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TAKAHIRO SUDO 

Abstract 

We review and study the universal coefficient theorem (UCT) and 
もheKunr峨htheorem (KT) for Kasp町ovKK-theory groups， both of 
which are obtained by Jonathan Rosenberg and Claude Schochet. 
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. 1 Introduction 

This is nothing but a review on a paper by Jonathan Rosenberg and Claude 
Schocl胤 [8].But we made some considerable effort to readもhepapぽ car争
fully to make some additional. and helpful explanations for some proofs to 
become more accessible to the readers for convenience. Some notations are 
changed by our t節句.The co凶entss色町もfrombelow almost along the story 
of [8]， b凶 inthis section we briefly recall several notations， definitions， and 
basic properti回 withoutproofs and with possibly incomplete explanations. 

The BDFもheoryof Brown， Douglas， and Fillmore classifies the C*-
algebra extensions of the form 

0→K→e→21→'0 

もocl舗 sifyessentially normal operators， where OC is the C* -algebra of all 
compact operators on an infinite dimensional Hilbert space 
For a separable nuclear C* -algebra 2l， the abelian extension group 
Ext(忽)consists of unitary equivalence cl蹴 esof essential extensions f of 
the form above， whereもheaddition in Exも(匁)comes from the correspond-
ing Busby invariant ".~ :包→ Q= 1A /OC a homomorphism from 2l to the 
Calkin algebra Q and composing with an i吋ectionfrom Q ED Q to Q. 
Let sn2l = Co(1Rn) @ 21 be the n.:.th suspension of a C*-algebra 2l. It is 
shown by BDF that the Bott periodicity holds for Ext with definitions: 

Ext(匁)三Exto(2l)~ Ext(S221)三Ext2(羽)

and hence Ext* (女)= {Exもo(大)，Extl (大)}with Extl(女)= Ext(S*) is a peri-
odic cohomology theory on separable nuclear C本叫gebr舗(*)鎚 Vぽ iables.
When匁=C(X) with X a compact metric space， then Ext.(C(*)) = 
Ext*(女)with (女)spaces generatωa Z2・gradedSt鶴町odhomologyもheory.
If X is finite dimensional， then by Kahn-Kaminker-Schochet， 

Ext*(C(X))主 K*(F(X))三 K!(X)，

where F(X) is the fundamental dual of the space X and K*(大)is the 
(representable) topological K -theory for spaces (*) (and both of sides above 
may舗 wellbe viewed as the K-homology theory K*(X) for X). 
There is a natural index map 

γ: Ext(羽)→ Hom(K1(21)， Ko(OC)) 

with Ko(K)さ Z，where γ([a]) =θC!: the index map in色hesix-term exact 
sequence of K-groups for the extension f of 21 by OC. 
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The Universal Coefficient Theorem (UCT) for uniもalcommutative C九
algebras C(X) of all continuous funcもionson comp制 Hausdorffspaces X， 
proved by L. G. Brown， is the following natural short exact sequence: 

0→Ext!(KO(X)， Z) _!_争Ext(C(X))ユ-+Hom(K1(X)， Z)→0， 

where the map 'Y preserves degrees andもhemap O reverses degrees， the first 
termωwell舗もhethird one come from homology theory (and also K*(X) 
is the topological K-theory for X). 
As a generalization of the above UCT to non-commutative C九algebras，
the Universal CoefficienもTheorem(UCT) for inductive limiもsoftype 1 C九
algebr紙 obtainedby L. G. Brown， is the following natural short exact 
sequence: 

0→弘法(Ko(羽)，Z)ム Ext(匁)ユ-+Hom(Kl(刻)，Z)→O.

In the meantime， M. Pimsner， S. Popa， and D. Voiculescu clωsify C九
algebra extenstions of the form 

0→C(Y) ~OC → e →怨→ 0

with Y compact metric spaces， by the functors Ext* (Y;羽).It is shown 
by them that their functors are homotopy invariant， periodic， and satisfy 
ex似 nessproperties in each variable. In the commutative c槌e羽=C(X)， 
it is calculated by Schochet舗

Ext.(Y; C(X)) ~ K*(Y八F(X)).

This equation andもheK unneth formula forもoplogicalK-theory imply a 
Kunneもhformula of the form 

0→K*(Y) ~ K!(X)→Ext*(Y; C(X)) → Tor~(K*(Y) ， K!(X)) → O 

with K!(X) = K事(F(X))，provided that K事(Y)is finitely generated. 
Let 2l be a sepぽ ablenuclear C九algebraand ~ a C* -algebra wiもhcount-
able approximate units. We錨 sumethis throughoutもhispaper if not 
mentioned otherwise. 
The Kasparov (KKl-)group KKl(2l，~) consists of sもableequivalence 
classes of extensions of the form: 

O → ~~OC → e →2l→ 0， 

the addition comes from the corresponding Busby invariant T :匁→
Q(怒)= M(~@OC)/~~OC もhequotient of the multiplier algebra M (怨 ~OC)
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(the outer multiplier algebra of a 0 IK) and the composition with an injec-
tion from Q(a)EDQ(a)→Q(泊)， and the ide凶ityof the group corresponds 
to those extensions T which are stably split， i.e. T ED T' is split for some split 
extension T'. 
There are natural isomorphisms between Kasparov KK-theory groups 
and Karoubi K-theory groups舗 well凶 BDFextension theory groups: 

KK*(C， a)さ K*(a) and KK*(21，C)主 Ext*(21)

with 21 unital. 
There is also the isomorphism obtained by Rosenberg and Schochet: 

KK*(羽，Co(Y))~ Ext*(Y+， +i 21+)， 

where Y is a locally compact subset of the Euclidean space ]Rn and y+ is the 
one-point cornpactification of Y， and the right hand side in the isomorphism 
is the reduced Pimsner-Popa-Voiculescu group wiもh21+ the unitization of 
aC九algebra21. See [7}. 
A homology theory is a sequence {Hn} of covariant functors from an ad-
missible category C of C九algebrωtoabelian groups satisfying the following 
two axioms: 

• H omotopy Axom: lf f， 9 : 21→ a are maps of C九algebrasin C and f 
is homotopicも09，then 

ム=9*:Hn(創)→ Hn(a).

• Exαctness Axiom: Let 

O一一一ー 3ーユー+羽 q→ a一一一→ 0

be a short exact sequence of Cヘalgebrasin C with i an inclusion map and 
q a quotient map. Then there is a boundary mapθ: Hn(a)→ Hn-l (3) 
and a long exact sequence: 

・ーと→ Hn(ヨ)~ Hn(恕)~→ Hn(沼)-L4Hn-1(3)Jぃ.

The mapθis natural with respect to morphisms of short exact sequences. 
The homology theory is said to be additive if the following axiom holds: 
・AdditivityAxiom: Let 21 = EDi21i a direct sum in C. Then the natural 
maps Hn(24)→ Hn(刻)induce an isomorphism: 

EDi Hn(21i)→ Hn(21) 

where EDi means the direct sum. 
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Similarly， a cohomology出eoryis a sequence {Hn} of co附 avariant
functors from an admissible category of C* -algebr凶 toabelian groups sat-
isfying the analogous homotopy and exactness axioms. 
A cohomology theory is said to be additive ifthe natural maps Hn(21)→ 
Hn(21i) induce an isomorphism: 

Hn(忽)= Hn(ED刈i)→ ITiHn(処)

where TIi means the direct product. 
We now recall some about the basics of KK-theory groups. 

Theorem 1.1. (K部 parov).
(1) For eαch 21， the functors KKj(恕バ)(j = 0，1)ωith問spectto the 
second vαriαbles * fo門nα homologytheory・
(2) For eαch a， the functors KKj(女，a) form a cohomology theo旬・
(3) Bott periodicity is sαtisfied in each vαriable: 

KKj(21， m) ~ KKj(21，S2a) ~ KKj(S221， m)， 

where S21 = Co(IA.) @怨 αndS221 = S(S21). In fact，ωeαlso hαve 

KK1(21，a)さ KKo(21，Sa) ~ KKo(S21， a)， 
KKo(21，a)包 KK1(21，Sa) ~ KK}(S21， a). 

( 4) There is a natural Kαspαrov intersection product 

KKi(匁l，m}@の)@KKj(匁@忽2，m2)坐+KKi+j(怨1⑧忽2，a} @m2) 

ωhere i + j (mod 2). In parficular，ザm}= C and 212 = C， then 

KKi(匁}，D)@KKj(匁，a2)包 KKi+j(匁}，a2)・

(5) The inclusion mα~ps 21→羽@1Kαnda→a @ 1K induced byα 
rank-one projection in 1K give吋seto natural isomorphisms 

KKj(21@1K，a)包 KKj(21，a) 

αnd 

KKj(21， a) ~ KKj(21， a @ 1K). 
Theorem 1.2. (Rosenberg). For each m， KKj(女，a) form an additive 
cohomology theory. Thαt is，ザ1isαcountαble index set， then the projec-
tions Pj : ED促121i→21jinduce an isomorphism 

KKk(ED促121i，a) f:当日促IKKk(21i，a). 
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Proof. It sufficesもodeal wiもhKKo・groups.Indeed， if we have the isomor-
phism for K Ko，もhen

KK1(EDi2ti， a)さ KKo(EDi21i，sa) 
室町KKo(21i'sa)さ IIiKKl(2ti， a). 

The maps Pj induce a homomorphism e : K Ko( EDi21i， !B)→IIiKKo(21i， a). 
In fact， there are injections Sj : 21j→EDi21i， so thatもhere紅 einduced 
maps (Sj). : KK.{EDi21i， a)→ KK.{21j， ~). Hence there is IIj(sj). : 
KK.(仇以，!B)→ IIjKK.(21j， a). This should be the re舗 onfor e. 
Surjectiviety of the map e is proved as follows. Given graded Hilbert 

~・module Ei， bounded operators TiεI1i(Ei) of degree one， and repre-
sentations約:21i→ I1i(Ei) of degree zero， so that the triple (Ei， 1i， <(Ji) 
called K槌 parovmodule defines an element of K Ko(21i' ~). Then form 
the direct sum (E， T，ψ) = (EDiEi， EDi1i， EDi<{Ji). This defines an element of 
KKo(EDi21ゎ!B)which is mapped to IIi(Ei， Ti， <(Ji) under e， since the follow-
ing relaもionshold: 

[<(J{α)， T]εOC(E)，伊(α)(T2- 1)ε OC(E)，ψ(α)(T -T.)εOC{E) 

for α=(向)εEDi21i，where [x， y) = xy -yx the commutator for x， y. 
Note that for αtε 21i， 

[<(Ji(向)，1i)εOC(Ei)，<{Ji(向)(1i2- 1)εlK(Ei)， <{Ji(向)(11-1i.) E lK(Ei). 

Also， the KKo・groupis defined to be set of homotopy equivalence classes of 
Kasparov modules such as above， and to be an abelian group with respect 
to direct sum. And also， for E a (right) Hilbert !B-module， 1A(E) isもheset 
of all module homomorphisms T on E with adjoint T with respect to a-
valued inner product (.，・)for E: (Tx， y) = (x， T*y)ε!B for x， yεE， and 
1K{E) is defined to be the closure of linear space of rank one operators 8x，y 
for x， yεE definedω8x，y{z) = x(y， z) for z E E， with adjoint 8;，y = 8y，x. 
Injectivity of the map e is proved as follows. Suppose that one is given 
an element of KKo{EDi21i， a) which is trivial in each KKo(21i， a). There 
is the following split short exact sequence: 

0→EDi21i→aaf→co(I)→O 

where句(1)is the C. -algebra of all sequences of C on 1 vanishing at in・

8凶 y.Thus we may suppose七hatwe have an element of K Ko( EDi21t ， a) 
which is trivial in each KKo{21t， a)， say (E， T， <(J) a corresponding Kas-
parov module. Let ei beもheuniもelementof 21t. Then the image of the 
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KK-element in K Ko(21i， !B) is defined by the !B-module eiE together with 
the compression of T and ψ， say TleiE and the compression Qf ψrestricted 
to 21i， say仇.Then we may assume that TleiE is homotopic to some 71 on 
eiE satisfying the following relations: 

l仇(αi)，Ti) = 0， ψ'i(向)(匂ー 1)= 0，仇(αi)(71-Tt) = 0 

for aiε21i， realized in JB(eiE). It followsもhaももhehomotopies can be 
added to obtain a homotopy from T to EDi71 which defines the zero element 
in K K o. Thus the kernel of e is tri vial.ロ

Theorem 1ふ (1)Any (countαble)αdditive homology theory commutes 
with (countαbly) inductive limits of C. -α1gebras. 
(2) If H. isα(cωntably)αdditive cohom仰 '9Ythe仰 αnd~21j is 

a direct sequence of C.-α1gebras 2tj， then there isαnatural Milnor lim1 

sequence of the form: 

0→!!!!!1 Hn-1 (処)→ Hn(!!!!! 21j) → ~Hn(処)→ o.

Let 

K本(*)= Ko(*) ED K1(*) and KK.(大，*')= KKo(*，*') ED KKl(*，*') 

denote the direct sums of K-theory groups and KK-theory groups respec-
tively， but these notations in the left sides are also usedむomean respective 
unions of K-groups and KK-groups to mean the respective theories. 

LetK.吐 1(女)= KO+1(*)aKl+1(*) = K1(安)aKo(*).Let KK吐 1(*，*')= 
KK1(*，*') ED KKo(*，*'). These notations町eused to match up to the 
degree of maps between K-theory or KK-theory groups. 
Note that 

KK市(C，!B)さK.(!B)

and also 
KK.(21，C)三 K.(匁)さ Ext.(忽)，

where Ext.(羽)= Exto(羽)aExtl(恕)，with Extl(匁)= Ext(匁)and Exto(匁)=
Ext(S21). 
There are two natural maps viaぬeK錨 parovproduct: 

α:K本(21)@K事(!B)

主 KK.(羽，C) @ KK.(C，!B)→KK.(21， !B) 

with degree zero， and 

γ: KK.(21，!B)→Hom(K:事(匁)，K.(!B))
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with degree zero， which comes仕omthe pairing: 

KK.(C，21) @ KK事(21，a)→ KK.(C，a) = K.(a). 

Moreover， the map 'Y h鎚 thefollowing interpretation as well. Let r E 
K K 1 (21， a) be represented by an extension 

O→a@oc→e→21→O. 

The associated six-term exact sequence of K-groups has the form 

Ko(æ) 一一 Ko(~) 一一→ Ko(忽)

δ1 lw 
K1(匁)←ー- Kl(~) ←一一 Kl(æ)

with θ， 8' index maps andもhenwe have 

γ(r) = (θ，θ')ε Hom(Kl(羽)，Ko(笥))ED Hom(Ko(創)，Kl(a))
c Hom(K.(21)， K.(a)). 

Furthermore， if pεKKo(21， a) = KKt(S21， a)， then similarly， 

γ(p) = (θ'8，θら)ε Hom(Kl(S21)，Ko(a)) ED Hom(Ko(S21)， Kl(a)) 
= Hom(Ko(羽)，Ko(a)) ED Hom(Kl (羽)，Kl(a))

c Hom(K.(羽)，K.(a))， 

where θS : K1(S匁)→ Ko(a)，85 : Ko(S6)→ K 1 (a) are corresponding 
index maps. Therefore，もhemap 'Y is determined by the index mapsω 

γ(p， r) = (γ(p)，γ(r)) = (θ18，8ふθ，δ')

Suppose thatγ(r) = 0， i.e.， the index mapsδand グ vanish，so that 
the six-term exact sequence splits into two short exact sequences 

0 → Kj(æ) → Kj(~) → Kj(怨)→ 0

for j = 0，1， which determine an element 

κ(r)εExti(Ko(匁)，Ko(a))EDEx法(K1(21)， Kl (a)) C Exti(Kパ匁)，K.(怒))

with degree zero， while r h鎚 degreeone. Similarly， if r(p) = 0， then we 
have two short exact sequences 

0 → Kj(æ) → Kj(~) → Kj (S21) → O 
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for j = 0，1， which determine an element 

κ(p)εExti(K1(忽)，Ko(a))EDEx也(Ko(羽)，K1(a)) c Exti(K取(忽)，K*(a))
with degree one， while p h舗 degreezero. 
Let N be the smallest full subc叫egoryof separable nuclear C九algebras
which con凶 nsseparable type 1 C* -algebras and is closed under strong 
Morita equivalence (that is the same鎚 stableisomorphism)， ind'uctive 
limits， extensions (and if two terms of an extension町ein N， then so is the 
other)， and crossed products by 1R and by Z. 
We紅 egoing to check the following two theorems UCT and KT of 
Rosenberg-Schocheも:

Universal Coeflicient Theorem (UCT). (Rosenberg-Schochet). Let 
aε N. Then there is a short exact sequence (denoted asαdiagram) : 

Exti(K:本(匁)，K*+l(a))ーと→ KK，事(2l，a)_^f→Hom(K*(貌)，K.事(a))

r 1 。 。
which is nαtural in eαch vαriable. The map i hαs degree 0αnd the mα:p a 
hαs degree 1. 

The UCT sequence splits unnatura11y. 
Taking C as a， we have 
Corollary 1.4. Suppose that 21ε N. Then there isαshort ex，αct sequence 

0→ Exti(Ko(匁)，Z)ー土→ Kl(羽)_^f→Hom(K1(匁)，Z)→0，

which is a genenαlization 01 the UCT 01 Brown lor inductive limits 01 type 
1Cヘα1gebras，ωhe何 Kl(怨)= KKl(21，C) = Ext(羽).
1npαrticular， taking C(X)αs21ωe get the UCT 01 Bro叩n:

0→Exti(KO(X)， Z)ーと→ E対(C(X))_^f→Hom(Kl(X)， Z)→O. 
Separable Cにalgebras21 and a are said to be KK-equivalent if there 

exist 入 ε KKo(21，~) and入-1ε KKo(a， 21) such that 入(8)~入ー 1= id~ and 
入一1⑧g入=id~ the KK-theory cl邸 sescorresponding to the identity maps 
on 21 and a respectively. 
KunI叫 hTheorem (KT). (Rosenberg-Schochet). Let 2l E N and 
suppose that K*(a) is finitely generated. Then there is a short exαct se-
quence (denoted ωα diα，gram) : 

K事(羽)@ K*(a) ~ KK*(21， a) ~ To弓(K*(恕)，K*+I(a)) 

r 1 。 。
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which is nαωral in each variable. The mαpαhω degree 0αnd the mαpβ 
hω degree 1. 

The KT holds if either K.(21) or K.(a) is finitely generated. The KT 
sequence splits unnaturally. 
If neither K事(匁)nor K.(a) is finitely generaもed，then there町 ecoun-
terexamples to the KT as noもedby George Elliott. 

2 Special cases of the UCT 

This section is devoted to prove the following: 

Theorem 2.1. Let 21ε N and let a be a C九α1gebrawith countableα，p-
proximαte units such that K.(a) isαn injective (i.e.， divisible) Z-module. 
Then the map 

γ(21， a) : KK.(21， a)→Hom(K.(恕)，K.(a)) 

is an isomor下hism.

This is equivalent to the 弘明rtionもhatthe UCT holds for all pair (21， a) 
with 21 E N and with K.(a) injective. 

Remαrk. Recall a fact from ([5]) in the following. An additive abelian 
group is viewedωa Z-module. A z-module G is said to be divisible (or 
complete) if for any 9εG  and any n E Z， there is Xn E G such that 
9 = nXn = Xn +・・・ +Xn (n -l-times sum). A torsion free， divisible 
Z-module coinsides with a direct product of additive Q of all rationals. 

Proposition 2.2. Assume that K本(a)isαn injective Z-module. Then 
KK.(*，怒)αndHom(K.(*)， K牟(a))a陀 additivecohomology theories on 
the category of separable nuclear C. -algebnαs *， αndγ(*， a) is a natural 
tnαnsforrnαtion 01 cohomology theories. 

Proof. The assertion to K K. (*， a) is always true without叩.yhypothesis 
on怒 byTheorem 1.2. 
The Karoubi KーもheoryK.(*) is an additive homology theory. If K市(a)
is i吋ective，then Hom(*， K.(a)) becomes an exact functor， and hence 
Hom(K.(大)，K. (a)) satisfies the exactness axiom and so is a cohomology 
theory. It is additive since Hom( *， *) transforms direct sums in the first 
variable into direct products， that is， 

Hom(EDiXi， *) = TIiHom(Xi， *). 

-104-



Finally， the naturality ofγ( *， rJ3) follows fromもhatof the Kasparov 
product. lndeed， there is the following commutative diagram: 

γ(2(，~) 
KK.(刻，EB)-z→ Hom(K.(恕)，K.(rJ3)) 

r @2l/入 !蜘入Y

γ(Ø'，~) 
KK.(21'， rJ3) ":';-→ Hom(ι(羽')，K.(rJ3)) 

via入εKKo(2t，21')，where the map (@2t/A)・isdefinedむobe the composite 
of the maps in the clock-wise， with γ(21' ， rJ3) replaced with its inverse. 口

Proposition 2.3. Suppose that K.(rJ3) is injective. Let 3 be a closed ideal 
of αsepαrable nuclear C九algebra21. If two of the following maps: 

γ(3，rJ3) :KK.(3，~) → Hona(K.(3) ， K.(~)) ， 

γ(恕，~) : KK.(2t， a)→Hona(K.(21)， K.(~)) ， 

γ(創/3，rJ3):KK.本(羽/3，rJ3)→Hona(K.(恕/3)，K.(rJ3))

αre isomorphisms， then 80 is the third mα:p. 

Proof. We have the following commutative diagram: 

KK叫 1(3，a) 
γ(:J，~) 

Hona(K.+1(3)， K.(a日

1 
KK，・+1(恕，a) 'Y(2l，~) 

一一→ Hom(K叫 1(21)， K.(rJ3)) 

1 
γ(2(/3，由)

KK.+1(恕/3，a) "-1 -，-， Hona(K.+l (羽/3)，K，寧(a))

r r 
KK.(3， rJ3) γ(:J，~) 一一.. Hona(K.(3)， K，申(a))

1 
KK.(21， rJ3) 4生色 Hona(K.(21)， K.(a)) 

1 
γ(2(/3，~) 

KK.(恕/3，rJ3) ，，-，-，-， Hona(K.(羽/3)，K.(rJ3))

Apply the Five-Lenama to the diagram above. 
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Proposition 2.4. Suppose that ι(渇)is injωωe. Let ~ 21j be仰 in-
ductive limit of countable separable nuclear C・-algebras21j. lf eαch mα，p: 

1' (~j ， a) : KK.(21j， a)→Hom(K:車(恕'j)，K.(a)) 

isαn isomorphism， then 

γ(~21j ， æ): K払(~21j ，a)→ Hom(K.(!!!!} 21j)，ι(a)) 

is an isomorphism. 

Proof. We have the following commutative diagram: 

。

liEKι(21j， a) 

1 
Kι(~~j， æ) 

! 

。

ーと→ ~Hom(K.(21j) ， K.(箔))

1 
一一→ Hom(K.(~21j) ， K.(匁))

1 
llEIKK←1 (21j， a)一三→ llEIHom(KH(aj)，ι(a))

r r 。 。
whereumeans p刈ectivelimiもandUm 1 means Milnor limit， and the 

令ーー・

vertical sequences are Milnor lim1-sequences. Apply the Five-Lemma to 
the diagrarn above. 口

Proposition 2.5. lf21 is strongly Mo何tα equivalentto a commutative C九
α1gebraαnd if K.(a) is injecti'l夙 thenγ(21， a) is αn isomorphism. 

Proof. Firsもnotethat both K.(*， a) and Hom(K.(女)，K.(a)) are invariant 
under strong Morita equvalence. Thus we mayωsumeもhat21 = Co(X) the 
C九algebraof all continuous functions on a locally compact Hausdorff space 
X vanishing at infinity. If X = ]Rk with k even， then by Bott periodicity， 

KKホ(CO(]Rk)，a) ~ KK.(C， a)さ K.(a)，

Hom(K.(Co(1Rk))，K.(a))さ Hom(K.(C)，K.(a)) 
さ Hom(Z，K.(a))邑 K.(a)
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and if k is odd， then by Boもtperiodicity， 

KK本(Co(IRk)，~)さ KK事 (SC， ~) 

さKK.+1(C，~)さ K.+l(~) さ K.(~) ，

lIoua(K.(CO(~k)) ， K.(~)) さ lIom(K.(SC) ， Kキ(~))

~ lIom(K.+l (C)， K*(~)) 
さ Hom(Z， K事(~))さ K事(~).

For X a finite cell complex， we use induction on the number of cells and 
the above Proposition 2.3 for short exact sequences of C仁algebrassuch 
ω0→Co(U)→Co(V)→ Co(W)→0， where U is an open subset of a 
locally compact lIausdorff space V and W is closed in V， repeatedly. If X 
is compact and metrizable，もhenX is a countable inverse (or projective) 

liuait担 Xiof finite complexes Xi， so that C(X) =包C(Xi)an inductive 
limit of C(Xi) of all continuous functions on Xi and thusγ(C(X)，~) is 
an isomorphism for the above Proposition 2.4 for inductive limits. Finally， 
if 21 = Co(X) with X non-compact， we useもheresult for the unitization 
21+ = C(X+)， where X+ is the one-point compactification and the short 
exact sequence: 0→Co(X)→C(X+)→C→O. ロ

Proposition 2.6. 1f K本(~) is injective αnd 21 isαsepar，αble type 1 C九
algebr，α， then γ(21，~) isαn isomorphism. 

Proof. We prove this as follows， not omitted鎚 in[8J. 
Since 21 is separable and of type 1， it h槌 acountable composition series 
of closed ideals J j such that the union of J j is dense in羽andsu bquotients 
Jj/Jj-l have continuous trace. 
(1) If such a subquotient is finite homogeneous， with respect to dimen-
sion of irreducible representation， then it c佃 beobtained by凶 dngfinitely 
extensions by tensor products of commuもativeC九algebraswith matrix al-
gebrωover C. 
(2) If such a subquotie凶 hasa composition series of finite homogeneous 
C*-algebrω， then we use the c鎚 eof (1) and the Propositions 2.3 and 2.4 
for exもensionsand inducもivelimits. 
(3) If such a subquotient is infinite homogeneous， with respect to di・
mension of irreducible representation， and if its spectrum has dimension 
finite， then by local位iviality，it h鎚 acomposition series of closed ideals 
such that subquotients are tensor products of commutative C* -algebra with 
IK. If the spectruua has dimension infinite， we decompose the spectrum into 
an inverse limit of spaces with dimension finite and the subquotient can be 
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an inductive limit of infinite homogeneous Cにalgebraswith spectrums of 
dimension fini te. 
( 4) The general c邸 ecan beもreatedby taking a composition series of 
closed ideals suchもhatsubquotients釘 econtained in those three c鎚 es. 口

Proposition 2.7. 1f K市(a)is injectiveαndザγ(21，a) isαn isomorphism， 
then γ(21 ><1α1R， ~) is an isomorphism f01・21><1αRthe crossed product of 21 
byanαctionαof the reαl group R on 21. 

Proof. The Thom isomorphisms of Connes and of Fack-Skandalis for K-
theory and KK-theory respectively yield the natural isomorphisms: 

Hom(Ki(恕刈αlR)，Kj(a))~ Hom(Ki+l(匁)，Kj(a))

and 
KKi(匁刈αIR，a) ~ K Ki+l (21， a). 

Hence， we have 

KK.(匁刈αIR，a)望 KK叫 1(21， a) 
~Hom(K叫1(匁)，K.(a)) 

さ Hom(K.(21刈αlR)，K.(a)). 

ロ

Proposition 2.8. 1f K.(a) is injective and ifγ(21， a) isαn isomorphism， 
thenγ(21刈αZ，a) isαn isomorphism for 21刈αZthe crossed product 0121 
byαn action α01 the integer group Z on 21. 

ProoJ. Consider the following diagram: 

K K.+l (21， a) 
γ(Ø，~) 
ーーーーーーー→ Hom(K.+l(羽)，K.(a))

附

γ(刻'笥)
KK吻叫+1(似恕'E笥B) 一一一t Hom(K.叫+刊1(匁別)， K準パ(~箔3め)リ) 

δ1 1"州地)
γ(~測。Z，包)

KK.(羽MαZ，a) I\ -.....-'~I Hom(K.(匁刈αZ)，K.(a))

i.l 1"叫ん)
KK.事パ(21，~笥B)

山 Y

KK繍(21，a) 

γ(21，~) 
ーーーー一ー・・争

マ(21，笥)
ーーーーーー一ー争

Hom(K.(刻)，K.(a)) 

1 Hom((id-o). ，id・)
Hom(K市(匁)，K.(怒))
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where i :刻→匁>4αZis the inclusion map， and the left column is exact by 
Fack-Skandalis， and the right column is exact by Pimsner-Voiculescu and 
the fact that ι(~) is injective. The diagram commutes and hence the map 
，(21 刈αZ，~) in the middle is an isomorphism by the Five-Lemma. ロ

Proof of Theorem 2.1. The propositons proved so far in this section com-
plete the proof of Theorem 2.1. ロ

3 Geometric injective resolutions 

This section is devoted ωshowもheconsもructionof a geometric injective 
resolution for a C* -algebra. 
Recall that an injective resolution of an abelian group G is a short exact 
sequence of abelian groups: 

0→G→10→h→0 

such that 10 and lt are injective (i.e.， divisible) groups. For instance， the 
following short exacもsequence:

O→Z→Q→Q/Z→O 

is an injective resolution of Z. 
Every abelian group G h錨 aninjective resolution. We may construct 
such a resolution as follows. Let f :九→ Gbe a homomorphism仕oma 
free abelian group Fo onto G， and let Fl = ker(f)色hekernel. Then Fl is 
free and Fo/乃 さ G.Letg: G→10 be the composition of homomorphisms: 

G→Fo/Fl→ (Fo@Q)/Fl三 10

and then 9 is a monomorphism， and 10 is injective錨 itis a quotient of 
Fo @ Q injective. Thenもheshort exacもsequence:

0→G→ん→10/G三 11→O

is an injective resolution of G. 
Let f : 21 →~ be a homomorphism of C* -algebr邸.The mapping cone 
C f for f is defined by 

Cf = {(乙 α)ε1~ED匁!と(0)= 0， ~(1) = f(α)}， 

where 1~ = C(1，~) the C*-algebra of all ~-valued ， continuous functions 
on the interval 1 = [0， 1]. There is a natural map C f→21 given by sending 
(乙α)toα， and the resulting short exact sequence: 

O → S~ → Cf → 21 → 0 

calledもhemapping cone sequence for f， which splits. 
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Theorem 3.1. Let a be αC.-α1gebra. Then the陀 existsαC仁α1gebraD 
whose K-theory groups K.(D)α陀 injectiveand a homomorphism f : sa→ 
D such that the induced mαp 

K.+l(a) = K.(Sa) ~ K.(D) 

is a monom01下hism.

Note that this theorem implies the existence of a geometric injective 

resolution for K.(a). Indeed， the mapping cone sequence for f has the 
form: 

O→SD→Cf→sa→O. 
It follows from the associated six-term exact K-theory group sequence and 

the theorem above that 

0一一→ Kj(Sa)_!_ぃ Kj(D) 

11 包1 1包
0一一一→ Kj(Sa)一三→ Kj-1(S1))一一→ Kj-l(Cf)一一→ 0

w here the last right zero also means the kernel of the mapθ. Therefore， 
Kj(Cf) become quotients of injective Kj+l(の)， and hence be injective. 
Thus， the last short exact sequence on the bottom line is a geometric in-
jective resolution for K.(a). 

Proof. It suffices to邸 sumethat a is unital， for the non-unital c舗 efollows 
from the unital cωe and the fact that the map仕om~ to its unitization 

~+ induces an inclusion from K.(~) to K.(沼+).N amely， the maps f+ : 
S(~+) → Ð andム:K*(S(~+)) = K叫l(~+) → K.(1)) as in the last 
theorem above induce the same maps for ~ by restriction. 

Let ~ be a unital C. -algebra. Let r :寄→ a@ oc be a geometric 
projective resolution for ~ obtained by Schochet. That is，苦isaCへa抱ebra
with K.権(苦)a free abelian group and the map 

九:K.(苦)→ K.(~ @1K)主 K.(~)

is onto. The resulting mapping cone sequence for the map r: 

0 → S~@ 1Kーム→ Cr ~s__→ð'→ O 

yields the following K-theory group sequence: 

0→ K.(Cr) ~ K.(d') ~ K.(笥@OC) ~ K*(~) → O 
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since r... is onto， and via the p町も ofthe six-むermKーもheorygroup diagram: 

Kj{苦)ーと→ Kj-l(sa@1[{)_l_*→Kj-l(Cr) ~→ Kj-1 {寄)

Kj{j) ~ Kj{a @ 1K)ー→ O

from which，九 isthe zero map， and hence， s... is injective by the exactness 
of the diagram. Then ι(Cr) is a subgroup of K...(d') free， and is hence 
free. 
Let s)1 be a unital UHF or AF圃a抱ebrawith Ko{S)1) = Q. For instance， 
let s)1 be an inductive limit of tensor products of matrix algebras over C: 

qI=llgM2(C)@M3(C)@・・・@Mn!{C)

with the canonical inclusion maps， for instance， 

IA 0202¥ 
M2{C)ヨA1-+ (02 A 02 I E M2(C) @ M3(C)さ M6(C)

¥02 02 AJ 

with 02 the 2 x 2 zero matrix in M2(C).. 
Define a map t : d'→害@S)1by t(x) = x@l for x E d'. Then the induced 
map 

九:K...(j)→K...(苦@m)

is a monomorphism， and 

K...{j @ 91)さ K...(j)@ K.{m) = K...(j) @Q  

via the Kunneth theorem for K-theory groups by Schochet since Kl{切)=0
and (additive) Q torsion告ee，and also，鎚 anote， K... (F) @ Q is injective 
since Q is divisible. 
The mapping cone sequence for t 0 s : Cr→寄@悦:

O→ Sj@m→Ctos→Cr→O 

implies the following K-theory group sequence: 

(tos). 
0→K...(Cr)一一→ K.{d'@悦)一一ー K事(Ct0 s)→O 

since (t 0 s)事 =t. 0 s. is injective， and viaもheparもofthe six-term Kーもheory
group exact sequence: 

(to刷、
0 一一→ Kj(Cr) ー~ Kj(j@m) 

δ 
O 一一→ Kj(Cr) 一一→ Kj-l(Sj@ 悦)一一~ Kj_l(Ctor)一一→ O
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where the last right zero comes from being zero of the kernel of the mapθ 
which is the image of Kj-l (Ct 0 r) by exactness of the diagram. It follows 
that K. (Ct 0 s) is divisible since it is a quotient of a divisible Z-module 
by a free one. Possibly， if the free module is finitely generated， then the 
quotient is certainly divisible， and if the free module is (countably) infinitely 
generated， the quotient is still divisible or may be zero， but divisible. 
The natur叫ityof the cone construction by Schochet implies that there 
is a map of mapping cone sequences: 

SCr一一ー→ 一一一→ Cs 一一一→ Cr_8_→ -
d
 
S
I
l
l
4
 

1
1
1
1市

u
 

l--l↓
 

SCr一一→ Sdfi9悦一一→ Ctos-一→ Cr一一一→苦fi9'Jt

w here note that the mapping cone sequence for s : Cr→d is 

O→ Sd→ Cs → Cr→ O 

and the mapping cone sequence for t 0 s : Cr→dfi9悦 is

O→ Sd fi9 SJl→ Ctos→Cr→ O. 

Hence， there is the following commuting diagram: 

O一一→ K.{Cr)~ 

l
 
i
 

--

K.{d) 一一→ K.+l{CS) ー一一ー o

1 u. 11 

O一一→ K*(Cr)一一→ K.(dfi9悦)一一→ K叫 l(CtoS)一一→ O

with t. injective. The Snake Lemma impli回 thatthe map u. : K.{Cs)→ 
K. (Ct 0 s) is a monomorphism. 
Indeed， check that 'u. is mono. Suppose that x is in the kernel of u.. 
Thenもhereis y E K.{d) which is mapped to x from the left byexactness 
of the diagram. Then t. (ν) is mapped to zero from the left by commuta-
tiveness of the diagram. And hence there is z E K. (Cr) which is mapped 
to 九(y)from the left by exactness of the diagram， and z is also mapped to 
y under s. by commutativeness of the diagram. Therefore， z is mapped to 
x under the composition with s.， and hence x is zero by exactness of the 
diagram， which shows the claim. 
Finally， since sa fi91I{ is the kernel of the map s : Cr→d， a homoもopy
argument of Schochet yields the short exact sequence: 

O→sa fi91K _vー→ Cs_qー~ Cd→O. 

- 112ー



where， indeed， without looking at the another item of Schochet we check 
that 

Cs = {(乙 α)ε I~ E9Cr Iと(0)= 0，c(1) = s(a)} 

and thusもhequotient map q is defined by (乙α)I-+cε C!dand ifと=0， 
then c(1) = 0 = s(α)， and hence (0，α) =αis in the kernel of the map s. 
Thus ker(q) c ker(s). Consider the following diagram: 

O一一一→ S怒 @OC一一一→ Cr_8_ー 寄 一一一→ O

11 11 

0ー→ ker(q) 一一→ Cs~C~ ー→ O.

lf s(α) = 0， thenもhereis (乙α)ε Cswith c(1) = O. And this c can be 
deformed to zero， and hence α= (0， a) is in the kernel of q. 
Note that C~ means the cone over 2{， that is， it is the C.-algebra of all 

~-valued continuous functions on the closed interval [0，1] vanishing at zero. 
Since C~ is contractible， so that Ko(C~) = 0， and then the suspention SC~ 
is contractible， so that Kl(C~) = Ko(SC'd) = o. 
Iもfollowsthat v. : K.事 (S~ ~ OC)→K... (C s) is an isomorphism. 
Letw:S~ → S~ ~ 1I{ be the inclusion map induced by the choice 
of a rank-one projection in JI{， which induces an isomorphism Ko(S~) さ

Ko(S~~Z) ， so that also Kl(S~) さKo(S2a) ~ KO(S2怒@1K)ーさK1(Sa@ 
1K)， and hence， w事:K.(S!B)→K. (S!B ~ 1K) is an isomorphism. 
Define f to be the following composite: 

S!BーヱL→ S~~OC 一一一~ Cs一一→ Ctos
U 

and set D = Ct 0 s. Thenム=u.o叫 0叫 :K事(S!B)→ K寧(の)is a 
monomorphism with K事(D)injective，鎚 desired. ロ

4 The general UCT 

Theorem 4.1. Let 2l， ~ be C.-algebras. Suppose that the UCT holds for 
αII pairs (2l，!B) with K.(~) injective. Then the UCT holds for all pairs 
(刻，~) (切thK.(a)αrbitrary). 

ProoJ. Let f : S~ →匁o be a geometric injective resolution such that 
K.(Do) is injective andム:K.(S!B)→ K. (Do) is mono. Let Dl be the 
‘mapping cone C f: 

0→SDo _9-→Cf=Dl→S!B→ O. 
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This mapping cone sequence yields the following K-theory sequence: 

0 → Kj(狗)~→ Kj-l(81)0) ~ Kj-l (1)1)→0 
which gives a geometric injective resolution of K.(823)， where note that 
the boundary map(s)θis mono becauseムismono. 
The long exact sequence for the KK・theorygroups asso~ia忠ed to the 
mapping cone sequence above has the form 

(id，gj ). 
→ KKj(2l， 81)0) ー rKKj(21， 1)1)→ KKj(2l， 823) 

(id.，θ) u r-' ，̂< rI-.. '¥ (id，gj-l). 
一→ KKj-l (21，81)0) → KKj-1(21，1)I)→ 

with gj = 9 = gj-l， from which it follows that 

0→ coker(id，gj). = KKj(2l，1)I)/im(id，gj). 

→ KKj+l(21， 23)主 KKj(21，823)
→ ker(id， gj-l).→O. 

Since the following diagram: 

KK.(2l， 81)0) 
(id，g)市
ーーーーーー→ K K.(21， 1)1) 

↓γ(抑制 l仰1)
Hom(id，g). 

Hom(Kホ(羽)，K.(81)0)) ..~...，.~，:t，.. Hom(K事(羽)，K. (1) I)) 

commutes andもhevertical maps are isomorphism by山eassumption， we 
see that 

ker(id， g).さ ker[Hom(id，g)ふ
coker(id， g). ~ coker[Hom(id， g)ふ

And also， similarly， the following diagram: 

O一一→ KK本+1(21，823)
(id.，8) 
一一一→ K K.(21， 81)0) 

11 ト(乳S~) 1γ(抑制
Hom(id，8) 

O一一→ Hom(K.(沼)，K.+l (823)) .._"'，'-，-， Hom(K.(刻)，K.(8Do)) 

commutes and the vertical maps町eisomorphism by the assumptionヲwe
geも

Hom(K.(21)， K.+l(823))さ ker[Hom(id，g)ふ
Hom(K.(21)， K.(81)0))/Hom(K本(羽)，K叫 1(823))さ im[Hom(id，g).] 
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and hence， we obtain 

coker[Hom(id， g).] 
fV Hom(K.(2l)， K.ホ(1)1))
-Hom(K.(2l)， K.(S1)o))/Hom(K.(忽)， K:叫l(S~))

さ Ext!(K*(怨)，K*+l (sa)). 

Indeed， we have the following exact sequence鎚 afact of homology theory: 

slnce 

0→ Hom(K.(21)， K.+1(Sa)) 
→ Hom(K.(羽)，K:本(S1'o))

→ Hom(K.(匁)，K.(i>l)) 

→ Ext!(Kホ(恕)，K*+l(Sa)) 

→ Ext!(K*(匁)，K*(SDo))

さ O→・・・

O→K・+l(Sa)→K.(Si>o)→K.(1)l)→O
is exact， and since K.(Si>o) is i吋ective.
We have verified that 

0→coker( id， g)市さ Extl(K.(恕)，K叫 l(Sa))
→KK.(21，Sa) 
γ(2l，sa) 
→ ker(id， g).主 Hom(ι(匁)，K.(Sa))→ O

so that we obtain the UCT for the p剖r(羽，~):

0→ Extl(K*(羽)，K.+1(a))→ KK.(21， 93) 
γ(21，a) 
→ Hom(K.(羽)，K.(a))→0

with the injection of degree one and the quotient map of degree zero. 口

ProoJ Jor the UCT except naturality. Theorem 4.1 and Theorem 2.1 prove 
the UCT in the introduction. The naturality of the UCT follows from the 
next theorem. ロ

Theorem 4.2. The UCT is natural in both vα付αbles.More precisely， iJf11， 
21' in N， a and a' are C. -algebrasωth countable approximαte units，αnd 
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入EKKo(21，羽')， μEK K 0 (23， 23')， then the following diagramsωmmute: 

where 

αndαlso 

where 

。 。

Exti(K.(21')， K.+l (23))企生三今 Ex怯(K.(匁)，K.+l (23)) 

61 6↓ 
KK.(21'， 23) 

γl 
竺主:+ KK.(21，23) 

{入@W')・
Hom(K.(ぽ)，K.(沼)) 一一一 Hom(K事(匁)，K事(23))

1 1 。 。

KKo(21， 21') ~ KK.(21'， 23) ヱ~ KK.(21， 23)， 

。 。

Exti(K.(恕)， K.+l(23)) 笠竺~ Exti(K.(羽)，K・+1(ぽ))

61 61 
KK.(21， 23) 

~1 
Hom(K.(刻)，K.(23))

。

⑧lBμ 
ーーーーーー→ KKホ(21，23')

マ↓
陥lBJJ、
一一二+ Hom(K市(21)，K.(23')) 

l 。
KKo(21， 23) ~KK.(23 ， 23') ~ Kι(21， 23'). 

Proof. The naturality ofγfollows from functoria胤yofもheKasparov prod-
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uct. Note that， for p E KK.(21'， 23) we have 

P ~"Y→ γ(p) 

↓蜘 l州，)・
入@21'P ____y_→ γ(入伽p)= (入ω，).')'(p) 

where the equation in the lower right corner is the definition for the map 
(入@町)ヘ sothat the resulting diagram 

KK:事(21'，23)_"Y→ Hom(K.(匁')，K.(23)) 

↓λ0m' 1州t)・
KK.(21，23) _"Y→ Hom(K.(21) ， K.(23)) 

commuもes.
We show naturality of the map 

d : Extl (K. (21)， K.+l(23))→KK‘(21，23) 

as in the following 4 steps， which is equivalent to the following map: 

d : Exti(K.(匁)，K.(23))→ KK.+l (21，23). 

Sもep1. We show that the map d is independent of the choice of the geo・
metric injective resolution. Indeed， given two such resolutions f : 823→1>0 
and f' : 823 →1>~ with K.(匁0)，K.(科)injective andム，f~ monomor-
phisms， such that 

0→ S匁o _9→1>1 = C f ____!!_→ 823→O 

0 → 8i)~ーと→1>~= Cf'ー乙→ 823→ 0
(corrected)， where p isぬecanonical projection (to the second coordinate). 
Let 

1>q = {(x，y) E 1>1 EÐ 1>~ Ip(x) =p(y)}. 

Then we obtain another geometric injective resolution: f" = f ED f' : 823→ 
勾=1>0 ED 1>O， such th瓜

。→ 8i)~ _!!.笠→叫=Cf" ~'P_→ 823 → o. 

Indeed， an element (ご}，a) ED (~2 ， a)εの1with ~1 (0) = 0， ~2(0) = 0 and 
~1(1) = f(α)， ~2(1) = f'(α) corresponds toもheeleme凶(乙α)= (6 ED 
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ご2，α)E C f" with {(O) = ~l (0) ED {2(0) = 0 ED 0 and f" (α) = f(α) ED f'(α)= 
~1(1) ED ~2(1). 
The projection to the firsもcoordinate:D1→ Dl gives the following 
commutative diagram: 

0 一一→ S951笠→針 ~893 一一.. 0 

1 1 11 
0一一→ 8i>0_9-→ Dl ____!!_ー→ S怒一一→ O.

It follows仕omthe induced maps in K-theory and KK-theory that we obtain 
the following commutative diagram: 

H(払(羽)，K.(8勾)) 一一→ H(K.(21)， K.(Dn) 一一→ Ext~(K.(21) ，K.+l(893)) 

KK.(刻，8Ð~) 

l 
KK.(21，8Do) 

11 

(id，9$h). 
KKホ(21，i>1) 

l 
(id，9、
ー~ K払 (21，Dl) 

(id，p). 
ー一一一一一→

(id，p). 
ーーーーーーー+

KK.(21，893) 

11 

KK.牟(21，893)

H(K.(匁)， K.(8~0)) 一一→ H(K.(21) ， K.(D1)) 一一→ Ext~(K.(匁)，K.+l (893)) 

where H(*， *) = Hom(*バ)just for short. lt follows from the diagram above 
もhat 。

一一 。

Ext~(K.(恕)，K.+l(893日 一一 Ext~(K.(刻)， K.キ+1(893)) 

KK.(匁，i>1)/(id，9 ED h)事KK.(21，8i>~) KK事(21，Dl)/(id，g).KK.(21， 8Do) 

11 11 

K K.(21， D1)/ker(id， p). KK.(羽，勾1)/ker(id， p). 

(id，p).KK市(21，i>1) 一一 (id，p).KK.ホ(21，Dl) 

KK.(21， 893) 一一 KK.(21， 893) 
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and both of the composites give the same map: 

o: Extl(K.(恕)，K.(a))→ K K.+l (~， a). 

Replacing i>l with Ð~ from the beginning， one can show exactly in the 
same way that the resulting map isぬesameωthe above o，鎚 wanted.
Step 2. We prove naturality with respect to入εKKo(21， 21'). Functcト
riality of the K鎚 parovproduct gives the following commutative diagram: 

H(K:市(ぽ)，K:本(8匁0))一一→ H(K:市(ぽ)，K.(D1))一一+弘法(K.(ぽ)，K.叫 1(8a))

K K.(21'， 8i>0) 

l刷
KK申(21，81>0)

(id，g、
~ KK.(21'，1>I) 

l入町，
(id，g、
一一二+ K K.(21， 1>1) 

(id，p). 
ーーーーーーー・争

(id，p). 
一一ーー+

KK.(21'，8f.B) 

↓蜘
KK.申(21，Sf.B) 

H(ι(21)，ι(81)0))ー→ H(K.(21)，K.(1>l))ー→ Exti(K.(恕)，K.・+1(8f.B)) 
where H(*，*) = Hom(*，*) jus色forshort. 1t follows that the following 
diagram commutes: 。

Extl(K.(21')， K・+1(Sf.B)) 

l 
K K.(~' ， i>1)/(id， g).K K.(21'， 8i>0) 

K K.(21'， Dl)/ker(id，p). 

l 
(id，p).KK市(ぽ，i>1) 

l 
KK.(羽，8f.B)

。
l 

(.¥命日1・ . 
\...""，，~. j→ Ext!(K.(21)， K.+l (Sf.B)) 

λ0!2l' 
・ーーーー→

竺主こ+

j 
KK.(21， l)1)/(id，g)市KK.(21，81>0)

K K.(21， i>1)/ker(id，p). 

l 
(id，p).K K.(21， i>l) 

↓ 
K K.(21， 8f.B) 

whereもhemap (入③町)*is defined to be the composite of the two down 
arrows in the left with the map 入~21' in the line Up from the bottom line 
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and with the reverses of the two down arrows in the right， so that 

Exti(K噂(21')，K.+l(Sa))立生主..Exti(K.(羽)，K.+1(Sa))

16 16 
KK.事(21，Sa) 

λ⑧v 
一一一→ KK.(21，Sa) 

commutes， and sa may be replaced with a in the diagram above to obtain 
the corresponding diagram in the statement. 
Step 3. We next show that the map d may be computed instead using 
a geometric projective resolution of 21. Suppose that we are given a short 
exact sequence of C. -algebrω: 

O→ S2!→苦1→dO→ O

with dO，dlε N， K.(答。)and K*(dl) free abelian， and the boundary map 
k市(答。)→K←1(S21) = K.(21) suりective，such thaも

O→ K.+l(苦1)→ K*+1(do)→ K.(S21)→ 0，

where if necessary， we replace 21 with S221@OC which has the same K-groups 
錨 thoseof 21. Such sequence does exist by Schochet [9] (see also another 
paper in this volume of RMJ). Suppose also that we are given the mapping 
cone sequence: 

O→ SDo→ D1→ sa→ O 

which comes from a geometric injective resolution as above. The short 
exact sequences give rise to the following double complex of KK-groups 
with exact rows and columns: 

KK.(苦o，SDo)一一→ KK.(dbSDO)一一→ KK.+1 (21， S1>o) 

1 1 1 
KK.(dO，D1) 一一→ KK.(苦1，1>1) 一一→ KK叫 1(21，1)1) 

l 
KK.+1(苦o，a)一一→ KK*+I(苦1，a)一一→ KK率(21，a). 

On the other hand， since K*(苦j)釘 efree， so that Extl (K. (苦j)，K.(SDo)) 
and Exti(K.(あ)，K.(a)) are trivi叫， and since K.(1)j)町einjective， the 
UCT tells Us that the above double complex can be written in the following 
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form: 

H(九(d'o)， K.(8Do)トー H(払(寄1)，ι(8Do))ー→ H(K.+l(21)， K.(8Do)) 

H(K.(d'o)， K.(Dl)) 一一→ H(K.(d'I)，K事(Dl)) 一一→ H(K.+l(羽)，K.(Dl)) 

H(K.+l (d'0)， K牟(a))一一→ H(K.+l(苦1)，K.(a))ー乙→ KK.(21， a) 

where H(*， *) = Hom(キ，*) just for short. The images of the mapsσand 
p can each be identified with Ext~(K.+l (匁)，K.(a)). Indeed， we have the 
following exact sequences鎚 afact of homology theory: 

and 

O→ Hom(K.事(821)，K.(a)) 
→ Hom(K.+l(苦o)，K.(a))
→Hom(K叫 1(d'I)，K市(a))

ヱ~ Ext~(K.(821) ， K.(a)) 

→ Extl(K.(d'o)， K:傘(a))さ O→・・・

0→ Hom(K.+l(匁)，K.+l (8a)) 

→ Hom(K.+l(羽)，K.(SDo)) 

→ Hom(K.+l(羽)，K牟(D1))

よ~ Ex怯(K叫 1(匁)，K.+l(Sa)) 

→ Ex法(K.+l(匁)，K.(8Do))主 O→・

so that both of Extl(K.(S21)， K.(a)) and Extl(K.+l (羽)，K.+l(8a)) the 
images under the respective mapsσand p above can be identified with 
Extl(K叫 1(21)，K.(治)). Henceもhediagram commutes at the right and 
bottom corner， so that the map d induced by σcoincides with that by ρ. 
Step 4. Finally， we showもhatもhemap d is natural with respect to an 
element με KKo(a， a'). T:叫cea geometric projective resolution for 21: 

0→ 821 _1→d'1 _q--→d'o→O 

with d'0，d'1ε N， K.(d'o) and K.(d'I} free abelian， and the boundary map 
K.(d'o)→ K←1 (821) = K.(21) surjective， where i means the inclusion map 
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and q does the quoもientmap. lt then follows the following diagram: 

H(K*(苦0)，K*(æ)) 一一→ H(K*(~1) ， K本 (æ)) 一一→ Exti(K...+1(82l)，K*(a)) 

1告 1袋
KK率(苦o，a) ー(・ーqー，iーdー).ー争 KK...(~}， a) ー(ー丸ーiーdー)ー・ー争 KK*+I(匁，a)

KK.(~o ， a') -ー(qー，ーidーー)・→ KK.(苦}，a') .一(iーー，i一d一)‘『参 K K.+1 (2l， 23') 

H(K*(~o) ， K.(æ')) ー→ H(K*(~1)ぷ(ぽ))一一 Exti(ん1(8恕)ぷ(ヨゲ))

where H( *， *) = Hom( *，本)just for short， since K事 (~o) and K.(~l) are free， 
so that for j = 0，1， both Exti(K*(~j) ， K*(a)) and Exti(K.(~j) ， K.(a')) 
are trivial. It follows that the following diagram commutes: 

o = 0 

Exti(K*(匁)，K.(23)) 
(~æμ). 

Exti(K牟(羽)，K.(a')) 

KK*(~}， 23)j(q ， id) ホKK"， (~o ，23) KK命(苦0，23')/(q， id)* K Kホ (~o ，ヨゲ)

11 11 

K K.(~}， 23)jker(i， id)* KK*(苦}，23')jker(i， id)* 

(i， id)* KK事(~t，23) ーー③一ーq一gーμー→ (丸 id)事KK*(~t， ヨゲ)

KK叫 1(2l， 23) ーー@ーーaーμーーー KK"'+l(2l，ヨゲ)

where the map (~æ)... is defined to be the composite of the two down arrows 
in the left with the map ~æμin the line up from the bottom line and with 
the reverses of the two down arrows in the right， so that 

Exti(K"， (2l)， K市(æ)) 竺竺~ Exti(K.(2l)， K"，(23')) 

1o 1o 
KK叫 1(2l， 23) 

③aμ 
ーーーーーーー→
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commutes， and S虫怨3ma勾.ybe repμla舵氾.ce吋dw叫it山hヨ笥~ i加nthe diagram above 色ωoob杭も凶a剖.i
the c∞orrespondi泊ngdiagram in the statement. 口

5 Special cases of the KT 

This section is devoted to prove the following: 

Theorem 5.1. Let 21εNαnd93αCヘα1gebrasuch thαt K.(怒)is finitely 
generatedαnd free. Then the mαp 

α(21，93) : K.(匁)@ K.(93)→ KK.(21， 93) 

is an isomorphism. 

This theorem is equivalent to say that the KT holds for all pair (21， 93) 
wih 21 E N and K.(93) finitely generated and free. 
In fa.ct， note th叫 Torf(K叩l)，Kホ(93))is trivial in such a cωe. 
The theorem above is proved via several proposiもionsbelow. 

Proposition 5.2. Assume thαt K.(93) isαfree Z-module. Then KJ(女)@
K.(沼)(j = 0，1) formαcohomology theory on the cαtegory of separable 
nuclear C.-α1gebras *， which is invariant under strong M oritαequivalence， 
αndα(*，93) is αnα如Tα1trans・formαtionof cohomology theories. 1f K.事情)is 
finitely generated and free， then Kj (* ) @ Kホ(93)(j = 0，1) form anαdditive 
cohomology theory. 

Proof. With no restriction on 93 there is an isomorphism 

K本 (EÐi~) @K.事(93)~ (IIiK市(21i))@ K*(93). 

NoteもhatK*(恕)= KK.‘(21，C)ー andKK.(*，C) forms an additive cohcト
mology theory. 
IfKホ(93)is fini旬lygenerated and free， then 

(IIiK*(匁i))@ K.(活)室町(K申(21i)@ K*(93)). 

口

Proposition 5ふ Let0→ 3→匁→羽/'1→obe αshort exαct sequence of 
C九algebras.Suppose that K.(93) is torsion free and thαt two of the three 
mapsα('1，93)，α(21，93)， and α(21/'1，93) a陀 isomorphisms.Then so is the 
third map. 
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Proof. We have the following commutative diagram: 

Kn+l(匁j'J)@K.(æ) α(恕j'J，!B)~ KKn+1(刻j'J，a) 

r r 
Kn('J) @ K.(a) 主竺L Kkn(3，g) 

! 
Kn(21) @ K.(a) 

α(21，!B) 一一 KKn(21， a) 

! 
α(21j'J，沼)

Kn(恕j'J)@ Kホ(a) ~\-'-'-I KKn(匁j'J，a) 

Kn-1('J) @ K.(a) 
α('J，!B) 
一一→ KKn-1('J， a). 

The Five-Lemma釘 gumentcompletes the proof for the middle map to be 
an isomorphism， and other c邸 esare proved by using the similar diagrams 
shifted (or added) one line up or down. ロ

Proposition 5.4. Let {21j} be αcountαble set ofC仁α1gebras.Suppose that 
K.(a) is jinitely generated and freeαnd the m叩 α(21j，a) is an isomor-
phism forαII i. Then the mαpα(EDj21j， a) isαn isomorphism. 

Proof. There is the following commuting diagram: 

KK.{ED/21j， a) 
oi 

-ーーーーー今 IIjKK事(21j，a) 

!α(EDj21j，!B) !:!!ドjo:(21j，!B)
K*(EDl21j) @ K.{a)一三→ IIj[K.(21j)@ K.(a)] 

which implies thatもhemapα( ED j 21j， a) is an isomorphism. ロ

Proposition 5.5.Suppose tMtg=11MK，払(a)is finitely generated 
αnd free， and thαtα(21k， a) is an isomorphism for all k. Then the mαp 
α(21， a) is an isomorphism. 

Proof. The KK-groups K Kj (*， a) always form an additive cohomology 
theoryandぬeKJ{大)@K.{懲)also do the same theory by the assumption 
on K.{a). Thus both theories satisfyもheMilnor lim 1 sequence， so that 
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the following commuting diagram is induced: 

。= 0 

1 1 
lim1α(21kl包)

!lE1kj-1(%)@ke(怨)← .~lKK.+j_l(~k ， 93) 

1 1 
K:J (!!!!t Qlk) ~ι(93) 当竺L KK.+j(li卑21k，泊)

l 
lli!!K:J (ぬ)~K.(忽)

22α(21kl~) 
lli!!KK.+j(~k ， 93) 

l 。 nu 
Since both of the mmgE1α(2km)mdll旦α(~k ，93)ぽeisomorphisms， 
the Five-Lemma implies that the mapα(~， 93) is an isomorphism. ロ

Proposition 5.6. Suppose thαt Ql is a sepαrable C・-algebraof type 1αnd 
thαt K*(匁)is finitely generated and free. Then the mapα(21，沼)is an 
isomorphism. 

Proof. This follows from the general structureもheoryfor separable C.-
algebr鎚 oftype 1鎚 consideredin the proof of Proposition 2.6 and from 
combining Propositions 5.3 to 5.5 for the respective operations taking ex-
tensions， direct sums， and inductive limits. Indeed， a type 1 C九algebra
h舗 acomposition series of closed ideals with subqutients of continuous 
trace. 口

Proposition 5.7. 1f K.(93) is finit号lygenerated and free and the m叩
α(~， 93) is an isomorphism， then the mapα(匁刈ρIR，93) is an isomoゅhism
for any crossed product 21 )qρIR byαnαction of 1i on a Cヘalgebra~. 

Proof. By the Thom isomorphism of Fack-Skandalis for KK-theory used in 
Proposition 2.7， we have 

K*(匁刈pIR) @ K.(怒)= KK.(羽刈pIR， C) @ K.(93) 

さ KK・+1(羽，C)~ K.(93) = K.+l(羽)@ K*(93) 
さ KK・+1(21，93) (byもhe凶 sumption)
さ KK.(Ql刈pIR， 93). 

口
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Proposition 5.8. Suppose thαtK事(沼)is freeαnd the m叩 α(21，a) isαn 
isomorphism. Then the mαpα(羽刈pZ，a) isαπisomorphism，ωhere 21刈ρZ
is the crossed product C" -algebra byαn action p ofZ on 2し

Proof. Consider the following diagram (corrected): 

Ext..+l(21) QS) K..(a) = K*(S21) @ K..(a) 

1(iω・
α(S!2l，~) 

K K"+l (821， a) 

↓(id-p)* 
α(S!2l，~) 

Ext叫 1(21)QS) K*(a) = K*(S21) @K*(a) ~\~~'-， !(K..+1(821， a) 

lθ0iιlδ  

α(2l河ρZ，~)
Exし(匁刈pZ) QS) K..(a) = K"(匁刈ρZ)QS) K*(a) -\~"P-'-' K K叫 1(21， a) 

li* 0iι1  i* 

Ext..(匁)QS) K..(a) = K本(21)QS) K..(a) 

1 (iω 
Ex刈もし$パ(21)⑧ K市*(~渇3)= K"(羽)③ K布*(~笥3)

α(!2l，~) 一一 KK"+l(21， a) 

↓(id-p)* 
α(!2l，~) 
一一一→ K K.+l (21， a). 

The left column is exact by the six-term exact sequence of Cにalgebraex-
tension theory Exしい)by Pimsner-Voicuclescuωdもheassumption that 
K*(a) is free. The right column is exact by the Thom isomorphism of 
Fack-Skandalis. See also [2， Sections 16，4 and 19刈.The diagram com-
mutes by examination of the rnaps involved， and then the Five-Lemma 
implies七hatthe mapα(21刈pZ， a) is an isomorphism. 口

Proof of Theo陀 m5.1. The proof is completed byもhepropositions proved 
above in this section. 口

6 The general KT 

Theorem 6.1. Let 21， a be C. -algebras. Suppose thαt the KT holds for all 
pαirs (21， a) with K.. (a) finitely generatedαndfi陀e.Then the KT holds for 
all pairs (羽，a) with K.(a) finitely generated. 

Proof. Construct a geometric PI吋ecもiveresolution for a as follows. If nec-
essary， replacing a by s2a， there is a Cヘalgebra3'0 and a *ーhomomorphism
f:苦o→ aQS) lK such th叫 K*(苦0)is仕eeand finitely generated (since K*(a) 
is fi凶telygenerated)， and 

ム:K*(苦0)→ K*(aQS)]l{) ~ K*(a) 
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is surjective (where we use the construction method for dO)' Leもd1= Cf 
be the mapping cone of f. The mapping cone sequence: 

0→sa@1Kーよ→ d1_p→苦o→0

has the associated K-theory sequence錨

p. θ=/. 
0→Kj(d1)一一→ Kj(答。)一一→ Kj-1(sa @ 1K)主的(a)→O.

This is a geometric projective resolution of K.(a) by finitely generated， free 
abelian groups. Theωsociated sequence of KK-groups has the following 
form: 

(id，Pi+l)'" Tf  Tf  ，~. ~ ¥ (id.，δ) 
→ KKj+1(21，苦1) "->rn-"/. K Kj+ 1 (21， ~o) 一一一→ KKj+l(21， a) 
(id，i) 川町、 (id.，8) 
~. KKj(21， ~1) 一一~ KKj(21，dO) 一一→ KKj(21，a)ー
with K Kj+1 (21， a)宝 KKj(21，sa @ 1K) and with pj+1 = P =め・ Ityields 
the following shorもexactsequence: 

0→coker(id， Pj+l)ホ =KKj+1(21， do)Jim(id，pj+l)* 
= K Kj+l (21， ~o)Jker(id. ， δ) 

→KKj+1(21， a)→im(id， i)ホ=ker(id，pj).→O. 

Check below that this is the Kunnethもheorem.
Since K.(di) are finitely generated and仕ee，the mapsα(21， di) are iso・
morphisms in the following diagram: 

id.~p. 
K事(21)(8) K.(寄1)ー一一→ K*(21)(8)ι(答。)

lα附 jα附
(id，p). 

KK市(21，d1) 一一一~ K K*(21， dO). 

Thus， 
ker(id，p).さ ker(id寧(8)P.) さ Tor~(Kホ(羽)，K*+l (a))， 

where the long exact sequence for torsion product Tor is 

Torf(K本(匁)， Kj(~o)) さ 0 旦~ Torf(K*(21)宮崎(a))旦三乙
id.~(pj_ l). 

K*(羽)@ Kj-1(苦1) '-.~，rJ- J./. K*(羽)@ Kj-1(dO) 旦笠三

K牟(匁)(8) Kj-1(a) ー→ O
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and hence， 
ker(id，pj). = Torf(K*(羽)，Ki+l(a))

and the quotient mapβin the KT has degree one. It also follows from the 
diagram above that 

coker(id，p)市告coker(id⑧仏)邑K*(怨)0K*(怒)

and indeed， from the long exact sequence， 

coker(id* 0 (Pi)‘) = K*(刻)0Kj(答。)/im(id*0 (Pj)市)

= K*(羽)0 Kj(~o)/ker(id* @δ) 

~ K*(21) 0 Kj(a) 

and the inclusion mapαin the KT has degree zero. ロ

Proof for the KT except nαturality. Theorems 5.1 and 6.1 proveもheKT in 
the introduction. The naturality of the KT may be proved as th叫 ofthe 
UCT in Theorem 4.2. 口

Buもwestate the following: 

Theorem 6.2. The KT is natural in both variables in the sense thαt if 
21，21'ε N，aαnd a'αre C*-α1gebras with countαbleα.pproximαte units 
with K*(a) and K*(a') finitely generated，αnd入 εKKo(21，21')，με 
KKo(a， a')， then the following diagrams commute: 

0→ K率(21')0 K*(a)ーと→ KK*(21'，a) _s→ Torf(K*{21')， K.叫 l{a))→ 0

l州，)* 1λ匂， 1州，)* 
0→ K*(羽)@K*(a)~ K払 (21，a) __.!!_. Torf{K市(恕)，K*+l(a))→o 
with 0町:K Ko{21， 21') @ K K*(21'， a)→ KK*(21， a)，αnd also 

0→K*(刻)0K*{沼)~K払(21，a) __.!!_. Torf(K*(忽)，K.+l (a))→0 

1(ω)・ ↓0!Bμ 1(ωy

O→K*(21) 0 払(ぽ)~Kι(羽町) __.!!_. To汗(K*(匁)，ι+l(a'))→o
with 0a: KK*{21， a) 0 KKo{a， a')→ KK*(羽，a'). 

Sketch of the proof. As in the proof of Theorem 6.1， t叫cea geometric 
projective resolution for a which implies a geometric projective resolution 
for K*(a) by finitely generated， free abelian groups such that 

O → Kj(~I) → Kj(~o) → Kj(æ) → O 
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(j = 0，1). Then we have the following commutative diagram: 

K.(2l') ~ K.(J'I)一一→ K.(ぽ)~K.(苦0) __  q→K場(2l')~ K.(a)一一→ O

αl~ 十 lα
KKホ(2l'，J'1) ーーーーーーーー KKホ(2l'，J'o) 一一一→ KK.(2l'， a) 

KK.(2l，J'1) ーーーーーーーー KK.(羽，J'o) ーーーーーー・・争 KK.(羽，a)

K市(羽)~ K*(J'1) 一一+Kホ(忽)~K.(J'o) ~ K市(2l)@ K.(a)一一 o

and one can construcもthemap(入~2{')* from the right upper corner Kホ(怨')~

K.(a) to the right bottom corner K・(忽)~K.(æ) 鎚 thecomposite of the 
reverse of the quotient map q， theもhreemaps a，入~2{'， and the reverse of 
αin the middle column， and as well the quotient map q. 
We also have the following commutative diagram: 

0 一一→ Tor~(K*(ぽ)，K.+1(包))ーム→ K*(ぽ)~ K*(J'1) 

1βαl~ 
KK*(2l'， a) KKホ(2l'，J'1)

KK申(恕，a) KK.(2l，J'1) 

0一一 Torf(K判)，K.+1 (a)) _，→ K判)~払(J't)

and one can constn則 themap (λ@川市 fromTorf(K市(怨')，K・+1(a))at 
the left upper corner to Torf(K申(羽)，K.+l (a)) at the left bottom corner 
邸 thecomposite of the inclusion map i， the three mapsα，入②町， and the 
reverse of αin the right column， and as well the reverse of the inclusion 
map i. 口

7 Further consequences and generalizations 

Proposition 7.1. Suppose that 211αnd2l2αre sepαTαble C._α1gebras， a is 
aC仁α1gebrawithαcountable approximαte unit，αnd the UCT or KT holds 

- 129ー



for the pαか(21t，a). Ifthere isαn invertible KK-element入仇KKo(21}， 212)， 
then the theoremαlso holds for (212， a). 

Proωof. The Ka笛sparo
side induces the following i泊somorphi泊sms配: 

KK.(創1，a)→ KK.(212，a) and K.(211)=KK.(21t，C)→ K.(匁2)'

The product @!2l2入一1on the right side inducesもhefollowing isomorphism: 

K本 U~h) = K K.(C， 2(2) → K.(~h). 

It follows thaもthefollowing diagram is induced: 

。= 0 

Exti(λ-1@211，id.) ー

Exth(K*(21)，KH1(23)):Exth(KA匁2)，K.+l(a)) 

↓d 1d 

KK.(刻1，a) 

↓マ

Hom(K.(恕1)，K.(a)) 

。

入ー118121
1

ーーーーーーーーー今

Hom(⑧匁2λ-1，id.)

KK.(212， a) 

Hom(K*(羽2)，K.本(a))

。
and comrnutes to have the right column exact， and also the following dia-
gram is induced: 。 。

K.O~h) @K噂(~)
λ-1②211 

K*(羽2)@K*(a) 

KK*(~h ， ~) 
λ-1@21
1 

-ーー一一ーーー→ KK.(212， a) 

To汗(Kホ(211)， K.叫1(~日戸市仇2λ-1 ，idJhr?(kda2)TK市+l(æ日

1 1 。 。

-130 -



and commutes to have the right column exact. ロ

Corollary 7.2. The UCT holds for (匁刈αFn，a) or for (忽刈α，rFn， a)， 
where m)<lo凡 αnd21 )<Io.r凡 αrethe full αnd reduced crossed product ofα 
C.ーα1gebra21 in N byαηαctionαof a free group Fn respectively (in fiαct， 
ofαny torsion free， discrete subgroup of SO(n， 1) for some n). 

Sketch of the proof. Note thatもhecanonical quotient map from 21 )<1αFn 
to ~河α，r Fn gives an invertible KK-element， i.e.， a KK-equivalence (see 
[2， Section 20刈).Assuming that K.(a) is injective， we haveもhefollowing 
commutative diagram: 

KKホ+1(21，a) ~ Hom(払 +1(21)，K.(怒))

1 (0". ，id.) 1 Hom(O".，id.) 
KK叫 1(an21， a) _"'1→ Hom(anK.(羽)，K.(a)) 

1 (8，id.) 1 Hom(8，id.) 
KK.(21刈α，r凡，a)ーエ→ Hom(K.(21河町凡)，K.(a)) 
1 (i*，id.) 

KK.{21， a) 

↓川・)
KK.(aη羽，a)

1H叫ん)
"'1→ Hom(K.(匁)，Kホ(忽))

1 Hom(σ・ル)
"'1→ Hom{anK.(恕)，K.(a日

where ♂=  L/;=I(id-αj)‘and 山=L/;=l(idー αj)事 wiもhαjautomor-
phisms of 21 corresponding to generators of Fn， and the maps 'Y except the 
middle 0即位eisomorphisms byもheωsumption，and the right column is 
exact by the K-theory six-term exact sequence of Pimsner-Voiculescu (see 
[2， Section 10.8])， and ωwell is the left column (but noもchecked).The 
Five-Lemma implies the special UCT holds for (21 )<1αr Fn， a)， and hence 
that the general UCT holds for the pair. The Proposition 7.1 above implies 
that the UCT holds for the pair (21 )<10凡，a). 口

Proposition 7.3. Let 211 and 212 be Cヘalgebrasin N. Suppose thαt there is 
αn element入εKKo{21t，羽2)such thαtγ(入)=んεHom(K.(忽l)，K‘(怨2))
isαn isomorphism. Then入isa KK-equivalence， i.e.， there exists入一1ε
KKo{羽2，2(1)such thαt 

入@忽2入一1= id211 αnd 入ー1③211入=id212・
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Proof. Let 23 be飢.ysepareble C九algebra. The UCT for (匁}，23) and 
(恕2，23) implies the following commutative diagram: 

。 。

Exti(K事(212)，K*(23))五竺:...Ext~(K*(211) ， K，事(23))

1 1 
KK.(2h，23) 

λ⑧笥2
-ーーーー一ー KK*(2h，23) 

γ(入)・
Hom(K噂(匁2)，K*(23))一一→ Hom(K市(211)，K*(23)) 

1 1 。 O. 

The Five-Lemma together with the hypothesis ofγ(入)implies that the 
map 入③~2 : KK*(212， 23)→ KK.(21t， 23) is an isomorphism. Similarly， the 
UCT for (悦ヲ2h)and (SJ1，212) with SJ1εN implies that the map 

③翁1入:KK.(SJ1， 211)→KK.(SJ1，212) 

is an isomorphism. Choosing a =匁1and SJ1 = 212， we see that 

入@創2: KK.(刻2，2h)→ KK.(匁}，2(1) and 
③匁1入:K K.(212， 211)→ KK.(匁2，羽2)

町 eisomo中hisms，so that there紅 eelemenもSμandμ'ε KKo (212 ， 211) such 
thaも入⑧処 μ=id~lε KKo{21}， 211) and μ， @~l 入= id2l2 E K Ko(212， 212)， 
Moreover， one can check that 

μ= id212 @~2μ 

={μ'@匁1入)③笥2μ

=μ'@匁1(入@叡2μ) (by associativity) 

=〆 @mlid!2l1 =〆
and thus，μ=〆=入一1E K Ko(212' 211)' 口

Proposition 7.4. Let 21 beαny separable C.-α1gebrlα， not necessarily nu-
cleαT・ Thenthere is a sepαrable commutαtive C. -algebra ~ {叫ichwe 
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cαn choose with the spectrum (八 of( finite-dimensionαQ，αnd an element 
入εKKo((， 2l) forωhich 

γ(入)=ん:K*(()→ K*(包)

is an isomorphism. Furthermore， we mαytαke ( = (u ED(lωth KO(<!l) = 0 
αnd K1((U) = O. 1f K事(忽)is finitely generated， thenωe cαn tαke the one-
point compactificαtion ((八)+of (八 αsαfinitecomplex. 

Sketch of the proof. One can construct commutative C. -algebras (0 and 
(1 such that Ko(が)= 0， K1(<<!:0) = 0， and 

Kj((J)さ Kj(羽) (j = 0，1) 

ωa  group. For instance， to construcもが， choose a fぬeresolution of the 
Z-module Ko(2l): 

0→Fl-L乃→Ko(創)→O

with each Fj a direct sum of Z. We may choose commutative C*-algebrω 
!>1 and i>2 each as a co-direct sum of copies of Co(R) ， and aトhomomorphism
cp :!>1→i>2， such thaもK1(!>j)さ巧 (j= 1，2) and Cp* = f. Then let (0 
be the mapping cone Ccp: 

0→S!>2→(0 = Ccp→!>1→O. 

Note that the ωsociated six-term exact K-theory sequence becomes: 

乃一一→ Ko(が)一一 o

18=件 f 18 
F1 ~一一 K1 ((!û) ←一一 0

so th抗 Ko(<<!:O)さ Ko(匁)by the Five-Lemma， and hence， K1((U) = 0 by 
the diagram. 

Similarly， one can define (1錨 required.Indeed， choose a free resolution 
of the Z-module K1(匁):

0→G1 _9-→G2→Kt(恕)→0

with each Gj a direct sum of Z. We may choose commutative C*-algebras 
i) 1 and i)2 each邸&句・directsum of copies of CO(R2)， and a *・homomorphism
ψ: i)t→i)2， such that K 0 (巧j)さ Gj(j = 1， 2) and科 =g. Then let (1 
be the mapping cone Cψ: 

0→Sih→ぜ =Cψ→巧1→O.
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Note that the 総句ociatedsix-term exact K-theory sequence becomes: 

0一一→ KO((tl)一一→ G1

↑δ ↓叫=9
0←ーー Kl((tl)←一-G2 

so that K1 ((tl)さ K1(21)by the Five-Lemma， and hence， KO((tl) = 0 by 
the diagram. 
Let (t = (0 ED (tl. By construction， there is an isomorphism of graded 
groups in Hom(K.((t)， K.(羽)).Surjectivity of the map i of the UCT for 
the pair ((t，21) implies the existence of the KK-theory cl鉛 S入withγ(入)
equal to the isomorphism. 口
Remαrk. By construction， we see that the spectrums ((t0)̂ and ((tl)八(ω
well as their one-poi瓜 C∞ompa舵ctifi恥ca叫もiぬon叫 havedimension a叫tmost two and 
three， respectively. 

Corol1ary 7.5. Any Cヘα1gebra羽 inN is KK-equivαlent to a sepαrable 
commutαtive C'・'-algebra(t (ωith ((t八)+finite-dimensionαQ. In fiαct，ωec仰
choose (t of the form (to ED (1 with K1((U) = 0 and KO((l) = O. If K.(羽)
isβnitely generated， one may tαke ((八)+to be a finite (3・dimensionaQcell 
complex. 

Any two Cヘα1gebrasin N with the same K-groupsαre KK-equivαlent. 

Proof. Just combine Proposition 7.4 with Proposition 7.3. 口

Remark. Let 21 be any separable C.-algebra and ( be a commutative C.-

algebra with the same K-groups. Then there is an element入εKKo((t，21)
such thatγ(入)is an isomorphism on K-theory groups. By Kasparov theory， 
this corresponds to an extension: 

O → 21@OC →~→ S(t → 0， 

and the six-term K-theory group exact sequence: 

Ko(羽)一一→ KO(~) 一一→ K1 (()

~lð 告↓θ
Ko(()←- K1(包)←一一 Kl(恕)

implies thaも K*(~)= o. 

Theorem 7.6. Suppose that 211 and 212 are in N. Then the UCT holds 
for (匁1@匁2，、沼)f01・αIIa. 
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Proof. Fix a C*-algebra 211 in N and fix a C*-algebra a with K.(a) in-
jective. Define the functors h. and k. by 

hJ(匁2)= KKj(匁1Q9 2h， a) and 

k1(匁2)= Hom(Kj(刻1Q9羽2)，K噂(a)).

Both h. and k*町 eadditive cohomology theories with rωpect to 212・The
following map: 

')'Ql2三 γ(匁1Q9匁2，a):h.(怨2)→ k.(匁2)

is a natural transformation of additive cohomology theories. The following 
map: 

')'C : KK.(211 Q9 C， a)→Hom(K.(怨1Q9 C)， K.(a)) 

is an isomorphism since 211 Q9 C主 211E N. 
The same argurnents as for the special UCT in Theorern 2.1 imply that 

the map ')'212 is an isomorphism for all 212 E N with K.(a) injective. This 
establishes the UCT for all (2h②212， a) with boもh211 and 212 in N and 
k市(a)injective. 
The general case with a arbitrary follows by the geornetric injective 
resolution argument， just as for the general UCT in Theorem 4.1.口

Theorem 7.7. Suppose thαt21εN，αnd a1 or a2ε N，αnd the groups 
K.(aj)α陀 finitelygenerated. Then there isαnatural short exαct sequence: 

O一一→ KK.(21，aI) Q9 K率(a2)

~ K払 (21，al Q9 a2) 一一 Tor~(K払 (21 ，al)，ι(a2))→O. 

Proof. Suppose firsももhatK.(a2) is finitely generated and free. Fix al・
Define the functors h事 andk. by 

hJ(恕)= KKj(21， al) Q9 K.(a2) and 

k1(羽)= KKj(21， a1 @a2). 

These are additive cohomology theories with respect to 21. The Kasparov 
product: 

⑧C : KKj(f)l， al @C) @ KK.(C Q9 C， a2)→ KKj+.(21 Q9 C， al @ a2) 

together with KK.(C， a2) = K*(a2) induces the following map: 

α21 : h*(恕)→ k.(羽)
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as a natural transformation of the theories. The mapαc is: 

αC : KK.(C， ~t) ~ K.(~2) = K.(932) ~ K.(~2) 
→ KK中(C，931 ~怒2) =Kホ (~1 ~ 932) 

an isomorphism since one of 93j is in N. This is the Kunneth theorem for 
K-theory groups by Schochet. 
The same arguments錨 forthe special KT in Theorem 5.1 imply that 
α21 is an isomorphism for all 21 E N with K.(932) free. 
The general case with K.(~i) 白nitelygeneraもedfollows by the geometric 
projective resolution argument as for ~2 ， just as for the general KT in 
Theorem 6.1.口

As it contains a generalization， it holds that 

Theorem 7.8. The Kunneth Theorem KT for KK.・theroygroups holds if 
either K.(忽)or K.(93) is finitely generated，ωhe陀切eαssumethαt 21 E N 
αnd ~ is sepa1iαble. 
Purthermore， the KT exact sequence splits (unnaturally). 

Proof. Ifwe鎚sumethat 21 E N， then we may鎚 sumeby Corollary 7.5 that 
21 is commutative， with the same K-theory groups and wiもhthe spectrum 
(割八)+finite-dimensional (even a finite complex if K.(忽)is finitely gener-
ated). Furthermore， by Proposition 7.4，もhereis a commutative C九algebra
~' with similar properties and a KK-element in KKo(~' ， 93) inducing an 
isomorphism of K-theory groups of 93' and ~. Using the UCT for (21， ~') 
and (21，93) and their UCT diagrams togeもherwith the Five Lemma， we see 
that there is a natural isomorphism: 

ot 

KK.事(21，93')ーニ→ KK.(2L， ~). 

Hence there is no loss of generality in assuming that 93 is commutative. 
Now set 21 = Co(X) and ~ = Co(Y). Then 

KK.(Co(X)，Co(Y)) ~ K←I(F(X+)八Y+).

If K.(~) is finitely generated， then we may舗sumethat y+ is a finite 
complex and apply the Kunneth theorem for representable K-theory of 
spectra (not checked). 
If K.(匁)is finitely generated， we may舗 sumethat X+ is a finite com-
plex and replace the functional Spanier-Whitehead dual spectrum F(X+) 
by a finite complex D(X+)， namely， the classical Spanier-Whitehead dual， 
and then use the Kunnethもheoremfor topological K-theory of compact 
spaces. (Not checked). 

In either case， the KT exact sequence spliもs(unnaturally). ロ

- 136ー



Theorem 7.9. Suppose thαt 21 E Nαnd !B is any separable C* -algebra. 
Then the UCT ex，αct sequence splits (unnaturally). lf!B =羽，then the 
splitting is even a splitting asαring， and the graded ring KK*(21，21) is 
(αnti) -isomorphic to 

@4J，K Extk(kj(割)，Kk(怨)) (i，j，kεZ2) 

三[EDi，kHom(Kj(羽)，Kk(羽))]ED [EDi，k Ext~(Ki(羽)， Kk(到))]

with the following付ngstructure:' the product of any two Exti-terms is zero， 
αnd Ext~ = Hom operatesωωω1 on Hom and Ext~. Thω， for instance，ザ
X E Hom(Ko(羽)，K1(羽))= Ext~(Ko(匁)，K1 (21))αηdy E Exti(Kl(匁)，Ko(21))， 
then x2 = y2 = 0， 

xy=ゐ(y)εExtl(Ko(恕)，Ko(羽)) and 

yx=♂(y)εExti(K1(羽)，Kl(羽)).

Proof. As in the proof of the Theorem 7.8 above， we may reduceもothec鎚e
where both 21 and 沼町ein N and町ecommutative. Furもhermore，we may 
ωsume that 21 = 210 ED 211 and !B = !Bo ED!B1 with Ki(21j) = 0 = Ki(!Bi) 
for i :F j. And then 

KKo(21，渇)さ [EDi=O，1KKo(羽O，234)l@[@j=o，IKKo(gI，gj)1.

Applying the UCT to each of the four terms separately， we obtain 

KKo(21o， !Bo) ~ Hom(Ko(21o)， Ko(!Bo)) = Hom(Ko(匁)，Ko(!B))， 

KKo(匁O，怒りさ Ext~(Ko(匁0) ， Kl(!B 1 )) = Extl(Ko(恕)，K1 (!B))， 

KKo(匁1，!Bo)さExtl;(K1(匁1)，Ko(!Bo)) = Extl(K1 (忽)，Ko(!B))， 
KKo(混入!B1)包Hom(Kl(211)，Kl(!B1))= Hom(K1(匁)，K1(!B)). 

Also， 

KK1(製0，!B
o) ~ Extl(Ko(21o)， Ko(!BO)) = Ex法(Ko(匁)，Ko(!B))， 

K K1 (21
0， !B1) ~ Hom(Ko(21o)， K1 (!B1日=Hom(Ko(怨)，Kl(!B))， 

KK1(21
1， !Bo) ~ Hom(K1(211)， Ko(!Bo)) = Hom(K1(21)， Ko(!B))， 

KK1(21
1， !B1) ~ Exti(Kl(211)， Kl(!B1)) = Exti(Kl(恕)，Kl(!B)).

And it then follows thaも

KK*(21，!B) ~ Extl(K*(匁)，K市(!B))ED Hom(K*(匁)，K*(!B)). 

This givωus the desired splitting ofもheUCT. 
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When匁=~ we take 210 = ~o and 211 = ~1. Noもethat KK事(210，2l0)
and K K. (21.I， 2l1) are graded su brings of K K. (21， 21)， and that 

KK.(女，2l0)Q921 K K.(211， *) = 0 and 

K K.(*， 211) Q921 KK.(210パ)= O. 

Check the ring strucもureon KK.(2t，羽)錨 follows.For ins凶nce，given 

we have 

x E KKo (210 ， 211)さ Ex怯(Ko(21)，Kl (匁)) and 

uε KKo(211 ， 210) ~ Exti(Kt(羽)，Ko(羽))， 

X Q9211 yεK Ko(21
0， 210)さ Hom(Ko(匁)，Ko(割))= Ext~(Ko(21) ， Ko(恕)).

But γ(x) = 0 and γ(y) = 0 and thus γ(x Q9211 y) =γ(y)γ(x) = 0， and hence 
X Q92P Y = O. Sirnila均"y Q9210 X = O. Thus， the Exti-terms in the UCT give 
rise to an ideal in K K. (21， 2l) with square product zero. . 
Also， given 

zε K Kl (210， 211)さ Hom(Ko(匁)，K1(忽))= Ext~(Ko(羽)， Kt(怨))，

y E K Ko(211 ， 210)さ Exti(K1(2l)， Ko(羽))，

we have 
X @2t1 yεKKl(210， 210) ~ Exti(Ko(創)，Ko(匁))

and 
U③羽oXε KK1(匁l，匁1)さ Exti(Kt(羽)，K1(恕))

( corrected) . 口

Remαrk. Note that the above argumenもcanalso be adapted to prove split-
ting of the Kunneth exact sequence for K-theory groups of tensor products 
of C九a抱ebras. Thus， if 21， ~ E N， then the following KT short exact 
sequence: 

0→ K*(羽)Q9 K.(~) → K.(21 Q9~) → Torf(K.(21) ， K.(~)) → O 

of Schochet splits (unnaturally). As a proof， choose KK・equivalence入ε
K Ko(21， 21') and με K Ko(~ ， ~')， where 21' =刻。@羽tand ~' = ~O ED ~ 1 
are commutative with Ki(2P) = 0 = Ki(~j) for i :f= j. ThenもheKasparov 
product by μinduces an isomorphism 

K.(21 Q9~) → K.(匁⑧~')
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and applying the Kasparov product by 入inも町ngives 

K*(21 (8) a)さ K.(21'(8)a') 

~ [EDi=O，lK*(調。③ai)]ED [EDj=O，lK*(沼1@ai)] 

( corrected). N ow argue鎚 inthe proof above. 
Specializing to the c舗 ewhere 21 and a are commutative， one recover 
the splittings of the K-theory Kunneth sequence of Atiyah [1] for compact 
spaces X and Y: 

0→ K*(X) @ K*(Y)→ K*(X x Y) → Tor~(K*(X) ， K本(Y))→ 0，

a result due to Bodigheimer [3] and [4]. 

Remαrk. The KK-theory groups are noもadditivein the second variable. 
For instance， let 21 = EDi 2li wi由民=C， so that 21 = Co(N). Then 

K Ko(21， 21) ~ Hom(Ko(匁)，Ko(恕))

and its identity element corresponds to the identity map on Ko(創)， which 
dose not belong to the group: 

EDi Hom(Ko(21) ， KO(21i))さ EDiK Ko(21， 21i). 

On theoもherhand， supposeもhat21ε Nand Ko(21) = Q and K1(羽)= 0， 
for instance， 21 a UHF-algebra (an inductive limit of tensor products of a 
matrix algebra over C)， with K*(21)， not finiωly generated. Since we have 

Hom(Q， Z) = 0， Hom(Q， Q) = Q， Exti(Q， Q) = 0 

it follows from the U CT that 

KO(匁)= KKo(21，C) = 0， KKo(乳忽)= Q， KKl(21，21) = O. 

Therefore， 

[Ko(恕)@Ko(割)]ED [K1(恕)(8) Kt(21)] = 0 ED 0学KKo(21，21) 

and hence， the Kunneth theorem for KK-groups does fail in general. 
Nevertheless， one has additivity of KK・もheorygroups under an assump-
tionωin: 

Proposition 7.10. S包pposethαt21εNαnd thαt K.(21) or K事(a)is 
finitely generated， with a = EDiai. Then the natural map 

EDi KK*(21， ai)→ KK.(21， a) 

is an isomorphism. 
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Proof. Suppose that K. (忽)is finitely generated. Then 

Hom(K.(創)，K.(!B)) = EDi Hom(K.(匁)，K.(!Bi)) 

and 
Ext!(K.(2l)， K.(笥))= EDi Ext!(K.(2l)， K事(!Bi)).

The resulもfollowsfrom the UCT for (羽，!B)and (21， !Bi) and the Five-
Lemma. lndeed， the following diagram is obtained: 

。= 0 

1 1 
EDi Extl(K.(匁)，K.(!Bi)) = Ext~(K.(2l)， K.(!B)) 

1 ED.c5 1 c5 
EDi KK.(21， !Bi) 一一-+ KK.(21，悠)

1EÐη 1~ 
EDi Hom(K.(羽)，K市(!Bi))= Hom(K牟(21)，K.(!B)) 

1 1 。 o. 
Suppose that K.(!B) is finitely generated. Then 

k市(匁)(8) K.事(!B)= EDi(K*(恕)(8) K.(!Bi)) 

and 

Tor~(K・(羽)，K.(!B)) = EDi Tor~(K事(羽)，K.(!Bi)). 
The result follows from the KT for (21，怒)and (21， !Bi) and the Five司Lemma.
lndeed， obtained is the following diagram: 

。= 0 

沼市k
d
N
 

D

@

 

1
1
1
1
+
r

、
1
1
1
1
+

g
 

，，a
‘、--T K
 
@
 

K事(21)(8) K.(!B) 

EDi KK.(羽，!Bi) 一一 Kι(21， !B) 

jωjβ  
EDi Tor~(K.(匁)， K.(!Bi))= Tor~(K*(忽)， K.事(!B))

1 1 。 o. 
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Now， let usωsume given a cohomology出eoryH* and an associated 
additive homology theory H.本・ We say that the UCT holds for an algebra 
21 if there are abelian groups Gn and for each n， a natural short exact 
sequence: 

0→Exti(Hn-l(恕)，Gn-1)→Hn(匁)→Hom(Hn(匁)，Gn)→O.

Proposition 7.11. Suppose thαt 21 = 2ti is a di陀ctlimit ofαdirected 
sequence of C* -α1gebrlω 払 andthat the U CT holds for each 2ti : 

0→Exti(Hn-l(2ti)， Gn-I}→ Hn(処)→ Hom(Hn(21i)，Gn)→O. 

Then the following a問 equivαlent:

(α) The UCT holds for 21. 
(b) The Milnor lim 1 sequence holds for 21 : 

0→担1Hn-1(民)→ Hn(21)→担Hn(処)→O.

Observe that 

!1旦lEx法(Li，G)= 0 
for any directed sequence of abelian groups Li， and that there is an exact 
sequence 

0→lli!! 1 Hom (Li， G) → Exti(也 Li ， G) → ~Extl(Li ，G)→O. 

Noもethat 

Hom(Li， G) = Ext~(Li ， G) = Ext~-l (Li， G). 

8 Applications to mod p K-theory 

Let us fix an integer n ~ 2 (in almost all applications this will be a prime 
p). Let Cn be the mapping cone of aトhomomorphismf : Co(1R)→Co(1R) 
of degree n. That is， the following sequence: 

O→8Co(IR)→Cn=Cf→Co(1R.)→0 

is exact， where (乙α)ε Cf c 1Co(1R.) ED Co(lR) with e(O) = 0 and e(l) = 
f(α). The spectrum C~ is homeomorphicもothe locally compact space 
obtained by removing the b舗 epointfrom a 2・dimensionalMoore space. 
For example， C2 = CO(lRP2 ¥ {pt}) where pt means a point and lRP2 = 
(1R3 ¥ {O})/ "-' (or = 82/ ，，-，) the real projective plane with the equivalence 
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relation t"V defined by x t"V y if there is t E 1R non-zero (or t =土1)such that 
x = ty. N ote that Cn belongsもothe class N since it is abelian and has 
K-theory groups Ko( Cn)さ Zn= Z/nZ and Kl(Cn)さ O.lndeed， deduced 
is the following six-term exact sequence: 

Z一一→ Ko(C;η)一一→ O

θIxn 1θ 
Z←一一 Kl(Cn)←一一 0

where the map xn means the multiplication by n， so that we have the 
required isomorphisms by the diagram. 
In fact， recall a fact from [6， 12.3] in the following. Let n be a natural 
number. The Moore space Xn is defined to be the quotient space JI) / t"Vn 
ofもhe2・dimensional，closed unit disc lD> with the equivalence relation t"Vn 
defined by: for z，ωε lD>， z t"Vnωif Izl = Iwl and zn =ωη， or if z =ω. For 
instance， z t"Vn ze21ri/n for any z E 1I' the one-torus. Then 

C(Xn)さ {gεC(lD>)I g(z) = g(ze21ri/n)， zε1I'} . 

Define a *・homomorphismf+ : C(1I')→ C(1I') by f+(g)(z) = g(zn)， whose 
restriction to Co(1R)ωa closed ideal of C(1I') gives the map f of degree n 
above. There is the following short exact sequence and the diagram: 

O一一→ CO(1R2)一一→ C(Xn) 

11 11 r 11 

O一一 SCo(IR)一一→ Cn=Cf一一→ Co(IR)一一→ 0

and it is shown that the boundary map in the six-term exact K-theory 
sequence of the short exact sequence at the firsもlineis the multiplication 
by n. Note that the u凶 izationc;t of Cn by C is isomo叩hic.to C(Xn)， 
and in pa此icular，C(X2)さ C(IRp2)望 Ci.
Let I) be any C. -algebra. DefineもheK-theory groups wiもhcoefficients 
in Zn (the mod n K-theory groups) for I)ぉ

Kj(I)j Zn) 三 Kj(の ~Cn).

Theorem 8.1. (Schochet [10]). For any C仁α1gebra'Jl E N 切thKo('Jl) = 
Zn and Kl ('Jl) = 0， there is a nαtural equivalence 01 homology theo付es:

K.(*;Zη) さ K市(大~'Jl). 
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The Cuntz algebra On+l generaもedby n + 1 orthogonal isometries with 
thesum ofもheirrange projections equalもothe identity satisfies KO(On+l) = 
Zn and K1(On+l) = 0 (see [11， 12.2]). 

Proposition 8.2. Let 21ε N with Ko(匁)~Zn αnd KI(恕)= O. Then the 
Z2・gradedring K K申(21，21.)isαfree Zn -module of rank two with generators 
id21 of degree 0αndβ'21 the Bockstein element of degree 1， with multiplication 
determined by the relation ß~ = o. 

Proof. By the UCT， we have 

KKo(羽，21)さ Hom(Ko(羽)，Ko(21)) ED Hom(Kl (怨)，Kl(羽))

= Hom(Zn， Zn) ED 0さ Zn

evenωa ring， where the last isom~rphism is obtained by the group homo-
morphisms <Pk with仇 (1)= 1 +・・・+1=k・1E Zn for kεZn. N ote that 
<Pl corresponds to id21 in K K 0・Andalso， the UCT implies that 

KKl(21，恕)さExtl(Ko(匁)，Ko(羽))ED Extl (K 1 (羽)，Kl(羽))

= Exti(Zn， Zn) ED 0さ Zn

(additively). The Bockstein element s21 is the generator of KK1(21， 21) 
corresponding to the extension of abelian groups: 

0→ Ko(21) = Zn → Zn2→Ko(羽)= Zn →O. 

However， s2l induces the zero map "y(九)= 0: K叫 l(羽)→ K事(恕).Thus， 
the element ß~ ε K Kl (21， 21) (i921K Kl (21，21)さ KKo(21， 21) induces the zero 
map 

γ(ß~) =γ(九)0 "y(九)=O:K.(21)→K.(21)

in Hom(K. (21) ， K.(21)). Hence， the UCT implies tl刷局=0 in KKo(21， 21). 
Note that other group extension classes of Ex怯(Zn，Zn) are， possibly， 
given by the direct troduct Zn x Zn and (non-abelian) semi-direct products 

Zn刈p(k)Zn with the削 iぬoωInlpAtri?P k的)0 
where the ca鎚seof k = 1 corresponds to the direct product with the trivial 

action 口

Corollary 8.3. Any two Cヘα1gebras211αnd 212 in the class N with 

Ko(忽j)= Zn and Kl(21j) = 0 (j = 0，1) 

αre KK-equivalent. 
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ProoJ. This is a special case of Corollary 7.5， which says in particular that 
the same K-theory groups of two C.-algebras in N imply KK・equivalence，
i.e.， the equivalence between the identity elements of their KK-theory rings. 
The UCT implies that there is釦 element:

入εKKO(~I ， 212)宝 lIom(Ko(211)，Ko(匁2))さ Zn

which induces an isomorphism on Ko， and there is a unique element入-1E 
KKo{羽2，~l) which induces the inverse isomorphism. Then the Kasparov 
products: 

入@恕2入ー1ε KKo(211，羽1) and 入ー1@包1入εKKo(212 ， Q!.2) 

induce respectively the identity maps on Ko(匁1)and Ko{匁2)，again by the 
UCT. lIence， the Kasparov products coincide with id判 εKKo(2lt，羽1)
and id212ε KKo(212' ~2) ， by Proposition 8.2 above. ロ

Remαrk. Invertible KK-elements induce natural equivalences of K市@羽1)
with K.(女⑧羽2)'

Proposition 8.4. Let ~αnd ~ be C九α1gebrasin N. Then the nαtural 
m叩"1 =γ(21，~) in the UCT Jαctorsαs"l =ψ。伊:

KKo(~，~) "y→ II(Ko(忽)，Ko(匁))ED H(Kl (~)， Kl (忽))

11 
ψ 

Nat(Ko(大③怨)， Ko(大@~))一一→ II(Ko(恕)， Ko(羽))EÐII(K1 (恕)， Kl(怨))

where 1I(・，・)= lIom(.，・)， αndNat(・，.) means the group oJ nαtural transJor-
mations (possibly)， andωhere the map r.p is determined by 

伊(x)(y)= y⑧21XεKKo(C，1) @~) = Ko(匁@~)

Jor X ε KKo(~， 怒)αnd yεKo(の@恕)= KKo(C，1) @ ~)切th 1)α 
C*_α1gebra，αnd where the mαpψ is determined by the restriction oJ the 
variαbles大 tothe C仁α1gebrasCαnd Co(IR). 
lJωehαve 

Ext~(Ko(羽)， Kl(~)) = 0 = Ext~(Kl(羽)， Ko(~)) ，

then r.p is injective. 
The mαpψ isαlωαys SU1ブective.
lJ K.(匁)is torsion介ee，then ψis injective. 
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Proo/. The firsもstatementis obvious. The second follows immediately from 
the UCT. The third does also. 
Assume now that K. (匁)isもorsionfree. The Kunneth theorem of K-
theory for Cにalgebrasby Schochet implies that 

Ko(D @恕)= [Ko(D) @ Ko(忽)]ED [K1(D) @ K1(匁)] 

for any C九algebraD. If xεKl (D) and yεKI(恕)， then there is some 
map / : Co(Ii)→匁@lI{ such thaもx=ム(入)by Rosenberg， where入isthe 
canonical generator for Kl(Co(Ii))， and so x @ y = (/ @ id)事(入@y) with 
入@yeKl(Co(Ii))@Kl(羽)，so that the diagram for a natural抑制formation
0: 

Kl(Co(Ii)) @K1(刻)~ Kl(Co(R)) @Kl(泊)

↓(州・ ↓(附・

K1(D) @ K1(羽) _D→ Kl(の)@ Kl(~) 
commutes， and the natural transformation 0 is determined by its image in 
Hom(K1(羽)，Kl(怒)).
A similar町gume凶 appliesto the c邸 eof Ko(D) @ Ko(匁). Indeed， 
Ko(D)主 Kl(8D). Let xεKo(の)and yεKo(匁:). There is a map 
9: Co(R)→Sの@lI{ such that x = 9. (入).Then we have 

Ko(C) @Ko(匁) ~ Ko(C) @ Ko(悠)

l~ 1包
Kl(Co(R))@Ko(2)-L K1(Co(R))@Ko(怒)

↓(鈎id). 1 (州・
Kl(8D) @ Ko(羽) _(J→ Kl(8l>) @ Ko(~) 

l告↓包
Ko(D) @ Ko(羽) _D→ Ko(の)@ Ko(~) ・

Corollary 8ふ lf K.(仰怨)is tωor，何'si抑tωoηj介トeeα仰n

Ex羽t也i釘(Koぱ(羽)，Klバ(匁)日)= 0， 
Ex刻t也i釘(K1バ(刻)，Ko“(羽))= 0， 

ロ

then the巾."g0/ degree-prese1‘ving， (self -) homology operations (01・7川 ural
trans/ormαtions) for K. (* @ 21) is naturally (仰 ti-)isomorphic to the KK.・
付ngKK.(21，21). 
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Proof. The proposition above with the assumptions impliesもhat

。 。

0→ KKo(O，O) 

~lマ
EDj=o，lHom(Kj(羽)，Kj(恕))= EDj=o，1 Hom(Kj(羽)，Kj(匁))

1 1 

~ Nat(Ko(ゆ羽)，Ko(*例))

さlψ

。 nu 

It follows that the map <p is an isomorphism. 
Note also that KKl(Ø，~) ~ KKo(S21，~) さ KKo(21， S~) and Ko(女@
S21) = KI(女(8)O)， Ko(肯③ S~)= Kl(女@~).口

Remark. Homology operators need not be degree-prese~ving. We紅 e
mostly interested in the cωe where K.(21.) has torsion. 
The Bockstein homology operation s = sn of degree 1 is the connecting 
map in the long exact sequence: for any C.-algebra D， 

β 
・・→ K叫 l(D;Z，n)一一→ K.(D;Z，n)→ K事(D;Zn2)→ K.(D;Zn)

s→K←I(D; Zn)→K.-1(の;Zn2)→・

with K.(D; Zn) = K.(D @Cn). Indeed，もheKT implies that 

0→ K.(D) @Zn→ K.(D@Cn)→ Torf(K.(の)，Z，n)→ 0

and also， the following diagram is induced by splitもingofもheKT:

K.(D) @Zn 一一→ K.(D) @Zn2 

↓ 
一一→ K事(幻)@Zn

K.(D@Cπ) 一一→ K.(D@Cn2) 一一→ K.(D@Cn) 

1 11  
Torf(K.(D)， Zn)一一→ Torf(K.(D)，Zn2)一一 Toヴ(ι(D)，Zn)

which corresponds to the short exact sequenc邸:

O→ Zn→ Zn2→ Zn → O 
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and， moreover (it should be)， 

K.+l(D) @Zn 

↓ 

n
 

n

l

Z

 

Z

戸

、

わ
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1
1
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l
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m

W
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ω

K
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m
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θ

一日一K.+1(D;Zn) 

l 
. Tor~(K.+l(Ð) ， Zn) 

(but noもeもhatthere are no arrows atもhebotもomlineもomakeもheextended 
diagram to be commutative in general). 

Theorem 8.6. The Z2 ・graded 巾~gof (self-) homology operations for K. (大;Zn)
(on the cαtegory of sepαrable C九α1gebras*) is a fi何 eZn -module of rank 2 
with generators the identity mα，p of degree 0αnd the Bockstein operation 

β~ of deg陀e1.
As aZ2・gradedring over Zn， the ring of homology operations for K.(女jZn)
is the exteriorαIgeb1iαover Zn on s. 

Proof. As computed in Proposition 8.2， the Z2・gradedring KK.(Cn， Cn) 
is a free Zn-module of rank 2 with generators idcn and sCn・ Thisring 
operators via the K鎚parovproduct @Cn on 

K.(DjZn)さ KK.(C，D@Cn) 

as 
~Cn 

KK市(C，D@Cn) @KKj(Cn，Cn)一一→ KK・+j(C，D@Cn) 
with @cnidCn the identity and ③CnsCn = s. We must show that there are 
no other homology operations 0もherthan those via the K凶 parovproduct 
of KK.(Cn， Cn). 
Suppose that f} is a homology operation for K.(*j Zn) and that D is any 
separable C. -algebra. It sufficesもoshow thaもtheoperation f} on K. (D; Zn) 

is determined by thaもonK.(Oη+lj Zn)， where On+l is the Cuntz algebra 
generated by n + 1 orthogonal isometries with the sum of their range pro・
jections the identity， with Ko(O叫 1)= Zn and Kl(On+l) = O. The KT for 
K-theory implies that 

0→K.(On+l) @ Zn →Kホ(On+l@ Cn) = K.(On+lj Zn) 

→Torf(K.(On+l)， Zn)→0 
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so that 

Ko( On+l @ Cn)さ KO(On+l)@ Zn = Zn @ Zn ~ Zn， 

K1(On+l ③ Cn) さ Tor~(Ko(On+I) ， Zn)主 Zn，

that is， K.(On+l @ Cη) is a free Zn-module Zn ED Zn of rank 2， with gen-
erators [1]0釦 d[1]1 corrωponding to generators of the K-theory groups 
K 0 and K 1 respectively. Since the boundary mapδ: K.+l(On+l) @ Zn → 
K事(On+l)@ Zn is zero， we have s([lJo) = 0 and β([1]1) = [lJo， because 
the Kl・groupK1(On+l @ Cn) is mapped to KO(On+l @ Cn) under δ=β. 
Thus， if 8 on K.(On+lj Zn) is degree-preserving， it must be given by muli-
tiplication by some Xo E Zn in degree 0 and by some Xlε Zn in degree 
1. It follows from the above K-theory isomorphisms Kj(On+l @ Cn) ~ Zn 
via KO(On+l) that 8 becomes multplication by a constant. If 8 is degree-
reversing， then it becomes a mulもipleof s by the same reasoning (slightly 
different from that inもhetext). 
It remains to show that 8 is determined by its operation on K事(On+l;Zn). 
Since 8 is compatible with taking suspentions in the sense as: the following 
diagram: 

K吻(On+liZn) 

告is
~ K.(On+ljZn) 

イs
。

丘二(80n+l;Zn) -ーム(80叩 jZn)

commetes (i.e.， for 8 to be stable)， iもisenoughもoconsider elements Xε 
Ko(の;Zn) and to compute 8(x) in terms of 8 for On+l. Note that 

Ko(1') tg) Zn ーーー。ーーー+ Kl (1') tg) Zn 

Ko(DjZn) ーーβー=ーーδー+ K1(1'j Zn) 

Tor~(Kl(匁)， Zn) TOIf(Ko(1')， Zn). 

Thus， ifβ(x) = 0， then there is a class U E Ko(D) thaもcorrespondsto 
x. Then the class u corresponds to a projection p in匁+③IK.We view u 
鎚 u= 1.([lc])， where 1 : C→勾+tg) IK with l(lc) = p and [lC] is the 
standard generator for Ko(C). We then have 

x = (1 tg) id). ([lC] tg) [10n+1])， 
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where f ~ id : C ~ On+l→勾+~ 1K ~ On+l， where we identify Ko(Dj Zn) 
with a summand in Ko{勾+~ 1KjZn)さ Ko{幻+@ 1K ~ On+l). Note that 

o = 0 

(f~id). 
Ko{C) ~ KO(On+l)一一+Ko{の+~ 1K) ~ KO{On+l) 

1 1 
Ko(C;Zn) 

lθ 
Ko(C;Zn) 

(f0id). 
一一一一→

(f~id). 
一一一ーー吋

Ko(匁+~ 1K;Zn) 

10 
Ko(1)+③1K; Zn) 

where the 1槌 tsqu釘 ecommutes by naturality of 8. In particular， 

。(x)= 8(f ~ id).([Ic] ~ [lon+1]) 
= (f ~ id).8([I]) 

with [1] the standard generator of Ko(C;Zn)， which is ide凶ifiedwi七h[IC]~ 
[10n+1]. Since the unital inclusion of C in On+l induces an isomorphism 
on Ko(大;Zn)， we see that 8(x) is determined byもherestriction of 8 to 
KO(On+l; Zn). Noもethat 

KO(On+l; Zn) = KO(On+l ~.On+l) さ KO(On+l) ~ KO(On+l) 

さ Zn~Zn gざZn，

Ko(C;Zn) = Ko(C ~ On+l)さ KO(On+l)包 Zn

byもheKT.
Now even if s(x) =F 0 in Kl(1)jZn)， then s(s(x)) =θ2(X) = 0 with 

Kl(1)) ~Zn 

l 
Kl(のjZn)

l 
Torf(Ko(3J)，Zn) 

。
ーーーーーー+

β=θ 
ーーーーーー→

Ko(1)) ~ Zn 

l 
Ko(3J; Zn) 

l 
Torf(Kl (3J)， Zn) 

so that there is a class ωε Kl (3J)もhatcorresponds toβ(x). Since 

K1(D) ~ K1(の)~ Z ~ Ko(SD) ~ Ko(O，∞) 
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where 0∞is the Cuntz algebra generated by countably infinite， orthogonal 
projections with the finite sums of their range projections not equal to the 

identity. and has Ko equal to Z and K 1 trivial. And the KT implies 

0→ Kl(D)さ Ko(SD)@ Ko(O∞) 

→ Ko(SD@O∞) 

→ Ko(SD+@O∞) 

w here the lasもmapis injective because the following sequence: 

Ko(SD tg) 0∞)→ Ko(SD+@O∞)→ Ko(O∞)さZ

splits. Hence ωmay be identified with a class of Ko(SD+ @ 0∞). Bya 
lemma of CUI山 (see[10])， t山.h悶e

伊:On+1→ (Co(1R) @ D)+ tg) Cn @ 0∞ 

(slightly corrected in our sense) such that仇.([1])=ω， where we view 
叩巴 K1 (D) as with torsion in 

K1(D) @Zn さ Ko(SD)@Zn → Ko((SD)+ @ 0∞)@Zn 

which has the following inclusion by the KT: 

Ko((SD)+ @ 0∞) @Zn = Ko((SD)+ @ 0∞) @Ko(Cn) 
→ Ko((SD)+ @ Cn @ 0∞). 

Recall that [1]0 =β([1]1) in K，事(0叫 1; Zn). Consider now the following 
commutative diagram with exact two row and added with the inclusion via 

a lemma of Cuntz: 

KO(On+liZn) 

!(同id)・
Ko(D;Zn} 

β 
ーーーーーーーー

β 
ーーー一一一予

K1(0η+1; Zn) 一ι→ KO(On+1;Zn) 
1 (cp0id)・

Kl(D;Zn)コKl(9)@Zn-L→

l(州 id)・

Ko(D; Zn) 

l 
(ψ⑧id)・ 4

KO(On+1i Zn)一一一→ Ko((SD)+ @ 0∞;Zn) 

Then we have 

s(x) =ω= (cp @ id)*([l]o) 
=(伊@id)*(β([1]1)) 

=β((伊@id)* ([1]1)). 
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Therefore，β(x一(伊@id).([l]I)) = 0， which is in the cωe already dealt 
with above. Thus， 

。(x)= 8(x一(伊@id).([l]I) + (cp @ id).([l]I)) 
= 8(x一(cp@ id).([l]I)) + 8((伊@id).([l]t))) 
= 8(x 一 (ψ~id).([l]I)) + (cp ~ id).(8([1]t))) 

both of the first and second terms of w hich町 edetermined by the operation 
8 resもrictedto K.(On+l i Zn). 
We have shown inぬeprocessもhatthe Cuntz algebra On+l is a sort of 
universal object for mod n K-theory. 口

An admissible multiplication on K.(大;Zn) is a bilinear natural trans-
formation: 

μ: Ki(*jZn) x Kj(ぷ;Zn)→ Ki+j(安③ぷ;Zn)

satisfying certain reasonable axioms. We may邸 well邸 sumeもhaもμisto 
be associative (for tr恰lesof separable nuclear C. -algebra斗 Theother key 
axioms areもhatμshouldcommute upむosign with suspension in either 
variable， and thatμshould be the multiplication when one or the 0もherof 
the K・theroyclasses is in the image of the composite: 

K.(女)→ K本(*)~ Zn →K.(女;Zn)ー

and that the Bockstein operationβshould be a (graded) derivation. 
Possibly， thoseもhingsmean asもhatもhefollowing two maps are the 
same: 

μ×μ: [Ki(大;Zn)x Kj(ぷ;Zn)]x Kk(♂;Zn)→ K(i+j)+k(大@ぷ8r;Zn)，

μ×μ: Ki(*j Zn) x [Kj(ぷ;Zn)x Kk(♂;Zn)J→ Ki+(j刊)(*⑧ぷ@♂;Zn)，

and that the following two maps are the same up to sign: 

μ: Ki(S*; Zn) x Kj(ぷ;Zn)→ Ki+j(S大@ぷjZn)，

μ: Ki(*i Zn) x Kj(S*'; Zn)→ Ki+j(* @ S*'j Zn)， 

and that the restriction of μto Ki(大)x Kj(*') is a mapω: 

μ: Ki(*) x Kj(ぷ)→ Ki+j(*@ *')， 

and thatもhefollowing composite: 

Ki(女jZn)x Kj(*'jZn) ~ Ki+j(* @*';Zn) ~ Ki+j-l(*@*';Zn) 
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should be equal to the sum of the following composites: 

Ki(安;Zn)×kj(d;Zn)121+K←1(*;Zn) x Kj(*'; Zn) 

↓~xß 1μ 
Ki(*; Zn) x Kj-l (*'; Zn)ーと→ Ki+ j -1 (* 181 *' ; Zn)， 

so thaも
β。μ=μo(βx id) +μ。(idxβ). 

Theorem 8.7. The αdmissible multiplications on K. (大;Zn) are in natural 
one-to-one correspondence with the elements 0 f K K 0 ( ~η ⑧ Cn ， Cn) whose 
imα，ge by the UCT in the group 

Hom(Ko(Cn) 181 Ko(Cn)， Ko(Cn)) 

with 
Ko(Cn) 181 Ko(Cn) ~ Ko(Cn⑧Cn) 

by the K-theory KT and with Ko(Cn) ~ Zn is exαctly the usual multiplica-
tion mα:p from Zn @Zn to Zn' 
There are exactly n such elements. When n is odd， exactly one of the 
αdmissible multilicαtions is commutαtive: 
When n = 2， neither multiplication is commutαtiveαnd the two multi-
plicαtions are essentially equivαlent. 
The multiplicationμλ corresponding to αKK-element入inKKo(Cn② 
Cn， Cn) is given by the counter-clock-wise composition involving the K・
theroy KTαnd Kaspαrov product: 

Ki(の181Cn) @ Kj( <!! 181 Cn) _...!!.と→ Ki+j(の@<!! 181 Cn) 

1 r⑧仇ω8C
K払んt件+村j畑(ゆ②②ωCπ ②ωe ⑧ Cαω旬ρ) 毛~K，ιんt件+村j(1)仰勾仰@ωe ③ωCn ③ωCρ 

for any C. -algebras 1)αnd <!!， whereσ2，3 is induced by the βlp Jヤ'OmCn @<!! 
to <!! @ Cn. 

ProoJ. By naturality and 紘句ociativityof the Kasp剖rovproduct， any ele-
ment入εKKo(Cn③ Cn，Cn) gives rise to a natural bilinear associative 
multiplication μλon K.(大;Zn) for which degrees add correctly. 
Check the associativity for μ入凶 inぬefollowing computation: for 
x@αεKi(の;Zn) = Ki(1) I8lCn)， y@bεKj(<!!; Zn)， and z@cεKk(苦;Zn)，
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we have 

and 

μ入(μλ((x181α) 181 (y 181 b)) 181 (z 181 c)) 

=③Cn0Cn入[σ2，3(t81Cn0Cn入(σ2，3((X181α) 181 (y 181 b))) 181 (z 181 c))] 

= t81Cn0Cn入[σ2，3(t81Cn0Cn入((x181 y) 181 (a 181 b)) 181 (z 181 c))] 
= t81Cn0Cn入[σ'2，3(((X181ν) 181 (α181 b) t81cn 0Cn入)181 (z 181 c))] 

= t81Cn0Cn入[(x181 y 181 z) 181 ((α181 b) t81cn@cnλ) 181 c)] 

= (x 181 y 181 z) 181 [((α181 b) t81Cn0Cn入)181 c) t81Cn0Cn入]

μλ((xt81α)181μλ((y 181 b) 181 (z 181 c))) 

= t81cn@cπ入{σ2，3((X181α) 181 (t81Cn@Cn入(σ2，3((y181 b) 181 (z 181 c)))))] 

= t81Cn0Cn入[σ'2，3((X181α) 181 (t81Cn@Cn入((y181 z) 181 (b 181 c))))] 

= t81cn@cn入[σ2，3((X 181α) 181 (y 181 z) 181 ((b 181 c) t81Cn0Cn入))] 
= t81Cn0Cn入[(x181 y 181 z) 181α181 (( b 181 c) t81cn 0Cn入)]

= (x 181 y 181 z) 181 [(α181 (( b 181 c) t81cn@cn入))t81Cn0Cn入]

with 

((α181 b) t81cn@cn入)181 c) t81cn@cn入=(α181(( b 181 c) t81cn@cn入))t81Cn0Cn入

by the associativity of the K錨 parovproduct. 
It is also clear that ifμλisもheusualmulもiplicationin the c舗 ewhere匁=
c = ~， then it mus色projectもothe usual multiplication in Hom(Ko(Cn) l8l 
Ko(Cn)，Ko(Cn)). 
Indeed， with Ki(C; Zn) = Ki(C @ Cn)さ Ki(Cn)，

Ki(C @ Cn) @ Kj(C @ Cn) ___.!!.と→ Ki+j(C@ C @ Cn) 

1 rωC 
3 σ2，3 

Ki+j(C@Cn⑧C@Cn) 一τ→Ki+j(C@ C @ Cn @ Cn) 

so thatμλmaps Ko(Cn) @ Ko(Cn) to Ko(Cn) and is zero otherwise. 
Now by the K-theory Kunneth theorem， we have 

Ko(Cn@Cn)さ Ko(Cπ)181 Ko(Cn)さ Zn，

K1(Cn @Cn) さ 1ror~(Ko(Cn) ， Ko(Cn)) さ Zn.
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We then have the following short exact sequence hy the UCT: 

0→ Exti(K1 (Cn @ Cn)， Ko(Cn )) さ Ext~(Zn ，Zn) 

→ KKo(Cn@Cn，Cn) 

ム Hom(Ko(Cη)@ Ko(Cn)， Ko(Cn))さ Hom(Zn，Zn)→ O.

This， together with Exti(Zn， Zn)さ Zn，confirms that there釘 eexactly η 
K K -elements入ofthe desired type (which are mapped by ̂( to the usual 
multiplication map for Zn). 
The naturality of the mapμλin both variables and the representability 
theorem proved in the course ofもheproof of Theorem 8.6 show that it 
is enough to check the axioms only for the various combinations of two 
special elements: [11ε Ko(C; Zn) and [1]1巴 K1(Oπ+1;Zn)さ K1(Cn;Zn) 
with s([l)I) = [110 in K*(On+ll Zn)さ K*(Cn，Zn). There are only three 
equations to check (舗 correcもed):

μ入(s([l)I)，[111) =μλ([1}0， [111) = 0， 

μλ([l)I，s([l)I)) =μ入([1}I，(110) = (1}I @ (11， 

β。μ入([1}I，[1}I) =μλ(s([l)t)， [1}I) = 0， 

where the first and second equations take place in K 1 (On+1; Zn) or K1 (Cn; Zn)， 
and the third equation takes place in K1(On+1 @ On+1;Zn)ぽ K1(Cη ③
Cn; Zn). And also， deduced is 

μλ(s([l}I)， s([11I)) =μλ((lJo， [1]0) = [1]0 @ [lJ =β(μ入([l]t，[lJo)) 

By definition of μ入，

μλ([lJo， [1}I) =σ2，3([1]0 @ [1}I) @Cn~Cn 入;

μ入([l]t，[lJo) =σ2，3([1)1 @ [1]0) @Cゅ Cnλ

Moreover， in Kt(Cn @Cn;Zn) = K1(Cn @ Cn @ Cn)， we compute 

σ2，3([1]0 @ [l]t) =σ2，3([lcn]0 @ [lcn]o @ [l]t) 

=σ2，3([lcnJo @ [lcn10 @ s-1((lCn10， [lcn10)) 

= [lcn]o @ [lCn]o @β-1 ([lCn]o， [lcn10); 
σ2，3([l]t @ [1]0) =σ2，3([1}I @ [lc]o @ [lcn10) 

=σ2，3(s-l ([lcnJo， [lcn]o) @ [lcn]o @ [lcn}o) 

=β一l([lcnJoI[lcn}o) @ [lcn]o @ [lcn10， 
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where s-1 is the splitting map in the K-theory KT， so that 

σ2，3([1]0 @ [1]1)③Cn⑧Cn入=[1]0 @ ([1]1 @Cn@Cn入)= 0; 

σ2，3([1]1 @ [1]0) @Cn@Cn入=[1]1 @ ([1]0 @Cn@Cn入)= [1]1. 

Note that by the Kasparov product， 

K1(Cn③Cn)@Ko(Cn@Cm Cn)@
Cn0Cn À~ K1(Cn) = 0; 
、@Cn0Cn入

Ko(Cn @Cn) @Ko(Cn @Cn，Cn) 
"-'vnlOlvn--

Ko(Cn)さ Zn，

and hence [1) 1 @Cn③Cn入=0 and [1]0 Q9Cn@Cn入=[1]. 
We next compute 

μλ([1]1， [1]1) =σ2ぷβ
-1([lcnJo， [1cnD @β-1([1cnJ， [1cn])) @Cn@Cn入

=(β-1 ([1Cn]0， [1CnD @ s-l ([1cn)， [1Cn])) @Cn@Cn入
= [1]1 @ ([1]1 @Cn@Cn入)=0

and hence s(μ入([1]1，[1]1)) = O. (Possibly， the plausible derivation equation 
would fail.) 
We next check that the map入日 μλisinjective. Suppose that this 

is false. Considering the difference of two distinct KK・elements入}，入2
inducing the same multiplicationμん =μ"¥2'we obtain an element r = 
入1一入2ε KKo( Cn Q9 Cn， Cn) with 

γ(r) = 0εHom(Ko(Cn @ Cn)， Ko(Cn))， 

and κ(r) # 0ε Ext~(Kl(Cn ⑧ Cn) ， Ko(Cn)) 

but such that for all C九algebras1'， 

X@Cn⑧Cn r = 0 E K.(D @Cn) 

for all XεK事(1'Q9 Cn Q9 Cn) since μT=μλ1-μλ2 = O. This is impossible. 
Because， if 

O→ Zn → E→ Zn →O 

is an abelian group extension re叫izingもheelement κ(r)， then the following 
sequence: 

Zn ~ Zn Q9Zn → Zn@E→ Zn @ Zn ~当 Zn

is no longer exact， hence w hen exもendedto a long exacもsequence，it gives 
a non-trivial connecting map 

Tor~(Zn ， Zn)→ Zn⑧Zn 
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(not checked， buもitalways exists since Torf(Zn， Zn) ~ Zn). This says that 
if n = Cn and x is suitably chosen， then x @Cn~Cn T can be non-zero， a 
conもrOOiction.
Note， indeed， that 

Ko(Cn@Cn)さ Ko(Cn)@ Ko(Cn)さ Zn@Zn，

Tor~(Ko(Cn @ Cn)， Ko(Cn))さ K1(Cn@CnjZn) 

which contains Ko(Cn) @Kl(Cn @Cn). 
We now consider the part of the theorem about comm凶叫ivity. A 
multiplication 似 iscommutative inもhegrOOed sense if and only if the 
corresponding入isinvariant underもheautomorphism of K Ko (Cn @Cn， Cn) 
induced by the flip σinterchanging the two tensor factors in Cn③Cn・The
UCT gives the following sequence: 

0→Extl(K1(Cn @ Cn)， Zn)→K Ko( Cn @ Cn， Cn) 
→Hom(Ko(Cn @ Cn)， Zn)→o. 

Clearly，σis trivial on Ko(Cn@Cn)， however， it acts by -1 on K1(Cn⑧Cn)， 
because 

Ko(Cn@Cπ)さ Ko(Cn)@Ko(Cn)，K1 (Cn@Cn) さ Tor~(Ko(Cn) ， Ko(Cn)).

We now distinguish two c舗 es:n odd and n even. 
If n is odd， then σhas two two distinct eigenvalues土1on KKo(Cn@Cn)， 
we have a direct sum splitting: 

K Ko( Cn @ Cn， Cn)さ Exti(K1(Cn@ c:η)，Zn) ED KKo(Cn @Cn，Cn)σ 
wiもhKKo(Cn@Cn，Cn)σthe subgroup of elements fixed underσ. The 00-
missible multiplications all have the same component in the fixed-point set， 
soμλis comml刷，tive if and only if入hωprojectionzero in Extl(Kl(Cn @ 
Cn)， Zn)， which happens for exactly oneλ 
Note that the commutativity for μλmeans thatμλ(α@ c，b @ d) = 
μλ(b@d，α@c)， so that 

α@ b @ (( c @ d) @Cn③Cn入)=b@α@((d@c)@cn③Cn入)

=b@α@ ((σ(c@ d)) @Cn0Cn入)

(where it probably should be that α= b). 
On the other hand， considerもhec邸 ewhere n = 2. Then σacts trivially 
on both Extl(K1(C2 @ C2)，Z2) and Hom(Ko(C2 @ C2)，Z2) (note that it 
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seems like that it is non-trivial on the firsもsummand，buもitis trivia1 because 
Z2@Z2さ Z2，so tl川 1= -1 in Z2). However，σis noもdiagona1izableω
an op町atoron KKo(C2 @C2，C2). Instead， it acts by the unipotent 2 x 2 
matrix over Z2 the field of two elements: 

(11) 。(01)conjugate over Z2 t o 1 J ----" -0----. ---~ -- ¥ 1 0 

i.e.，σinterchanges the two admissible multiplications and neither is com-
mutative. Note that 1 + 1 = 1 + (ー1)= 0 in Z2 and a1so 
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For an amusing proof， one may useもhefollowing identification: 

KKo(C2 Q9 C2， C2)宝 K1(F(1Rp2八1Rp2)八lRP2)

さ K1(y八Y八1Rp2)， 

where Y is a suitable retract of the complement of an embedded copy of 
1Rp2 in 84. In effect， we mayも叫teY = 1Rp2. 
Note that C(1Rp2)さ CJ舗 statedbefore. And also， with C2さ
CO((1Rp2)ー)with (1R.p2)-the non-compactifica山 nof 1Rp2 by removing 
one poinも， wehave 

K Ko( C2 Q9 C2， C2)宝 KKo(Co((1RP2)ー X(1Rp2)一)，CO((lRP2)一))

さ KKl(CO((1Rp2)一X(1Rp2)一)，8Co((1Rp2)ー))

包 KO(F([(1Rp2)ー X(1Rp2)一]+)八(8(lRP2)-]+)

包 K1(F(lRp2八lRP2)八1Rp2)， 

where we have 

KK1(Co(X)， CO(Y))さ KO(F(X+)八y+)

by Rosenberg-Schoc1峨 [7].
Should be comp叫edthe action of the flip ofぬefirsもtwofactors in 

Kl(lRP2八1Rp2八1Rp2)さ K1(1Rp2̂  1Rp2; Z2) 
さ Hodd(1Rp2八RP2;Z2).

By the Kunneth Theorem in cohomology over the field Z2， 

H* (IRp2 X lRP2; Z2)さ H・(1R.p2;Z2) Q9 H*(lRp2; Z2) 
さ {Z2[1ω]/(ω3)}Q9 {Z2[1ω]/(ω3)}， 
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withωthe generator of Hl(RP2， Z2) ~ Z2， so that the odd cohomology 
(ring) is spanned by ω@ω2 and W2@ω， which are exchanged by the flip. 
Note that there are isomorphisms called Chern character as: 

KO(X)刊さ EDHn(X; Q)， K1(X)刊さ EDHn(XjQ)， 
n even n odd 

with X a compact space， where Hn(XjQ) denotes the n-th (Alexander or 
eech) cohomology group of X with coefficients in Q. Noもealso that 

Ho{IRP2)主 Z，Hl(1RP2)さ Z2， H2(IRP2)さ O

and that 
HO(IRP2，Q)さ H2(IRp2，Q)さ O

and also 
H1(1Rp2，Q) ~ Hl(1RP2，Q) ~ Z2 @Qさ Z∞

and 
H2(1RP2，Q)さ Ho(1RP2，Q)邑 Z∞.

Moreover， since IRp2 eざC2，we have 

KO(1Rp2)主 Ko(C(1Rp2))主 ZED Z2 and K1(1Rp2)ささKl(C(1Rp2))さ O

(see [6]， but it looks like that the Chern character would fail to be an 
isomorphism in that sense， or possibly， something is wrong). 
Note that the Kunneth theorem in homology implies that 

HO (1RP2 X 1Rp2; Z2)さ H4(1Rp2X IRP2; Z2) 

さ EDp+Q=4[Hp(1Rp2jZ2) @ Hq(IRP2; Z2)] ~ 0; 

H1 (IRp2 X IRP2; Z2)さ H3(1Rp2X 1Rp2; Z2) 

さ EDp+q=3[Hp(1RP2;Z2) @ Hq(IRP2; Z2)) ~ 0 

and also 

and 

H2(IR.p2 X IRP2; Z2) ~ H2(lRp2 X 1Rp2; Z2) 

さ Hl(lRP2j Z2) @ Hl (IR.p2; Z2) 

さ H1(1Rp2jZ2) @ H1(1RP2; Z2). 

H3(IR.p2 X IR.p2j Z2)さ Hl(IR.p2 X IR.p2j Z2) 

さ [Hl(IR.p2; Z2) @ HO(lRP2; Z2)] ED [HO(IR.p2; Z2) @ Hl (IR.p2; Z2)] 

さ [H1(lRP2; Z2) @ H2(IRP2; Z2)] ED [H1 (lRP2j Z2) @ H2(1RP2; Z2)]， 
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and 

H4 (IRp2 X IRp2 j Z2)さ HO(IRP2X IRP2; Z2) 

さ HO(IRP2;Z2) ~ HO(lRP2; Z2) 

さ H2(IRP2;Z2) ~ H2(lRP2; Z2). 

口

Remark. The non-commuも叫iviもyof multiplicaもionson K*(*i Z2) and its 
proof give an illustration that the UCT and the KT cannot have natural 

splittings. We have seen that for the cωe of KKo(C2 09 C2， C2)， there are 
no splittings equivariant for the flip automorphismσ. 

References 

[1] M. F. ATIYAH， Vector bundels and the Kunneth formula， Topology 
Vol. 1， (1962) 245・248.

[2] B. BLACKADAR， K-theory for Operator Algebras， Second Edition， 
Cambridge， (1998). 

[3] CARL FRIEDRICH BODIGHEIMER， Splitting the Kunneth sequence in 
K-theory， Math. Ann. 242 (1979)， 159・171.

[4] C. F. B凸DIGHEIMER，Splitting the Kunneth sequence in K-theory 
11， Math. Ann. 251 (1980)ー249・252.

[5] M. S. J.， M，αthematics Dictionαry， (Sugaku Jiten， in Japanese)， 
Math. Soc. Japan， 4th edition， Iwanami (2007). 

[6] M. RORDAM事 F.LARSEN AND N.J. LAUSTSEN， An 1ntroduction 
to K-Theory for C仁Algebras，LMSST 49， Cambridge (2000). 

[7] JONATHAN ROSENBERG AND C. SHOCHET， Compa吋ngfunctors 
clαssifying extensions of C仁α1gebras，J. Qperator Theory Vol. 5， 
(1981)， 267・282.

[8] JONATHAN ROSENBERG AND C. SHOCHET， The Kunneth theorem 
αnd the universal coefficient theorem for K，αspαrov包generalizedK，・
functor， Duke Math. J. Vol. 55， No. 2 (1987)，431・474.

[9] CLAUDE SCHOCHET， Topological methods for C. -algebras 11: Geo-
metric resolutionsαnd the K unneth formula， Pacific J. Math.， Vol. 
98， No. 2 (1982)， 443-458. 

-159 -



[10] CLAUDE SCHOCHET， Topological methods for Cヘα1gebrasIV: M od 
p Homology， Pacific J. Math.， Vol. 114， No. 2 (1984)， 447・468.

[11] N.E. WEGGE-OLSEN， K-theory and Cヘα1geb1iαs，Oxford U niv. Press 
(1993). 

Department of Mathematical Sciences， 
Faculty of Science， University of the Ryukyus， 
Senbaru 1， Nishihara， Okinawa 903-0213事
Japan 

Email: sudo@math.u-ryukyu.ac.jp 

- 160ー


