(匁') @ Ko(~') 
1
1
1
1
i
v
 

nM 
0
 

・aa
・ nM 

hu 

・
命
皐
・

1
1
1
1
+
 

Ko(匁 ø~) 土笠ら Ko(2t' @ ~') 

whereム@ふ([a]@ [b]) = [f(α)] @ [g(b)] for [a] E Ko(2t) and [b] E Ko(~) ， 
and 

(ム@ふ)0 io，o([α]@例)=ム@ゐUα@1r] ED [18⑧司)

= [f(α) ~ 1r] ED [18⑧ g(b)] 

= io，o 0 (ム③ふ)([α]@ [司).

When 21 is a nonunital C* -algebra and ~ is a unital C事-algebra，we 
consider the following diagram: 

九~id T f  Il"¥'-!-¥ ，... Tf  Itn¥ q.~id O→Ko(匁)@Ko(渇)一一→ Ko(刻+)@ Ko(~) ー→ Ko(C)@Ko(渇)→ O

l ベ 1io.o 
0 → Ko(怨@~) ム笠己 Ko(怨+@~) 土笠土 Ko(C@~) → O 
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where 21+ is the unitization of 2t and 

O‘→ 21.二→匁+~C

is the sho凶 exactsequence associated to 21+， and one can show by chasing 
the left square in the diagram that there is a map from Ko(匁)Q9 Ko{匁)
to Ko{21 Q9~) defined that becomes the left arrow仕omup to down in the 
diagram. Moreover， one can extend this case to show that the same thing 
holds when both 21 and a are non-unital. 

On the other hand， note that as a fact in K-theory for C*-algebr踊，
K1(匁)~ Ko(S匁)for a C* -algebra弘 whereS21 = CO (lR) Q9 21. is the sus-
pension of 21. Hence we get the map il.0 : Kl (21) Q9 Ko(æ) → K1 (匁③~)
defined邸

il，O : Kl(匁)Q9 Ko(~) 主 Ko(S21) Q9 Ko(~) 

~ Ko(S21 Q9 a) = Ko(S(忽 Q9~)) 
包 Kl(匁Q9a) 

and similarly， the map iO.l : Ko(匁)Q9 Kl(~) → K1 (匁 Q9 a) is defined， an 

il.l: K1(匁)Q9 K1(a)さ Ko(S21)Q9 Ko(S~) 

~Ko(S羽 Q9 sa) = Ko(S(S(怨 Q9~))) 
宝 Ko(21Q9~) 

where the 1筋七 isomorphismis obtained by the Bott periodicity. 

We now obtain the mapα: K*(匁)Q9 K*(a)→ K*(21 Q9~) defined by 

α= io，o EB iO，l EB il，O EB il，l・

That the mapα: K*(21) Q9 K*(æ) → K*(21⑧~) is a Z2 graded isomor-
phism means that both of the following maps: 

[Ko(創)Q9 Ko(a)] EB [Kl (21) i&> K1 (æ)] ー乙→ Ko(匁⑧~)，

[Ko(2t)③ Kl(a)] EB [Kl(匁)Q9 Ko(a)]ー乙→ K1(忽 Q9a)

are isomorphisms. 

Proposition 2.1. Let 21 = !虫払 bean inductive (or direct) limit of nu-
clear C*-α1gebras払1 (n E .N natural numbers). Suppose thαtα :Kホ(21n)Q9 

K*(a)→ K*(21n Q9 a) forαII nα陀 isomorphisms. Then α: K*(21)③ 

K*(~) → K*(匁Q9 a) isαn isomorphism. 
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Proof. By the nuclearity， we have 

羽(8)~=(包仇) (8) ~邑 l~(仇(8) ~). 

lndeed， note tha忠(ligmn)@23is叩 alto Uたん⑧悠 andllg(an@23) 

is UZLl(仇(8)~)， where the overlines mean the respec七ivenorm closures of 
the unions. Since (しJ~=l~) (8) ~ = U~=l (仇(8)~)邸 a fini te union for any 
m， the usual argument on proofs of an inclusion and its reverse inclusion 
about出eclosures shows the equality. And then we obtain the following 
diagram by continuity of K-theory groups: 

!!m[ι(仇 )@ι(渇)]~ !!!!!K.{仇@~)

望1 l~ 
[包ι(仇)]@ K*{慾)

包j
K*{~{仇@~))

l~ 
九{!!_m仇)@K.(悠) ーー→ ι( (!!!!}仇)@治)

where the 1槌 ta釘rrowa叫tthe bottom line i抱sob悦色旬a剖jned槌 the clockwise c∞om-
position 0ぱf色ぬωh恥ei陶s鈎omo∞orゆpμ凶h蜘i

~ 

ductive limit as a group with respect to n. 口

Proposition 2.2. Suppose thαtα: K.(匁)@ K.(~) → K*(匁@~) isαn 
isomorphism. Then fo1' the c1'ossed product ~河γIR byαnαctionγofIR on 
匁，the mαpα :K:申(忽河γ1R)@K.市(~)→ K申({羽><1γ1R)@~) is αni旬ωsωomorゆphi旬問sm

Proωof. The Connesぜ， Thom isomorphism for K-theory groups of crossed 
product C申九-alg，伊eb肱rru鎚句 by IR s鈎ay戸st出ha叫t 

Kj{2l ><1')' 1R)さ Kj+l(匁)

for j = 0， 1. Note that (2t ><1γIR)@~ 主(2t @~)川~id IR. Therefore， 

[Ko(創河γ1R)ED K1(恕河γ1R)]@ K申(~)

主 [Kl(忽)ED Ko(創)]@K:寧(~)邑 K*{匁)@K寧(~)

之+K，牢(忽@~)

さ Kl((羽@~)河惜id 1R) ED Ko( (割@~)河愉id lR) 

さ K申({匁河γ1R)@ ~). 
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If we assume that K地(23)is torsion仕ee，then the torsion product 
Tor~(K.ホ(怨)，K*(23)) is always trivial for any C串-algebraQl.， so that the 
Ku泊11即I

K窓バ(仰匁 @2慾~)め) is an isomorphism. 

Proposition 2.3. Let 

O→3→Ql.→ Ql.j'J→O 

beαshort exact sequence 01 nuclear C九α1gebras.Suppose thαt K，申(23)is 

torsion free. 11αny twoαmong the three mα:ps: 

α: K*('J) @ K*(23)→ K*(ヨ@23)，
α:K，串(匁)@K:事(23)→ K申(怨@23)，
α:K*(羽j'J)@ K*(23)→ K寧((羽j'J)@ 23) 

αre isomorphisms， then so is the other mα:p. 

Prool. There is the six-七ermexact sequence for the short exact sequence of 
C事-algebras:

Ko('J) 一一 Ko(匁)一一 Ko(仰)

K1(Ql.j'J)←一一 Kl(Ql.)←一一 K1(3) 

This implies the following diagram: 

K申(ヨ) 一一→ ι(匁) 一一 ι(羽/ヨ)

l制
K叫 1(羽/ヨ)←-K叫 1(Ql.)←一一 K申+1(3)

where K，申(・)= Ko(') ED K1(・).Since the torsion-free groups are flat， tensor-
ing the diagram with K*(23) = Ko(23) ED K1(23) we have 

ι('J) @ι(沼) 一一→ ι(Ql.) @ι(悠) 一一 ι(創j'J)@払(治)

例制i 1例 0id

k叫 l(羽/ヨ)⑧K*(23)←一-K，申+1(恕)@K寧 (23)←一一 K吋・1(ヨ)@K:事(23)

where K*+1 = K1(.) ED Ko(・).
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Ifwe 邸 s印ume七出ha前，tK.事(σ:1)~K申 (2悠~) 主 K事(σ3 ③ 2渇~) ar凶x

K*(α(匁/:1幻)③ 2渇~) by α仏， then we haveもhefollowing commu七ativediagram by 
naturality for α: 

K叶 1(匁/:1)~ K.(a) ~ K.+1((~/:1) ~ a) 
0・t

K本(:1)~ K*(a) ーーーーαーーーー今 K事(:1~ a) 
色loi

K事(刻)~K申 (æ) --α -一+ K.(~~~) 

K.(匁/ヨ)~K:寧 (æ) 一三→ K申((匁/:1)~ a) 
~ 

K市+1(3)~ K:申(a) ー一一αーー→ K事+1(3⑧怒).
~ 

Therefore， the Five Lemma implies that the mapαinぬemiddle in七he
diagram is an isomorphism. 

The other two cases are proved similarly. 口

Proposition 2.4. Suppose thαt K.傘(a)is torsion free， and α :K寧(匁)~
K本(æ) → K申(匁~ a) isαn isomorphism， with 2L nuclear. Then for the 
crossed product 2L >川 Zbyαnαctionγof Z on~， the mαpα: K*(~匁誕河γ
Z)③K*(2慾矧3め)→ K*パ((匁河γz勾)③2慾3)iおsαηt白ωSωomorゆphi句sm

Proω0)メr.TheP町imsne釘r骨 Voic叩ulescusix-色総er口mexac七sequence for K-theory group戸s 
Oぱfcrossed prod uct 色C申-a叫.lg伊eb耐rasby Z is the following diagram: 

(id-γ). Tf  1n4¥ i 
Ko(忽) 一一一+ Ko(羽)ーム→ Ko(~ ~')' Z) 

al 18 

i. T ?  I~.\ (id一向、K1(~ ~')' Z) ←_. K1(匁)←一二 K1(匁)

where i :羽→匁河γZis the canonical inclusion map. This diagram implies 
that 

K申(刻)
(id一向、
ー」 ι(怨) ~ K*(2L >4')' Z) 

18ED8 
K*+1(~ ~γZ) 

l. 
十一ー一一

(id-')') 
K朴 1(羽)←一一二 K村1(~)
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Since K.事(~) is torsion free， we have 

δ@δ 
K.+1(怨河川 @K.(匁)一一 ι(21) @ι(~) 

九凶@同

K申+札1(羽) ⑧ K串 ( ヨ泊3)

川

K吻叶+刊1(忽) ③ K車パ(2慾3)

川

K.パ(恕別)③ K*( 包悠3)

九ゆ③M 

i笠乙 K申(仰忽河><I')'Z勾)③K申(2渇3)ト. 

We now no色ethat (恕@~)河愉id Z ~ (21 ><1')' Z) @~. Thus，七hediagram 
before the last one becomes by replacing 21 with 匁@~ as: 

θ@θ 
払 +1((21~')' Z) @~)一一→ K事(怨@~)

九1
K牢+刊1(匁②2笥m3め) 

( ω 寸哨刊叩@創鮒i凶d

K*叫+札1(羽 ③2悠3)

、‘.，，，s
 

-
↓
ゆ
|
↓

-

R

福

島

噂

A
W
4

・
z

悩

κ

A
U
 

⑧
 

A
U
 

三笠乙 K.((21~')' Z) ⑧~)・
The hypotheses imply七ha七thefour terms among six terms in七hedia-

gram before the last one are isomorphic by α: K*(忽)@K.事(~)→ K申(恕③~)
respectively to the four七ermsamong six terms in the last diagram. There-
fore， the Five Lemma implies七haもthemapα: K.(匁河γ Z)@K.事(~)→
K.((21 ~')' Z) @~) is an isomorphism. ロ

Proposition 2.5. Suppose thαt K.(23) is torsion free. Then for Co(Y) the 
ぴ -algebraof all continuous functions onαlocallyωmpact Rαusdorff spαce 
Yvαnish伽gαtinfinity， the mapα: K.(Co(Y))@K事(~)→ K事 (Co(Y)@23)
isαη isomorphism. 

Proof. If Y = ]Rn， then 

K.(Co(Y))さ K.+η(C)，
K.(Co(Y) @ 23)室 K申+π(C@23) 

by the Bott periodicity， and K.+n(・)主 K事(・)， a飢1且n

K.パ(C)@ K.( ヨ笥3)告 z ② K市バ(包笥3)宝 K皐パ(2笥3)室 K串(C ③ 2悠3)ト. 

IfY=Sη 七hen-dimensional sphere， then there is the following short 
exact sequence of C牢・algebras:

O→ Co(]Rn)→ C(Sn)→ C→ o. 
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S悩i泊ncωet山hemap戸Sα f伽Oωrpairs (Giαu(侭1R配lRn即貯nηB
ma叩pαf伽O町r(ρC(snηη)， 2悠~)め) i包salso an isomorphism by a句，伊pp凶lyがin時gth恥ec∞ωOωr附 p卯on吋din時g 

proposition above. 
If Y is a finite complex，色“t

phi抱smby induction 0∞n 七叶henumber of cells 0ぱfY.
If Y is a compact (Hausdorff) space， then it can be written鋪 anin-

verse limit of finite complexes 巧(byEilenberg-S七eenrod)，so that C(Y) ~ 
~C(巧) an inductive (or directed) limit of C九algebras.Hence the corre-
sponding proposition above implies that the mapαis an isomorphism. 

If Y is not compact in general， then there is the following short exact 
sequence: 

O→ Co(Y)→ C(Y+)→ C→ 0 

where Y+ is the one-point compactification of Y. Since the mapsαfor 
pairs (C(y+) ，~) and (C， a) are isomorphisms， the mapαfor (Co(Y)，怒)
is also an isomorphism. 口

RecallむhataC九algebra21 is said to be solvable if there is an ascending 
sequence of closed ideals On of ~ such that 21 is七heclosure of the union 
Un21ηand subquotients 21n/On-l主 Co(九)⑧lK(Hn)for some locally com-
pact Hausdorff space 九 and1K.(Hn) the C*-algebra of all compact operators 
on some finite or infinite dimensional Hilbert space Hn・

Proposition 2.6. 1f K*(a) is torsion jヤ'eeand ~ is solvable， then the mαp 
αfor (弘~) isαn isomorphism. 

Proof. This follows from the propositions above concerning inductive limits 
and extensions of C九algebras.

There is another proof as follows. Define functors Lq and Mq by 

Lq(・)= (K*(.) @ K*(~))q ， Mq(・)= Kq((・)@~). 

Each of仕lesefunctors satisむ，the exactness axiom and αinduces a natural 
七ransformationα:L*→ M申 whichis an isomorphism for C* -algebr錨 that
are tensor products of commutative C事-algebrasand OC(H). A spectral 
sequence comp訂 isontheorem of Schochet implies thatα:ム(羽)→ M*(匁)
is an isomorphism for any solvable C* -algebra. (Not checked.) 口

Theorem 2.7. 1f K:事(a)is torsion free and 21 is sepαrable C仁 α1gebraof 

type 1， then the m叩 αfor(21， a)おαnisomorphism. 

Proof. Since ~ is a separable type 1 C* -algebra， ~ has a countable com-
position series of closed ideals 'Jj such that each s由 quotient'Jj/'Jj-l h鎚

continuous trace. Using the proposi七ionsabove concerning inductive limits 

- 81ー



and extensions of C* -algebr邸 repeatedlyif necessary， we may鎚 sumethat 
2th鋪 continuoustrace and OC as a tensor factor. Such a continuous trace 
C九algebrais infinite homogeneous and henceもheassociated continuous 
field of elementary C'仁algebrasoverもhespectrum 2t八 of2t (or the primi-
tive ideal space of 2l) is locally trivial. Le色{巧}be a countable open cover 
for the spectrum Ql八 suchthat each continuous field restricted to Uj is triv-
ial. There is an increasing sequence of closed ideals 'ci of 21. corresponding 
to the sequence of open sets Uj=l Uj in 21.八 suchもhatム/'ci-l~ co(お)QS>lK 
for some locally compact Hausdorff space Yi. Hence 匁 issolvable in七hat
sense. 口

Remark. But， possibly， in each step， finite dimensionality of the spectrum 
should be necessary. Otherwise， such a splitting with OC is not always 
clear， so that the argument may collapse， probably. However， one could 
avoid such a difficulty from infinite dimensionality by. taking a suitable 
inverse limit of spaces with finite dimensions， to reduce to the c飴 esof 
finite dimensions. 

The results obtained in this section deduce that 

Theorem 2.8. Let 21.αnd ~ be C* -algebras. If 21.εmαnd K*(~) is 
torsion free， then there is αnαtural isomorphism: 

α: K*(21) Q9 K*(~) → K*(忽③~).

3 Geometric realization 

Let ~ be a unital C'仁algebra.Then for q = 0，1εZ2， there are free ablian 
groups G~ and G~ such that 

0→ G;→ G;→ Kq(渇)→ O

is a free resolution of Kq(~). Moreover， one can find C牢-algebras~' and 
~" suchむhat

Kq(~') ~ G~ and Kq(~勺 =G;

and hence 

0 → Kq(~/) _11→ Kq(~つ T} → Kq(~) → 0

for q = 0，1εZ2・However，the mapsνandηdo not arise仕ommaps at the 
level of C事-algebras，so that such resolutions are saidむobe not geometric. 
In this section， given is the construction of geometric resolutions槌:

0 → Kq((.) → Kq(苦)→ Kq(~) → o
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some 0申-algebr錨e:and ~ given below， with useful properties， enough to 
prove the K unneth theorem in the next section. 

Lemma 3.1. Let ~ be αunitalO申ーα1gebra.Then there isα commutative 
0*-α匂ebra~ = 00 (Y)αnd an inclusion map μ: 苦→~ @ OC(H) such thαt 
the induced mαp 

内 :K*(苦)→ K*(~)

is SU1ブective，ωrherethe spαce Y is given byαdisjoint union of pointsαnd 
copies of lR. 

1fK，申(~) is j均 αbeliαn，then J.L* is an isomorphism. 
1f K*(~) is countαbly generated (for exαmple， ザ~ is sepαrable) ， then 

H is sepαrableαnd Y hαs countαbly mαny pαth components， so Y cαn be 
embedded加tothe plane. 

Proof Select a minimal family of generators for K*(~). Each generaもor
of Ko(~) is of the form (Ps] -r(s)[l] wi七hr(s)εZ， where [1] represents 
the class of the identity of ~ and Ps ε~ @ OC(Hs) a projection， with 
Hs a finite-dimensional Hilbert space， so that OC(Hs) = Mn(s)(C) with 
n(s) = dimHs・ Eachgenerator of K 1 (~) cari be represented by some 
unitary 句 ξ~ @ 1I<.(Ht) wiもhHt of finite dimension. Let H be the Hilbert 
space direct sum of Hilbert spaces {Hs}ses and {H;山εTwith S， T index 
sets. Define elements in ~ @ OC( H) by Ps三 PsED 0 (an identification) wiぬ
respect to七heinclusion: 

[~ 0 OC(Hs)] ED [~ 0 m(H;-)] c ~ @ lA(H) 

where lA(H) and m(Hf) are the 0事-algebrasof all bounded operators on 
Hilbert spaces H and H;-the orthogonal complement to Hs in H. Also 
defineωt = (Utー 1)ED 0ε~ 0OC(H) with respect to the inclusion: 

[~ 0 OC(Ht)J ED [~⑧ m(Hr)] c ~ 01A(H). 

Then we have 

PsPs' = (Ps ED O)(pS' ED 0) = 0， 
加tωt'= ((Ut -1) ED O)((Ut' -1) ED 0) = 0， 
PsWt = (Ps ED O)((Ut -1) ED 0) = 0 

for s =1 s'， tヂt'and any s， t， because each HsよHS"Ht ..1 Ht'， and Hs ..1 
Ht orthogonal in H. F¥凶her，we have the following identifications (Ps]ε 
Ko(~ @OC) 包 Ko(~) ヨ仇] and [Wt + 1]ε Kl((~ 0 OC)+) 宝 Kl(~) ヨ [Ut].
Checkむhat[Ut] corresponds to the connected component of the diagonal 
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sum Ut ED 1∞， which is equal to ((Ut -1) + 1) ED 1∞=ωt + (1 ED 1∞)， which 
may be identified wi th (ωt ， l) ε(~ @ OC)+， and its K1-cl錨 sis [ωt + 1]. 

Let ~ be the C*-subalgebra of a @ OC(H) generated by {Ps}sεS and 
{ωt}tET with S， T index sets. Then d is commutative. lndeed， d is the 
direct sum of the C申-algebrasC本(Ps)(s E 8) generated by Ps and the 
C* -algebras C* (ωt) (tεT) generated by Wt = Ut -1. Since each Ps is a 
projection， C* (Ps)さ C，whose spectrum contributes a discrete point in七he

spectrum Y of~. Since Wt+ 1 identified with 同 EDl∞isun抗ar)九七hespectrum
Xt ofC叩ρt)+is a closed subset of the unit circle 81， and the class [ut] of Ut 
is non-zero in Kl(a)， so出品 C事(ωt)+さ C(81).Because since the class [Ut] 
is one generator in K 1 (a)，もheclosed set Xt is connected， and if Xt is not 
equal to 81， then Ut is connected to the unit within unitaries， so that the 
class [us] is zero， and thus， Xt must be 81. lt follows that C* (ωt)さ Co(1R).
Therefore， ~ is isomorphic七othe direct sum (EDsESC)ED(EDtETCO(R)). Hence 
七hespectrum (or the maximal ideal space) Y of d is the disjoint union 

(UsEs{point}) U (UtET1R). 
Let μ: 苦→~ @ OC( H) be the inclusion map. Then μ+ : d+→ 

(~ @ OC(H))+ is u凶 al，and so 

μご(仇]-r(s)[l]) = [μ(Ps)] -r(s)[μ+(1)] = [Ps] -r(s)[11 ε Ko(~) ， 

μご([ωt+ 1]) =μご([UtED 1∞]) = [μ+(Ut， 1)] 

= [(い包

Thus，μt: K:事(苦+)→ K*((a@ OC(H))+) is surjective. Since Ko(A+) ~ 
Ko(A) ED Z and Kl(A+)さ Kl(A)for any C*-algebra A， it follows that the 
induced map J.L* : K * (寄)→ K*(a@ OC(H)) ~ K.事(a)is also surjective. 

If K*(a) is free abelian， then the mapμt and also h 紅 eisomorphisms. 
Finally， if K*(~) is countably generated， then H is a separable Hilbert 

space and Y h鎚 countablymany path components， by七heconstruction 
above. In this case， if Y = (USEN{point}) U (Ut酬 1R)with N of positive 
integers， then the points may be identified with positive integers in the real 
line in the place， and the lines 1R may be identified with the verticallines 
which go through negative integers in the realline in the plane， so that Y 
can be embedded into. the plane. 口

Suppose given a unital C*-algebra a. The lemma above implies that 
there is a commutative C*-algebra d = Co(Y) and an inclusion mapμ: 
苦→~ @ OC such that the induced map 

的 :K痕(~)→ K*(æ ⑧ OC) さ Kホ (æ)
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is suりective.Let e: be the mapping cone of μdefined儲:

e: = {(g， x) 1 9ε0([0，1]， 23 ~ OC)， x E ~， 9(0) = 0，9(1) =μ(x)}， 

where 0([0，1]，23 @ OC) is the 0河 1gebraof all 23 ~ OC-valued continu-
ous functions on the interval [0， 1]. This is a 0* -algebra. Because for 

(9， x)， (h， y)εe:， we have， wiむh11・11the norm， 

(9， x) + (h， y) = (9 + h， x + y) and (g + h)(O) = 0， (g + h)(1) =μ(x + y)， 
(g， x)(h， y) = (gh， xy) and (gh)(O) = 0， (gh)(1) =μ(xy)， 

(g， x)* = (gヘ♂) and g*(O) = 0，9*(1) =μ(♂)， 

II(g，x)*(g，x)11 = 11 (g*g， x*x) 11 = max{lIg*gll， 11♂xll} 

= max{lIgIl2， IIx11
2
} = (max{lIgll， IIxll})2 = II(g,x) 1I 2 • 

Let ν: e:→~ be the *-homomorphism defined by lI(g， x) = X ε~. Then 1I 
is surjective， and 

ker(μ) = {(g， x)εe: 1 x = O} 

= {g E 0([0，1]，23 Q9OC) I g(O) = g(1) = O} 
笠宮~ Q9 IK Q9 Oo(lR). 

80 there is the following exact sequence: 

O一一→ 23@ IK @ Oo(R) ー→e:~~一一→ O.

And七heassociated six-旬rmexact sequence is出efollowing: 

Ko(怒⑧ IK~Oo(R))一一→ Ko(e:)~ Ko(苫)

a1 18 

K1(苦) ~ Kl(e:)←一一 K1(23@ OC @ Oo(lR)). 

Moreover， the boundary maps: 

θ: Kq(寄)→ Kq+l(23~ ll{@ Oo(R)) ~ Kq(23 @OC) 

for q = 0，1 correspond toもhemaps J-L* : Kq(苦)→ Kq(~ @ OC). lndeed， 
θ([u]) = [ω1nω*]一n[1]for ['l.I.] E Kl(苦)with u a n X n u凶 arymatrix over 
-d and ωis a unitary li此ofu ED♂ over e: by definition， but this class is 
conver七edto [u] by七}則somorphismfrom Ko(~~ll{~Oo(IR)) むo K1(23@IK). 
8ee [9] for details on thωe. The same a]so holds for 

θ: Ko(羽)さ K1(刻@Oo(R))→ Kl(23@ll{Q90o(R))さKo(23@ll{@Oo(R2))・
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Thus the mapsδare surjective. It follows七hatthe six-term exact 

sequence above splits in七othe following shor七exactsequences: 

0→ Kq(<!) _.!:い Kq(苦)-LKq+1(23@K@Co(R))→ O 

for q = 0，1， and Kq+1(a ~1K ~Co(1R))主 Kq(æ). This implies that Kq(<!) 
for q = 0， 1 are free abelian groups since so are Kq(苦).This also becomes 

a geometric resolution for K*(a). 

Remαrk. It is also shown that there is an injective resolution as 

0→ K申(a)→K本(31)→ K事(32)→O

with each K*('Jj) (j = 1，2) injective (i.e.， divisible) abelian groups. 
Recall from (a math dictionary [5]) that an additive abelian group is 

viewed as a Z-module. A Z-module G is said to be divisible (or complete) 
if for any 9εG  and any nεZ， there is XηεG such that 9 = nXn = 
Xn+・・・+Xn(η-l-times sum). A torsion free， divisible Z-module coinsides 
with a direct product of additive Q of all rationals. 

Also established are the K unneth theorems and the universal coeffi.cient 
theorems (UCT) for the K鎚 parovgroups Ext(m， a) for C* -algebras 21， a 
with m E D1， which classiちrextensions of closed ideals æ~1K by the quotients 
m， up to stable equivalence， using geometric realization旬chniques.See the 

next article in this volume of RMJ. 

4 The Kunneth formula in the general case 

Theorem 4.1. (Kunneth formula). Let 21 αηd a be C寧ーα1gebras切 th

21ε D1. Then there is the following short exαct s equence: 

0→K*(羽)@K:申(慾)ー乙→ K本(匁@a)一乙→ Torf(K.申(21)，K*(慾))→ O

withαof degree 0αnd s of degree 1. The sequence is nαtural for mα.ps of 

pairs (21， a)→ (m， a'). 

The following proof uses only a result obtained above thatα: K*(匁)~
K*(a)→ K事(勾⑧ a)is an isomorphism if K:寧(a)is色orsionfree. 

Proof. (The unital case). Suppose first that a is unital. Then there is a 
geometric resolution of the form: 

0→a @ 1K Q9 Co(1R)→<! __ 11-→苦→ 0
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wi七hthe inclusion mapμ:寄→a-@ JI{ and 

tt = Co({O， 1]， {93 @ JK:hE(O，l) u {μ(寄)}凶)

the mapping cone of ν. Tensoring the sequence above with 2t a nuclear 
C九algebrasince 2tε'.n yields the following: 

0 →~⑧æ-@JK:⑧ Co{R) →怨③e:~生~ 2t@苦→ O.

Then there isぬefollowing six-term exac色sequence:

K1(匁@苦)

問・1
K1{匁@tt) 

一三→ Ko{羽@a-@ JI{ @ Co{IR)) 

Ko(忽@tt) 

州事↓
K1{匁@a-0 JI{ @ Co(lR))←之ー Ko(羽@苦)

with Kj(2t③a-@IK@Co(R))さ Kj+l(2t@a-). Then it follows from exactness 
tha七

。
o → coker((id@ν)市一一~ Kq{匁@a-)一一→ ker((id@ν)*)q+l→O 

for q = 0，1εZ2， where note色hatもhekerel ker(θ) is equal to the image 

im((id @ v)*) and the cokernel coke州id③ tり今ふ，唱ホt占‘

Kq(創 ③ 苦釣)/ρim((id③ tりノ今)串*)qby the image. 
Since there isぬefollowing free resolution for K.本(93):

ν.θ  
0→丸(tt)一一 ι(苦)一一→ ι(93)→ 0，

tensoring this sequence wiもhK.掌(恕)yields 

0→K申(匁)@ K*(tt)旦竺とら K串(忽)@](申(苦)旦迫乙 K串(匁)@K.事(93)→O.

with 

0= Torf(K.申(怨)，K*{苦))→ ker(id*@凡)

= Tor~(K.串(忽)，K.(93))→K*(2t) @K.傘(e:).

Since 21ε '.n， and K.申(e:)and K.事(苦)are仕eeabelian groups， the maps 

α: K*(2t)@K.寧(e:)→ K申(匁@e:)， 

α: K*(匁)@K*(寄)→ K*(匁@苦)
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are isomorphisms， with (id 0ν)* : K*(匁o~)→ K申(匁@寄). Thus， 

coker( (id 0ν)事)= coke時d車 o1I*) 

=K申(羽)0K:ホ(苦)/im(idホ@ぬ)= K*(匁)0 K申(a)，

and 
ker((id oν)本)= ker(id*⑧凡)= Tor~(K*(羽)， K.事 (æ)).

The composition of the index mapθfrom coker( (id③tノ)*)viewed槌 K牢(羽)0
K事(a)with the isomorphism from K*(~③æøJI{øCo(~)) to K*+l (刻0aO
JI{)さ K*(匁0a)is to become the mapα: K*(匁)oK*(a)→ K*(怨③a). 口

For the proof in the non-unital c槌 e，

Lemma 4.2. Suppose thαt the K unneth theorem holds for the pairs (O， a+)， 
(O，C) with oα nucleαrC仁 α1gebra. Then it holds for (O， a) (叩ithaα 
non-unital C* -algeb1iα). 

Proof. Let 

0 → æ 一三一~ a+ーム→ C→0

be the unital extension of a by <C. And then the following is exact: 

0 →匁③æ~笠-+ ~② æ+ ~包~~ø <C→ o.

Contemlate the following commutative diagram with exact rows and columns 
induced by the above short exact sequences and the 8Ssumption: 

0→ K*(O) 0 K*(a+)ー乙→ K申(羽oa+)__  s→ Torf(K:寧(匁)， K:事(a+))

九↓。
T
 

@
 -

A
U
 

1
1
1
1
1
v
 

0→ K*(忽)0K事(C)

↓iω 

0→ K申(匁)0K事(a)

α 
ーーーーー+

1 (id~T) 剛

K*(匁oC) __  s→ 。

α 
ーーーーーー+ K本(匁③a)

liω・ 1問・

0→ K*(恕)oK申(治+)一三→ K申(匁③a+)__  s→Torf(K*(忽)， K:申(悠+))

↓id.~T. レ附・ ~1 
0→ K事(2l)@ K.本(<C) 一三→ K*(忽③C) ___L... 0 

where θ: K，ホ(C)→ K*(a)and θ:K申(羽③ C)→ K*(O@ a) are the 
boundary maps in the six-term exact sequences ofK-groups for the first and 
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second， short exact sequences of C申-algebrasin the first of the proof， and 
the symbols n， mean that the mapsβin the first and fourth horizon凶 lines
in the diagram are onto. Moreover，むhemapδ:K.(C) → K申(~) is the zero 
map because九:Ko(~+) → Ko(C) is onto and Kl(C) = 0， so that the six-
term exacむsequenceof K-groups for the firs七shortexact sequence splits into 
七woshort exact sequences of Ko and K1-groups. Hence， the left column in 
the diagram above is indeed exact. Furthermore， id市⑧九 issurjective， which 
implies that (id③ r)寧 issurjective byぬecommutativity of the diagram. 
Therefore， i t follows七ha七theboundary lnapθ: K.(21@C)→ K*(21@1K) is 
the zero map (noむinjective!)，合omwhich the map (id @σ).: K牢(匁②~)→
K*(21@~+) is in fact injective (七hispa凶 iscorrected from the original part 
and it should be true). And hence we obtain 

K申(羽@~)包 ker((id ③ r)申).

The commutative diagram above can then be rewritten槌:

。 。 。
111  

O → ι(匁)⑧払(~) ~ K*(仰渇) _ß_→ To汗(K*(21) ， 払(~))

↓ωσ・ j附 ・ ↓望

0→ K寧(21)@ K:事情+)-Q-→ K事(貌@~+) _s→ Torf(K申(忽)， K*(~+))

↓ i ω 1(i似附附d拘愉附@尉制T吋)

0ト→ K.ιて心ホ(仰閃匁均)~K:ι事(何向C) 一乙L→ Kι串(仰忽②C匂) 一~ 0 

1 1 。 。
since we have 

Tor~(K申(匁)， K.(C)) さ O →

Tor~(K事(羽)， K:ホ(~))→ Tor~(K.申 (21) ， K牢(~+))→ Tor~(K:申(恕)，K*(C)) = o. 

Therefore，七hediagram above yields the following: 

0→K.(21) ~ K*(治)ーと→ K.(21~~)一乙→ Torf(K申(匁)， K:寧(~))→ 0，

which is the Kunneth formula for the pair (21， ~). 口
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Remαrk. As mentioned by Schochet， it might be possible to drop the 8S-
sumption that 2t belongs to m， and to replace it by another one suchω 
~ eiもhernuclear or perhaps separable. For this， one needs to know色hatif 
K. (~) is torsion free and if a *-homomorphism f : ~' → ~".of C申-algebras
induces an isomorphismム:K.(~') → K.(~II) ， むhen

(1 @ id)* : K.(Ql' @ ~)→ K申(Ql"③~)

is an isomorphism. The difficulty is equivalent to the following conjecture: 

Conjecture. Suppose that 2( and ~ are C・-algebr錨 (separableor nuclear if 
that is necessary) with K*(Ql) = 0 and K*(~) torsion仕ee.Then is it true 
that K*(~ @~) = O? 

It is also conjectured at that time that the Kunneth formula splits (un-
natura均)， at least if ~ and 23 are separable， so tha七 Tor~(K申 (~)， K本 (23))
is countable. Some generalization of Bodigheimer's technique [3] should 
suffice. See also [4] and the next article in this volume of RMJ. 

Also， as another remark， supposeもhat<!:εm is some fixed C九algebra
with Ko(<!:) = G an abelian group and K1(<!:) = O. Define七heK-theory 
groups with coefficients in G for a C九algebra~ 8s 

Kq(~; G) = Kq(怒@Q:)， q E Z2・

The Kunneth七heoremimplies that for any C九algebra23 there is the fol-
lowing short exact sequence: 

0 → Kq(~) @G  一一 Kq(23jG)一一 Tor~(Kq+l (~)， G)→ 0 

0→Kq(23) 0 Ko(<!:)一一 Kq(230 <!:)ー→ Tor~(K q+ 1 (23 )， K 0 ( <!:) )→ 0 

which shows that， at least up to group extension， the groups Kq(~， G) are 
independent of choice of Q:， because the extension is determined by both 
Kq(~) @ G and Tor~(Kq+l (23)， G) only， without information about <!:， up 
to group extension. 

Suppose further that Q: 0 <!: @ oc ~ <!: @ OC， so七hatG0G さ G(such as 
G = Zn = Z/nZ or (11). Check that 

0→ Ko(<!:) @ J(o(<!:)一一→ Ko(<!:@ <!:)一一→ Tor~(Kl(<!:) ， Ko(<!:))→ 0 

↓望↓告 j告
O→ G0G 司ーーーーーー+ G ーーーーーーー争 O. 
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Then there is the following K unne七hformula for the K-theory K*(・・・ ;G)
with coefficient in G of the form: 

0→ 乞[Kp(匁;G)③Kq_p(沼;G)]→Kq(納 治;G)
P 

→乞To弓(Kp(匁;G)， Kq_p-1 (慾;G))→O
p 

for p，q E Z2・Indeed，check that 

Kq(匁0a;G)= Kq(刻@a⑧e:)さ Kq((匁@e:)⑧ (a0 e:)) 

and hence the K unneth theorem implies the following: 

O→Kq(匁③e:)⑧Ko(a0e:)→ Kq((匁oe:) @ (~0 e:)) 

→Torf(Kq+1(匁@e:)， Ko(~ @ e:))→ 0 

which is equivalenもto七hefollowing: 

0→ Kq(羽;G) @ Ko(~; G)→ Kq(忽 ③ a;G)

→ Torf(Kq+l(匁;G)， Ko(~; G))→o. 

Moreover， we get 

Kq+l(匁;G) ③ Kl(~;G) = Kq+1(羽@e:) 0 Kl(~ 0 <r)包 0，
Torf(Kq(匁;G)， Kl(~; G)) = Tor~(Kq(羽@e:)， Kl(~ @ <r))さO

both of which follows from K1(a 0 e:) ~ 0， that follows by the Kunneth 
formula and Kl (<r) = o. Ft凶hermore，one can write that 

Kq(匁;G) ③ Ko(~;G)

= [Kq(匁;G) 0 Ko(~; G)] a [Kq+l(羽;G) @ Kl(23; G)] 

=乞[Kp(羽;G)@Kq_p(慾;G)]， 
P 

Tor~(Kq+l(2l; G)， Ko(23; G)) 

= [Tor~(Kq+l (匁;G)， Ko(~; G))] a [Tor~(Kq(2l; G)， Kl(~; G))] 

=乞[To弓(Kp(羽;G)， Kq+l-p(~; G))] 
p 

and the 1ωt index q + 1 -P may be replaced with q -p -1. 
For example as e:，むheCUIlもz叫gebr槌 Oη+1(for n prime) with Ko 

isomorphic to Z/nZ = Zn and Kl trivial (see [9]) yield coefficients in the 
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group Zn and the UHF algebra with Ko isomorphic to Q and K1 trivial 
yields rational coefficients. 

In fact， both of 02 and 0∞have the self-absor bing property for taking 
tensor product (and have K-theory groups， both zero and both trivial as C， 
respectively)， but both of 0η(η 三3)and the above UHF algebra do not 
have the self-absoring property and even the stably self-absorbing property 
for taking tensor product， which follows from the classification theorem 
of C九algebrasby K-theory (see [6])， via the Kunne白色heorem(wiもhout
coefficients)， because their self-tensor products have K1 non-trivial. 
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