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1. INTRODUCTION

In the previous paper [16], following Jansen and Waldmann [9], we introduced
the notion of the strong Morita equivalence for coactions of a finite dimensional C*-
Hopf algebra on unital C*-algebras. Modifying this notion, we shall introduce the
notion of the strong Morita equivalence for unital inclusions of unital C*-algebras.
Also, we shall introduce the notion of conditional expectations from an equivalence
bimodule onto its closed subspace with respect to conditional expectations from
unital C*-algebras onto their unital C*-subalgebras. Furthermore, we shall study
their basic properties.

To specify, let A and B be unital C*-algebras and H a finite dimensional C*-
Hopf algebra. Let H be its dual C*-Hopf algebra. Let p and o be coactions of H°
on A and B, respectively. Then we can obtain the unital inclusions A C A, H and
B C B x, H and the canonical conditional expectations Ef and EY from A x, H
and B x, H onto A and B, respectively. We suppose that p and o are strongly
Morita equivalent. Then there are an A — B-equivalence bimodule X and a coaction
A of H? on X with respect to (A, B, p, o). Let E* be the linear map from X xy H
onto X defined by

E}Mx xy h) =71(h)x

for any x € X, h € H, where 7 is the Haar trace on H.

In Section 2, we give the notion of the strong Morita equivalence for unital in-
clusions of unital C*-algebras so that A C A x, H and B C B x, H are strongly
Morita equivalent. We also give the notion of conditional expectations from an
equivalence bimodule onto its closed subspace with respect to conditional expec-
tations from unital C*-algebras onto their unital C*-subalgebras so that E* is a
conditional expectation from X x, H onto X with respect to E4 and EB.

In Sections 3, 4 and 5, we study the properties of conditional expectations from
an equivalence bimodule onto its closed subspace with respect to conditional ex-
pectations from unital C*-algebras onto their unital C*-subalgebras. In Sections 6,
7 and 8, we give the upward and downward basic constructions for a conditional
expectation from an equivalence bimodule onto its closed subspace and a duality
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result which are similar to the ordinary basic constructions for conditional expec-
tations from unital C*-algebras onto their unital C*-subalgebras. Furthermore,
in Section 9, we study a relationship between the upward basic construction and
the downward basic construction for the conditional expectation from an equiva-
lence bimodule onto its closed subspace. Finally In Section 10, we show that the
strong Morita equivalence for unital inclusions of unital C*-algebras preserves their
paragroups.

Let A and B be C*-algebras and X an A — B-bimodule. Then we denote its left
A-action and right B-action on X by a-x and z-bforanya € A, b€ Band x € X.
For a C*-algebra A, we denote by M,,(A) the n x n-matrix algebra over A and I,
denotes the unit element in M,,(C). We identify M, (A) with A ® M, (C).

2. THE STRONG MORITA EQUIVALENCE AND BASIC PROPERTIES

We begin this section with the following definition: Let A, B,C and D be C*-
algebras.

Definition 1. Inclusions of C*-algebras A C C and B C D with AC = C and
BD = D are strongly Morita equivalent if there are a C' — D-equivalence bimodule
Y and its closed subspace X satisfying the following conditions:

Da-zeX,clzyycAforanyac A, z,y € X and (X, X) = A4, ¢« Y, X) =C,
(2)xz-be X, (z,yype Bforanybe B, z,y € X and (X,X)p =B, (Y, X)p =D.
Then we say that the inclusion A C C are strongly Morita equivalent to the in-
clusion B C D with respect to the C' — D-equivalent bimodule Y and its closed
subspace X. We note that X can be regarded as an A — B-equivalence bimodule.

Remark 2.1. (1) If Y is a C — D-equivalence bimodule, C-Y =Y -D =Y by
Brown, Mingo and Shen [5, Proposition 1.7].

(2) If strongly Morita equivalent inclusions A C C' and B C D are unital inclusions
of unital C*-algebras, we do not need to take the closure in Definition 1.

Proposition 2.2. The strong Morita equivalence for inclusions of C*-algebras is
an equivalence relation.

Proof. 1t suffices to show the transitivity since the other conditions clearly hold.
Let AC C and B C D and K C L be inclusions of C*-algebras. We suppose that
A C C is strongly Morita equivalent to B C D with respect to a C'— D-equivalence
bimodule Y and its closed subspace X and that B C D is strongly Morita equivalent
to K C L with respect to a D — L-equivalence bimodule W and its closed subspace
Z. We consider the closed subspace of Y ® p W spanned by the set

{z@zeYepW|zxeX, zelZ}
We denote it by X ®p Z. For any x1,20 € X, 21,20 € Zand a € A, k € K,

a-(x1®2z1)=(a-21)®2 € X ®p Z,
(T1®21) k=21®(21-k) € X ®p Z,
C<$1 & 21,2 ®22> = C<JC1 : D<Zl7 2’2>, $2> = c<$1 . B<Z1, 22>, 332>
A

x1 - B{#1, 22), x2) € A,

(21, (21, m2)p - 22)1 = (21, (21, 22)B - 22)1
= (z1, (21, ¥2)B - 22)Kk € K.
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Also, by Definition 1 and Remark 2.1,
c(X®p 2, X®p Z) =c(X (2, Z), X) = a(X B, X) = a(X, X) = 4,
(X®pZ, X@p Z),=(Z, (X, X)p-Z)L =(Z,B-Z)xk =(Z, Z)k = K,
c(Y@p W, X®p Z)=c(Y -p(W, Z), X) =c(Y - D, X) =c(Y, X) =C,
YopW, X@p Z)r=W, (Y. X)p-Z)p=W,D-Z),=(D-W, Z),,

= (W, Z)L = L.

Therefore, we obtain the conclusion. O

Let A C C and B C D be unital inclusions of unital C*-algebras which are
strongly Morita equivalent with respect to a C' — D-equivalence bimodule Y and
its closed subspace X. Let E4 and E® be conditional expectations from C' and D
onto A and B, respectively. Let EX be a linear map from Y onto X.

Definition 2. With above notations, we say that EX is a conditional expectation
from Y onto X with respect to E4 and EP if EX satisfies the following conditions:

(1) EX(c-x) = EA(c) -x forany c € C, v € X,
(2) EX(a-y)=a-EX(y) foranya € A,y €Y,
(3) E4(cly,2)) = c(EX(y),z) forany z € X, y €Y,
(4) EX(z-d) =x-EB(d) foranyd € D x € X,
(5) EX(y-b)=EX(y)-bforanybe B,y €Y,
(6) E”({y,)p) = (EX(y),2)p for any v € X, y € Y.

By Definition 1, we can see that E4(c{y,z)) = 4(EX(y),z) for any z € X,
y €Y and that EB({y,2)p) = (EX(y),z)p forany z € X,y € Y.

Let A € C and B C D be unital inclusions of unital C*-algebras, which
are strongly Morita equivalent with respect to a C' — D-equivalence bimodule
Y and its closed subspace X. By Kajiwara and Watatani [11, Lemma 1.7 and
Corollary 1.28], there are elements z1,...,2, € X such that >, (z;,z;)p = 1.
We consider X™ as an M,,(A) — B-equivalence bimodule in the evident way and
let T = (z1,22,...,2,) € X". Then (Z,Z)p = 1. Let p = p,(4)(T, T) and
z = M, (4)(T, T) - T. Also, let ¥ be the map from B to M,(A) defined by

Vp(b) = u,(a)(z- b, 2) = [amd, ;)]

for any b € B. Then p is a full projection in M, (A), that is, M, (A)pM,(4) =
M, (A) and ¥p is an isomorphism of B onto pM,(A)p by the proof of Rieffel
[22, Proposition 2.1]. We repeat the above discussions for the C' — D-equivalence
bimodule Y in the following way: We note that

n n

Z@z ,Ti)p = Z(xz, x;)p = 1.

i=1 =1

We consider Y™ as an M,,(C) — D-equivalence bimodule in the evident way. Then
T = (x1,...,2,) € Y™ and

= M, (0)(T, T) € M,(C),
- T = Mn(C)<f> f> -TEY™

P = M, (4)(T; T)

z = wm,(4)(T, T)

Let Up be the map from D to M, (C) defined by
Up(d) = m,c)(z-d, 2)

for any d € D. By the proof of [22, Proposition 2.1] p is a full projection in M, (C),
that is, M, (C)pM,(C) = M, (C) and ¥p is an isomorphism of D onto pM,,(C)p.
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Also, we see that U5 = Up|p by the definitions of U5 and Up. Let Ux be the
map from X to M, (A) defined by

alx, x1)  alx, xa) ... alx, x,)
0 0 0
Tx(z) = . : . :
0 0 0
nxn
1 0 0
0 0 0
for any z € X. Let f =
00 ... 0
nXxn

Lemma 2.3. With the above notations, Vx is a bijective linear map from X onto
(1® f)Mn(A)p.

Proof. Tt is clear that ¥x is linear and that (1® f)¥x(z) = Ux(z) for any z € X.
We note that p = [a(zi, z;)]}';—;. Then for any » € X

iy alw, wi) alz, m1) o D00 Al @) al@, Ta)
0 0
Ux(2)p = :
0 0
nxn

Here for j =1,2,...,n
n n n
ZA<xa xz :L'Z, 'Tj ZA 1' -Tz T, x] Z xzv l'z B, x]> = A<x» xj>'
i=1 i=1 i1

Thus we can see that Ux (z)p = Ux(z) for any z € X. Hence ¥x is the linear map
from X to (1® f)M,(A)p. Let y € (1® f)M,(A)p. Then we can write that

Yy - Yn E?:l Z/iA(UUi, $1> Z?:l yiA<33ia $n>
0o ... 0 0 0

by=1. .. - |P= : . : ’
0o ... O 0 0

where y1,...,y, € A. Modifying Remark after [11, Lemma 1.11], let x be the linear
map from (1® f)M,(A)p to X defined by

)= yiales, z)-x

ij=1
Then since Y7 (x5, z;)p = 1,
(Tx ox)(y)
(A o vi alwi, 25) gy w1) o a1 Vi al®i, @) -y, Tn)
0 0
- O O
_A<ZZ:1 Yi i (2, Tj)B, T1) ... A<ZZ:1 Yi - % (@), Tj)B, Tn)
0 0
L O 0
= y.



Also,

(xoUx)(@) =Y ale, i) alw, 25) -5 = Y alw, @) i (g, 2j)p
ij=1 ij=1
:ZA{,C .’,CZ Z:,U xl,sz—.T
i=1

Thus we obtain the conclusion.

Lemma 2.4. With the above notations, Vx satisfies the following:
(1) ¥x(a-z)=a-¥x(z) foranyac A, z € X,

(2) Ux(xz-b)=Tx(x) Pp(b) foranybe B,z € X,

(3) a(¥x(2), Yx(y)) = alz, y) for any z,y € X,

where we identify A with (1® f)M,(A)(1® f)=AR f,

(4) (Ux(2), Yx(Y))pr, ) = YB((z, y)B) for any z,y € X.

Proof. (1) Let a € A and « € X. Then

ala-z, 1) ... ala-z, zp)
0 0
0 0

Hence we obtain (1).
(2) Let b € B and z € X. Then

ale, z1) .. alx, xy,)
0 0 .
Ux(z)- ¥p(b) : [a(@i - b, 25)]521
0 0
nxn
Z?Zl alx, z;) ax; - b, x1) ... ZZ‘L:1 alz, x;) alx; - b, xp)
0 0
0 0

nxn
Here for j =1,2,...

7n7

n

ZA<$, xi) alx; - b, ;) ZA (@i, ;) B, x5) = alx - b, xj).
i=1

i=1

Thus we obtain (2).
(3) Let x,y € X. Then since we identify A with A® f,

n

<\11X ZA x, £ZZ ya > Z <‘T7 Ii>A<zi7 y>

i=1 i=1

ZA<A<$, Ti) T, Y) = ZA<$ xi, Ti) B, y) = alw, y).

i=1 i=1

Hence we obtain (3).
(4) Let z,y € X. Then

(Wx (), Ux(y))par,ayp = Ux ()" Wx (y) = [alz, )" aly, )=



On the other hand,

Vp((z, y)B) = [al@i - (z, y) B, 7j)]ij=1 = [alal@s, ) -y, 2)]3}

= [a{zi, ) aly, xj>]ij:1'

Hence we obtain (4). O

Let ¥y be the map from Y to M, (C) defined by

ofx, x1) ... colx, xn)
0 0
\I/y(l‘) =

nxn

for any z € Y.

Corollary 2.5. With the above notations, Vy is a bijective linear map from Y
onto (1® f)M,(C)p satisfying the following:

(1) Uy(c-z)=c-¥y(z) foranyce C,z €Y,

(2) Uy (z-d)=Ty(x) Up(d) foranyde D, z €Y,

(3) c(¥y(2), ¥y (y)) = c(z,y) for any z,y €Y,

where we identify C with (1@ fYM,(CY1® f)=C® f,

(4) (Py (), Uy (y))pm,.c)p = Yo((2,y)D) for any z,y €Y,

(5) \IfX = \Ify|X,

Proof. Tt is clear that Ux = Uy |x by the definitions of ¥x and ¥y . By Lemmas
2.3 and 2.4, we obtain the others. O

Let A C C and B C D be unital inclusions of unital C*-algebras. We suppose
that A C C and B C D are strongly Morita equivalent with respect to a C — D-
equivalence bimodule Y and its closed subspace X. Then by Lemmas 2.3, 2.4 and
Corollary 2.5, we may assume that

B =pM,(A)p, D=pM,(C)p, Y =01& f)M,(C)p, X =(1® f)M,(A)p,

where p is a projection in M, (A) satisfying that M, (A)pM,,(A) = M, (A), that
is, p is a full in M, (A) and n is a positive integer. We regard X and Y as an
A — pM,,(A)p-equivalence bimodule and a C' — pM,,(C)p-equivalence bimodule in
the usual way.

We consider the following: Let A C C be a unital inclusion of unital C*-algebras
and p a full projection in M, (A4). Then the inclusion pM,(A)p C pM,(C)p is
strongly Morita equivalent to A C C with respect to the C' — pM,, (C)p-equivalence
bimodule (1 ® f)M, (C)p and its closed subspace (1 ® f)M,(A)p. Let E4 be a
conditional expectation of Watatani index-finite type from C' onto A. We denote
by Indw (E4) the Watatani index of E4. We note that Indy (E4) € C N C’. Let
{(us,u) Y, be a quasi-basis for E4. Then {(u; ® I,,, u} ® I,)}, is a quasi-basis
for E4 ®id, the conditional expextation from M,,(C') onto M, (A). Since p is a full
projection in M, (A), there is elements a1, ...,ak, b1, -+ ,bx in M, (A) such that
Zfil a;pb; = 1y, (4)- Let EZ' be the conditional expectation from pM,,(C)p onto
pM,,(A)p defined by

AN _ (A o
Ep(z) = (B ®@id)(z)
for any « € pM,,(A)p. Then by routine computations, we can see that

{(p(u; ® I)a;p, pb;(u; @ I)p)}i=1,...N, j=1,... K
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is a quasi-basis for EA. Furthermore,

Indw (E Zp u; @ In)a;pbi(u; @ I,) Zp wiul @ Ip)

0.
= p(Indy (E4) @ I,)p = (IndW(EA) ® I,)p.
Let F' be the linear map from (1 ® f)M,(C)p onto (1 ® f)M,(A)p defined by
F((1® flap) = (B4 @id)(1® fzp) = (1© [)(EA @id)(2)p
for any x € M, (C).

Lemma 2.6. With the above notations, F is a conditional expectation from (1 ®
M, (C)p onto (1 ® )M, (A)p with respect to EA and E;f.

Proof. Tt suffices to show that F satisfies Conditions (1)-(6) in Definition 2.
(1) For any c € C, z € M,,(A),

Fle-(1® fap) = F((c® flap) = F(1® f)(c® I,)ap)
= (1@ HE* id)(c® L)a)p = 1® [E () @ L)ap
= BA¢)- (16 flap.

Thus we obtain Condition (1) in Definition 2.
(2) For any a € A, y € M,,(C),
1
1

(
Fla-(1® flyp) = F(1@ f)a® L)yp) = (1@ f)(E* @id)((a ® L,)y)p
(1@ f)(EY®id)(y)p=a-F(1® f)yp).

Thus we obtain Condition (2) in Definition 2.
(3) For any « € M, (A),y € M,(C),

c(F((1® fyp), 1@ flap) = c((1® /)(E* @id)(y)p, (1© f)ap)
= (1o /) (E* @id)(y)pe*(1® f)
= (B ®id)(1 @ flypz*(1® f))
= (E* @id)(c((1® fyp, (1@ f)ap))
(

since we identify C' with (1® f)M,(C)(1® f) = C ® f. Thus we obtain Condition
(3) in Definition 2.
(4) For any y € M,,(C), x € M,(A),

F(1® flzp-pyp) = F((1® flapyp) = (1® £)(E* @id)(zpy)p
= (1® fzp(E* @id)(y)p = (1@ f)ap- E; (pyp).

Thus we obtain Condition (4) in Definition 2.
(5) For any x € M,,(A), y € M,(C),

F((1® f)yp-pzp) = F((1® flypzp) = (1@ f)(E* ®id)(ypx)p
= (1@ f)(E*®id)(y)p - pxp = F((1L® f)yp) - pap.

Thus we obtain Condition (5) in Definition 2.
(6) For any z € M,(A),y € M,(C),

(F((1® fyp), (1 ® flzp)pm, )y = p(E* @id)(y)* (1 ® f)zp
= p(E* @id)(y* (1 ® f)a)p
= E} (1@ fyp, 1@ £zp)pm, c)p)-

Thus we obtain Condition (6) in Definition 2. Therefore, we obtain the conclusion.
O

=a-
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Theorem 2.7. Let A C C and B C D be unital inclusions of unital C*-algebras,
which are strongly Morita equivalent with respect to a C — D-equivalence bimodule
Y and its closed subspace X. If there is a conditional expectation E* of Watatani
index-finite type from C onto A, then there are a conditional expectation EP of
Watatani index-finite type from D onto B and a conditional expectation EX from
Y onto X with respect to E4 and EB. Also, if there is a conditional expectation
EB of Watatani indez-finite type from D onto B, then we have the same result as
above.

Proof. This is immediate by Lemmas 2.3, 2.4, 2.6 and Corollary 2.5. (|

3. ONE-SIDED CONDITIONAL EXPECTATIONS ON FULL HILBERT C*-MODULES

Let B C D be a unital inclusion of unital C*-algebras and let Y be a full right
Hilbert D-module and X its closed subspace satisfying the following:
(Hz-be X, (x,y)p € Bforany be B, x,y € X,
(2) (X, X)p = B, (V. X)p = D,
(3) There is a finite set {z;}7_; C X such that for any y € Y’

> @iz, y)p =v.

i=1
We note that Y is of finite type and that X can be regarded as a full right Hilbert
B-module of finite type in the sense of Kajiwara and Watatani [11]. Let Bp(Y') be
the C*-algebra of all right D-linear operators on Y for which has a right adjoint
D-linear operator on Y. Let C =Bp(Y). For any z,y € Y, let Giy be the rank-one
operator on Y defined by

for any z € Y. Then HXy is a right D-module operator. Hence HXy € C for any
xz,y € Y. Since D is unital, by [11, Lemma 1.7], C is the C*-algebra of all linear
spans of such 93;?/. Let Ag be the linear spans of the set {ny |z,y € X}. By the
assumptions, Z;;l HXI = 1y. Hence Ay is a x-algebra. Let A be the closure of Ay
in Bp(Y). Then A is a unital C*-subalgebra of C. Let Bg(X) be the C*-algebra
defined in the same way as above. Let 7 be the map from Bp(X) to A defined
by W(Gi{y) = G;iy, where z,y € X and ny is the rank-one operator on X defined

as above. Then clearly = is injective and)}r(IB%B (X)) = Ag. Thus Ay is closed and
Ay = A.

Lemma 3.1. With the above notations and assumptions, the inclusion A C C is
unital and strongly Morita equivalent to the unital inclusion B C D with respect to
Y and its closed subspace X.

Proof. By the above discussions, the inclusion A C C' is unital. Clearly A and B
are strongly Morita equivalent with respect to X and C' and D are strongly Morita
equivalent with respect to Y. For any x,y,2z € Y,

0y, (2)=xz-(y2)p==x" <Z z; - (Ti,Y)p, 2)p = ZJC (Y, xi)p (T4, 2)D

_ Y
- Z 0[1'@»11‘)13}, x; (Z)
=1

Since x; € X, [x - (y,z;)p] €Y fori=1,2,...,n, O;iy € (Y, X) for any x,y € Y.

Thus (Y, X) = C. Therefore, A C C' is strongly Morita equivalent to B C D with

respect to a C — D-equivalence bimodule Y and its closed subspace X. O
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Furthermore, we suppose that there is a conditional expectation EZ of Watatani
index-finite type from D onto B.

Definition 3. Let EX be a linear map from Y onto X. We say that EX is a
right conditional expectation from Y onto X with respect to EP if EX satisfies the
following conditions:

(1) EX(z-d) =x-EB(d) forany d € D, v € X,

(2) EX(y-b)=EX(y)-bforanybe B,y €Y,

(3) EB(<y7x>D) = <EX(y)7m>D for any r € X7 Yy e Y.

Remark 3.2. (i) By Definition 3, we can see that EZ((y,z)p) = (EX(y),z)p for
anyrz € X,yeY.

(i) EX is a projection of norm one from Y onto X. Indeed, by Raeburn and
William [21, the proof of Lemma 2.8], for any y € Y,

IEX ()|| = sup{|[{E¥ (), 2) 5| []]2]| < 1, z € X}
= sup{||E® ({y, 2)p)|| ||| < 1,2 € X}
< sup{[lyll |z| | l|z]] <1, z € X}
= [lyll-
Since EX (z) = x for any # € X, EX is a projection of norm one from Y onto X.

Lemma 3.3. With the same assumptions as in Lemma 8.1, we suppose that there
is a conditional expectation EB of Watatani index-finite type from D onto B. Then
there is a right conditional expectation EX from'Y onto X with respect to EB.

Proof. Let EX be the linear map from Y to X defined by

<EX(y)7x>B = EB(<y7m>D)
for any x € X, y € Y. We show that Conditions (1), (2) in Definition 3 hold.
Indeed, for any z,y € X, d € D,

(y, B¥(2-d))p = E”((y,2-d)p) = E”({y,2) pd) = (y, 2)p E”(d) = {y, - E”(d)) 5.
Hence EX(z-d) =2 - EB(d) for any x € X,d € D. Foranybe B,y €Y,z € X,
(@, B (y - b))p = EP ((z,y - b)p) = B ((z,y)pb) = E” ((z,y)p)b
= (2, BX(y)) b = (2, EX (y) - b) 5.

Hence EX(y-b) = EX(y)-bforany y € Y, b € B. a

Lemma 3.4. Let A C C and B C D be unital inclusions of unital C*-algebras,
which are strongly Morita equivalent with respect to a C — D-equivalence bimodule
Y and its closed subspace X. Let EB be a conditional expectation of Watatani
index-finite type from D onto B and EX a right conditional expectation from Y
onto X with respect to EB. Then for anya € A, y €Y, EX(a-y) =a- EX(y).

Proof. Since X is full with the left A-valued inner product, it suffices to show that
EX(a(z,2) - y) = al, 2) - BX(y)
for any z,z € X, y € Y. Indeed,
E¥(alw,2)-y) = EX(z - (z,y)p) =2 - EP((z,y)p) = - (2, EX(y))
= alz,z) - BX(y).

Proposition 3.5. With the same assumptions as in Lemma 3.4, there is a con-
ditional expectation EA from C onto A such that EX is a conditional expectation
from'Y onto X with respect to E4 and EB.
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Proof. Let E“ be the linear map from C onto A defined by
EAc) -z =FEX(c-x)

for any ¢ € C, z € X. First, we note that Conditions in Definition 2 except
Condition (3) hold by the assumptions and Lemma 3.4. We show that Condition
(3) in Definition 2 holds. Indeed fot any z,z € X, y € Y,

E*c(y,x))z = EX(c(y,2)-2) = EX(y-(,2)B) = EX(y)-(x,2)p = c(EX (), z)-2.

Hence for any z € X, y € Y, E4(c(y, z)) = ¢(EX(y), x). Next, we show that F4
is a conditional expectation from C onto A. For any a € A, x € X,

EAa)-2=FEX(@a z)=a-EX(z)=a -z
by Lemma 3.4. Hence E4(a) = a for any a € A. Forany c € C, z € X,
1EA(c) - al| = [|BX (e @)l < ezl < [le]|[]]]

by Remark 3.2 (ii). Hence ||E4|| = 1 since E4(a) = a for any a € A. Thus E4
is a projection of norm one from C onto A. It follows by Tomiyama [25, Theorem
1] that E4 is a conditional expectation from C' onto A. Therefore, we obtain the
conclusion. (]

Let B C D be a unital inclusion of unital C*-algebras and let Y be a full right
Hilbert D-module and X its closed subspace satisfying Conditions (1)-(3) in the
beginning of this section. We suppose that there is a conditional expectation EZ
of Watatani index-finite type from D onto B. Let C = Bp(Y) and let A be the
C*-subalgebra, the linear spans of the set {F)fy |z,y € X}. Then by Lemmas 3.1,
3.3, 3.4 and Proposition 3.5, there are a conditional expectation EX from Y onto
X and a conditional expectation E4 from C onto A such that E¥X is a conditional
expectation from Y onto X with respect to E4 and EZ. We note that a conditional
expectation E4 is depend only on E® and EX by Condition (3) in Definition 2.
Hence by Theorem 2.7, E4 is of Watatani index-finite type. Thus we obtain the
following corollary:

Corollary 3.6. With the same notations as in Proposition 3.5, a conditional ex-
pectation EA from C onto A defined in Proposition 3.5 is of Watatani indez-finite

type.
Combining the above results, we obtain the following:

Theorem 3.7. Let B C D be a unital inclusion of unital C*-algebras and letY be a
full right Hilbert D-module and X its closed subspace satisfying Conditions (1)-(3)
in the beginning of this section. Let EB be a conditional expectation of Watatani
indez-finite type from D onto B. Let C = Bp(Y) and let A be the C*-subalgebra,
the linear spans of the set {ny |z,y € X}. Then there are a conditional expectation
EA of Watatani index-finite type from C' onto A and a conditional expectation EX
from'Y onto X with respect to E4 and EB.

Remark 3.8. (i) In the same way as in Definition 3, we can define a left conditional
expectation in the following situation: Let A C C be a unital inclusion of unital
C*-algebras and let Y be a full left Hilbert C-module and X its closed subspace
satisfying that

Da-zeX, clz,yye Aforanya € A, z,y € X,

(2) o(X, X) = A, o{V. X) = C,

(3) There is a finite set {z;}"_; C Y such that for any y € YV’

ZC(Z/JJQ T =Y

i=1
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We note that Y is of finite type and that X can be regarded as a full left Hilbert
A-module of finite type in the sense of Kajiwara and Watatani [11].

(ii) A conditional expectation from an equivalence onto its closed subspace in Def-
inition 2 is a left and right conditional expectation.

(iii) We have the results on a left conditional expectation similar to the above.

4. EXAMPLES

In this section, we shall give two examples of conditional expectations from
equivalence bimodules onto their closed subspaces.

First, let A and B be unital C*-algebras which are strongly Morita equivalent
with respect to an A — B-equivalence bimodule X. Let H be a finite dimensional
C*-Hopf algebra with its dual C*-Hopf algebra HY. Let p and ¢ be coactions of H°
on A and B, respectively. We suppose that p and o are strongly Morita equivalent
with respect to a coaction A of H% on X, respectively, that is, (4, B, X, p, o, \, H%)
is a covariant system (See [16]). We use the same notations as in [16]. Let

C=Ax,H D=Bx,H

be crossed products of C*-algebras A and B by the actions of the finite dimensional
C*-Hopf algebra H induced by p and o, respectively. Also, let Y = X x H be the
crossed product of an A — B-equivalence bimodule X by the action of H induced by
A. Then by [16, Corollary 4.7], Y is a C' — D-equivalence bimodule and C and D are
strongly Morita equivalent with respect to Y. We can see that the unital inclusion
A C C and B C D are strongly Morita equivalent with respect to Y and its closed
subspace X by easy computations. Indeed, it suffices to show that «(X,Y) = C
and (X,Y)p = D since the other conditions in Definition 1 clearly hold. For any
r,ye X, he H,
ol xal,(Ix,h)" (yxx1)) = ((1x,h)"c(y xxl,zx,1))"
= C<1' X\ ]., Y A\ 1>(1 Xph) = A<I,y> ><1ph.

Hence (X, Y) = C. Also,

(x xx 1,y xxh)p = {(x,y)B X h.
Thus (X,Y)p = D.
Let EY and Ef be the canonical conditional expectations from A x, H and
B %, H onto A and B defined by

E?(ax,h)=7(h)a, E{(bxyh)=T7(h)b

for any a € A, b € B, h € H, respectively, where 7 is the Haar trace on H. Let F}
be the linear map from X x) H onto X defined by

E}Mx xy h) =1(h)x
forany z € X, h € H.

Proposition 4.1. With the above notations, E} is a conditional expectation from
X x5 H onto X with respect to E4 and EPB.

Proof. Let X,Y and E} be as above. We claim that Ef, EY and E} satisfy Con-
ditions (1)-(6) in Definition 2. Indeed, we compute the following:
(1) Foranya€ A,z € X, he€ H,

Ef((ax,h)- (33 1)) = BY(a- [hay » 2] x5 hz)
=a-z7(h) xx1=E{(ax,h) (xx1).
(2) Foranya€ A, x € X, h€ H,

EX((ax,1)- (xxxh)=Ef(a-2zxyh) =7(h)a -z xx1=(ax,1)  E}(z xyh).



(3) For any z,y € X, h € H,
ET(c(y xx h, 2 x5 1)) = E{(a(y, [S(h1))" a 2]) %, hz))

Y, [S(hay)™ 2 z])7(h2))

y, T(h)a) = a(Eq (y xx h), x).

(4) Forany be B,z € X, he€ H,

EM(zxx1)-(bxgh)) = EMxz-bxxh)=7(h)(x-bxx1)=(xxx1) - E7(bx, h).

(5) Forany be B,z € X, he€ H,

B ((zxah) - (b 1)) = B (- [h1) o b] ¥a B(2)) = & - br(h) x5 1

= EMxz xy h) - (b, 1).

(6) For any =,y € X, he H,

BY((y xx hy @33 1)) = EF ([l -0 (y, 2)5) %0 hiyy)

= 7(W" )y, ©)5 = (B} (y xx h), 35 1) 5.

Therefore, we obtain the conclusion. O

We shall give another example. Let A C B be a unital inclusion of unital C*-
algebras and let F' be a conditional expectation of Watatani index-finite type from
B onto A. Let f be the Jones projection and B; the C*-basic construction for F.
Let F} be its dual conditional expectation from B; onto B. Let f; be the Jones
projection and By the C*-basic construction for Fy. Let F5 be the dual conditional
expectation of F; from By onto B;. Then A is strongly Morita equivalent to By
and B is strongly Morita equivalent to By by Watatani [26]. Since F' and F} are
of Watatani index-finite type, B and B; can be equivalence bimodules, that is,
B can be regarded as a B; — A-equivalence bimodule as follows: For any a € A,
z,Y,2 € B,

Bl<x7 y> :xfy*7 <{E7 y>A:F(:’E*y)7 l‘fyZ:(L'F(yZ), Z-a=xa.

Also, By can be regarded as a By — B-equivalence bimodule as follows: For any
be B, x,y,z € By,

B2<x7 y> :xfly*a <l‘, y>B :Fl(m*y)7 xflyZ:xFl(yZ)a x-b=uxb.

We denote by Indy (F) the Watatani index of a conditional expectation F' from B
onto A. Also, let {(w;, w)}™, be a quasi-basis for F}.

Lemma 4.2. With the above notations, we suppose that Indy (F) € A. Then the
inclusions A C B and By C By are strongly Morita equivalent.

Proof. Let 0 be the linear map from B to Bj defined by
0(z) = Indy (F)2af
for any x € B. Then for any a € A, xz,y,z € B,
Oxfy-z-a)=0(xF(yz)a) = IndW(F)%mF(yz)af = IndW(F)%a:F(yz)fa.
On the other hand, since Indyw (F) € AN B/,

n

xfy~9(z)~a:9:fy~lndW(F)%zf~a: foywzflw:‘ ~IndW(F)%zf~a

i=1
= o fyIndw (F)? zfa = 2F(yIndw (F)? 2) fa = Indy (F) 2 2.F (y2) fa.
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Thus 6 is a By — A-bimodule map. Furthermore, for any x,y € B,
(0(x), 0(y)) 5 = Fi(0(x)"0(y)) = Fi((Indw (F) 2z f)* (Indw (F) 2y f))
= Indw (F)F1(f2"yf) = Indw (F)F1(F(2"y) f) = F(2"y)
= <.’17, y>A7
B (0(x), 6(y)) = 0(x) /10(y)" = Indw (F)z f frfy" = zfy" = B, (z, y)

by [26, Lemma 2.3.5]. Thus we regard B as a closed subspace of the By — B-
equivalence bimodule By by the map 6. In order to obtain the conclusion, it suffices
to show that p,(B,B1) = By and (B,Bj)p = B since the other conditions in
Definition 1 clearly hold. Let x,y,z € B. Then

B2 {2,yf2) = 5,(0(2),yf2) = b, (Indw (F) 2 f,yfz) = Indw (F)2af 12" fy.
Since fi12* = z*f1, p,(B, B1) = Ba. Also,
(w.uf2)p = (0(x),u )5 = (ndw (F)*f,y[2)5 = Fi(Indw (F)* f2"y /)
= Fy(Indw (F)2 F(2*y) fz) = Indw (F) "2 F(z*y)=.
Hence (B, B1)p = B. Therefore, we obtain the conclusion. O

Proposition 4.3. With the above notations, we regard B as a closed subspace of
By by the linear map 0 defined in Lemma 4.2 and we suppose that Indy (F) € A.
Then there is a conditional expectation G from By, onto B with respect to F and

Fs.
Proof. Let G be the linear map from B; onto B defined by
G(zfy) = «F(y)f = 6(Indw (F) " *cF(y))

for any 2,y € B, where we identify 6(Indy (F)~22F(y)) with Indy (F)~2zF(y).
By routine computations, we can see that G satisfies Conditions (1)-(6) in Definition
2. Indeed, we compute the following:

(1) For any 1 = afb, y1 = a1 fby € By, a,b,a1,b; € B and z € B,

G(z1fiyr - 0(2)) = G(ayfrys - Indw (F)22f) = Ga1 Fy (yiIndy (F) 2 2f))
= G(afbFy (a1 fbiIndy (F)22f))
= G(Indw (F)2 afbF) (a1 F(b12)f))
= Indy (F) " 2aF (bay F(b12))f
= Indw (F)"2aF (bay)F(b12)f.

On the other hand,
Fy(z1fiyn) - 2 = Indw (F) " tzyyy - 2 = Indw (F) " tafbay fb, - 2
= Indy (F) " 'aF(bay) fby - 2 = Indw (F) " *aF (bay ) F(by 2).

Since we identify @(Indy (F)~'aF (bay)F(byz)) with Indy (F)~2aF (ba1)F(b12)f,
we can see that G satisfies Condition (1) in Definition 2.
(2) For any a,b,z,y € B,

Glafb-xfy) = Glafbafy) = G(aF (bx) fy) = O(Indw (F) "2 aF (bx) F(y)).
On the other hand,
afb-Glxfy) =afb- IndW(F)féxF(y) = aF(bIndW(F)*%:z:F(y))
= Indy (F)~2aF (bx)F(y).
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Thus G satisfies Condition (2) in Definition 2.
(3) For any z,y,z € B,

B, (G(xfy), 0(2)) = p, (xF(y) f, Indw (F) 2 2f) = Indw (F)~ 2xF(y) f2*.
On the other hand,
Fy(p,(xfy, 0(2))) = Fa(p, (@ fy, Indw (F)?2f)) = Fa(xfyfrfz"Indw (F)?)
= Indw (F) " 2afyfz* = Indw (F) 2aF(y)f=".

Thus G satisfies Condition (3) in Definition 2.
(4) For any b,z € B,

G(0(2) - b) = G(Indy (F)2 zf - b) = G(Indy (F)? 2fb) = Indy (F)? 2F(b) f.
On the other hand,
0(2) - F(b) = Indyy (F)2 2fF(b) = Indy (F)2 2F (b) f.

Thus G satisfies Condition (3) in Definition 2.
(5) For any a € A, x,y € B,

Gla-xfy) = Glaxfy) = axF(y)f = a- G(xfy).
Thus G satisfies Condition (5) in Definition 2.
(6) For any z,y,z € B,

F((xfy, 0(2))5) = F(Fi(y* fo*Indw (F)* 2f)) = F(Fi(y"F(a*2)Indw (F)? )
= IndW(F)_%F(y*F(gc*z)) = Indw (F) "2 F(y*)F(2*2).
On the other hand,
(G(xfy), 0(2))5 = (F(y)f, dw (F)*2f) 5 = Indw (F)"* F(y")F(a"2).

Thus G satisfies Condition (6) in Definition 2. Therefore, we obtain the conclusion.
O

5. LINKING ALGEBRAS AND CONDITIONAL EXPECTATIONS

Let A C C and B C D be unital inclusions of unital C*-algebras, which are
strongly Morita equivalent with respect to a C' — D-equivalence bimodule Y and
its closed subspace X. We regard Y and X as a full right Hilbert D-module and
its closed subspace, respectively. Then Y and X satisfy the conditions at the
beginning of Section 3. We also note that the full right Hilbert D-module Y & D
and its closed subspace X @ B satisfy Conditions at the beginning of Section 3. Let
Lx =Bp(X ® B) and Ly = Bp(Y @ D). By Raeburn and Williams [21, Corollary
3.21], Lx and Ly are isomorphic to the linking algebras induced by equivalence
bimodules X and Y, respectively. We denote the linking algebras by the same
symbols Lx and Ly, respectively. In the same way as in the proof of Brown, Green
and Rieffel [4, Theorem 1.1], we obtain the following proposition:

Proposition 5.1. Let A C C and B C D be unital inclusions of unital C*-algebras.
Then the inclusions A C C and B C D are strongly Morita equivalent if and only
if there is a unital inclusion of unital C*-algebras K C L and projections in K
satisfying that

(1) pKp= A, pLp=C,

(2) ¢Kq= B, qLg= D,

(3) KpK =KqK =K, LpL=LgqL=L,p+q=1y.

We suppose that there is a conditional expectation E? of Watatani index-finite
type from D onto B. By Lemma 3.3, there is a right conditional expectation EX
from Y onto X with respect to EZ.
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Lemma 5.2. The linear map EX @ EP is a right conditional expectation from
Y © D onto X © B with respect to EB.

Proof. We show that Conditions (1)-(3) in Definition 3 hold.
(1) Forany x € X, b€ B,d € D,

(EX@EP)((zob)-d) = (EX®EP)((x-d)®bd) = 2-EP (d)®bE? (d) = (vdb)-EP(d).
(2) Foranybe B,y€Y,de D,

(EX @ EP)(y@d) - b) = (B ® EP)((y-b) ® db) = (E*(y) ©d) - b.
(3) Foranyx € X,be B,y€Y,de€ D,

(BY @ EP)(y@d), 2@ b)p = (E¥X(y) ® EP(d), 2 b)p
= (E*(y), 2)p + EP(d)"b
= E%((y, x)p) + EP(d"b)
=E((yed, z&b)p).
Therefore, Conditions (1)-(3) in Definition 3 hold. O

By Proposition 3.5 and Corollary 3.6, there is a conditional expectation EXX of
Watatani index-finite type from Ly onto Ly such that EX @ EP is a conditional
expectation from Y @ D onto X @ B with respect to EXX and EB. Since we identify
Lx and Ly with the linking algebras induced by equivalence bimodules X and Y,
respectively, we obtain the following proposition:

Proposition 5.3. With the above notations, we can write

FLx ([ ﬂ) E4(c) EX(x)
J

EX(y) EP(d)
ﬂ € Ly, where for any z € X, we denote by z its correspond-

ing element in X, the dual Hilbert C*-bimodule of X.

for any element E

Proof. Let 8yg4..¢f5 be the rank-one operator on Y @ D induced by y € d, 2 ® f €
Y @& D. Then by Definition 2, for any t &b € X & B,

E" (0ypazor) - (@ b) = (EX @ EP)(Oyed,-0r(c & b))
—(EX®EP)yod - (z f,z®d)p)
=(EX®E")(yod- ((z,2)p + [*D))
= EX(y- ((z,2)p + [*b)) & EP(d((z,2)p + [*D)).

On the other hand, since we identify Lx and Ly with the linking algebras induced
by X and Y, respectively, by the proof of [21, Corollary 3.21], we regard Oyqd e f

as an element cﬁy\,/z ) oyt . Then
z - d* df*

}::[EA&%%z»-x4-EX@-fﬂ-b]
(EX(z-d*), 2)p + EB(df*)b

:[ wd%@m+yﬁw}
EB((z-d", @)p +df*b)
— B (Byzd.07) - (¢ @ D).

Therefore, we obtain the conclusion. O

x
EX(z-dv)  EP(dfr) | LD

B4 oty #)) EX(%f*)] {



Lemma 5.4. With the above notations, let {(u;, uj)}i_y and {(vj, vi)}JL, be any
quasi-bases for E4 and EB, respectively. Then for anyy € Y,

y=> E¥(y-v;)-v]=> ui-EX(u} -y).
j=1 i—1

Proof. By the discussions in Section 2, we may assume the following:

B =pM(A)p, D =pMi(C)p, X=(1& f)Mp(A)p, Y =(1® f)M(C)p,

10 ... 0
0 0 ... 0

where k is a positive integer, f = L and p is a full projection in
0 0 ... 0

kxk
My, (A). Furthermore, we regard X and Y as an A—pMj,(A)p-equivalence bimodule

and a C — pMj(C)p-equivalence bimodule in the usual way. Also, we can suppose
that

EP = (B @idu, ©))lpmoyps B = (B @idar o))l aon) M
respectively. Let {(u;, u})}?, be any quasi-basis for E4. For any ¢ € C, h €
M;(C),

Zui CEX (- (1@ f)(c@h)p) = u; - (B4 ® idag, ) ((uf @ f)(c® h)p)

-

Q
Il
-

u; - (E4(ujc) ® fh)p

|

o
Il
N

(B (u¢) @ fh)p

Il

©
I
—

(c® fR)p=(1® f)(c® h)p.

[
M=

1

.
Il

Replacing the left hand side by the right hand side, in the similar way to the above,
we can obtain the other equation. O

Lemma 5.5. With the above notations, for any y € Y,
Indy (E4) -y =y - Indy (EB).
Proof. By Lemma 5.4, for any y € Y,

ZuioEX(uf Y -vg) v = Zymjv;‘ =y - Indy (E®).
] J

Similarly
S ui EX(uf -y vp) - v = Indw (B4) -y,
4,J
Hence, we obtain the conclusion. O

Corollary 5.6. With the above notations,
u; 0 w, 017, .
{(|:O 'Uj:|7|:0 Uj:| )|Z—1,27...,n,j—1,27..,7m}

Indy (E4) 0

is a quasi-basis for ELX and Indy (ELX) = [ 0 Indy (EP)|"
w
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Proof. By Lemma 5.4 and routine computations, we can see that

u; 0 w; 01" . ,
{([O } 7{0 ] Yi=1,2,...,n,7=1,2,...,m}

Uj Uj

is a quasi-basis for EXX. Hence by the definition of Watatani index, we can see

Indy (B4 0
thatIndW(ELX):[ WO( ) IndW(EB)] :

6. THE UPWARD BASIC CONSTRUCTION

Let A C C and B C D be unital inclusions of unital C*-algebras, which are
strongly Morita equivalent with respect to a C' — D-equivalence bimodule Y and
its closed subspace X. We suppose that there are conditional expectations E4
and EB from C and D onto A and B, which are of Watatani index-finite type,
respectively. Also, we suppose that there is a conditional expectation EX from Y
onto X with respect to EA and EB. Let eq and eg be the Jones projections for
E4 and EB, respectively and let C'; and D; be the C*-basic constructions for E4
and EB| respectively. We regard C' and D as a C; — A-equivalence bimodule and
a D1 — B-equivalence bimodule in the same way as in Section 4. Let

Yi=C®4sX®pD,

where D is the dual equivalence bimodule of D, a B — Di-equivalence bimodule.
Clearly Y is a C; — D-equivalence bimodule. Let EY be the linear map from Y;
to Y defined by

EY(c@z®d) =Indy(EY) ‘¢ -z d*
for any c € C,d € D, x € X. Then EY is well-defined, clearly. For any y € Y,

EY(S e BX(uf - p) ©1) = 3 Indw (B) s - BX (uf - y) = Indw (B4) -y
=1 =1

by Lemma 5.4. Hence EY is surjective. Also, we note that
EY(c®r®d) =Indy(EY) e -z d* =c-z-dIndy (EP)™!

for any c € C, d € D, x € X by Lemma 5.5. Let ¢ be the linear map from Y to ¥;
defined by

dy) => wi @ EX(uf -y-v)) @7
i,

forany y €Y.
Lemma 6.1. With the above notations, we have the following conditions: For any
ceC,deD,y,z€Y,
(1) ¢(c-y) =c- (y),
(2) ¢(y - d) = o(y) - d,
(3) i (8(y), ¢(2)) = c(y, 2),
(4) <¢(y)a ¢(Z)>D1 = <y,Z>D-

Proof. Let ce C,de D, y,z €Y. Then
dlc-y) =Y w@EX(ujc-y-v) @0 = > w® EX(E*(ujcup)uf - y - v)) @0
ij ij.k
:ZuiEA(u;cuk)(@EX(uz~yovj)®v~j :ZCUk®EX(UZ'y"Uj)®{)Vj
0,5,k Jk
=c-o(y).
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Hence we obtain Condition (1). In the similar way to the above, we can obtain
Condition (2). Next we show Conditions (3) and (4).

o), $(2)) = Y o lws @ BX(uf -y - 0) © T, g @ B (uf -z w) © )

i,k

=Y e lwalEN(ul g vy) @ G, EX (uf 2 m) @ ), ug)
gkl

= Z uiA<EX(U}k Y vj) ® Uj, EX(UZ - u) @ U)eau,
g,k

= Z wia (B (uf -y v;) - (v, v)p, EX(uf -z v))eauf
g,k

= > walBX(uf -y v) - EP(vv), EX (up - 2 - v))eaup
g,k

= Z i A (BX (uf -y - vjEB(v;-kvl)), EX(u} - z-v))eau)
ikl

=Y wialEX () -y - w), EX (- 2 vi))eau;,
i,k,l

=S wBA (i -y o, BX(uf - 2 w))eau
ikl

=Y wBNuic(y v, BX(uj - 2 - w)))eau;
i,k,l

=Y cly-v, EX(uj, -z w))eau;
k,l

= cly, EX(uj -z w) - vf)eauj
k,l

= ZC<ya ult ' Z>6Au;:
k

Zc(yazmkmu/ﬁ
k
C<y7z

).

Hence we obtain Condition (3). Similarly we obtain Condition (4). O

By the above lemma, we can identify Y with a closed subspace of Y; satisfying
Conditions (1), (2) in Definition 1 except the conditions that «(Y;,Y) = C and

Lemma 6.2. With the above, we identify Y with a closed subspace of Y1 by the
linear map ¢. Then ¢,(Y1,Y) =Cy and (Y1,Y)p, = D;.
18



Proof. Let c® z®d € Y; and y € Y. Since OEDIS u; @ EX (uf -y vj) @ U5,

o ez ®d by chc®x®d w; @ EX(uf -y - v;) @ 0;)

4,J

_ZCI (¢ afw ®d, EX(uf -y - ;) ® Uj), ui)
_ch (e- ale+ EB(@us), BX(ut -y ), )
= ZCA (x - EB(d*v;), EX(u} -y - vj))eau;
—ZCGAA (x- EB(a* Uj)7EX(U;'k'y‘Uj)>“;‘k
—ZceAC -EB(d*vj),Ui'E(U:‘y‘Uj»
—ZCGAC - EP(d*v;), y - v))

= ZCGAC Z- EB(d*Uj)U;a ,Y)

=ceacl{x-d*, y) =ceaclx,y-d).

Since ¢(X,Y) = C, we obtain that ¢, (Y1,Y) = C;. Also, since (X,Y)p = D, we
obtain that (Y1,Y)p, = D; in the same way as above. O

By Lemmas 6.1 and 6.2, we obtain the following corollary:

Corollary 6.3. With the above notations, the inclusions C' C Cy and D C Dy are
strongly Morita equivalent with respect to the C1 — D1 -equivalence bimodule Y1 and
its closed subspace Y .

Let E€ and EP be the dual conditional expectations of E4 and EZ, respectively.

Lemma 6.4. With the above notations, EY is a conditional expectation from Y;
onto Y with respect to E€ and EP.

Proof. We show that Conditions (1)-(6) in Definition 2 hold. We note that we

identify Y with ¢(Y) C Y3.
(1) For any ¢j,c0 € C,y €Y,

EY (creacy-y) = ZEY(CleACQ cu; @ EX (uf -y - vj) @ 0;)

1,3

= ZEY(ClEA(CQUi) ® EX(uf -y - vj) @ 0;)
%

= Z Indy (EY) " Ley EA (cawi) - EX (u} -y - vy) - v}
1.3

= Indw(EA)716162 cy = EC(CleACQ) xn
(2) For any ¢j,c0 € C,x € X,d € D,
EY(ci 202 ®d) = EY (cre2 ® 2 ®d) = Indyy (E4) erey - - dF
:cl-EY(02®m®c?).
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(3) By the proof of Lemma 6.2, for any c€ C, d€ D,z € X,y €Y,
E°(c(c®r®d, y) = Indw (E*) e oz - d*, y)
= Indw(E*) 'cle-a-d' y) = o, (Y (c®z ®d), y).
(4) By Lemma 5.5, we can see that
EY(y-diepds) =y - EP(diepds)

for any dy,ds € D, y € Y in the same way as in the proof of Condition (1).
(5) In the same way as in the proof of Condition (2), we can see that

EY(c®aj®d~1-d2) ZEY(C®$®CZ~1)'d2
forany c€ C, dy,dy € D, x € X.
(6) By Lemma 5.5 we can see that
EB((c@z®d,y)p, = (E¥c®z®d), y)p,.
forany ce C,de D,z € X, y € Y. Therefore we obtain the conclusion. O

Definition 4. In the above situation, Y; is called the upward basic construction
of Y for EX. Also, EY is called the dual conditional expectation of EX.

Remark 6.5. The linear map ¢ from Y to Y7 defined in the above is independent
of the choice of quasi-bases {(us,u})} and {(v;,v})} for E4 and EP, respectively.
Indeed, let {(w;, wy)} and {(z;, 2)} be another pair of quasi-bases for E4 and E”,
respectively. Then for any y € Y,

Swi @B Wl -y z) 5= Y wB(upw) @ EX (] -y-2) © B (v} )]
1, i,7,k,1
= > w @ BX (BN ujwiw] -y - 2z) @ B (2w) - 0

1,5,k,1

= Zuk @ EX(u} -y - szB(z;-‘vl)) ® Uy
gkl

=> w®EN(uj -y v) @0 = ¢(y).
k.l

Next, we shall show that the upward basic construction for equivalence bimodules
is unique in a certain sense.

Let A C C and B C D be unital inclusions of unital C*-algebras as above. Also,
let EA, EB, EX and Cy, D; be as above.

Lemma 6.6. With the above notations, Indy (E4) € A if and only if Indy (EP) €
B.

Proof. We assume that Indy (E4) € A. By the discussions before Lemma 2.6, we
may assume that

B =pMi(A)p, D =pM(C)p, EP(E*®idu,(c))lpr(c)ps
where k € N and p is a projection in My, (A) satisfying that My, (A)pMy(A) = My (A)
and My, (C)pMy(C) = M (C). Then by the discussions before Lemma 2.6,
Indy (E®) = (Indw (E4) @ Ii)p.

Since Indw (E4) € A, Indw (E®) € pMy(A)p = B. Thus, we obtain the conclusion.
U
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Let W be a C7 — D-equivalence bimodule. We suppose that IndW(EA) e A.
Then Indy (E®) € B by Lemma 6.6. Also, we suppose that Y is included in W
as its closed subspace and that the inclusions C' C C; and D C D; are strongly
Morita equivalent with respect to W and its closed subspace Y. Furthermore, we
suppose that there is a conditional expectation F¥ from W onto Y with respect to
E€ and EP satisfying that

F¥(ea-y-ep) =Indw(EY) - EX(y) ()

for any y € Y, where e4 and ep are the Jones projections for E4 and E?, respec-
tively. We note that in Lemma 6.9, we shall show that the conditional expectation
EY from Y; onto Y with respect to E¢ and EP satisfies that

EY(ea-y-ep) =Indw(EY) - EX(y)
for any y € Y. We show that there is a C'y — Di-equivalence bimodule isomorphism
0 from W onto Y7 such that
FY =EY 00,
Let {(ui,u;) 2y and {(v;,v})}jL; be quasi-bases for E4 and EB, respectively and
let {(wi, w;)}i=, and {(z;, z})}7-, be their dual quasi-bases for E“ and E” defined
by
w; = uieAIndW(EA)% ,(i=1,2,...,n),
zj = UjeBIndW(EB)% ,(G=1,2...,m),
respectively. Let 6 be the map from W to Y7 defined by
B(y) = ndw (B4 S s @ EX(FY (eau; - vjen)) @5
4,J
= u; @ EX(F¥ (eau; -y - vjep)) ® 0; - Indw (EP).
irj
for any y € W. Clearly 0 is a linear map from W to Y7.
Lemma 6.7. With the above notations, for any c1,co € C, d1,do € D andy € W,
O(creacs - y) = creaca - 0(y), O(y-diepds) =0(y) - diepds.
Proof. For any ¢1,c0 € C and y € W,
B(creacs - y) = Indy (E4) ZUZ ® EX(FY (E*(ujc1)eacs -y - vjeg)) @ U
0,J
= Indy (EY) ZuiEA(u;‘cl) ® EX(FY (eaca -y - vjep)) ® v;
4,J
= Indy (E*) Z c1 @ EX(FY (eaE* (couy)u} -y - vjep)) @ 05
4,J
= Indyw (E4) Z creacs - u; @ EX(FY (eau} -y -vjep)) ® v;
0,J
=creacs - 0(y).
Similarly we can see that 6(y - diepds) = 0(y) - diepdy for any dy,ds € D and

y € W. Therefore, we obtain the conclusion. O

Lemma 6.8. With the above notations, 0 is surjective.
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Proof. By Lemma 6.7 and Condition (x), for any c € C, d € D and ¢ € X

O(ceqs -z -epd”)=cey-0(x)-epd”

ZZCGA'UZ‘@)EX(@-:c-vj)®17j-eBd*
0,J
:Zc@EX(EA(ui)uf-x-vjEB(v;))@)cT:c@x@cZ

4,3

Hence 6 is surjective. O

Next, we show that 6 preserves the both-sided inner products.

Lemma 6.9. For anyy €Y,

eay-ep=ea-(y)-ep=ea-EX(y) = EX(y)-ep,
EY(ea-y-ep) =Indy (A" EX(y) = EX(y) - Indyw (B) L.

Proof. For any y € Y,

ea-y-ep :6A~Zui®EX(u;‘ Yy -v;) ®U; - ep
4,J
=Y 1@ EX(EA(w)u; -y v EP(v)) @ T=10EX(y) @ 1.
,J
Also, by the similar computations to the above, for any y € Y

ea-EX(y)=ea-o(BX(y) =E*(y) e =10 EX (y) ® L.
Furthermore,

EY(ea-y-ep)=E"(ea- EX(y)) = E(ea) - EX(y)
= Indw (A)~" - E¥(y) = E* (y) - Indw (B) ™"

by Lemma 5.5. Thus, we obtain the conclusion. O

Lemma 6.10. With the above notations, 6 preserves the both-sided inner products.

Proof. Let y1,y2 € W. Then

g(yl) = Indw(EA) ZUZ (oY 'b}', 9(y2) = Indw(EA) Z Uy X x2 @ 1/);'/1,

%] i1,J1
where

z1 = EX(FY (eauf -y1 -vjep)), m2=E~(FY (eau, -y vjen)).
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Hence by Lemma 6.9,
c (0(y1), 0(y2)) = Indy (E*)? Z o (U @ 11 @ V), Uiy ® T2 @ 0;,)

i,4,i1,1
=Indw (E*)* Y o (uiafer @ 6j,m0 @ 05,), us,)
ir4,i1,01
=Indw (EY)” Y o (s alwr - (05, 05,), w2), ui,)
i,4,01,01
=Tndw (E*)* Y o (wialwr - (vj,05,) B, 72), i)
i,4,01,01
=TIndw (E*)* Y o (wialer - B2 (0]v),), 22), ui,)
1,01
= Indw ( EA Z ujea ATy - B(U;Ujl)vl"ﬁ“;
4,9,81,J1
= Indy (E4)?
x Y wea a(EX(FY (eau - y1 - vjen)), EX(FY (eauf, - yo - vy e)))uf,
1,11,71
= Indy (E*)2
X > uicy(ea F¥(eauf -y vjep)-ep, ea- FY (eau, - y2 - vj,ep) - ep)uy,
4,81,J1
= Indy (E4)?
X Z oy (uiea - FY (eauf -y1 -vjep) - e, ujea FY (eau, -y - vjep) - ep)
4,81,71
= Z C <”UJ1 : Fy(w: "Y1 'UjleB) "€B, Wiy - FY( “Y2 - v]leB) eB>
i1,
*
= ch <y1 *Vj,€B, Y2 ° vj1eB> = 201 <y1 . vjlerjla y2> = C <y13y2>'
Ji Ji

Also, by Lemma 6.9, we ca see that (6(y1),0(y2))p, = (y1,¥2)p, in the same way
as in the above. Therefore, we obtain the conclusion. O

Proposition 6.11. With the above notations, 0 is a Cy — D1 -equivalence bimodule
isomorphism from W onto Y1 such that F¥ = EY o#.

Proof. By Lemmas 6.7, 6.8 and 6.10, we have only to show that 'Y = EY o§. For
any y € W,

(EY 0 6)(y Zuz EX(FY (eau} -y -vjep))-v
4.J
:IndW(EA)Zui-FY(eA-FY(eAuf Y- vjep)-ep) - v;
4,J
:IndW(EA)ZFY(uieA~FY(eAu;‘ Y- vjep) - epvj)
4,J

= Indy (E4)~ ZFY w; - FY (w} -y - 2) - ;)

= Indp ( EA ZFYy zj]

= FY(y)
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by Condition (x) and Lemma 5.5. Therefore, we obtain the conclusion. 0
Summing up the above discussions, we obtain the following theorem:

Theorem 6.12. Let A C C and B C D be unital inclusions of unital C*-algebras.
Let E4 and EP be conditional expectations from C and D onto A and B of
Watatani index-finite type, respectively. Let EX be a conditional expectation from
Y onto X with respect to E4 and EB. Let Cy and Dy be the C*-basic constructions
and e and ep the Jones projections for E4 and Eg, respectively. We suppose that
the Watatani indez, IndW(EA) isin A. Let W be a Cy — Dy -equivalence bimodule
satisfying that Y is included in W as its closed subspace and that the inclusions
C C C1 and D C Dy are strongly Morita equivalent to with respect to W and its
closed subspace Y. Also we suppose that there is a conditional expectation FY from
W onto Y with respect to E€ and EP satisfying that

FY(eA ‘y-ep) = IndW(EA)_1 . EX(y)

for anyy € Y, where E€ and EP are the dual conditional expectations from Cy and
D onto C and D for EA and EB, respectively. Then there is a Cy — Dy -equivalence
bimodule isomorphism 6 from W onto Yy such that FY = EY o0, where Y, is the
upward basic construction of Y for EX and EY is the dual conditional expectation
of EX.

7. DuALITY

In this section, we shall present a certain duality theorem for inclusions of equiv-
alence bimodules.

Let A C C and B C D be unital inclusions of unital C*-algebras, which are
strongly Morita equivalent with respect to a C'— D-equivalence bimodule Y and its
closed subspace X. Let E4 and E® be conditional expectations of Watatani index-
finite type from C' and D onto A and B, respectively. Let EX be a conditional
expectation from Y onto X with respect to E4 and E®. Let C, and D; be the
C*-basic constructions for E4 and E? and es and ep the Jones projections for
E4 and EB, respectively. Let Y] be the upward basic construction for EX and let
EC, EP and EY be the dual conditional expectations from C, D; and Y; onto C,
D and Y, respectively. Furthermore, let C5 and Dy be the C*-basic constructions
for E¢ and EP, respectively and ec and ep the Jones projections for E¢ and EP,
respectively. Let Y5 be the upward basic construction for EY and let E¢1, EP
and EY* be the dual conditional expectations from Cs, Dy and Y3 onto Cy, D; and
Y1, respectively. Let {(u;, u})}5 | and {(v;,v})}¥2, be quasi-bases for E4 and EP,
respectively. We note that we can assume that k = k;.

We suppose that Indy (E4) € A. Then Indw (EP) € B by Lemma 5.5. By
Proposition 4.3, the inclusions C; C Cy and A C C are strongly Morita equivalent
with respect to the Cy — C-equivalence bimodule C; and its closed subspace C.
Also, there is a conditional expectation G from C; onto C' with respect to E¢ and
EA. Let p = [EA(ufuj)]ﬁjzl. Then by the discussions in Section 2, p is a full

projection in My (A). Let ¥¢, be the map from C) to My(A) defined by

Ve, (creact) = [EA (ufer) A (eau))]F 2

for any c1,co € C. Then by the discussions in Section 2, ¥¢, is an isomorphism of
Cy onto pMj,(A)p. Let ¥¢, be the map from Cy to My (C) defined by

Ve, (crecer) = [E (wier) EC (cow))]} -
= [E€ (Indw (E*) e qute)) EC (Indw (B4)2 cyujen))]
= [Indw (B E€ (eaujc1) EC (caujen)]
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for any ¢y, ¢z € Cy, where {(w;, w})}r_, is the quasi-basis for E¢ defined by w; =
IndW(EA)%uieA for i = 1,2,...,k. Then U, is also an isomorphism of C3 onto
pM(C)p. Furthermore, let ®¢ be the map from C to My (A) defined by

E4(ujc)

for any ¢ € C, By the discussions in Section 2, ®¢ is a €7 — A-equivalence bimod-
ule isomorphism of the €7 — A-equivalence bimodule C' onto the pMy(A)p — A-

1 0 ... 0
0 0 ... 0

equivalence bimodule pMy(A)(1® f), where f = |. . . .| € M;(C) and we
00 ... 0

identify A and C; with A® f and pMj(A)p, respectively. Let ®¢, be the map from
Cy to My (C) defined by

E“(wic)
Pc, (C) = :
EC(wie)

for any ¢ € C'. Then by the discussions in Section 2, ®¢, is a Cy — C-equivalence bi-
module isomorphism of the Cy — C-equivalence bimodule C; onto the pM(C)p—C-
10 ... 0

00 ... 0

equivalence bimodule pMj,(C)(1® f), where f = € My (C) and we

00 ... 0

identify C and Cs with C' ® f and pMy(C)p, respectively. Thus, the inclusion
C; C Oy can be identified with the inclusion pMy(A)p C pM(C)p , the C; — A-
equivalence bimodule C' can be identified with the pMy (A)p— A-equivalence bimod-
ule pM;,(A)(1® f) and E can be identified with (E“ ® id)|,s, (4)p by the above
isomorphisms. Similar results to the above hold, that is, let ¢ = [EB(vjvj)]f’jzl.
Then g is a full projection in My(B) Then the inclusion D C D5 is identified the
inclusion ¢My(B)q C ¢My(D)q, the D; — B-equivalence bimodule D is identified
with ¢M},(B)q — B-equivalence bimodule ¢M(B)(1® f) and EP is identified with
(EP ®id)|qar,(B)q by the following isomorphisms: Let ¥p, be the isomorphism of
D1 onto ¢My(B)q defined by

Up, (diepds) = [E7 (v} ) B” (dyu;)];

ij=1>
for any dy,ds € D. Let Up, be the isomorphism of Dy onto ¢My(D)g defined by

Up,(diepdy) = [EP (2 d1) EP (daz))]}

i,j=1

for any di,dz € Dy, where {(z;,2)}¥_, is the quasi-basis for EP defined by z; =
IndW(B)%vieB fori=1,2,...,k. Furthermore, let ®p be the D; — B-equivalence
bimodule isomorphism of D onto ¢My(B)(1 ® f) defined by

EP (vid)
p(d) = :

EB(vid)
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for any d € D, where we identify D; with ¢Mj(B)q. Let ®p, be the Dy — D-
equivalence bimodule isomorphism of D; onto ¢My(D)(1 ® f) defined by
EP(z1d)
®p, (d) =

EP(2:d)
for any d € Dy, where we identify Dy with ¢M}(D)g.
Let Y7 and Y3 be the upward basic constructions for EX and EY, respectively.
By the definitions of Y; and Y5,
Vi=CosX®pD, Yo=Ci&cY @p D
Then
Y1 = pMp(A)(1® f) ®a X ®@p (1@ f)M(B)q

as C; — Dj-equivalence bimodules where we identify pMy(A)p and ¢My(B)q are
identified with C; and Dy, respectively. We regard p - My (X) - q as a pMy(A)p —
gMy.(B)g-equivalence bimodule in the usual way. Similarly

Y2 2 pMu(C)(1® f)®cY @p (1® f)My(D)q

as Cy — Dy-equivalence bimodules, where we identify pM;(C)p and qMy(D)q are
identified with Cy and Do, respectively.

Lemma 7.1. With the above notations,
pM(A)(1®@ f)@a X @p (1® f)Mp(B)g=p- Mp(X) - q

as pMy(A)p—qMy,(B)q-equivalence bimodules. Hence Y1 = p- My (X)-q as C1— D -
equivalence bimodules, where we identify pMy(A)p and ¢My(B)q with Cy and Dy,
respectively.

Proof. We have only to show that
PMi(A) (1@ f) ©a X @p (1© f)Mi(B)g=p- Mp(X) - q
as pMy,(A)p—qMy;(B)g-equivalence bimodules. Let ® be the map from pMj(A)(1®
f)®a X @ (1® f)M(B)q to p- My(X) - q defined by
P(pa(le f)ore (1 fbg) =pa-(x® f)-bg

for any a € My(A), b € My(B), x € X. Then it is clear that ® is well-defined
and a pMy(A)p — ¢My(B)g-bimodule. For any a1,as € My (A), by,bs € My(B) and
r1,x9 € X,

oM (A)p(Pa1(1® f) @21 @ (1® f)big, paz(1® f) @ 22 @ (1 @ f)b2q)

= pMp(A)pPa1(1® f) - a(r1 @ (1® f)big, 22 ® (1 ® f)baq), paz(1® f))

= pMp(A)p(Pa1a{z1 ® (1® fbirg, T2 ® (1® f)baq) ® f, pazx(1® f))

= paifa(z1 ®@ (1® f)big, 22 @ (1 ® f)b2q) ® flasp

= pai[a(z1 - 5((1® f)big, (1 ® f)b2q), x2) ® flasp

=paifa(zy - (1® f)bigb3(1 @ f), x2) @ flagp.
On the other hand,

pMy(A)p(Pa1 - (21 ® f) - big, paz - (x1 @ f) - bagq)
=pa1(1® ) a)((x1 @ f) - b1g, (22 @ f) - baq)(1 ® f)asp
=paifa(z1- (1® f)bigh5(1® f), x2) ® flazp.
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Hence ® preserves the left pMj(A)p-valued inner products. Also,

(pa1(1® f)@x1 @ (1@ fbig, pas(1® f) @ 22 @ (1 ® f)b2q)qas,.(B)q
= (21 ® (1 ® f)brg, (par(1®@ [f), paz(1® f))a - 22 @ (1@ f)b2q)qrr,.(B)q
= (21 ® (1® f)big, 1@ flajpas(1® f) 22 @ (1@ f)b2q)qm,(B)q
= ((1® f)big, [{z1, (1 @ flaipaz(1® f) - z2) B ® flb2q) g, (B)q
=gbi(1® f)[(z1, (1 ® flaipaz(1® f) - 22)5 ® flb2gq
= ¢bi[{z1, (1® flaipaz(1® f) - x2) B @ flb2q.

On the other hand,

(pay - (1 ® f) - biq, paz - (v2 @ f) - baq)qns, (B)q
=gbi(1® f)(par - (v1 ® f), paz - (22 @ f))rr,(B)(1 @ f)bagq
= gbi[{z1, (1 ® flaipaz(l® f)-x2)p ® f]bag.

Thus ® preserves the right ¢My(B)g-valued inner products. Furthermore, let
{fij}ﬁjﬂ be a system of matrix units of My(C). Then since f = fi1, for any
zeXandi,j=1,2,...,k,
Pl®fi) @@ (1® fij)e=p(l® fn)1® f)@ze (1o f)(1® fi))q
€ pMi(A)(1® f)@a X @p (1@ f)M(B)g.

Then by the definition of p - M (X) - ¢, for 4,5 =1,2,...,k,
Pp(1® fi) @@ (1@ fi1j)q) =p(1®@ fu) - (z@ f) - (1® fij)g=p- (z® fij) - q-

This means that @ is surjective. Therefore, we obtain the conclusion. O

Corollary 7.2. With the above notations,
pM(C)(1® f)®@cY @p (1@ f)My(D)g=p- Mi(Y)-q

as pMy(C)p—qMy(D)q-equivalence bimodules. Hence Yo = p- My (Y)-q as Co— Ds-
equivalence bimodules, where we identify pMy(C)p and gMy(D)q with Cy and Da,
respectively.

Proof. This is immediate by Lemma 6.1. O

By the aﬂove discussions, we can obtain the C; — Di-equivalence bimodule iso-
morphism ®; from Y3 onto p - My (Y) - ¢ defined by

Di(er @y@di) = [E9(wier) -y BP(di2)]F -
for any ¢; € C1, dy € D1, y € Y, where we identify Cy and D; with pM;(C)p and
qMy.(D)q by the isomorphisms defined above, respectively. Also, we can obtain the

C — D-equivalence bimodule isomorphism ® from Y; onto p - My,(X) - ¢ defined by
D(c@r®d) = [EYNuic) - x- BB (d*v;)]k

ij=1
for any ¢ € C, d € D, x € X, where we identify C' and D with pMy(A)p and
qMy.(B)q by the isomorphisms defined above, respectively.
Let EP-Mr(X)q be the conditional expectation from p- My (Y)-q onto p- My(X)-q
defined by
EP MY = (BX ® idag(©)|p-Mi(v)q
with respect to conditional expectations induced by E4®id My (c) and EB®id My (C)-

Lemma 7.3. With the above notations, we have

EPMe(X) a5 =P o B,
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Proof. We can prove this lemma by routine computations. Indeed, for any ¢; € Cf,
dl S D1, (VRS Y,

(BP M0 B) (e @y @ di) = BFMCOI(E (wier) -y - EP (di2)]F 1)
:[EX(EC(’U‘];Cl) Y- ED(dIZ])]zj 1

Let ¢1 = coeqcs, co,c3 € C and di = deepds, ds,ds € D. We note that for any
,j=1,2,...k,

w; = uieAIndW(EA)%7 zj = vjeBIndW(EB)%.
Hence

[EX(EC (wier) -y - BP(di2))))f =
= [EX(EC (Indw (E*)2 e qufcsencs) - y - EP (djepdiviepIndyw (EP))))E,
= [EX (Indw (E*) 2 EA(ujez)es - y - dj P (dv; )Indw (EP) %))
= [Indw (E*) "2 EA(ujcs) - EX (¢ -y - d3) - B (djv;)Indy (EP)73]E
= Indw (E) 7 [E4(uf o) - EX (c5 -y - d3) - EP (d3v))]}

by Lemma 5.5. On the other hand,

ij=1

B (c1 @y @ dy) = Indw (E*)ley -y - df = Indw (B*) ey - 4(y) - d
:ZIndW(EA) c1ou @ EX(uf -y -vp) @0 - d}
,J
Since ¢1 = caeqc3 and dy = deepds,
B (cr®@y@di) =Y Indw(EY) " eaB (esui) @ BX (u] -y - vj) @ [do B (dsv;)].
,J
Hence

(o E")(c1 @y @dy)
:ZIHdW(EA)%[(EA(U?C2EA(C3W)) EX(uj -y - vy) - EP(EP (v} d3)dsvm)]}

I,m=1
i
= > Indw (B) B (ufes) BN (ezuq) - BX (uf -y - v5) - B (v d3) E® (v
i
= ZIndW(EA)*l[EA(u;"CQ) - EX(EA(csuy)ul -y - vjEB(v;d:’;)) EB(d5vm)]k
i

= Indw (EY) B (ujea) - EX (e5 -y - d3) - BP (d3v,0)]}

l,m=1

l,m=1

l,m=1"

Therefore, we obtain the conclusion. O

Theorem 7.4. Let A C C and B C D be unital inclusions of unital C*-algebras,
which are strongly Morita equivalent with respect to a C — D-equivalence bimod-
ule Y and its closed subspace X. Let EA and EP be conditional expectations of
Watatani index-finite type from C and D onto A and B, respectively and let EX
be a conditional expectation from'Y onto X with respect to EA and EB. Let C1,
Dy and Yy be the C*- basic constructions and the upward basic construction for
EA, EB and EX, respectively. Also, let EC€, EP and EY be the dual conditional
expectations from C1, D1 and Y7 onto C, D and Y, respectively. Furthermore, in
the same way as above, we define the C*-basic constructions and the upward basic
constructions Ca, Doy and Yy for E€, EP and EY , respectively and we define the
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second dual conditional expectations E€1, EP1 and EY, respectively. Then there
are a positive integer k and full projections p € My(A) and g € My (B) with
pMi(A)p = C1, qMy(B)q = Dy,
pMy(C)p = Cy,  qMp(D)q = Do

such that there are a Ci — D1-eqivalence bimodule isomorphism ® of Y1 onto p -
My (X)-q and a Co— Da-equivalence bimodule isomorphism ®1 of Yo onto p-My(Y)-q
satifying that
EPMe(X) 4o =P o N
where EPM(X)4 js the conditional expectation from p- My,(Y)-q onto p- My(X)-q
defined by
Ep.Mk(X).q = (EX Y lde(C))|pMk(Y)q .

Proof. This is immediate by Lemmas 6.1, 7.3 and Corollary 7.2. O

8. THE DOWNWARD BASIC CONSTRUCTION

Let A C C and B C D be unital inclusions of unital C*-algebras which are
strongly Morita equivalent with respect to a C' — D-equivalence bimodule Y and
its closed subspace X. Let E4 and E® be conditional expectations of Watatani
index-finite type from C' and D onto A and B, respectively. Let EX be a condi-
tional expectation from Y onto X with respect to E4 and E®. We suppose that
Indyy (E4) € A. Then by Lemma 6.6, Indy, (EP) € B. Also, we suppose that there
are full projections p and ¢ in C' and D satisfying that

EA(p) = Indw (E*)™Y,  EB(q) = Indw (E®)7?,

respectively. Then by [19, Proposition 2.6], we obtain the following: Let P =
{p} N A and let EF be the conditional expectation from A onto P defined by

EP(a) = Indy (E4)E* (pap)
for any a € A. Similarly, let Q = {¢}'NB and let E? be the conditional expectation
from B onto @ defined by

E(b) = Indw (E®)E” (gbq)
for any b € B. Then Indy (ET) = Indw(E4) € PN C' and Indy (EQ) =
Indy (E®) € Q N D’. Furthermore, we can see that

ApA=C, BgB=D,

pap = E"(a), qbg = E?(D)

for any a € A and b € B. Also, the unital inclusions A C C and B C D can be
regarded as the C*-basic constructions of the unital inclusions P C A and Q C B,
respectively. In this section, we shall show that the unital inclusions P C A and
@ C B are strongly Morita equivalent and that there is a conditional expectation
from X onto its closed subspace with respect to E¥ and E€.

Let Z={re€ X|p-z==x-q}. Then Z is a closed subspace of X.

Lemma 8.1. With the above notations, Z is a Hilbert P — Q-bimodule in the sense
of Brown, Mingo and Shen [5].

Proof. This lemma can be proved by routine computations. Indeed, for any a € P,
T € Z,

plaw)=paz=a (pr)=a (oq) =(a2)q
Hence a-x € Z for any a € P, x € Z. Similarly for any b € Q, z € Z, x-b € Z.
For any z,y € Z,

p-alr,y) =clp-2y) =c(x-qy) =clz,p-y) = alz,y) - p.



Hence 4(x,y) € P for any z,y € Z. Similarly for any z,y € Z, (x,y)a € Q.
Since Z is a closed subspace of the A — B-equivalence bimodule X, Z is a Hilbert
P — @-bimodule in the sense of Brown, Mingo and Shen [5]. O

Let EZ be the linear map from X to Z defined by
E?(z) = Indw (E4) - EX(p- 2 - q)
for any z € X. We note that
E?(x) = EX(p-z-q) - Indw (EP)
for any z € X by Lemma 5.5.

Lemma 8.2. With the above notations, EZ satisfies Conditions (1)-(6) in Defini-
tion 2.

Proof. For any a € A, z € Z,
E%(a-2) = Indw(EY) - EX(p- (a-2) - q) = Indw (E?) - EX (pa-z - q)
= Indw (E?) - EX (pap - z) = Indyw (E*)E*(pap) - z = EF (a) - 2.

Hence EZ satisfies Condition (1) in Definition 2. Similarly EZ satisfies Condition
(4) in Definition 2. For any b € @, = € X,

EZ(z-b) = Indw (EY) - EX(p- (z-b) - q) = Indw (E?) - EX(p -z - qb)
=TIndw (EY)-EX(p-z-q)-b=E?(z)-b.

Hence EZ satisfies Condition (5) in Definition 2. Similarly EZ satisfies Condition
(2) in Definition 2. For any =z € X, z € Z,

p(E%(x), 2) = A(IndW(EA) "EX(p-z-q), 2) = IndW(EA)A<EX(p -z q), 2)
= Indw (EYEA(4lp- - q, 2)) = Indw (EYEA (pa (z, 2 - q))
= Indw (E*)E*(pa (z, p- 2)) = Indw (E*)E* (pa (2, 2)p)

= EF (a(x,2)).
Hence EZ satisfies Condition (3) in Definition 2. Also, in the same way as above,
by Lemma 5.5, we can see that EZ satisfies Condition (6) in Definition 2. g

Lemma 8.3. With the above notations, a4(X,Z) = A, (X,Z)p = B.
Proof. Since EZ is surjective by Lemma 8.2,
a(X. Z) = a(X, B?(X)) = (X, Indw (E*) - EX(p- X - q))
= A(X, EX(p- X - ¢))Indw (E?) = EA(c(X, p- X - ¢))Indw (E?)
= E*(c(X, X - ¢)p)Indw (E*).
Since X - B = X by [5, Proposition 1.7] and B¢B = D,
A(X, Z) = EA(c(X - B, X - B¢)p)Indw (E*) = EA(¢(X, X - B¢B)p)Indy (E*)
= E4(o(X, X - D)p)Indw (E?).
Since BC D, X = X -B C X - D by [5, Proposition 1.7]. Hence
A(X, Z) D EA(c(X, X)p)Indw (E*) = EA(4(X, X)p)Indy (E?)
= E4(Ap)Indy (E4) = A.

Since 4(X, Z) C A, we obtain that 4(X, Z) = A. Similarly we obtain that
(X, Z)p = B. Therefore we obtain the conclusion. O

Corollary 8.4. With the above notations, Z is a P — Q-equivalence bimodule and
EZ is a conditional expectation from X onto Z with respect to E¥ and E®.
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Proof. First, we show that Z is a P — Q-equivalence bimodule. By Lemma 8.1, we
have only to show that Z is full with the both sided inner products. Since E?Z is
surjective by Lemma 8.2,

p(Z,Z) = p(E?(X), B*(X)) = B" (a(X, B*(X))) = B" (4(X, Z))
=EFA) =P
by Lemma 8.3. Similarly (Z, Z)g = Q. Thus, Z is a P — Q-equivalence bimodule.

Hence EZ is a conditional expectation from X onto Z with respect to E¥ and
E9. O

Proposition 8.5. With the above notations, unital inclusions P C A and Q C B
are strongly Morita equivalent with respect to the P — Q- equivalence bimodule X

and its closed subspace Z and there is a conditional expectation from X onto Z with
respect to E¥ and E9.

Proof. This is immediate by Lemmas 8.1, 8.2 and Corollary 8.4. O

Definition 5. In the above situation, Z is called the downward basic construction
of X for EX. Also, EZ is called the pre-dual conditional expectation of EX.

9. RELATION BETWEEN THE UPWARD BASIC CONSTRUCTION AND THE
DOWNWARD BASIC CONSTRUCTION

Let A C C and B C D be unital inclusions of unital C*-algebras, which are
strongly Morita equivalent with respect to a C' — D-equivalence bimodule Y and
its closed subspace X. Let E4 and E®Z be conditional expectations of Watatani
index-finite type from C' and D onto A and B, respectively. Let EX be a condi-
tional expectation from Y onto X with respect to E4 and E®. We suppose that
Indw (E4) € A and Indw (EP) € B. Let e4 and ep be the Jones’ projections for
E# and EPB, respectively. Then by [26, Lemma 2.1.1],

A={aeClesa=uaeys}, B={be Dl|egb=bep},

respectively. Let C7 and D; be the C*-basic constructions for E4 and EB, respec-
tively and let EC and EP be the dual conditional expectations from C7 and D
onto C' and D, respectively. Then es and ep are full projections in C; and Dy,
respectively by [26, Lemma 2.1.6] and

Indy (EC) = Indw (E*) € A, Indw (EP) = Indw (E®) € B,
respectively. Furthermore,
EA(z) = Indy (E€)E€ (eazea) for any x € C,
EB(x) = Indw (EP)EP (eprep) for any x € D,
respectively. Let Y; be the upward basic construction for EX and EY the dual

conditional expectation of EX from Y7 onto Y. We recall that Y can be regarded
as a closed subspace of Y7 by the linear map ¢ from Y to Y; defined by

dy) =D w@EX(u] -y -v)) ® 7,
,J

for any y € Y, where {(u;,uf)} and {(vj,v})} are quasi-bases for E* and EP,
respectively and _

Y1I=C®4 X®pD.
Let

Z={yeYlea ¢(y)=oy) es}
By the discussions in Section 8, Z is a closed subspace of Y and Z is an A — B-
equivalence bimodule.
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Lemma 9.1. With the above notations, Z = X
Proof. For any = € X,
ea-d(x) = ZeA-u,;Q@EX(u;k T vj) @ U5

4,J

=Y 10 BX (B w)ul - v) @3
4,J

=Y 10E (@@ v)eu =) 1oz -E%(v) 03
J J

=Y 1eze[EPw)=1za1
J
Similarly, ¢(z)-ep = 1® 2 ® 1. Hence z € Z. Thus X C Z. Also, let y € Z. Since
ea-9(y) = o(y) - es,
ea-¢y) =4 o(y) =ea-d(y) - ep.
Also, since
ea-d(y) =Y 10 EX(y-v) @7 and ea-g(y)-ep=10E¥(y) @1,
J

we see that N

Y I1REX(y-v)o5;=10 EX(y) 1.

J

Using the conditional expectation EY,

Indw (E4) ™" EX(y) = ZIDdW(EA)_l CEX(y - vy) - of = Indw (B4 'y
J

by Lemma 5.4. Thus EX(y) = y, that is, y € X. Therefore, we obtain the
conclusion. (]

By Lemmas 6.9 and 9.1, we obtain the following:

Proposition 9.2. With the above notations, X can be regarded as the downward
basic construction for EY and EX can be regarded as the pre-dual conditional ex-
pectation of EY .

Next, let p and ¢ be full projections in C' and D satisfying that
EA(p) = Indw (EY) ™', EP(q) = Indw (E”) 7,

respectively. Let P,Q, EF, E? and Z, EZ be as in Section 8. We shall show that
Y is the upward basic construction for EZ and that E¥X is the dual conditional
expectation of EZ. By Section 8, we can see that

Indy (ET) = Indw (EY) € PNC’, Indw(E?) =Indw (E®)cQn D'
Also, we can see that
EZ?(z) = Indw (E4) - EX(p-z - q).

Furthermore, we can regard C' and D as the C*-basic constructions for E¥ and
E%, respectively by [19, Proposition 2.6]. We can also regard p and ¢ as the Jones
projections in C' and D, respectively. Hence by Proposition 6.11, we obtain the
following proposition:

Proposition 9.3. With the above notations, Y can be regarded as the upward basic
construction for EZ and EX can be regarded as the dual conditional expectation of
EZ.
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10. THE STRONG MORITA EQUIVALENCE AND THE PARAGROUPS

In this section, we show that the strong Morita equivalence for unital inclusions
of unital C*-algebras preserves their paragroups. We begin this section with the
following easy lemmas:

Lemma 10.1. Let A C C and B C D be unital inclusions of unital C*-algebras,
which are strongly Morita equivalent with respect to a C' — D-equivalence bimodule

Y and its closed subspace X. Then C'- X =X -D =Y.

Proof. Since X is an A — B-equivalence bimodule and A C C' is a unital inclusion,
there are elements 1, s, ...z, € X such that > (2;,2;)p = 1p. Then for any
yey,

n

y=y-lp=>Y y-(wiz)p =Y cly,z) zi
i=1 i=1
Hence we can see that C'- X =Y. Similarly we obtain that X - D =Y. O

Let A C C and B C D be as above. Let C € Cy and D C D; be unital
inclusion of unital C*-algebras, which are strongly Morita equivalent with respect
to a C; — Di-equivalence bimodule Y7 and its closed subspace Y. We note that
XCcYcy.

Lemma 10.2. With the above notations, the inclusion A C Cy and B C Dy are
strongly Morita equivalent with respect to the C1 — D1 -equivalence bimodule Y1 and
its closed subspace X.

Proof. Tt suffices to show that
oY, X)=C1 (Y1, X)p, = D;.
Indeed, by [5, Proposition 1.7] and Lemma 10.1,
oV, X)=c,Y1-D1,X)=¢,(Y1, X -D1)=¢, (Y1, X - DDy)
=0, Y1, Y -Dy) =, (1, Y1) =Ch.

Similarly, we can prove that (Y1 ,X)p, = Ds. O

Let A C C and B C D be unital inclusions of unital C*-algebras, which are
strongly Morita equivalent with respect to a C'— D-equivalence bimodule Y and its

closed subspace X. Then by Lemmas 2.3, 2.4 and Corollary 2.5, we may assume
that

B =pMn(A)p, D = pMu(C)p, Y = (1@ f)Mn(C)p, X = (1© f) M, (A)p,

where p is a full projection in M, (A) and n is a positive integer. We regard X
and Y as an A — pM,,(A)p-equivalence bimodule and a C' — pM,, (C)p-equivalence
bimodule in the usual way.

Lemma 10.3. With the above notations, we suppose that unital inclusions of unital
C*-algebras A C C and B C D are strongly Morita equivalent. Then the relative
commutants A’ N C and B’ N D are isomorphic.

Proof. By the above discussions, we have only to show that
A'NC = (pMy(A)p) N pMyu(C)p,

where p is a projection in M, (A) satisfying the above. By routine computations,
we can see that
M, (A)Y "M, (C)={c®1,|ce A'nC}.
Hence we can see that A’ N C = M, (A)’ N M, (C). Next, we claim that M, (A4)" N
M, (C) =2 (M,(A) N M,(C))p. Indeed, let m be the map from M,(A)' N M,(C)
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onto (M, (A) N M,(C))p defined by n(x) = px for any z € M,(A4) N M,(C).
Since p is a projection in M, (A), 7 is a homomorphism of M, (A4)" N M, (C) onto
(M, (A) N M, (C))p. We suppose that zp = 0 for an element x € M, (A)' N M, (C).
Since p is full in M,,(A), there are elements z1, ..., z, € M,(A) such that

m
> zpz = a4y
i=1
Then
m m
0= Zzlxpzl* = szlpz:‘ =1z
i=1 i=1

Hence 7 is injective. Thus 7 is an isomorphism of M,,(A4)' N M, (C) onto (M, (A)' N
M, (C))p. Finally we show that

(pPMy(A)p)' N pMy(C)p = (Mn(A) N M, (C))p.
Indeed, by easy computations, we can see that
pM, (A)p)' N pM,(C)p D (Mn(A) N M, (C))p.

We prove the inverse inclusion. Let y € (pM,(A)p) N pM,(C)p. Let w =
St ziyz;. Then for any z € M, (A),

m m m
_ * * * * * *
wr = 2iYz; TZjpz; = ZiYpz; xzjpz; = Zipz; XZjPYZ;
i.j=1 ij=1 i.j

m m

— . * . o

= E xzipyz; = g rzjyz; = TW.
j=1 j=1

Hence w € M,,(A)’ N M,,(C). On the other hand,

m m
wp=pw =Y pzyz =Y pupyz = Y ypzipz =yp =1y

Thus y € (M, (A)' N M, (C))p. Hence
(pMn(A)p)" NVpMy (C)p = (M (A) N My, (C))p.

Therefore, we obtain the conclusion. O

Let A C C and B C D be as above. We suppose that there is a conditional
expectation E4 of Watatani index-finite type from C' onto A. Then by Section 2,
there are a conditional expectation of Watatani index-finite type from D onto B
and a conditional expectation EX from Y onto X with respect to E4 and EP. For
any n € N, let C), and D,, be the n-th C*-basic constructions for conditional expec-
tations E4 and EB, respectively. Then by Corollary 6.3, the inclusions C,,_; C C,,
and D,_1 C D, are strongly Morita equivalent for any n € N, where Cy = C
and Dy = D. Thus, by Lemma 10.2, A C C,, and B C D,, are strongly Morita
equivalent for any n € N.

Theorem 10.4. Let A C C and B C D be unital inclusions of unital C*-algebras,
which are strongly Morita equivalent. We suppose that there is a conditional expec-
tation of Watatani indez-finite type from C' onto A. Then the paragroups of A C C
and B C D are isomorphic.

Proof. This is immediate by the above discussions and Lemma 10.3. O
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