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This paper examines relationships among economic growth, business cycles, and 
unemployment in a general-equilibrium model. The model views creative destruction as a 
major source of business cycles, as well as of long-term growth. I show that the expected 
growth rate negatively relates to the amplitude of business cycles, but positively relates to the 
expected unemployment rate. I also present an alternative view to competitive-equilibrium 
business cycle models on the relationship between employment and productivity. Contrary to 
competitive-equilibrium business cycle models, this model shows that positive permanent 
shocks cause unemployment, but positive transitory shocks lead to full employment. These 
theoretical results are consistent with empirical evidence. Finally, I show that an increase in 
the expected growth rate has a negative connection with the frequency of recessions.
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1 Introduction

This paper explores relationships among economic growth, business cycles and unemployment by 
constructing a model that views the process of creative destruction as a major source of business cycles, 
as well as of economic growth. The main results are: first, the expected growth rate negatively relates to 
the amplitude of business cycles. Second, a permanent shock causes unemployment, but a transitory 
shock leads to full employment. Third, an increase in the expected growth rate reduces the frequency of 
recessions.

The model presented here displays a negative  correlation between economic growth and the 
amplitude of business cycles. The relationship between economic growth and business cycles, both of 
which are traditionally treated as separate issues, has been studied in recent literature. Aghion and Saint-
Paul (1998) construct an open economy model with exogenous demand shocks. They show a positive  
relationship between the long-term rate of economic growth and the amplitude of fi rm-level  fluctuation 
when productivity shocks in the economy have negative effects on current production, even though the 
amplitude of aggregate fluctuation is irrelevant to economic growth. However, their result is not 
supported by the data, as they noted in their paper. For example, Ramey and Ramey (1995) find a strong 
negative relationship between volatility and growth, using data from 92 countries and a subset of OECD 
countries. Martin and Rogers (2000) also find the same result both for OECD countries and European 
regions with different sets of control variables and different specifications. Moreover, Martin and Rogers 
(2000) present a simple theoretical model in which human capital is accumulated through learning-by-
doing and derive a negative relationship between economic growth and the amplitude of business cycles. 
However, positive exogenous productivity shocks in their model reduces unemployment since it is 
competitive-equilibrium one. Our model also displays a negative  correlation between economic growth 
and the amplitude of business cycles but a negative  correlation between permanent productivity shocks 
and employment.

I show that positive permanent shocks reduce employment, while positive transitory shocks raise  it. 
One well-known paradox of the competitive-equilibrium business cycle models is that they display a 
strong and highly positive  relationship between shocks and employment. In competitive-equilibrium 
business cycle models, productivity shocks raise labor demand, increasing the employment level. This 
result of competitive-equilibrium business cycle models is inconsistent with empirical evidence. For 
example, Hansen and Wright (1992) find evidence that the correlation between hours of labor and 
productivity is near zero or slightly negative. To reconcile this puzzle, much of the literature has 
introduced various kinds of transitory shocks. For example, Christiano and Eichenbaum (1992) add 
shocks to government purchases within a real business cycle model, to moderate the positive 
relationship between them. Benhabib, Rogerson, and Wright (1991) add shocks to household 
production. These modified versions of the models inevitably conclude that positive permanent shocks 
raise  the employment level while positive transitory shocks reduce  it. In their assumption, transitory 
shocks reduce labor demand, thereby reducing the employment level. However, recent empirical 
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literature suggests evidence to the contrary. Galí (1999) finds evidence that permanent shocks reduce 
employment and transitory shocks raise  it, based on data for G7 countries and using a new Keynesian 
model. Many recent works find this evidence for a broader range of specifications. For example, Francis 
and V.A. Ramey (2005) observe this relationship using the U.S. and U.K. data for one century.1

I also show that the frequency of recessions (the ratio of a recession period to a business cycle) is a 
factor through which a higher expected growth rate leads to a higher expected unemployment rate. Some 
recent works re-examine the relationship between long-term economic growth and unemployment. 
Pissarides (2000) presents a model in which higher growth rate leads  to lower natural unemployment 
rate. In his model, exogenous productivity shocks raise the number of vacancies, thereby increasing the 
probability of matching vacancies with the unemployed to reduce unemployment. On the other hand, 
Aghion and Howitt (1994) introduce the matching process, developed by Pissarides, to an endogenous 
growth model. They emphasize that opposite results may occur from economic growth: either an 
increase or decrease in the unemployment rate. Since an increase in economic growth through creative 
destruction inclines the job-separation rate to an increase, it has a factor that raises the unemployment 
rate. Along these studies, our model shows a similar effect to Aghion and Howitt (1994). But it 
particularly emphasizes the frequency of recessions, not only with the size of unemployment in a 
recession.

The paper is organized as follows. Section 2 specifies the behavior of agents in the economy and 
determines the equilibrium of the model. Section 3 considers the properties of perfect foresight 
equilibria. Section 4 concludes.

2 Model

This section first specifies the behavior of households and firms in the intermediate good and research 
sectors. Next, I determine the wage rate in each sector and derive the amount of research labor, which 
characterizes the equilibrium of the economy.

2.1 Behavior of Households

Each household, which is distributed over the closed unit interval [0, 1], is endowed with a unit amount 
of labor and land, earns income by the rent of land, the wage of labor devoted to the final good and 
intermediate good sectors, and dividend payments from the monopolist in the intermediate good sector, 
and consumes the final good.

Each household has identical risk-neutral preferences with a positive and constant subjective discount 
rate, denoted by 𝑟. There is no instantaneous disutility from supplying labor. The instantaneous utility 

1　For other recent literature,  see,  Wen (2001),  Basu, Fernald,  and Kimball (2006),  Marchetti and Nucci (2005),  etc.  Some works 

challenge these results. See Chang and Hong (2003) and Christiano, Eichenbaum, and Vigfusson (2003).
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function, denoted by 𝑢(·), takes linear form

𝑢 (𝑐(𝜏)) = 𝑐(𝜏),

where 𝑐(𝜏) is consumption at time 𝜏.
 Each household allocates its labor between the intermediate good and research sectors to maximize its 
expected lifetime utility under its budget constraint;

𝑤𝐼(𝜏)𝑙𝐼(𝜏) + 𝑤𝑅𝑠(𝜏) 𝑙𝑅𝑠(𝜏) + 𝜋(𝜏) + 𝑅 = 𝑐(𝜏)

and feasible condition;

𝑙𝐼(𝜏) + 𝑙𝑅𝑠(𝜏) ≤ 1.

Here 𝑠(𝜏) denotes a stochastic stage of technology at time 𝜏 (following a Poisson process as shown 
later)2; 𝑤𝐼(𝜏) and 𝑤𝑅𝑠(𝜏) are real wage rates in the intermediate good and research sectors respectively; 
𝑙𝐼(𝜏) and 𝑙𝑅𝑠(𝜏) are fractions of labor provided for the intermediate good and research sectors respectively; 
𝜋(𝜏) is dividend from the intermediate good sector; and 𝑅 is rent of land. Since preferences are linear, the 
subjective discount rate is equal to the real interest rate at any time. Finally, the household consumes all 
the output of the final good. and 𝑅𝑅 is rent of land. Since preferences are linear, the subjective discount

rate is equal to real interest rate at any time and the optimal choice of the
household is to consume all the output of the final good.

Figure 1: Innovation processes

2.2 Behavior of Firms
Here we specify the behavior of firm in each sector; the final good, inter-
mediate good and research sectors. In the final good sector, firms compet-
itively provide goods for household. In the intermediate good sector, the
monopolist provides its output for firms in the final good sector by using
labor services and the current technology. During the implementation pe-
riod, the monopolist incurs an extra cost, which shrinks the monopolist’s
labor demand and raises the price of the intermediate good under a given
rate of wage. These changes cause employment rate and the amount of final
good to shrink during the implementation period, as will be shown later.
Finally, the research sector, firms stochastically develops a state-of-the-art
technology, which produces the more productive intermediate good.
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2　See Figure 1.

Figure 1: Innovation processes
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2.2 Behavior of Firms

Here I specify the behavior of firm in each sector; the final good, intermediate good, and research 
sectors. In the final good sector, firms competitively provide goods for households. In the intermediate 
good sector, the monopolist provides its output for firms in the final good sector by using labor and the 
current technology. During the implementation period, the monopolist incurs an extra cost, which 
shrinks the monopolist’s labor demand and raises the price of the intermediate good under a given wage 
rate. These changes cause the employment rate and the amount of final goods to shrink during the 
implementation period, as shown later. Finally, firms in the research sector stochastically develop a 
state-of-the-art technology, which produces the more productive intermediate good.

2.2.1 Final Good Sector

Firms in the final good sector are assumed to have identical neoclassical technology, inputs for which 
are the intermediate good and a unit of the fixed resource such as land. The final good serves as 
numéraire.3

Firm 𝑖 in the final good sector solves the following decision problem:

where 𝑦(𝑖, 𝜏) is flow of output of the final good produced by firm 𝑖 at time 𝜏; 𝑝(𝜏) is the price of the 
intermediate good; 𝑥(𝑖, 𝜏) is the intermediate good employed by firm 𝑖; and 𝐴𝑠(𝜏) is the indicator of 
productivity for the intermediate good with technology 𝑠(𝜏). The production function of the final good, 𝑓 
(· ), is assumed to be three times continuously differentiable and satisfy the standard neoclassical 
properties.

Solving the profit-maximinzing problem stated above, one finds the inverse demand function of firm 𝑖 
for the intermediate good:

(1)

Since the marginal productivity of the final good, the right-hand side of (1), is monotonically 

2.2.1 Final Good Sector

Firms in the final good sector are assumed to have identical neoclassical
technology, inputs for which are the intermediate good and a unit of the
fixed resource such as land and the final good serves as numéraire.3
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max 𝑦𝑦(𝑖𝑖 𝑖 𝜏𝜏) − 𝑝𝑝(𝜏𝜏)𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏)
s.t. 𝑦𝑦(𝑖𝑖 𝑖 𝜏𝜏) = 𝐴𝐴𝑠𝑠(𝜏𝜏) 𝑓𝑓 (𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏)) ,

where 𝑦𝑦(𝑖𝑖 𝑖 𝜏𝜏) is flow of output of the final good produced by firm 𝑖𝑖 at time
𝜏𝜏; 𝑝𝑝(𝜏𝜏) is the price of the intermediate good; 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) is the intermediate
good employed by firm 𝑖𝑖; and 𝐴𝐴𝑠𝑠(𝜏𝜏) is the indicator of productivity for the
intermediate good with technology 𝑠𝑠(𝜏𝜏). The production function of the
final good, 𝑓𝑓 (·), is assumed to be three times continuously differentiable
and satisfy the standard neoclassical properties.

Solving the profit-maximinzing problem stated above, one finds the
inverse demand function of firm 𝑖𝑖 for the intermediate good:

𝑝𝑝(𝜏𝜏) = 𝐴𝐴𝑠𝑠(𝜏𝜏)
𝑑𝑑𝑓𝑓 (𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏))

𝑑𝑑𝑥𝑥
. (1)

Since the marginal productivity of the final good, the right-hand side of
(1), is monotonically decreasing, demand for the intermediate good of
any firm 𝑖𝑖, 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏), is identically determined for all firms. It implies that
aggregate demand for the intermediate good, 𝑥𝑥(𝜏𝜏), is equal to 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) for
all 𝑖𝑖. Therefore, substituting 𝑥𝑥(𝜏𝜏) = 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) into (1) and dividing both sides
of (1) by 𝐴𝐴𝑠𝑠(𝜏𝜏) yield a productivity-adjusted aggregate inverse demand
function,

�̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) =
𝑑𝑑𝑓𝑓 (𝑥𝑥(𝜏𝜏))

𝑑𝑑𝑥𝑥
.

3If one takes explicitly a fixed resource as an input for production of final good into
account, the production function can be written as

𝑦𝑦 (𝑖𝑖 𝑖 𝜏𝜏) = 𝐴𝐴𝑠𝑠(𝜏𝜏)𝐹𝐹 (𝑥𝑥 (𝜏𝜏) 𝑖 𝐿𝐿) ,

where 𝐿𝐿(= 1) denotes a fixed resource households own and 𝐹𝐹(·) is a function of homoge-
neous of degree one. Hence, the objective of the firm can be rewritten as

max 𝑦𝑦 (𝑖𝑖 𝑖 𝜏𝜏) − 𝑝𝑝(𝜏𝜏)𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) − 𝑅𝑅𝐿𝐿.

It, therefore, follows from the homogeneity of the production function and perfect com-
petitiveness of the final good market that the firm in the final good sector earns 0 profit.
Since the fixed resource is less important to implications of the model, it is not written
explicitly in the context.
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decreasing, demand for the intermediate good of any firm 𝑖, 𝑥(𝑖, 𝜏), is identically determined for all 
firms. It implies that aggregate demand for the intermediate good, 𝑥(𝜏), is equal to 𝑥(𝑖, 𝜏) for all 𝑖. 
Therefore, substituting 𝑥(𝜏) = 𝑥(𝑖, 𝜏) into (1) and dividing both sides of (1) by 𝐴𝑠(𝜏) yield a productivity-
adjusted aggregate inverse demand function,

2.2.2 Intermediate Good Sector

The intermediate good is provided by a monopolist, employing labor and the state-of-the-art technology. 
The existing technology survives until a succeeding innovation occurs; that is, the paper concerns only 
the case of drastic innovation. Specifically, the 𝑘th technology survives during [𝑡𝑘 , 𝑡𝑘+1), where 𝑡𝑘 denotes 
the stochastic instance of time at which the 𝑘th technology is developed; 𝑡𝑘 = inf 

2.2.2 Intermediate Good Sector

The intermediate good is provided by a monopolist, employing labor and
the state-of-the-art technology. The existing technology survives until a
succeeding innovation occurs; that is, the paper concerns only the case
of drastic innovation. Specifically, the 𝑘𝑘th technology survives during
[𝑡𝑡𝑘𝑘 , 𝑡𝑡𝑘𝑘+1), where 𝑡𝑡𝑘𝑘 denotes the stochastic instance of time at which the
𝑘𝑘th technology is developed; that is, 𝑡𝑡𝑘𝑘 = inf

{
𝑠𝑠−1(𝑘𝑘)

}
. A unit of the

intermediate good is assumed to be produced by a unit of labor services;
𝑥𝑥(𝜏𝜏) = 𝑙𝑙𝐼𝐼(𝜏𝜏). Thus, demand for the intermediate good is equal to the
amount of labor services employed by a monopolist for producing the
intermediate good. The monopolist producing the intermediate good with
the 𝑘𝑘th technology has to pay 𝐴𝐴𝑘𝑘𝜂𝜂 units of the extra cost per unit of labor
services it employs during the first 𝛿𝛿 time interval of the stage of the
technology. We call this extra cost an implementation cost and this first 𝛿𝛿
time interval of the stage of the technology an implementation period. The
time length of the implementation period the monopolist in each stage
of technology actually experiences may be shorter than 𝛿𝛿, since there is a
possibility that the succeeding innovation occurs within this first 𝛿𝛿 time:
The current technology might be replaced by a succeeding one within this
first 𝛿𝛿 time interval, after which the succeeding implementation period
starts.

Since there exists the implementation cost, profit of the monopolist with
the 𝑘𝑘th technology can be written as

𝜋𝜋(𝜏𝜏) =
{
𝜋𝜋−(𝜏𝜏) if 𝑡𝑡𝑘𝑘 ≤ 𝜏𝜏 𝜏 min [𝑡𝑡𝑘𝑘 + 𝛿𝛿, 𝑡𝑡𝑘𝑘+1]
𝜋𝜋+(𝜏𝜏) if min [𝑡𝑡𝑘𝑘 + 𝛿𝛿, 𝑡𝑡𝑘𝑘+1] ≤ 𝜏𝜏 𝜏 𝑡𝑡𝑘𝑘+1,

where

𝜋𝜋−(𝜏𝜏) := 𝐴𝐴𝑘𝑘�̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) 𝑥𝑥(𝜏𝜏) − (𝑤𝑤𝐼𝐼(𝜏𝜏) + 𝐴𝐴𝑘𝑘𝜂𝜂) 𝑥𝑥(𝜏𝜏) (2)

and

𝜋𝜋+(𝜏𝜏) := 𝐴𝐴𝑘𝑘�̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) 𝑥𝑥(𝜏𝜏) − 𝑤𝑤𝐼𝐼(𝜏𝜏)𝑥𝑥(𝜏𝜏). (3)

Here,𝜋𝜋−(𝜏𝜏) and𝜋𝜋+(𝜏𝜏)denote profits during and after the implement period
respectively. To simplify notation, the productivity-adjusted profit of the
monopolist in both periods are defined as divisions of 𝜋𝜋−(𝜏𝜏) and 𝜋𝜋+(𝜏𝜏) by
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2.2.1 Final Good Sector

Firms in the final good sector are assumed to have identical neoclassical
technology, inputs for which are the intermediate good and a unit of the
fixed resource such as land and the final good serves as numéraire.3

Firm 𝑖𝑖 in the final good sector solves the following decision problem:

max 𝑦𝑦(𝑖𝑖 𝑖 𝜏𝜏) − 𝑝𝑝(𝜏𝜏)𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏)
s.t. 𝑦𝑦(𝑖𝑖 𝑖 𝜏𝜏) = 𝐴𝐴𝑠𝑠(𝜏𝜏) 𝑓𝑓 (𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏)) ,

where 𝑦𝑦(𝑖𝑖 𝑖 𝜏𝜏) is flow of output of the final good produced by firm 𝑖𝑖 at time
𝜏𝜏; 𝑝𝑝(𝜏𝜏) is the price of the intermediate good; 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) is the intermediate
good employed by firm 𝑖𝑖; and 𝐴𝐴𝑠𝑠(𝜏𝜏) is the indicator of productivity for the
intermediate good with technology 𝑠𝑠(𝜏𝜏). The production function of the
final good, 𝑓𝑓 (·), is assumed to be three times continuously differentiable
and satisfy the standard neoclassical properties.

Solving the profit-maximinzing problem stated above, one finds the
inverse demand function of firm 𝑖𝑖 for the intermediate good:

𝑝𝑝(𝜏𝜏) = 𝐴𝐴𝑠𝑠(𝜏𝜏)
𝑑𝑑𝑓𝑓 (𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏))

𝑑𝑑𝑥𝑥
. (1)

Since the marginal productivity of the final good, the right-hand side of
(1), is monotonically decreasing, demand for the intermediate good of
any firm 𝑖𝑖, 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏), is identically determined for all firms. It implies that
aggregate demand for the intermediate good, 𝑥𝑥(𝜏𝜏), is equal to 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) for
all 𝑖𝑖. Therefore, substituting 𝑥𝑥(𝜏𝜏) = 𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) into (1) and dividing both sides
of (1) by 𝐴𝐴𝑠𝑠(𝜏𝜏) yield a productivity-adjusted aggregate inverse demand
function,

�̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) =
𝑑𝑑𝑓𝑓 (𝑥𝑥(𝜏𝜏))

𝑑𝑑𝑥𝑥
.

3If one takes explicitly a fixed resource as an input for production of final good into
account, the production function can be written as

𝑦𝑦 (𝑖𝑖 𝑖 𝜏𝜏) = 𝐴𝐴𝑠𝑠(𝜏𝜏)𝐹𝐹 (𝑥𝑥 (𝜏𝜏) 𝑖 𝐿𝐿) ,

where 𝐿𝐿(= 1) denotes a fixed resource households own and 𝐹𝐹(·) is a function of homoge-
neous of degree one. Hence, the objective of the firm can be rewritten as

max 𝑦𝑦 (𝑖𝑖 𝑖 𝜏𝜏) − 𝑝𝑝(𝜏𝜏)𝑥𝑥(𝑖𝑖 𝑖 𝜏𝜏) − 𝑅𝑅𝐿𝐿.

It, therefore, follows from the homogeneity of the production function and perfect com-
petitiveness of the final good market that the firm in the final good sector earns 0 profit.
Since the fixed resource is less important to implications of the model, it is not written
explicitly in the context.
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and

 (5)
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Finally, this paper denotes a productivity-adjusted marginal revenue function of the intermediate good 
sector 𝜇 (𝑥) as
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2.2.3 Innovation Processes

Research firms stochastically develop new technologies by employing labor, of which wages are paid 
through issuing shares. If a research firm succeeds in innovation, it becomes a monopolist, or 
monopolistically provides the state-of-the-art technology for the existing monopolist in the intermediate 
good sector in exchange for the patent of the technology instead. Each research firm assumes to innovate 
independently of other research firms. The probability that a research firm succeeds in innovation 
depends only on labor devoted to it. Each firm in the research sector determines the amount of labor 
when it starts a new research project (that is, the latest technology has just been developed). It is 
assumed that each firm does not change the amount of research labor until the research project ends, or 
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𝜆𝑙𝑅𝑘𝑑𝑡 at each instance. Here 𝑙𝑅𝑘 denotes the aggregate amount of labor employed by research firms in 
the 𝑘th stage of technology and 𝜆 does an indicator of the frequency of innovations. The current value of 
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adjusted real wage rate; �̃�𝑤𝐼𝐼(𝜏𝜏) := 𝑤𝑤(𝜏𝜏)/𝐴𝐴𝑘𝑘 .

Finally, this paper denotes a productivity-adjusted marginal revenue
function of the intermediate good sector 𝜇𝜇 (𝑥𝑥) as

𝜇𝜇 (𝑥𝑥) :=
𝑑𝑑𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥

+ 𝑥𝑥
𝑑𝑑2 𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥2 ,

which is assumed to satisfy

𝜇𝜇(𝑥𝑥) > 0 and
𝑑𝑑𝜇𝜇 (𝑥𝑥)
𝑑𝑑𝑥𝑥

< 0 for all 𝑥𝑥 > 0

and
lim
𝑥𝑥→0

𝜇𝜇 (𝑥𝑥) = ∞ and lim
𝑥𝑥→∞

𝜇𝜇 (𝑥𝑥) = 0.

2.2.3 Innovation Processes

Research firms stochastically develop new technologies by employing la-
bor services, of which wages are paid thorough issuing shares. If a research
firm succeeds in a new innovation, it becomes a monopolist, or monopolis-
tically provides the state-of-the-art technology for the existing monopolist
in the intermediate good sector in exchange for the patent of the technology
instead. Each research firm assumes to innovate independently of other
research firms. The probability that a research firm succeeds in a new
innovation depends only on labor services devoted to it. Each firm in the
research sector determines the amount of labor services when it starts a
new research project (that is, the new technology has just been developed).
It is assumed that each firm does not change the amount of research la-
bor services until the research project ends, or unless one of the research
firms succeeds in its innovation and the incumbent research project ends.4

4For example, an empirical study of Saint-Paul (1993) finds little evidence of any pro-
or countercyclical behavior of the amount of the research labor. The stage-wise contracts
between research firms and workers in our model seem to encourage research workers to
break their contracts and to reallocate their labor services to the intermediate good sector
if the wage in the intermediate good sector behaves pro-cyclically. In this paper, however,
it is assumed that if some of them break their contracts, they are never employed both in
the intermediate good and research sector again. In this case, research workers have no
incentive to break their contracts.

8

and

�̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) := �̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) 𝑥𝑥(𝜏𝜏) − �̃�𝑤𝐼𝐼(𝜏𝜏)𝑥𝑥(𝜏𝜏), (5)

where �̃�𝜋− (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) and �̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) are productivity-adjusted prof-
its during and after the implementation period, respectively; �̃�𝜋− (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) :=
𝜋𝜋−(𝜏𝜏)/𝐴𝐴𝑘𝑘 and �̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) := 𝜋𝜋+(𝜏𝜏)/𝐴𝐴𝑘𝑘 , and �̃�𝑤𝐼𝐼(𝜏𝜏) is the productivity-
adjusted real wage rate; �̃�𝑤𝐼𝐼(𝜏𝜏) := 𝑤𝑤(𝜏𝜏)/𝐴𝐴𝑘𝑘 .

Finally, this paper denotes a productivity-adjusted marginal revenue
function of the intermediate good sector 𝜇𝜇 (𝑥𝑥) as

𝜇𝜇 (𝑥𝑥) :=
𝑑𝑑𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥

+ 𝑥𝑥
𝑑𝑑2 𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥2 ,

which is assumed to satisfy

𝜇𝜇(𝑥𝑥) > 0 and
𝑑𝑑𝜇𝜇 (𝑥𝑥)
𝑑𝑑𝑥𝑥

< 0 for all 𝑥𝑥 > 0

and
lim
𝑥𝑥→0

𝜇𝜇 (𝑥𝑥) = ∞ and lim
𝑥𝑥→∞

𝜇𝜇 (𝑥𝑥) = 0.

2.2.3 Innovation Processes

Research firms stochastically develop new technologies by employing la-
bor services, of which wages are paid thorough issuing shares. If a research
firm succeeds in a new innovation, it becomes a monopolist, or monopolis-
tically provides the state-of-the-art technology for the existing monopolist
in the intermediate good sector in exchange for the patent of the technology
instead. Each research firm assumes to innovate independently of other
research firms. The probability that a research firm succeeds in a new
innovation depends only on labor services devoted to it. Each firm in the
research sector determines the amount of labor services when it starts a
new research project (that is, the new technology has just been developed).
It is assumed that each firm does not change the amount of research la-
bor services until the research project ends, or unless one of the research
firms succeeds in its innovation and the incumbent research project ends.4

4For example, an empirical study of Saint-Paul (1993) finds little evidence of any pro-
or countercyclical behavior of the amount of the research labor. The stage-wise contracts
between research firms and workers in our model seem to encourage research workers to
break their contracts and to reallocate their labor services to the intermediate good sector
if the wage in the intermediate good sector behaves pro-cyclically. In this paper, however,
it is assumed that if some of them break their contracts, they are never employed both in
the intermediate good and research sector again. In this case, research workers have no
incentive to break their contracts.

8

and

�̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) := �̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) 𝑥𝑥(𝜏𝜏) − �̃�𝑤𝐼𝐼(𝜏𝜏)𝑥𝑥(𝜏𝜏), (5)

where �̃�𝜋− (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) and �̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) are productivity-adjusted prof-
its during and after the implementation period, respectively; �̃�𝜋− (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) :=
𝜋𝜋−(𝜏𝜏)/𝐴𝐴𝑘𝑘 and �̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) := 𝜋𝜋+(𝜏𝜏)/𝐴𝐴𝑘𝑘 , and �̃�𝑤𝐼𝐼(𝜏𝜏) is the productivity-
adjusted real wage rate; �̃�𝑤𝐼𝐼(𝜏𝜏) := 𝑤𝑤(𝜏𝜏)/𝐴𝐴𝑘𝑘 .

Finally, this paper denotes a productivity-adjusted marginal revenue
function of the intermediate good sector 𝜇𝜇 (𝑥𝑥) as

𝜇𝜇 (𝑥𝑥) :=
𝑑𝑑𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥

+ 𝑥𝑥
𝑑𝑑2 𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥2 ,

which is assumed to satisfy

𝜇𝜇(𝑥𝑥) > 0 and
𝑑𝑑𝜇𝜇 (𝑥𝑥)
𝑑𝑑𝑥𝑥

< 0 for all 𝑥𝑥 > 0

and
lim
𝑥𝑥→0

𝜇𝜇 (𝑥𝑥) = ∞ and lim
𝑥𝑥→∞

𝜇𝜇 (𝑥𝑥) = 0.

2.2.3 Innovation Processes

Research firms stochastically develop new technologies by employing la-
bor services, of which wages are paid thorough issuing shares. If a research
firm succeeds in a new innovation, it becomes a monopolist, or monopolis-
tically provides the state-of-the-art technology for the existing monopolist
in the intermediate good sector in exchange for the patent of the technology
instead. Each research firm assumes to innovate independently of other
research firms. The probability that a research firm succeeds in a new
innovation depends only on labor services devoted to it. Each firm in the
research sector determines the amount of labor services when it starts a
new research project (that is, the new technology has just been developed).
It is assumed that each firm does not change the amount of research la-
bor services until the research project ends, or unless one of the research
firms succeeds in its innovation and the incumbent research project ends.4

4For example, an empirical study of Saint-Paul (1993) finds little evidence of any pro-
or countercyclical behavior of the amount of the research labor. The stage-wise contracts
between research firms and workers in our model seem to encourage research workers to
break their contracts and to reallocate their labor services to the intermediate good sector
if the wage in the intermediate good sector behaves pro-cyclically. In this paper, however,
it is assumed that if some of them break their contracts, they are never employed both in
the intermediate good and research sector again. In this case, research workers have no
incentive to break their contracts.

8

1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

and

�̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) := �̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) 𝑥𝑥(𝜏𝜏) − �̃�𝑤𝐼𝐼(𝜏𝜏)𝑥𝑥(𝜏𝜏), (5)

where �̃�𝜋− (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) and �̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) are productivity-adjusted prof-
its during and after the implementation period, respectively; �̃�𝜋− (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) :=
𝜋𝜋−(𝜏𝜏)/𝐴𝐴𝑘𝑘 and �̃�𝜋+ (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏)) := 𝜋𝜋+(𝜏𝜏)/𝐴𝐴𝑘𝑘 , and �̃�𝑤𝐼𝐼(𝜏𝜏) is the productivity-
adjusted real wage rate; �̃�𝑤𝐼𝐼(𝜏𝜏) := 𝑤𝑤(𝜏𝜏)/𝐴𝐴𝑘𝑘 .

Finally, this paper denotes a productivity-adjusted marginal revenue
function of the intermediate good sector 𝜇𝜇 (𝑥𝑥) as

𝜇𝜇 (𝑥𝑥) :=
𝑑𝑑𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥

+ 𝑥𝑥
𝑑𝑑2 𝑑𝑑 (𝑥𝑥)
𝑑𝑑𝑥𝑥2 ,

which is assumed to satisfy

𝜇𝜇(𝑥𝑥) > 0 and
𝑑𝑑𝜇𝜇 (𝑥𝑥)
𝑑𝑑𝑥𝑥

< 0 for all 𝑥𝑥 > 0

and
lim
𝑥𝑥→0

𝜇𝜇 (𝑥𝑥) = ∞ and lim
𝑥𝑥→∞

𝜇𝜇 (𝑥𝑥) = 0.

2.2.3 Innovation Processes

Research firms stochastically develop new technologies by employing la-
bor services, of which wages are paid thorough issuing shares. If a research
firm succeeds in a new innovation, it becomes a monopolist, or monopolis-
tically provides the state-of-the-art technology for the existing monopolist
in the intermediate good sector in exchange for the patent of the technology
instead. Each research firm assumes to innovate independently of other
research firms. The probability that a research firm succeeds in a new
innovation depends only on labor services devoted to it. Each firm in the
research sector determines the amount of labor services when it starts a
new research project (that is, the new technology has just been developed).
It is assumed that each firm does not change the amount of research la-
bor services until the research project ends, or unless one of the research
firms succeeds in its innovation and the incumbent research project ends.4

4For example, an empirical study of Saint-Paul (1993) finds little evidence of any pro-
or countercyclical behavior of the amount of the research labor. The stage-wise contracts
between research firms and workers in our model seem to encourage research workers to
break their contracts and to reallocate their labor services to the intermediate good sector
if the wage in the intermediate good sector behaves pro-cyclically. In this paper, however,
it is assumed that if some of them break their contracts, they are never employed both in
the intermediate good and research sector again. In this case, research workers have no
incentive to break their contracts.

8

1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

4　For example, an empirical study of Saint-Paul (1993) finds little evidence of any pro- or counter-cyclical behavior of the amount of  

research labor. The stage-wise contracts between research firms and workers in our model seem to encourage research workers to break 

their contracts and to reallocate their labor to the intermediate good sector if the wage in the intermediate good sector behaves 

procyclically.  In this paper,  however,  it is assumed that if some of them break their contracts,  they are never employed both in the 

intermediate good and research sector again. In this case, research workers have no incentive to break their contracts.



－40－

Ryukyu University Economic Review, No. 101 (September, 2021)

(6)

Thus, by denoting the wage of research labor in the 𝑘th stage of technology by 𝑤𝑅𝑘 , the zero-profit 
condition for the research firms is

where the left-hand side represents the expected current value of research activities for the 𝑘 + 1th 
innovation, evaluated at the beginning of the research projects 𝑡𝑘 and the right-hand side does the 
expected overall cost. 

2.3 Equilibrium

Here one finds the aggregate amount of research labor to characterize perfect foresight equilibria. In 
perfect foresight equilibria, the amount of research labor is constant over time. I derive the wage in the 
intermediate good sector and then, by arbitrage between the wages in the intermediate good and 
research sectors, determine the amount of research labor. The amount of research labor characterizes 
perfect foresight equilibria.

2.3.1 Determination of Wage in Intermediate Good Sector

The wage in the intermediate good sector is determined by Nash bargaining between the monopolist and 
workers. Formally, their purpose is to maximize the Nash products subject to the feasible constraint:

where �̃� (𝑥(𝜏), �̃�𝐼(𝜏)) is the productivity-adjusted profit; �̃� (𝑥(𝜏), �̃�𝐼(𝜏)) := 𝜋(𝜏)/𝐴𝑠(𝜏), and 𝛽 is the 

bargaining power of workers to the monopolist. This problem can be solved using the Kuhn-Tucker 
conditions. The solutions at the 𝑘th stage of technology are divided into two cases; during and after the 
implementation period. 

During Implementation Period  There are two Nash bargaining solutions, depending on how 
much labor is employed in the research sector. One is when the amount of research labor employed is so 
small that there exists unemployment (i.e. (8) holds with strict inequality), and the other is when the 
amount of research labor is so large that there is no unemployment (i.e. (8) holds with equality). In the 
case where (8) holds with strict inequality, the necessary conditions for the Nash bargaining problem (7) 
and (8) are

Specifically, it is assumed that one of the research firms succeeds in the
𝑘𝑘 + 1th innovation with probability 𝜆𝜆𝑙𝑙𝑅𝑅𝑘𝑘𝑑𝑑𝑑𝑑 at each instance of time. Here
𝑙𝑙𝑅𝑅𝑘𝑘 denotes the aggregate amount of labor services employed by research
firms in the 𝑘𝑘th stage of technology and𝜆𝜆does an indicator of the frequency
of innovations. The current value of the 𝑘𝑘 + 1th technology, evaluated at
𝑑𝑑𝑘𝑘+1, is the expected present discounted value of the monopolist’s profit
accruing from the 𝑘𝑘 + 1th techonology:

𝑉𝑉𝑘𝑘+1 := 𝐸𝐸𝑑𝑑𝑘𝑘+1

∫ 𝑑𝑑𝑘𝑘+2

𝑑𝑑𝑘𝑘+1

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑑𝑑𝑘𝑘+1)𝜋𝜋(𝜏𝜏)𝑑𝑑𝜏𝜏


. (6)

Thus, by denoting the wage of research labor in the 𝑘𝑘th stage of technology
by 𝑤𝑤𝑅𝑅𝑘𝑘 , the zero-profit condition for the research firms is
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,

where the left-hand side represents the expected current value of research
activities for the 𝑘𝑘 + 1th innovation, evaluated at the beginning of the
research projects 𝑑𝑑𝑘𝑘 and the right-hand side does the expected overall cost.

2.3 Equilibrium
Here we find the aggregate amount of research labor to characterize perfect
foresight equilibria. In perfect foresight equilibria, the amount of research
labor is constant over time. We find the wage in the intermediate good
sector and then, by an arbitrage of wages between the intermediate good
and research sectors, determine the amount of research labor. The amount
of research labor characterizes perfect foresight equilibria.

2.3.1 Determination of Wage in Intermediate Good Sector

The wage in the intermediate good sector is determined by Nash bargain-
ing between the monopolist and workers. Formally, their purpose is to
maximize the Nash products subject to the feasible constraint:

max
{�̃�𝑤𝐼𝐼(𝜏𝜏),𝑥𝑥(𝜏𝜏)}

�
𝐴𝐴𝑠𝑠(𝜏𝜏)�̃�𝑤𝐼𝐼(𝜏𝜏)𝑥𝑥(𝜏𝜏)

𝛽𝛽 �
𝐴𝐴𝑠𝑠(𝜏𝜏)�̃�𝜋 (𝑥𝑥(𝜏𝜏), �̃�𝑤𝐼𝐼(𝜏𝜏))
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Thus, by denoting the wage of research labor in the 𝑘𝑘th stage of technology
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(9)

and

(10)

Here (9) expresses a sharing rule between the monopolist and workers; the shares of monopolist and 
workers for the revenue from producing the intermediate goods, �̃�𝐷 (𝑥(𝜏)) − 𝜂, are 1 − 𝛽 and 𝛽, 
respectively. On the other hand, (10) suggests a contracting rule; the left-hand side of (10) divided by 
𝑥(𝜏) gives the marginal rate of substitution of employment for wage (i.e. the ratio of the marginal profit 
of the monopolisit’s to the marginal cost), and the right-hand side of (10) divided by 𝑥(𝜏) expresses the 
worker’s marginal rate of substitution. Hence, the efficient labor contracts equate the marginal rate of 
substitution of employment for wage with the worker’s marginal rate of substitution. It follows from (9) 
and (10) that the wage rate and amount of employment are

(11)

(12)

By substituting (11) into (8), the feasible condition (8) can be rewritten as

(13)

Therefore, if (13) holds with strong inequality, the wage and employment are determined by (11) and 
(12). The equilibrium amount of the monopolist’s profit during the implementation period is obtained by 
substituting (11) and (12) into the productivity-adjusted profit of the monopolist during the 

implementation period (4):

(14)

 Figure 2 depicts the labor market in the intermediate good sector in the case (13) holds with strict 
inequality. The iso-profit curves of the monopolist are hump-shaped in the figure, and a lower wage 
implies a higher profit. The indifference curves of workers are convex, and a higher wage suggests a 
higher utility for workers in the intermediate good sector. The amount of labor in the intermediate good 
sector is determined on a vertical line tracing points of tangency between iso-profit and indifference 
curves. Therefore, the unemployment rate is shown by the gap between 𝜇−1(𝜂) and 1 − 𝑙𝑅. The wage, �̃� −

𝐼 , 
is determined by dividing the gap between the monopolist’s threat point, �̃�𝐷 (𝑥−)−𝜂, where the 
monopolist earns zero profit, and the workers’ threat point, 0, where their benefits are indifferent 
between working and retiring, in the ratio of 1 − 𝛽 : 𝛽. On the other hand, if the feasible condition (13) 
holds with equality, the solution for the Nash bargaining problem (7) and (13) is given by

problem can be solved using the Kuhn-Tucker conditions. The solutions
at the 𝑘𝑘th stage of technology are divided into two cases; during and after
the implementation period.

During Implementation Period During the implementation period, the
Nash bargaining solutions are divided into two cases, depending on how
much amount of research labor is employed in the economy. One case is
when the amount of research labor employed is so small that there exists
unemployment (i.e. (8) holds with strict inequility), and the other is when
the amount of research labor is so large that there is no unemployment (i.e.
(8) holds with equility). In the case where (8) holds with strict inequality,
the necessary conditions for the Nash bargaining problem (7) and (8) are

�̃�𝑤𝐼𝐼(𝜏𝜏) =
𝛽𝛽

1 − 𝛽𝛽
[�̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) − (�̃�𝑤𝐼𝐼(𝜏𝜏) + 𝜂𝜂)] (9)

and

− [𝜇𝜇 (𝑥𝑥(𝜏𝜏)) − (�̃�𝑤𝐼𝐼(𝜏𝜏) + 𝜂𝜂)] =
𝛽𝛽

1 − 𝛽𝛽
[�̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) − (�̃�𝑤𝐼𝐼(𝜏𝜏) + 𝜂𝜂)] . (10)

Here (9) expresses a sharing rule between the monopolist and workers; that
is, the shares of monopolist and workers for the revenue from producing
the intermediate goods, �̃�𝑝𝐷𝐷 (𝑥𝑥(𝜏𝜏)) − 𝜂𝜂, are 1 − 𝛽𝛽 and 𝛽𝛽 respectively. On
the other hand, (10) suggests a contracting rule; the left-hand side of (10)
divided by 𝑥𝑥(𝜏𝜏) gives the marginal rate of substitution of employment
for wage (i.e. the ratio of the marginal profit of the monopolisit’s to the
marginal cost) and the right-hand side of (10) divided by 𝑥𝑥(𝜏𝜏) expresses the
worker’s marginal rate of substitution, replaced by the left-hand side of (9).
Hence, the efficient labor contracts equate the marginal rate of substitution
of employment for wage with the worker’s marginal rate of substitution.
It follows from (9) and (10) that the wage rate and amount of employment
are

𝑥𝑥(𝜏𝜏) = 𝑥𝑥− := 𝜇𝜇−1(𝜂𝜂) (11)

�̃�𝑤𝐼𝐼(𝜏𝜏) = �̃�𝑤−
𝐼𝐼 := 𝛽𝛽

(
�̃�𝑝𝐷𝐷

(
𝜇𝜇−1(𝜂𝜂)

)
− 𝜂𝜂

)
. (12)

By substituting (11) into (8), the feasible condition (8) can be rewritten as

1 − 𝑙𝑙𝑅𝑅𝑅𝑅(𝜏𝜏) ≥ 𝜇𝜇−1 (𝜂𝜂) . (13)

Therefore, if (13) holds with strong inequality, the wage and employment
are determined by (11) and (12). The equilibrium amount of the monopo-
list’s profit during the implementation period is obtained by substituting
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Figure 2 depicts the labor market in the intermediate good sector in the case
(13) holds with strict inequility. The isoprofit curves of the monopolist’s
are hump-shaped in the figure and a lower wage implies a higher profit.
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Since this paper focuses on the situation with unemployment, in what follows, I pay attention only to the 
case where the feasible condition (13) holds with strict inequality.

After Implementation Period  The feasible condition (8) always holds with equality. Therefore, 
the Nash bargaining solution after the implementation period is given by
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productivity-adjusted profit of the monopolist’s after the implementation period (5) yields the profit for 
the monopolist in equilibrium:
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 Figure 3 depicts the labor market in the intermediate good sector after the implementation period. 
Differently from the case during the implementation period, there is no point of tangency between the 
iso-profit curve of the monopolist and the indifference curve of the workers. Therefore, the amount of 
employment in the intermediate good sector is determined on its maximum, 1 − 𝑙𝑅𝑠(𝜏). Again, the wage 

�̃�𝐼
+

Figure 2: Labor market in recession

Figure 3 depicts the labor market in the intermediate good sector after the
implementation period. Contrary to the case during the implementation
priod, there is no point of tangency between the isoprofit curve of the
monopolists’ and the indifference curve of the workers. Therefore, the
amount of employment in the intermediate good sector is determined on
its maximum, 1 − 𝑙𝑙𝑅𝑅𝑅𝑅(𝜏𝜏). Again, the wage �̃�𝑤+

𝐼𝐼

(
𝑙𝑙𝑅𝑅𝑅𝑅(𝜏𝜏)

)
is determined so as to

divide the interval between the monopolist’s threat point, �̃�𝑝𝐷𝐷
(
1 − 𝑙𝑙𝑅𝑅𝑅𝑅(𝜏𝜏)

)
,

and the workers’ threat point, 0 in the ratio of 1 − 𝛽𝛽 to 𝛽𝛽.
Moreover, substituting productivity-adjusted profits both during and

after the implementation period, (14) and (17), into the current value of the
technology (6), replacement of 𝑅𝑅(𝜏𝜏) with the 𝑘𝑘 + 1 gives the productivity-
adjusted value of the 𝑘𝑘 + 1th technology:

𝑣𝑣 (𝑙𝑙𝑅𝑅𝑘𝑘+1) := 𝑉𝑉𝑘𝑘+1
𝐴𝐴𝑘𝑘+1

=
1

𝑟𝑟 + 𝜆𝜆𝑙𝑙𝑅𝑅𝑘𝑘+1

1 − 𝛽𝛽

𝛽𝛽

[(
1 − 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑘𝑘+1)𝛿𝛿

)
�̃�𝑤−

𝐼𝐼 𝑥𝑥
−

+𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑘𝑘+1)𝛿𝛿�̃�𝑤+
𝐼𝐼 (𝑙𝑙𝑅𝑅𝑘𝑘+1) (1 − 𝑙𝑙𝑅𝑅𝑘𝑘+1)

]
,

(18)

where the multiplied term with square parentheses on the right-hand side
represents a weighted average of the monopolists’ profits during and after
the implementation period. By using (18), the zero-profit condition (6) is
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present discounted values of incomes earned from each sector. The no arbitrage condition, therefore, can 
be written as

(20)

where 𝑊𝐼𝑘 (𝑙𝑅𝑘) and 𝑊𝑅𝑘 are expected present discounted values of productivity-adjusted incomes from 
the intermediate good and research sector at the stage of 𝑘th technology, respectively:6

 (21)

and

(22)
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probability of unemployment, which is uniformly given to each household. Therefore, using (14), (17), 
(21) and (22), a bit of manipulation simplifies (20) to

(23)
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adjusted incomes from the intermediate good and research sector at the
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∫ min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤−
𝐼𝐼 𝑑𝑑𝜏𝜏

+
∫ 𝑡𝑡𝐼𝐼+1

min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]
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𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) 𝑑𝑑𝜏𝜏
 (21)

and

𝑊𝑊𝑅𝑅𝐼𝐼 := 𝐸𝐸𝑡𝑡𝐼𝐼
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. (22)

The multiplier of the first integrated term on the right-hand side of (21),
𝑥𝑥−/(1 − 𝑙𝑙𝑅𝑅𝐼𝐼), represents the probability of unemployment, which is uni-
formly given to each household. Therefore, using (14), (17), (21) and (22),
a bit of manipulation simplifies (20) to

�̃�𝑤𝑅𝑅𝐼𝐼 = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) , (23)

where

𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) :=

1 − 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝐼𝐼)𝛿𝛿

 𝑥𝑥−

1 − 𝑙𝑙𝑅𝑅𝐼𝐼
�̃�𝑤−

𝐼𝐼 + 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝐼𝐼)𝛿𝛿�̃�𝑤+
𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) .

Moreover, substituting (23) into the zero-profit condition (19) yields

𝜆𝜆𝑞𝑞𝑞𝑞 (𝑙𝑙𝑅𝑅𝐼𝐼+1) = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) . (24)

6The unemployed may have an incentive to reallocate their resources devoted to the
intermediate good sector to the research sector if �̃�𝑤+

𝐼𝐼𝐼𝐼
(𝑙𝑙𝑅𝑅𝐼𝐼) < �̃�𝑤𝑅𝑅𝐼𝐼 . However, we assume

that the unemployed has to pay some fraction of search cost, denoted by 𝐾𝐾, when they
reallocate her resource to the research sector. If 𝐾𝐾 satisfies

E𝑡𝑡𝐼𝐼

∫ 𝑡𝑡𝐼𝐼+1

min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]
𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼 )�̃�𝑤+

𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) 𝑑𝑑𝜏𝜏

≥ E𝑡𝑡𝐼𝐼

∫ 𝑡𝑡𝐼𝐼+1

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼 )�̃�𝑤𝑅𝑅𝐼𝐼𝑑𝑑𝜏𝜏


− 𝐾𝐾,

they have no incentive to reallocate their resource. We assume this condition in the
following.
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1 − 𝑙𝑙𝑅𝑅𝐼𝐼

∫ min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤−
𝐼𝐼 𝑑𝑑𝜏𝜏

+
∫ 𝑡𝑡𝐼𝐼+1

min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]
𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤+

𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) 𝑑𝑑𝜏𝜏
 (21)

and

𝑊𝑊𝑅𝑅𝐼𝐼 := 𝐸𝐸𝑡𝑡𝐼𝐼

∫ 𝑡𝑡𝐼𝐼+1

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤𝑅𝑅𝐼𝐼𝑑𝑑𝜏𝜏


. (22)

The multiplier of the first integrated term on the right-hand side of (21),
𝑥𝑥−/(1 − 𝑙𝑙𝑅𝑅𝐼𝐼), represents the probability of unemployment, which is uni-
formly given to each household. Therefore, using (14), (17), (21) and (22),
a bit of manipulation simplifies (20) to

�̃�𝑤𝑅𝑅𝐼𝐼 = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) , (23)

where

𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) :=

1 − 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝐼𝐼)𝛿𝛿

 𝑥𝑥−

1 − 𝑙𝑙𝑅𝑅𝐼𝐼
�̃�𝑤−

𝐼𝐼 + 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝐼𝐼)𝛿𝛿�̃�𝑤+
𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) .

Moreover, substituting (23) into the zero-profit condition (19) yields

𝜆𝜆𝑞𝑞𝑞𝑞 (𝑙𝑙𝑅𝑅𝐼𝐼+1) = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) . (24)

6The unemployed may have an incentive to reallocate their resources devoted to the
intermediate good sector to the research sector if �̃�𝑤+

𝐼𝐼𝐼𝐼
(𝑙𝑙𝑅𝑅𝐼𝐼) < �̃�𝑤𝑅𝑅𝐼𝐼 . However, we assume

that the unemployed has to pay some fraction of search cost, denoted by 𝐾𝐾, when they
reallocate her resource to the research sector. If 𝐾𝐾 satisfies

E𝑡𝑡𝐼𝐼

∫ 𝑡𝑡𝐼𝐼+1

min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]
𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼 )�̃�𝑤+

𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) 𝑑𝑑𝜏𝜏

≥ E𝑡𝑡𝐼𝐼

∫ 𝑡𝑡𝐼𝐼+1

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼 )�̃�𝑤𝑅𝑅𝐼𝐼𝑑𝑑𝜏𝜏


− 𝐾𝐾,

they have no incentive to reallocate their resource. We assume this condition in the
following.
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Further substitution of (18) into (24) simplifies the zero-profit condition:

𝜆𝜆𝑞𝑞
1 − 𝛽𝛽

𝛽𝛽
1 − 𝑙𝑙𝑅𝑅𝑅𝑅+1
𝑟𝑟 + 𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1

𝜔𝜔 (𝑙𝑙𝑅𝑅𝑅𝑅+1) = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝑅𝑅) ,

which determines uniquely the amount of research labor in perfect fore-
sight equilibria:

𝑙𝑙𝑅𝑅 := 𝑙𝑙𝑅𝑅𝑅𝑅+1 = 𝑙𝑙𝑅𝑅𝑅𝑅 =
𝜆𝜆𝑞𝑞

1−𝛽𝛽
𝛽𝛽 − 𝑟𝑟

𝜆𝜆
(
𝑞𝑞

1−𝛽𝛽
𝛽𝛽 + 1

) . (25)

Note that 𝑙𝑙𝑅𝑅 is decreasing in the bargaining power for workers, 𝛽𝛽; increasing
in the size of innovation, 𝑞𝑞, and the arrival rate of innovation, 𝜆𝜆; and
independent of implementation cost, 𝜂𝜂, and the length of implementation
period, 𝛿𝛿. The following sections focus only on perfect foresight equilibria.

3 Properties of Perfect Foresight Equilibria
This section is devoted to showing the main results; the relationships be-
tween economic growth and the amplitude of business cycles, business
cycles and shocks, and economic growth and unemployment. The rela-
tionship between the expected rate of economic growth and the amplitude
of business cycles is negative since the amount of labor in the intermedi-
ate good sector in recession is determined independently of the amount
of research labor. Permanent shocks reduce the expected rate of unem-
ployment but transitory shocks lead to full employment since a permanent
shock accompanies the implementation cost, a factor reducing the demand
for labor in the intermediate good sector. Finally, higher economic growth
raises the frequency of recessions, a factor raising the expected rate of
unemployment. This is because economic growth is driven by creative
destruction.

3.1 Economic Growth, Business Cycles and Unemployment
Here we specify the expected rate of economic growth, the frequencies of
booms and recessions, and the expected rate of unemployment.

Expected Rate of Economic Growth The expected rate of economic
growth takes the same form as of the standard model.7

𝑔𝑔 = 𝜆𝜆𝑙𝑙𝑅𝑅 ln 𝑞𝑞. (26)

7See Aghion and Howitt (1992). For calculation, see appendix A.
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earned from each sector. The no arbitrage condition, therefore, can be
written as

𝑊𝑊𝐼𝐼𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) = 𝑊𝑊𝑅𝑅𝐼𝐼 , (20)

where𝑊𝑊𝐼𝐼𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) and𝑊𝑊𝑅𝑅𝐼𝐼 are expected present discounted values of productivity-
adjusted incomes from the intermediate good and research sector at the
stage of 𝐼𝐼th technology, respectively:6

𝑊𝑊𝐼𝐼𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) :=𝐸𝐸𝑡𝑡𝐼𝐼


𝑥𝑥−

1 − 𝑙𝑙𝑅𝑅𝐼𝐼

∫ min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤−
𝐼𝐼 𝑑𝑑𝜏𝜏

+
∫ 𝑡𝑡𝐼𝐼+1

min[𝑡𝑡𝐼𝐼+𝛿𝛿,𝑡𝑡𝐼𝐼+1]
𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤+

𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) 𝑑𝑑𝜏𝜏
 (21)

and

𝑊𝑊𝑅𝑅𝐼𝐼 := 𝐸𝐸𝑡𝑡𝐼𝐼

∫ 𝑡𝑡𝐼𝐼+1

𝑡𝑡𝐼𝐼

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝐼𝐼)�̃�𝑤𝑅𝑅𝐼𝐼𝑑𝑑𝜏𝜏


. (22)

The multiplier of the first integrated term on the right-hand side of (21),
𝑥𝑥−/(1 − 𝑙𝑙𝑅𝑅𝐼𝐼), represents the probability of unemployment, which is uni-
formly given to each household. Therefore, using (14), (17), (21) and (22),
a bit of manipulation simplifies (20) to

�̃�𝑤𝑅𝑅𝐼𝐼 = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) , (23)

where

𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) :=

1 − 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝐼𝐼)𝛿𝛿

 𝑥𝑥−

1 − 𝑙𝑙𝑅𝑅𝐼𝐼
�̃�𝑤−

𝐼𝐼 + 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝐼𝐼)𝛿𝛿�̃�𝑤+
𝐼𝐼 (𝑙𝑙𝑅𝑅𝐼𝐼) .

Moreover, substituting (23) into the zero-profit condition (19) yields

𝜆𝜆𝑞𝑞𝑞𝑞 (𝑙𝑙𝑅𝑅𝐼𝐼+1) = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝐼𝐼) . (24)

6The unemployed may have an incentive to reallocate their resources devoted to the
intermediate good sector to the research sector if �̃�𝑤+

𝐼𝐼𝐼𝐼
(𝑙𝑙𝑅𝑅𝐼𝐼) < �̃�𝑤𝑅𝑅𝐼𝐼 . However, we assume

that the unemployed has to pay some fraction of search cost, denoted by 𝐾𝐾, when they
reallocate her resource to the research sector. If 𝐾𝐾 satisfies
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− 𝐾𝐾,

they have no incentive to reallocate their resource. We assume this condition in the
following.
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6　The unemployed may have an incentive to reallocate their resources devoted to the intermediate good sector to the research sector if 

earned from each sector. The no arbitrage condition, therefore, can be
written as
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stage of 𝐼𝐼th technology, respectively:6
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𝑥𝑥−/(1 − 𝑙𝑙𝑅𝑅𝐼𝐼), represents the probability of unemployment, which is uni-
formly given to each household. Therefore, using (14), (17), (21) and (22),
a bit of manipulation simplifies (20) to
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they have no incentive to reallocate their resource. We assume this condition in the
following.
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(25)

Note that 𝑙𝑅 is decreasing in the bargaining power forworkers, 𝛽; increasing in the size of innovation, 𝑞, 
and the arrival rate of innovation, 𝜆; and independent of implementation cost, 𝜂, and the length of 
implementation period, 𝛿. The following sections focus only on perfect foresight equilibria.

3 Properties of Perfect Foresight Equilibria

This section is devoted to showing the main results; the relationships between economic growth and the 
amplitude of business cycles, business cycles and shocks, and economic growth and unemployment. 
The relationship between the expected rate of economic growth and the amplitude of business cycles is 
negative since the amount of labor in the intermediate good sector in a recession is determined 
independently of the amount of research labor. Permanent shocks reduce the expected rate of 
unemployment, while transitory shocks lead to full employment since a permanent shock accompanies 
the implementation cost, a factor reducing the demand for labor in the intermediate good sector. Finally, 
higher economic growth raises the frequency of recessions, a factor raising the expected unemployment 
rate. 

3.1 Economic Growth, Business Cycles, and Unemployment

This section specifies the expected growth rate, the frequencies of booms and recessions, the amplitude 
of business cycles, and the expected unemployment rate.

Expected Growth Rate The expected growth rate takes the same form as of the standard model.7

(26)

Note that by substituting the amount of research labor in perfect foresight equilibria (26), the expected 
growth rate is increasing in the arrival rate 𝜆, the size of innovation 𝑞, and the amount of labor in the 
research sector 𝑙𝑅. 

Frequencies of Booms and Recessions  The frequencies  of booms and recessions  are defined 
by ratios of the expected periods of booms and recessions to the expected periods of business cycles, 
respectively. A recession  period  is defined by a successive series of implementation periods, of which the 
recession period consists. This definition of the recession is intuitive, since the economy experiences 
unemployment during implementation periods. Finally, a boom  period  is defined by a period when the 

Further substitution of (18) into (24) simplifies the zero-profit condition:

𝜆𝜆𝑞𝑞
1 − 𝛽𝛽

𝛽𝛽
1 − 𝑙𝑙𝑅𝑅𝑅𝑅+1
𝑟𝑟 + 𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1

𝜔𝜔 (𝑙𝑙𝑅𝑅𝑅𝑅+1) = 𝜔𝜔 (𝑙𝑙𝑅𝑅𝑅𝑅) ,

which determines uniquely the amount of research labor in perfect fore-
sight equilibria:

𝑙𝑙𝑅𝑅 := 𝑙𝑙𝑅𝑅𝑅𝑅+1 = 𝑙𝑙𝑅𝑅𝑅𝑅 =
𝜆𝜆𝑞𝑞

1−𝛽𝛽
𝛽𝛽 − 𝑟𝑟

𝜆𝜆
(
𝑞𝑞

1−𝛽𝛽
𝛽𝛽 + 1

) . (25)

Note that 𝑙𝑙𝑅𝑅 is decreasing in the bargaining power for workers, 𝛽𝛽; increasing
in the size of innovation, 𝑞𝑞, and the arrival rate of innovation, 𝜆𝜆; and
independent of implementation cost, 𝜂𝜂, and the length of implementation
period, 𝛿𝛿. The following sections focus only on perfect foresight equilibria.

3 Properties of Perfect Foresight Equilibria
This section is devoted to showing the main results; the relationships be-
tween economic growth and the amplitude of business cycles, business
cycles and shocks, and economic growth and unemployment. The rela-
tionship between the expected rate of economic growth and the amplitude
of business cycles is negative since the amount of labor in the intermedi-
ate good sector in recession is determined independently of the amount
of research labor. Permanent shocks reduce the expected rate of unem-
ployment but transitory shocks lead to full employment since a permanent
shock accompanies the implementation cost, a factor reducing the demand
for labor in the intermediate good sector. Finally, higher economic growth
raises the frequency of recessions, a factor raising the expected rate of
unemployment. This is because economic growth is driven by creative
destruction.

3.1 Economic Growth, Business Cycles and Unemployment
Here we specify the expected rate of economic growth, the frequencies of
booms and recessions, and the expected rate of unemployment.

Expected Rate of Economic Growth The expected rate of economic
growth takes the same form as of the standard model.7

𝑔𝑔 = 𝜆𝜆𝑙𝑙𝑅𝑅 ln 𝑞𝑞. (26)

7See Aghion and Howitt (1992). For calculation, see appendix A.
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cycles and shocks, and economic growth and unemployment. The rela-
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ate good sector in recession is determined independently of the amount
of research labor. Permanent shocks reduce the expected rate of unem-
ployment but transitory shocks lead to full employment since a permanent
shock accompanies the implementation cost, a factor reducing the demand
for labor in the intermediate good sector. Finally, higher economic growth
raises the frequency of recessions, a factor raising the expected rate of
unemployment. This is because economic growth is driven by creative
destruction.

3.1 Economic Growth, Business Cycles and Unemployment
Here we specify the expected rate of economic growth, the frequencies of
booms and recessions, and the expected rate of unemployment.

Expected Rate of Economic Growth The expected rate of economic
growth takes the same form as of the standard model.7
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7　See Aghion and Howitt (1992). For calculation, see appendix A.



－46－

Ryukyu University Economic Review, No. 101 (September, 2021)

economy is outside implementation periods since the economy attains full employment outside 
implementation periods.

Specifically, I first calculate the expected periods of boom, recession, and business cycle, and then 
derive the frequencies of booms and recessions. The expected boom period, denoted by 𝜏+, can be 
obtained by straightforward calculation, noting that the probability density of occurrence of innovation 𝜏 
time after a current time is 𝜆𝑙𝑅𝑒

−𝜆𝑙𝑅𝜏: 

(27)

To calculate the expected period of recessions, I first decompose a recession period into a series of 
implementation periods, and then calculate an expectation of each implementation period. Since the 
probability density that a new technology develops within an implementation period is 1 − 𝑒−𝜆𝑙𝑅𝛿 and the 
probability density that there is no innovation within an implementation period is 𝑒−𝜆𝑙𝑅𝛿, a probablity 
density that implementation periods continue 𝑛 times is written as 

Note that by substituting the amount of research labor in perfect foresight
equilibria (26) the expected rate of economic growth is increasing in the
arrival rate 𝜆𝜆, the size of innovation 𝑞𝑞 and the amount of labor in the
research sector 𝑙𝑙𝑅𝑅.

Frequencies of Booms and Recessions The frequencies of booms and reces-
sions are defined by ratios of the expected periods of booms and recessions
to the expected periods of business cycles respectively. The period of a re-
cession is defined by a successive series of implementation periods of which
the recession period consists in this paper. This definition of recession is
intuitive since the economy experiences unemployment during implemen-
tation periods. Finally, a period of boom is defined by a period when the
economy is outside implementation periods since the economy attains full
employment outside implemetation periods.

Specifically, we first calculate the expected periods of boom, recession
and business cycle and then find the frequencies of booms and recessions.
The expected period of boom, denoted by 𝜏𝜏+, can be obtained by straight-
forward calculation, noting that the probability density of occurrence of
innovation 𝜏𝜏 time after a current time is 𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏:

E [𝜏𝜏+] :=
∫ ∞

0
𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝜏𝜏+𝑑𝑑𝜏𝜏+

= 𝜆𝜆𝑙𝑙𝑅𝑅


𝜏𝜏+

∫
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝑑𝑑𝜏𝜏+ −

∫ ∫
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝑑𝑑𝜏𝜏+𝑑𝑑𝜏𝜏+

∞
0

=
1

𝜆𝜆𝑙𝑙𝑅𝑅
. (27)

To calculate the expected period of recessions, we first decompose the
period of recessions into a series of implementation periods, and then cal-
culate an expectation of each implementation period. Since the probability
density that a new technology develops within an implementation period
is 1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 and the probability density that there is no innovation within
an implementation period is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, a probablity density that implementa-
tion periods continue 𝑛𝑛 times is written as

�
1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝑛𝑛−1
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. It follows

that the expected period of recession can be calculated to

E [𝜏𝜏−] = E[𝑛𝑛𝜏𝜏𝐼𝐼]

=
∞
𝑛𝑛=1


1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝑛𝑛−1
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿𝑛𝑛E[𝜏𝜏𝐼𝐼]

= 𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿E[𝜏𝜏𝐼𝐼], (28)
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 𝑛−1 𝑒−𝜆𝑙𝑅𝛿. It follows that the 
expected recession period can be calculated to

(28)

where 𝜏− and 𝜏𝐼 denote a recession period and an implementation period of which the recession period 
consists, respectively. Since the probability density that a new technology develops 𝜏 units of time after 
the last technology developed is 𝜆𝑙𝑅𝑒

−𝜆𝑙𝑅𝜏 and the probability that any new technology does not developed 
during the implementation period is 𝑒−𝜆𝑙𝑅𝛿, the expected time length of an implementation period can be 
written as

(29)

By substituting (29) into (28), the expected period of a recession can be written as

(30)

Therefore, it follows from the expected period of boom (27) and the expected period of recession (30) 

where 𝜏𝜏− and 𝜏𝜏𝐼𝐼 denote a recession period and an implementation period
of which the recession period consists, respectively. Since the probabil-
ity density that a new technology develops 𝜏𝜏 units of time after the last
technology developed is 𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏 and the probability that any new tech-
nology does not developed during the implementation period is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, the
expected time length of an implementation period can be written as

E[𝜏𝜏𝐼𝐼] =
∫ 𝛿𝛿

0
𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏𝐼𝐼𝜏𝜏𝐼𝐼 𝑑𝑑𝜏𝜏𝐼𝐼 + 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿𝛿𝛿

=
1

𝜆𝜆𝑙𝑙𝑅𝑅


1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿


. (29)

Substituting (29) into (28), the expected period of a recession can be written
as

E [𝜏𝜏−] =
1

𝜆𝜆𝑙𝑙𝑅𝑅


𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 − 1


. (30)

Therefore, it follows from the expected period of boom (27) and the ex-
pected period of recession (30) that the expected period of a business cycle
𝐶𝐶 can be written as

𝐶𝐶 := E [𝜏𝜏+] + E [𝜏𝜏−] =
1

𝜆𝜆𝑙𝑙𝑅𝑅
𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. (31)

Finally, dividing the expected periods of boom and recession by (31) yields
the frequency of boom and recession:

𝐵𝐵 :=
E [𝜏𝜏+]
𝐶𝐶

= 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 (32)

and

𝑅𝑅 :=
E [𝜏𝜏−]
𝐶𝐶

= 1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, (33)

where 𝐵𝐵 and 𝑅𝑅 denote the frequencies of boom and recession, respectively.
Combining the comparative statics of the amount of research labor,

which is stated below (25), with (27), (30), (31), (32) and (33), one finds that
an increase of the time length of the implementation period, 𝛿𝛿, reduces the
expected period of booms, E [𝜏𝜏+], and the frequency of booms, 𝐵𝐵. On the
other hand, it raises the expected period of recessions, E [𝜏𝜏−], the frequency
of recessions, 𝑅𝑅, and the expected period of business cycles, 𝐶𝐶. Increases of
other parameters that raise the amount of research labor raise the frequency
of recessions but reduce the expected period and the frequency of booms.
They have ambiguous effects on the expected periods of recessions and
business cycles.
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Note that by substituting the amount of research labor in perfect foresight
equilibria (26) the expected rate of economic growth is increasing in the
arrival rate 𝜆𝜆, the size of innovation 𝑞𝑞 and the amount of labor in the
research sector 𝑙𝑙𝑅𝑅.

Frequencies of Booms and Recessions The frequencies of booms and reces-
sions are defined by ratios of the expected periods of booms and recessions
to the expected periods of business cycles respectively. The period of a re-
cession is defined by a successive series of implementation periods of which
the recession period consists in this paper. This definition of recession is
intuitive since the economy experiences unemployment during implemen-
tation periods. Finally, a period of boom is defined by a period when the
economy is outside implementation periods since the economy attains full
employment outside implemetation periods.

Specifically, we first calculate the expected periods of boom, recession
and business cycle and then find the frequencies of booms and recessions.
The expected period of boom, denoted by 𝜏𝜏+, can be obtained by straight-
forward calculation, noting that the probability density of occurrence of
innovation 𝜏𝜏 time after a current time is 𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏:

E [𝜏𝜏+] :=
∫ ∞

0
𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝜏𝜏+𝑑𝑑𝜏𝜏+

= 𝜆𝜆𝑙𝑙𝑅𝑅


𝜏𝜏+

∫
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝑑𝑑𝜏𝜏+ −

∫ ∫
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝑑𝑑𝜏𝜏+𝑑𝑑𝜏𝜏+

∞
0

=
1

𝜆𝜆𝑙𝑙𝑅𝑅
. (27)

To calculate the expected period of recessions, we first decompose the
period of recessions into a series of implementation periods, and then cal-
culate an expectation of each implementation period. Since the probability
density that a new technology develops within an implementation period
is 1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 and the probability density that there is no innovation within
an implementation period is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, a probablity density that implementa-
tion periods continue 𝑛𝑛 times is written as

�
1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝑛𝑛−1
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. It follows

that the expected period of recession can be calculated to

E [𝜏𝜏−] = E[𝑛𝑛𝜏𝜏𝐼𝐼]

=
∞
𝑛𝑛=1


1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝑛𝑛−1
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿𝑛𝑛E[𝜏𝜏𝐼𝐼]

= 𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿E[𝜏𝜏𝐼𝐼], (28)
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where 𝜏𝜏− and 𝜏𝜏𝐼𝐼 denote a recession period and an implementation period
of which the recession period consists, respectively. Since the probabil-
ity density that a new technology develops 𝜏𝜏 units of time after the last
technology developed is 𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏 and the probability that any new tech-
nology does not developed during the implementation period is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, the
expected time length of an implementation period can be written as

E[𝜏𝜏𝐼𝐼] =
∫ 𝛿𝛿

0
𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏𝐼𝐼𝜏𝜏𝐼𝐼 𝑑𝑑𝜏𝜏𝐼𝐼 + 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿𝛿𝛿

=
1

𝜆𝜆𝑙𝑙𝑅𝑅


1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿


. (29)

Substituting (29) into (28), the expected period of a recession can be written
as

E [𝜏𝜏−] =
1

𝜆𝜆𝑙𝑙𝑅𝑅


𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 − 1


. (30)

Therefore, it follows from the expected period of boom (27) and the ex-
pected period of recession (30) that the expected period of a business cycle
𝐶𝐶 can be written as

𝐶𝐶 := E [𝜏𝜏+] + E [𝜏𝜏−] =
1

𝜆𝜆𝑙𝑙𝑅𝑅
𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. (31)

Finally, dividing the expected periods of boom and recession by (31) yields
the frequency of boom and recession:

𝐵𝐵 :=
E [𝜏𝜏+]
𝐶𝐶

= 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 (32)

and

𝑅𝑅 :=
E [𝜏𝜏−]
𝐶𝐶

= 1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, (33)

where 𝐵𝐵 and 𝑅𝑅 denote the frequencies of boom and recession, respectively.
Combining the comparative statics of the amount of research labor,

which is stated below (25), with (27), (30), (31), (32) and (33), one finds that
an increase of the time length of the implementation period, 𝛿𝛿, reduces the
expected period of booms, E [𝜏𝜏+], and the frequency of booms, 𝐵𝐵. On the
other hand, it raises the expected period of recessions, E [𝜏𝜏−], the frequency
of recessions, 𝑅𝑅, and the expected period of business cycles, 𝐶𝐶. Increases of
other parameters that raise the amount of research labor raise the frequency
of recessions but reduce the expected period and the frequency of booms.
They have ambiguous effects on the expected periods of recessions and
business cycles.
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Note that by substituting the amount of research labor in perfect foresight
equilibria (26) the expected rate of economic growth is increasing in the
arrival rate 𝜆𝜆, the size of innovation 𝑞𝑞 and the amount of labor in the
research sector 𝑙𝑙𝑅𝑅.

Frequencies of Booms and Recessions The frequencies of booms and reces-
sions are defined by ratios of the expected periods of booms and recessions
to the expected periods of business cycles respectively. The period of a re-
cession is defined by a successive series of implementation periods of which
the recession period consists in this paper. This definition of recession is
intuitive since the economy experiences unemployment during implemen-
tation periods. Finally, a period of boom is defined by a period when the
economy is outside implementation periods since the economy attains full
employment outside implemetation periods.

Specifically, we first calculate the expected periods of boom, recession
and business cycle and then find the frequencies of booms and recessions.
The expected period of boom, denoted by 𝜏𝜏+, can be obtained by straight-
forward calculation, noting that the probability density of occurrence of
innovation 𝜏𝜏 time after a current time is 𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏:

E [𝜏𝜏+] :=
∫ ∞

0
𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝜏𝜏+𝑑𝑑𝜏𝜏+

= 𝜆𝜆𝑙𝑙𝑅𝑅


𝜏𝜏+

∫
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝑑𝑑𝜏𝜏+ −

∫ ∫
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏+𝑑𝑑𝜏𝜏+𝑑𝑑𝜏𝜏+

∞
0

=
1

𝜆𝜆𝑙𝑙𝑅𝑅
. (27)

To calculate the expected period of recessions, we first decompose the
period of recessions into a series of implementation periods, and then cal-
culate an expectation of each implementation period. Since the probability
density that a new technology develops within an implementation period
is 1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 and the probability density that there is no innovation within
an implementation period is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, a probablity density that implementa-
tion periods continue 𝑛𝑛 times is written as

�
1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝑛𝑛−1
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. It follows

that the expected period of recession can be calculated to

E [𝜏𝜏−] = E[𝑛𝑛𝜏𝜏𝐼𝐼]

=
∞
𝑛𝑛=1


1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝑛𝑛−1
𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿𝑛𝑛E[𝜏𝜏𝐼𝐼]

= 𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿E[𝜏𝜏𝐼𝐼], (28)
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that the expected period of a business cycle 𝐶 can be written as

 (31)

Finally, dividing the expected periods of boom and recession by (31) yields the frequency of boom and 
recession:

(32)

and

(33)

where 𝐵 and 𝑅 denote the frequencies of boom and recession, respectively.
Combining the comparative statics of the amount of research labor, which is stated below (25), with 

(27), (30), (31), (32) and (33), one finds that an increase of the time length of the implementation period, 
𝛿, reduces the expected period of booms, E [𝜏+], and the frequency of booms, 𝐵. On the other hand, it 
raises the expected recession period, E [𝜏−], the frequency of recessions, 𝑅, and the expected period of 
business cycles, 𝐶. Increases of other parameters that raise the amount of research labor raise the 
frequency of recessions but reduce the expected period and the frequency of booms. They have 
ambiguous effects on the expected periods of recessions and business cycles.

The Amplitude of Business Cycles and Unemployment  I now define the amplitude of 
business cycles and calculate the expected unemployment rate. The amplitude of business cycles in this 
paper is defined as

 (34)

The first term on the right-hand side of (34) is the employment level in boom, and the rest of the term is 
that in recessions. Therefore, the amplitude of business cycles is the difference between the amounts of 
employment in booms and recessions. Used the frequency of recessions (33) and unemployment rate 
during recessions, 1 − 𝑙𝑅 − 𝑥−, which is equal to the amplitude of business cycles, the expected 
unemployment rate can be written as

(35)

3.2 Economic Growth and Amplitude of Business Cycles

This subsection shows a negative relationship between the expected growth rate and the amplitude of 
business cycles. Total derivatives of (25) and (26) are respectively written as

 ,  (36)

where 𝜏𝜏− and 𝜏𝜏𝐼𝐼 denote a recession period and an implementation period
of which the recession period consists, respectively. Since the probabil-
ity density that a new technology develops 𝜏𝜏 units of time after the last
technology developed is 𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏 and the probability that any new tech-
nology does not developed during the implementation period is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, the
expected time length of an implementation period can be written as

E[𝜏𝜏𝐼𝐼] =
∫ 𝛿𝛿

0
𝜆𝜆𝑙𝑙𝑅𝑅𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝜏𝜏𝐼𝐼𝜏𝜏𝐼𝐼 𝑑𝑑𝜏𝜏𝐼𝐼 + 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿𝛿𝛿

=
1

𝜆𝜆𝑙𝑙𝑅𝑅


1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿


. (29)

Substituting (29) into (28), the expected period of a recession can be written
as

E [𝜏𝜏−] =
1

𝜆𝜆𝑙𝑙𝑅𝑅


𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 − 1


. (30)

Therefore, it follows from the expected period of boom (27) and the ex-
pected period of recession (30) that the expected period of a business cycle
𝐶𝐶 can be written as

𝐶𝐶 := E [𝜏𝜏+] + E [𝜏𝜏−] =
1

𝜆𝜆𝑙𝑙𝑅𝑅
𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. (31)

Finally, dividing the expected periods of boom and recession by (31) yields
the frequency of boom and recession:

𝐵𝐵 :=
E [𝜏𝜏+]
𝐶𝐶

= 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 (32)

and

𝑅𝑅 :=
E [𝜏𝜏−]
𝐶𝐶

= 1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿, (33)

where 𝐵𝐵 and 𝑅𝑅 denote the frequencies of boom and recession, respectively.
Combining the comparative statics of the amount of research labor,

which is stated below (25), with (27), (30), (31), (32) and (33), one finds that
an increase of the time length of the implementation period, 𝛿𝛿, reduces the
expected period of booms, E [𝜏𝜏+], and the frequency of booms, 𝐵𝐵. On the
other hand, it raises the expected period of recessions, E [𝜏𝜏−], the frequency
of recessions, 𝑅𝑅, and the expected period of business cycles, 𝐶𝐶. Increases of
other parameters that raise the amount of research labor raise the frequency
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Unemployment We now define amplitude of business cycles and calcu-
late the expected rate of unemployment. The amplitude of business cycles
is defined as

𝑎𝑎 := 1 − (𝑙𝑙𝑅𝑅 + 𝑥𝑥−) . (34)
The first term on the right-hand side of (34) is the employment level in
boom and the rest of the term that in recessions. Therefore, the amplitude
of business cycles is the difference between the amount of employment in
booms and that in recessions.

Using the frequency of recessions (33) and unemployment rate during
recessions, 1 − 𝑙𝑙𝑅𝑅 − 𝑥𝑥−, which is equal to the amplitude of business cycles,
the expected rate of unemployment can be written as

E [u(𝜏𝜏)] = Ra. (35)

The comparative statics are as follow. Increases in the size of innovation,
𝑞𝑞, and the occurrence of innovation, 𝜆𝜆, have ambiguous effects on the
expected rate but reduce the amplitude of business cycles; an increase of
the time length of the implementation period, 𝛿𝛿, raises the expected rate of
unemployment and has no effect on the amplitude of the business cycles; an
increase of the implementation cost, 𝜂𝜂, raises both the expected rate as well
as the amplitude of business cycles; finally, an increase of the bargaining
power of workers in the intermediate good sector raises the amplitude of
business cycles.

3.2 Economic Growth and Amplitude of Business Cycles
Here we show that there is a negative relationship between the expected
rate of economic growth and the amplitude of business cycles. Total dif-
ferentiations of (25) and (26) are respectively written as

d𝑔𝑔 = 𝑙𝑙𝑅𝑅 ln 𝑞𝑞d𝜆𝜆 + 𝜆𝜆𝑙𝑙𝑅𝑅
𝑞𝑞

d𝑞𝑞 + 𝜆𝜆 ln 𝑞𝑞d𝑙𝑙𝑅𝑅 (36)

and

d𝑎𝑎 = −d𝑙𝑙𝑅𝑅 + d𝑥𝑥−. (37)

Noting that d𝑎𝑎/d𝑥𝑥− = −1, which follows from the definition of the ampli-
tude of business cycles (34), and combining (36) with (37) yields

d𝑔𝑔
d𝑎𝑎 = 𝑙𝑙𝑅𝑅 ln 𝑞𝑞

d𝜆𝜆
d𝑎𝑎 + 𝜆𝜆𝑙𝑙𝑅𝑅

𝑞𝑞

d𝑞𝑞
d𝑎𝑎 < 0, (38)
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and
 , (37)
where

(38)

From (36) to (38), one finds that any factor raising the expected growth rate reduces the amplitude of 
business cycles.

Intuitively, this result follows from the fact that economic growth affects the amount of labor in the 
intermdediate good sector in booms and recessions asymmetrically. For example, suppose that a 
reduction of the expected growth rate is introduced by a decrease in the amount of research labor. A 
decrease in the amount of research labor, on the one hand, does not affect the aggregate amount of labor 
in booms because it raises the same amount of labor in the intermediate good sector through (15). A 
decrease in the amount of research labor, on the other hand, affects the aggregate amount of labor in 
recessions because the amount of labor in the intermediate good sector in recessions is determined by 
(11), independently of the research labor 𝑙𝑅. It is this asymmetry that results in the reduction of the 
amplitude of business cycles.

3.3 Business Cycles and Shocks

Moreover, the model shows that permanent productivity shocks reduce the total amount of employment 
while transitory productivity shocks raise it. First, I show that there is a positive relationship between 
transitory shocks and changes in employment. It follows from the production function in the final good 
sector (2) that changes in the logarithmic amount of output is

dln 𝑦(𝑡) = dln 𝐴𝑠(𝑡) + dln 𝑓 (𝑥(𝑡)) ,

where the first term on the right-hand side of the expression represents contributions of permanent 
productivity improvements on changes in the amount of output, and the second term does that in 
employment levels in logarithmic scales, respectively. Therefore, the covariance between changes in 
output and employment levels can be decomposed as

(39)

where the first term on the right-hand side of the expression gives the relationship between permanent 
productivity-shocks and changes in employment levels, and thus the rest of the term implies the 
relationship between transitory productivity shocks and the changes in employment levels. Immediately 
from (39), one finds a positive relationship between transitory shock and the changes in employment 
levels. On the contrary, there is a negative relationship between permanent shocks and the changes in 
employment levels. The arrival time when a research firm succeeds in innovation follows the 
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where
d𝑎𝑎
d𝜆𝜆 = −d𝑙𝑙𝑅𝑅

𝑑𝑑𝜆𝜆
< 0 and d𝑎𝑎

d𝑞𝑞 = −d𝑙𝑙𝑅𝑅
d𝑞𝑞 < 0.

This shows that there is a negative relationship between the expected rate
of economic growth and the amplitude of business cycles.

Intuitively, this result follows from the fact that economic growth af-
fects the amount of labor in the intermdediate good sector in booms and
recessions asymmetrically. For example, we suppose a reduction of eco-
nomic growth is introduced by a decrease of the amount of research labor.
A decrease in the amount of research labor, on one hand, does not affect
the aggregate amount of labor in booms because it raises the same amount
of labor in the intermediate good sector through (15). A decrease in the
amount of research labor, on the other hand, affects the aggregate amount
of labor in recessions because the amount of labor in the intermediate good
sector in recessions is determined by (11), independently of the research
labor 𝑙𝑙𝑅𝑅. It is this asymmetry that results in the reduction of the amplitude
of business cycles.

3.3 Business Cycles and Shocks
Moreover, the model shows that permanent productivity shocks reduce
the total amount of employment while transitory productivity shocks raise
it. First, we show that there is a positive relationship between transitory
shocks and changes in employment. It follows from the production func-
tion in the final good sector (2) that changes in the logarithmic amount of
output is

dln 𝑦𝑦(𝑡𝑡) = dln𝐴𝐴𝑠𝑠(𝑡𝑡) + dln 𝑓𝑓 (𝑥𝑥(𝑡𝑡)) ,

where the first term on the right-hand side of the expression represents
contributions of permanent productivity improvements on changes in the
amount of output, and the second term does that in employment levels in
logarithmic scales respectively. Therefore, the covariance between changes
in output and employment levels can be decomposed as

Cov[dln 𝑦𝑦(𝑡𝑡), dln 𝑥𝑥(𝑡𝑡)]
= Cov[dln𝐴𝐴𝑠𝑠(𝑡𝑡), dln 𝑥𝑥(𝑡𝑡)] + Cov[dln 𝑓𝑓 (𝑥𝑥(𝑡𝑡)) , dln 𝑥𝑥(𝑡𝑡)], (39)

where the first term on the right-hand side of the expression gives the
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This shows that there is a negative relationship between the expected rate
of economic growth and the amplitude of business cycles.

Intuitively, this result follows from the fact that economic growth af-
fects the amount of labor in the intermdediate good sector in booms and
recessions asymmetrically. For example, we suppose a reduction of eco-
nomic growth is introduced by a decrease of the amount of research labor.
A decrease in the amount of research labor, on one hand, does not affect
the aggregate amount of labor in booms because it raises the same amount
of labor in the intermediate good sector through (15). A decrease in the
amount of research labor, on the other hand, affects the aggregate amount
of labor in recessions because the amount of labor in the intermediate good
sector in recessions is determined by (11), independently of the research
labor 𝑙𝑙𝑅𝑅. It is this asymmetry that results in the reduction of the amplitude
of business cycles.
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Moreover, the model shows that permanent productivity shocks reduce
the total amount of employment while transitory productivity shocks raise
it. First, we show that there is a positive relationship between transitory
shocks and changes in employment. It follows from the production func-
tion in the final good sector (2) that changes in the logarithmic amount of
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exponential distribution whose probability density is e−𝜆𝑙𝑅𝑡 on perfect foresight equilibria. Therefore, the 
arrival number of innovations follows a Poisson distribution as is well-known8. It follows that changes 
in productivity can be expressed by

dln 𝐴𝑠(𝑡) = ln 𝑞d𝜓(𝑡),

where 𝜓(𝑡) follows a Poisson process, with

with the probability of success in innovation, 𝜆𝑙𝑅d𝑡. Likewise, the processes of logarithmic employment 
levels can be written as

(40)

where

with the probability that 𝜑 = 1, 𝑒−𝜆𝑙𝑅𝛿. The first term on the right-hand side of (40) represents the effects 
of permanent productivity shocks on employment levels in the intermediate good sector; an amount of 
labor employed at time 𝑡 is 𝑥+ if 𝜑 = 1, since innovation does not occur within the last 𝛿 time interval, and 
thus the economy is in boom. And there occurs a permanent productivity shock at time 𝑡 if d𝜓 = 1 that 
leads 𝑥(𝑡) to 𝑥−. Therefore, if 𝜑 = 1 and d𝜓 = 1, the logarithmic amount of employment changes by ln 
(𝑥−/𝑥+).
 Similarly, the second term of the right-hand side of (40) represents the effects of transitory shocks on 
employment levels. Therefore, the covariance between permanent shocks and changes in employment 
levels in logarithmic scales can be calculated as

(41)

where additivity of Poisson processes is used from the third to fourth lines. Since the sign of (41) is 
negative, permanent productivity shocks and changes in employment levels correlate negatively. 

between transitory productivity shocks and the changes in employment
levels. Immediately from (39), we find that there is a positive relation-
ship between transitory shock and the changes in employment levels. On
the contrary, there is negative relationship between permanent shocks and
the changes in employment levels. The arrival time when a research firm
succeeds in innovation follows the exponential distribution whose proba-
bility density is e−𝜆𝜆𝑙𝑙𝑅𝑅𝑡𝑡 on perfect foresight equilibria. Therefore, the arrival
number of innovation follows a Poisson distribution as is well-known8. It
follows that changes in productivity can be expressed by

dln𝐴𝐴𝑠𝑠(𝑡𝑡) = ln 𝑞𝑞d𝜓𝜓(𝑡𝑡),

where 𝜓𝜓(𝑡𝑡) follows a Poisson process, with

d𝜓𝜓(𝑡𝑡) =
{

1 if innovation occurs at time 𝑡𝑡,
0 if innovation does not occur at time 𝑡𝑡;

and the probability to succeed in innovation is 𝜆𝜆𝑙𝑙𝑅𝑅d𝑡𝑡. Likewise, the pro-
cesses of logarithmic employment levels can be written as

dln 𝑥𝑥(𝑡𝑡) = − ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑(𝑡𝑡)d𝜓𝜓(𝑡𝑡) + ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑(𝑡𝑡)d𝜓𝜓(𝑡𝑡 − 𝛿𝛿), (40)

where

𝜑𝜑 =

{
1 if innovation does not occur during 𝛿𝛿 time interval,
0 if innovation occurs during 𝛿𝛿 time interval,

and the probability that𝜑𝜑 = 1 is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. The first term on the right-hand side
of (40) represents effects of permanent productivity shocks on employment
levels in the intermediate good sector: An amount of employment at time
𝑡𝑡 is 𝑥𝑥+ if 𝜑𝜑 = 1 since innovation does not occur within the last 𝛿𝛿 time
interval and thus the economy is in boom. And there occcurs a permanent
productivity shock at time 𝑡𝑡 if d𝜓𝜓 = 1 that leads 𝑥𝑥(𝑡𝑡) to 𝑥𝑥−. Therefore,
if 𝜑𝜑 = 1 and d𝜓𝜓 = 1, the logarithmic amount of employment changes
by ln (𝑥𝑥−/𝑥𝑥+). Similarly, the second term of the right-hand side of (40)
represents effects of transitory shocks on employment levels. Therefore,
the covariance between permanent shocks and changes in employment

8See, for example, Section 23 of Billingsley (1995) for the details of Poisson processes
and exponential distribution.
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levels in logarithmic scales can be calculated as

Cov
[
dln𝐴𝐴𝑠𝑠(𝑡𝑡), ln 𝑥𝑥(𝑡𝑡)

]
d𝑡𝑡

=
1
d𝑡𝑡Cov

[
ln 𝑞𝑞d𝜓𝜓(𝑡𝑡),− ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑d𝜓𝜓(𝑡𝑡) + ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑d𝜓𝜓(𝑡𝑡 − 𝛿𝛿)

]

= − ln 𝑞𝑞 ln 𝑥𝑥+

𝑥𝑥−
Cov [d𝜓𝜓(𝑡𝑡), 𝜑𝜑d𝜓𝜓(𝑡𝑡)]

d𝑡𝑡 + ln 𝑞𝑞 ln 𝑥𝑥+

𝑥𝑥−
Cov [d𝜓𝜓(𝑡𝑡), 𝜑𝜑d𝜓𝜓(𝑡𝑡 − 𝛿𝛿)]

d𝑡𝑡

= −𝜆𝜆𝑙𝑙𝑅𝑅 ln 𝑞𝑞 ln 𝑥𝑥+

𝑥𝑥−
e−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 < 0, (41)

where additivity of Poisson processes is used from the third to fourth
lines. Since the sign of (41) is negative, permanent productivity shocks
and changes in employment levels correlate negatively.

3.4 Economic Growth and Unemployment
Finally, we show that the frequency of recessions can be a factor through
which an increase of the expected rate of economic growth raises the ex-
pected rate of unemployment. Differentiating the frequency of recessions
(33), a bit of manipulation yields

d𝑙𝑙𝑅𝑅 =
𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝜆𝜆𝛿𝛿
d𝑅𝑅 − 𝑅𝑅

𝜆𝜆
d𝜆𝜆 − 𝑙𝑙𝑅𝑅

𝛿𝛿
d𝛿𝛿. (42)

By substituting (42) into (36), we find the effect of the expected rate of
economic growth on the frequency of recessions:

d𝑅𝑅
d𝑔𝑔 =

𝑞𝑞

𝜆𝜆𝑙𝑙𝑅𝑅

d𝑙𝑙𝑅𝑅
d𝑞𝑞

d𝑅𝑅
d𝑙𝑙𝑅𝑅

, (43)

where

d𝑙𝑙𝑅𝑅
d𝑞𝑞 > 0 and d𝑅𝑅

d𝑙𝑙𝑅𝑅
> 0.

It follows that a higer expected rate of economic growth implies a higher
frequency of recessions. The derivative of the expected rate of unemploy-
ment (35) with respect to the expected rate of economic growth, in turn,
can be written as

dE [𝑢𝑢]
d𝑔𝑔 = 𝑅𝑅

d𝑎𝑎
d𝑔𝑔 + 𝑎𝑎

d𝑅𝑅
d𝑔𝑔 . (44)
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between transitory productivity shocks and the changes in employment
levels. Immediately from (39), we find that there is a positive relation-
ship between transitory shock and the changes in employment levels. On
the contrary, there is negative relationship between permanent shocks and
the changes in employment levels. The arrival time when a research firm
succeeds in innovation follows the exponential distribution whose proba-
bility density is e−𝜆𝜆𝑙𝑙𝑅𝑅𝑡𝑡 on perfect foresight equilibria. Therefore, the arrival
number of innovation follows a Poisson distribution as is well-known8. It
follows that changes in productivity can be expressed by

dln𝐴𝐴𝑠𝑠(𝑡𝑡) = ln 𝑞𝑞d𝜓𝜓(𝑡𝑡),

where 𝜓𝜓(𝑡𝑡) follows a Poisson process, with

d𝜓𝜓(𝑡𝑡) =
{

1 if innovation occurs at time 𝑡𝑡,
0 if innovation does not occur at time 𝑡𝑡;

and the probability to succeed in innovation is 𝜆𝜆𝑙𝑙𝑅𝑅d𝑡𝑡. Likewise, the pro-
cesses of logarithmic employment levels can be written as

dln 𝑥𝑥(𝑡𝑡) = − ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑(𝑡𝑡)d𝜓𝜓(𝑡𝑡) + ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑(𝑡𝑡)d𝜓𝜓(𝑡𝑡 − 𝛿𝛿), (40)

where

𝜑𝜑 =

{
1 if innovation does not occur during 𝛿𝛿 time interval,
0 if innovation occurs during 𝛿𝛿 time interval,

and the probability that𝜑𝜑 = 1 is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. The first term on the right-hand side
of (40) represents effects of permanent productivity shocks on employment
levels in the intermediate good sector: An amount of employment at time
𝑡𝑡 is 𝑥𝑥+ if 𝜑𝜑 = 1 since innovation does not occur within the last 𝛿𝛿 time
interval and thus the economy is in boom. And there occcurs a permanent
productivity shock at time 𝑡𝑡 if d𝜓𝜓 = 1 that leads 𝑥𝑥(𝑡𝑡) to 𝑥𝑥−. Therefore,
if 𝜑𝜑 = 1 and d𝜓𝜓 = 1, the logarithmic amount of employment changes
by ln (𝑥𝑥−/𝑥𝑥+). Similarly, the second term of the right-hand side of (40)
represents effects of transitory shocks on employment levels. Therefore,
the covariance between permanent shocks and changes in employment

8See, for example, Section 23 of Billingsley (1995) for the details of Poisson processes
and exponential distribution.
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where
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{
1 if innovation does not occur during 𝛿𝛿 time interval,
0 if innovation occurs during 𝛿𝛿 time interval,

and the probability that𝜑𝜑 = 1 is 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿. The first term on the right-hand side
of (40) represents effects of permanent productivity shocks on employment
levels in the intermediate good sector: An amount of employment at time
𝑡𝑡 is 𝑥𝑥+ if 𝜑𝜑 = 1 since innovation does not occur within the last 𝛿𝛿 time
interval and thus the economy is in boom. And there occcurs a permanent
productivity shock at time 𝑡𝑡 if d𝜓𝜓 = 1 that leads 𝑥𝑥(𝑡𝑡) to 𝑥𝑥−. Therefore,
if 𝜑𝜑 = 1 and d𝜓𝜓 = 1, the logarithmic amount of employment changes
by ln (𝑥𝑥−/𝑥𝑥+). Similarly, the second term of the right-hand side of (40)
represents effects of transitory shocks on employment levels. Therefore,
the covariance between permanent shocks and changes in employment

8See, for example, Section 23 of Billingsley (1995) for the details of Poisson processes
and exponential distribution.
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8　See, for example, Section 23 of Billingsley (1995) for the details of Poisson processes and exponential distribution.



－50－

Ryukyu University Economic Review, No. 101 (September, 2021)

3.4 Economic Growth and Unemployment

Finally, this subsection shows that the frequency of recessions can be a factor through which the 
expected growth rate raises the expected unemployment rate. Taking total differentiation of  the 
frequency of recessions (33) and a few manipulations yield

(42)

From (36) and (42), one finds that any factor raising the expected growth rate raises the frequency of 
recessions.
 Moreover, the total differentiation of the expected unemployment rate (35) gives

(43)

Since (37) and (42) implies that any factor raising the growth rate reduces the amplitude of business 
cycles and raises the frequency of recessions, (43) shows that it has two opposite effects on the expected 
unemployment rate; one tends to reduce it by decreasing the amplitude of business cycles, and the other 
tends to raise it by increasing the frequency of recessions. 

4 Conclusion

This paper investigated the relationship among economic growth, business cycles, and unemployment, 
driven by the implementation cost. First, the expected growth rate negatively relates to the amplitude of 
business cycles. Second, a permanent shock reduces the amount of employment, while the transitory 
shock increases the amount of employment. Finally, the expected growth rate has a negative connection 
with the frequency of recessions, which is a factor raising the expected rate of unemployment.

levels in logarithmic scales can be calculated as

Cov
[
dln𝐴𝐴𝑠𝑠(𝑡𝑡), ln 𝑥𝑥(𝑡𝑡)

]
d𝑡𝑡

=
1
d𝑡𝑡Cov

[
ln 𝑞𝑞d𝜓𝜓(𝑡𝑡),− ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑d𝜓𝜓(𝑡𝑡) + ln 𝑥𝑥+

𝑥𝑥−
𝜑𝜑d𝜓𝜓(𝑡𝑡 − 𝛿𝛿)

]

= − ln 𝑞𝑞 ln 𝑥𝑥+

𝑥𝑥−
Cov [d𝜓𝜓(𝑡𝑡), 𝜑𝜑d𝜓𝜓(𝑡𝑡)]

d𝑡𝑡 + ln 𝑞𝑞 ln 𝑥𝑥+

𝑥𝑥−
Cov [d𝜓𝜓(𝑡𝑡), 𝜑𝜑d𝜓𝜓(𝑡𝑡 − 𝛿𝛿)]

d𝑡𝑡

= −𝜆𝜆𝑙𝑙𝑅𝑅 ln 𝑞𝑞 ln 𝑥𝑥+

𝑥𝑥−
e−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 < 0, (41)

where additivity of Poisson processes is used from the third to fourth
lines. Since the sign of (41) is negative, permanent productivity shocks
and changes in employment levels correlate negatively.

3.4 Economic Growth and Unemployment
Finally, we show that the frequency of recessions can be a factor through
which an increase of the expected rate of economic growth raises the ex-
pected rate of unemployment. Differentiating the frequency of recessions
(33), a bit of manipulation yields

d𝑙𝑙𝑅𝑅 =
𝑒𝑒𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

𝜆𝜆𝛿𝛿
d𝑅𝑅 − 𝑅𝑅

𝜆𝜆
d𝜆𝜆 − 𝑙𝑙𝑅𝑅

𝛿𝛿
d𝛿𝛿. (42)

By substituting (42) into (36), we find the effect of the expected rate of
economic growth on the frequency of recessions:

d𝑅𝑅
d𝑔𝑔 =

𝑞𝑞

𝜆𝜆𝑙𝑙𝑅𝑅

d𝑙𝑙𝑅𝑅
d𝑞𝑞

d𝑅𝑅
d𝑙𝑙𝑅𝑅

, (43)

where

d𝑙𝑙𝑅𝑅
d𝑞𝑞 > 0 and d𝑅𝑅

d𝑙𝑙𝑅𝑅
> 0.

It follows that a higer expected rate of economic growth implies a higher
frequency of recessions. The derivative of the expected rate of unemploy-
ment (35) with respect to the expected rate of economic growth, in turn,
can be written as

dE [𝑢𝑢]
d𝑔𝑔 = 𝑅𝑅

d𝑎𝑎
d𝑔𝑔 + 𝑎𝑎

d𝑅𝑅
d𝑔𝑔 . (44)
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1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

d𝑅𝑅 = 𝑙𝑙𝑅𝑅 ln 𝑞𝑞 dλ + λ ln 𝑞𝑞 d𝑙𝑙𝑅𝑅 +
λ𝑙𝑙𝑅𝑅
𝑞𝑞 d𝑞𝑞. 1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

(𝑙𝑙𝑅𝑅𝛿𝛿d𝜆𝜆 + 𝜆𝜆𝛿𝛿d𝑙𝑙𝑅𝑅 + 𝑙𝑙𝑅𝑅𝛿𝛿d𝛿𝛿). 
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Appendix

A  Expected Rate of Economic Growth

The expected amount of the output at time 𝑡 (≥ 𝑡0 + 𝛿) conditioned by time 𝑡0 can be written as

Therefore, the expected rate of economic growth is written as

Appendix

A Expected Rate of Economic Growth
The expected amount of the output at time 𝑡𝑡 (≥ 𝑡𝑡0 + 𝛿𝛿) conditioned by time
𝑡𝑡0 can be written as

𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡)

]
=𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡)

]
+ 𝐸𝐸𝑡𝑡0 [ln 𝑓𝑓 (𝑥𝑥𝑡𝑡)]

=
∞∑
𝑖𝑖=0

𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅(𝑡𝑡−𝑡𝑡0)
[𝜆𝜆𝑙𝑙𝑅𝑅 (𝑡𝑡 − 𝑡𝑡0)]𝑖𝑖

𝑖𝑖! ln 𝑞𝑞𝑖𝑖𝐴𝐴𝑠𝑠(𝑡𝑡0)

+
(
1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

)
ln 𝑓𝑓

(
𝑥𝑥+

)
+ 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 ln 𝑓𝑓 (𝑥𝑥−)

=𝜆𝜆𝑙𝑙𝑅𝑅 (𝑡𝑡 − 𝑡𝑡0) ln 𝑞𝑞 + ln𝐴𝐴𝑠𝑠(𝑡𝑡0)

+
(
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𝑥𝑥+

)
+ 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 ln 𝑓𝑓 (𝑥𝑥−) .

Therefore, the expected rate of economic growth is written as

𝑔𝑔 =
𝐸𝐸
[
d ln𝐴𝐴𝑠𝑠(𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡)

]
d𝑡𝑡

= lim
Δ𝑡𝑡→0

𝐸𝐸
[
𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡+Δ𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡+Δ𝑡𝑡)

]
− 𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡)

] ]
Δ𝑡𝑡

= 𝜆𝜆𝑙𝑙𝑅𝑅 ln 𝑞𝑞
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Appendix

A Expected Rate of Economic Growth
The expected amount of the output at time 𝑡𝑡 (≥ 𝑡𝑡0 + 𝛿𝛿) conditioned by time
𝑡𝑡0 can be written as

𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡)

]
=𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡)

]
+ 𝐸𝐸𝑡𝑡0 [ln 𝑓𝑓 (𝑥𝑥𝑡𝑡)]

=
∞∑
𝑖𝑖=0

𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅(𝑡𝑡−𝑡𝑡0)
[𝜆𝜆𝑙𝑙𝑅𝑅 (𝑡𝑡 − 𝑡𝑡0)]𝑖𝑖

𝑖𝑖! ln 𝑞𝑞𝑖𝑖𝐴𝐴𝑠𝑠(𝑡𝑡0)

+
(
1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

)
ln 𝑓𝑓

(
𝑥𝑥+

)
+ 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 ln 𝑓𝑓 (𝑥𝑥−)

=𝜆𝜆𝑙𝑙𝑅𝑅 (𝑡𝑡 − 𝑡𝑡0) ln 𝑞𝑞 + ln𝐴𝐴𝑠𝑠(𝑡𝑡0)

+
(
1 − 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿

)
ln 𝑓𝑓

(
𝑥𝑥+

)
+ 𝑒𝑒−𝜆𝜆𝑙𝑙𝑅𝑅𝛿𝛿 ln 𝑓𝑓 (𝑥𝑥−) .

Therefore, the expected rate of economic growth is written as

𝑔𝑔 =
𝐸𝐸
[
d ln𝐴𝐴𝑠𝑠(𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡)

]
d𝑡𝑡

= lim
Δ𝑡𝑡→0

𝐸𝐸
[
𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡+Δ𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡+Δ𝑡𝑡)

]
− 𝐸𝐸𝑡𝑡0

[
ln𝐴𝐴𝑠𝑠(𝑡𝑡) 𝑓𝑓 (𝑥𝑥𝑡𝑡)

] ]
Δ𝑡𝑡

= 𝜆𝜆𝑙𝑙𝑅𝑅 ln 𝑞𝑞
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B  Expected Value of Monopolist

Substituting (14) and (17) into (6) yields
B Expected Value of Monopolist
Substituting (14) and (17) into (6) yields

𝑣𝑣 (𝑙𝑙𝑅𝑅𝑅𝑅+1) := 𝑉𝑉𝑅𝑅+1
𝐴𝐴𝑅𝑅+1

=
1 − 𝛽𝛽

𝛽𝛽
E𝑡𝑡𝑅𝑅+1

∫ min[𝑡𝑡𝑅𝑅+1+𝛿𝛿,𝑡𝑡𝑅𝑅+2]

𝑡𝑡𝑅𝑅+1

𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝑅𝑅+1)�̃�𝑤−
𝐼𝐼 𝑥𝑥

−d𝜏𝜏

+
∫ 𝑡𝑡𝑅𝑅+2

min[𝑡𝑡𝑅𝑅+1+𝛿𝛿]
𝑒𝑒−𝑟𝑟(𝜏𝜏−𝑡𝑡𝑅𝑅+1)�̃�𝑤+

𝐼𝐼 (𝑙𝑙𝑅𝑅𝑅𝑅+1) (1 − 𝑙𝑙𝑅𝑅𝑅𝑅)d𝜏𝜏


=
1 − 𝛽𝛽

𝛽𝛽

�̃�𝑤−
𝐼𝐼
𝑥𝑥−

𝑟𝑟
E𝑡𝑡𝑅𝑅+1


1 − 𝑒𝑒−𝑟𝑟 min[𝛿𝛿,𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1]



+ 1 − 𝛽𝛽

𝛽𝛽

�̃�𝑤+
𝐼𝐼
(𝑙𝑙𝑅𝑅𝑅𝑅+1) (1 − 𝑙𝑙𝑅𝑅𝑅𝑅)

𝑟𝑟
E𝑡𝑡𝑅𝑅+1


𝑒𝑒−𝑟𝑟 min[𝛿𝛿,𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1] − 𝑒𝑒−𝑟𝑟(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)



=
1 − 𝛽𝛽

𝛽𝛽

�̃�𝑤−
𝐼𝐼
𝑥𝑥−

𝑟𝑟

∫ ∞

𝑡𝑡𝑅𝑅+1

𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒
−𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1(𝑡𝑡𝑅𝑅+1−𝑡𝑡𝑅𝑅+2)d𝑡𝑡𝑅𝑅+2

−
∫ ∞

𝑡𝑡𝑅𝑅+1

𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒
−𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)𝑒𝑒−𝑟𝑟 min[𝛿𝛿,𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1]d𝑡𝑡𝑅𝑅+2



+ 1 − 𝛽𝛽

𝛽𝛽

�̃�𝑤+
𝐼𝐼
(𝑙𝑙𝑅𝑅𝑅𝑅+1) (1 − 𝑙𝑙𝑅𝑅𝑅𝑅)

𝑟𝑟

∫ ∞

𝑡𝑡𝑅𝑅+1

𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒
−𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)𝑒𝑒−𝑟𝑟 min[𝛿𝛿,𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1]d𝑡𝑡𝑅𝑅+2

−
∫ ∞

𝑡𝑡𝑅𝑅+1

𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒
−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1)(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)d𝑡𝑡𝑅𝑅+2



=
1 − 𝛽𝛽

𝛽𝛽

�̃�𝑤−
𝐼𝐼
𝑥𝑥−

𝑟𝑟


1 −

∫ 𝑡𝑡𝑅𝑅+1+𝛿𝛿

𝑡𝑡𝑅𝑅+1

𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒
−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1)(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)d𝑡𝑡𝑅𝑅+2

+
∫ ∞

𝑡𝑡𝑅𝑅+1+𝛿𝛿
𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)−𝑟𝑟𝛿𝛿d𝑡𝑡𝑅𝑅+2



+ 1 − 𝛽𝛽

𝛽𝛽

�̃�𝑤+
𝐼𝐼
(𝑙𝑙𝑅𝑅𝑅𝑅+1) (1 − 𝑙𝑙𝑅𝑅𝑅𝑅)

𝑟𝑟

∫ 𝑡𝑡𝑅𝑅+1+𝛿𝛿

𝑡𝑡𝑅𝑅+1

𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒
−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1)(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)d𝑡𝑡𝑅𝑅+2

+
∫ ∞

𝑡𝑡𝑅𝑅+1+𝛿𝛿
𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1𝑒𝑒

−𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1(𝑡𝑡𝑅𝑅+2−𝑡𝑡𝑅𝑅+1)−𝑟𝑟𝛿𝛿𝑑𝑑𝑡𝑡𝑅𝑅+2 −
𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1

𝑟𝑟 + 𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1



=
1 − 𝛽𝛽

𝛽𝛽
1

𝑟𝑟 + 𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1


1 − 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1)𝛿𝛿


�̃�𝑤−

𝐼𝐼 𝑥𝑥
− + 𝑒𝑒−(𝑟𝑟+𝜆𝜆𝑙𝑙𝑅𝑅𝑅𝑅+1)𝛿𝛿�̃�𝑤+

𝐼𝐼 (𝑙𝑙𝑅𝑅𝑅𝑅+1) (1 − 𝑙𝑙𝑅𝑅𝑅𝑅)
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1 − R  ├   lRδdλ + λδdlR + lRδdδ. 

 

d𝑢𝑢  𝜏𝜏 

 

d 

 

(     )  ( 

(  ) 

.
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