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q-DIFFERENCE EQUATIONS FOR

q-HYPERGEOMETRIC INTEGRALS OF TYPE G2

MASAHIKO ITO AND YAMATO TAKUSHI

Abstract. We provide a simpler proof for an infinite product expression of
Gustafson’s q-beta integral of type G2 with 4 parameters. We extend Gustafson’s

q-integral to a q-hypergeometric integral of type G2 with 6 parameters. Under
a constraint of the parameters called the balancing condition, we obtain two ex-
plicit forms of q-difference equations satisfied by the q-hypergeometric integral
of type G2. Taking limit for a parameter, the q-hypergeometric integral of type

G2 degenerates to Gustafson’s q-integral, and one of two q-difference equations
becomes that satisfied by Gustafson’s q-integral. Using this we consequently have
an alternative proof for the infinite product of Gustafson’s q-beta integral again.

1. Introduction

The beta integral

(1.1) B(α, β) =

∫ 1

0

xα−1(1− x)β−1dx (Reα > 0, Reβ > 0)

satisfies the formula

(1.2) B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
,

where Γ(α) is the gamma function given as

Γ(α) =

∫ ∞

0

xα−1e−xdx (Reα > 0).

The formula (1.2) has a great significance in classical analysis and is applied variously
not only limited to Mathematics. For instance, the orthogonal polynomials associated
with the integrand of (1.1) as weight functions are called the Jacobi polynomials, and
their properties are studied precisely from the view of their theories and applications.
As a generalization of (1.2), the Selberg integral as a multivariable beta integral can
be written as the product of gamma functions, i.e.,

1

n!

∫ 1

0

· · ·
∫ 1

0

n∏
i=1

xα−1
i (1− xi)

β−1
∏

1≤j<k≤n

|xj − xk|2τ dx1dx2 · · · dxn

=

n∏
j=1

Γ(α+ (j − 1)τ)Γ(β + (j − 1)τ)Γ(jτ)

Γ(α+ β + (n+ j − 2)τ)Γ(τ)
,

where Reα > 0, Reβ > 0 and Re τ > −min{1/n,Reα/(n − 1),Reβ/(n − 1)}.
This formula coincides with (1.2) if n = 1, and is also fundamental to the theory of

Received November 30, 2020.

Ryukyu Math. J., 33(2020), 1-59

－ 1 －



multivariable orthogonal polynomials. (See the recent reference [3] for topics relevant
to the Selberg integral.)

Using Jackson integral
∫ 1

0
f(x)dqx = (1− q)

∑∞
i=0 f(q

i)qi, q-analogues of the beta
integral and the gamma function are given as

Bq(α, β) =

∫ 1

0

xα (qx; q)∞
(qβx; q)∞

dqx

x
, Γq(α) =

(q; q)∞
(qα; q)∞

(1− q)1−α,

where |q| < 1. Here we used the symbol (u; q)∞ :=
∏∞

i=0(1 − qiu). For simplicity
we also use the symbol (u1, u2, . . . , un)∞ := (u1; q)∞(u2; q)∞ · · · (un; q)∞. As q →
1, Bq(α, β) and Γq(α) become B(α, β) and Γ(α), respectively. In 1980 Askey [1]
established a q-analogue of the Selberg integral given as∫ 1

z1=0

∫ qτz1

z2=0

· · ·
∫ qτzn−1

zn=0

n∏
i=1

zαi
(qzi; q)∞
(qβzi; q)∞

×
∏

1≤j<k≤n

z2τ−1
j

(q1−τzk/zj ; q)∞
(qτzk/zj ; q)∞

(zj − zk)
dqzn
zn

· · · dqz2
z2

dqz1
z1

= qατ(
n
2)+2τ2(n3)

n∏
j=1

Γq(α+ (j − 1)τ)Γq(β + (j − 1)τ)Γq(jτ)

Γq(α+ β + (n+ j − 2)τ)Γq(τ)
,

(1.3)

where Reα > 0 and Reα + (n − 1)Re τ > 0. (In [9] an explanation for the formula
(1.3) supporting this paper is provided.) After (1.3) appeared, with a great deal of
researches developed in the 1990s for the Macdonald orthogonal polynomials associ-
ated with root systems, q-beta integrals possessing Weyl group symmetry associated
with root systems were studied. The most typical one associated with root systems
is the complex integral given as

(1.4)
(q; q)∞

2(2π
√−1)

∫
|z|=1

(z2, z−2; q)∞∏4
k=1(akz, akz

−1; q)∞

dz

z
=

(a1a2a3a4; q)∞∏
1≤i<j≤4(aiaj ; q)∞

,

where |ak| < 1 (k = 1, . . . , 4). We call the left-hand side of (1.4) the Askey–Wilson
integral (or q-beta integral of type BC1 [8]), which gives the orthogonal norm of the
Askey–Wilson orthogonal polynomials [2]. Nassrallah and Rahman [13] established
an extension of (1.4) given as

(1.5)
(q; q)∞

2(2π
√−1)

∫
|z|=1

(z±2, qa−1
6 z±1; q)∞∏5

k=1(akz
±1; q)∞

dz

z
=

∏5
i=1(qa

−1
6 a−1

i ; q)∞∏
1≤i<j≤5(aiaj ; q)∞

under the balancing condition a1a2 · · · a6 = q, where |ak| < 1 (k = 1, . . . , 5). Here
we used the symbols (u±2; q)∞ = (u2, u−2; q)∞ and (cu±1; q)∞ = (cu, cu−1; q)∞. By
taking limit a5 → 0 the Askey–Wilson integral (1.4) is obtained from the Nassrallah–
Rahman integral (1.5) as a special case. Although the Nassrallah–Rahman integral
does not give a norm for specific orthogonal polynomials, it has higher symmetry than
the Askey–Wilson integral, and consequently the proof of the formula (1.5) become
simpler than that of the formula (1.4). The formulas (1.4) and (1.5) can be extended
to the multidimensional case (q-Selberg contour integral of type BCn), which gives
the norm of the Macdonald–Koornwinder multivariable orthogonal polynomials, and
topics around the integrals of type BCn are still much actively researched area. We
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note that in the last two decades, several elliptic extensions (p, q-analogue) of the q-
beta integrals have been studied, especially for those of type BCn by van Diejen and
Spiridonov [17], Spiridonov [15], Rains [14] (see also [11] for explanation supporting
this paper).
On the other hand, compared with the development of the q-beta integrals asso-

ciated with classical root systems, research on those associated with the exceptional
root systems seems to be not fully studied yet at present. For the root system G2

Gustafson [5, 6] showed the following.

Proposition 1.1. Suppose that ak ∈ C
∗ (1 ≤ k ≤ 4) satisfy |ak| < 1. Then,

(q; q)2∞
12(2π

√−1)2
∫∫

T2

∏
1≤i<j≤3(xixj , x

−1
i xj , xix

−1
j , x−1

i x−1
j ; q)∞∏3

i=1

∏4
k=1(akxi, akx

−1
i ; q)∞

dx1

x1

dx2

x2

=
(a21a

2
2a

2
3a

2
4; q)∞

(a1a2a3a4; q)∞

4∏
i=1

(ai; q)∞
(a2i ; q)∞

∏
1≤i<j≤4

1

(aiaj ; q)∞

∏
1≤i<j<k≤4

1

(aiajak; q)∞
,

(1.6)

where x3 = x−1
1 x−1

2 and T
2 is the 2-dimensional torus given as

T
2 = {(x1, x2) ∈ (C)2 | |xi| = 1 (i = 1, 2)}

In spite of its simple appearance no short proofs for the formula (1.6) are known.
One of our aims is to give a simpler proof for (1.6). The other aim is to investigate a
generalized integral of Nassrallah–Rahman type for the case of G2 defined as

(1.7)
(q; q)2∞

12(2π
√−1)2

∫∫
T2

∏
1≤i<j≤3(x

±
i x
±
j , qa

−1
6 x±i x

±
j ; q)∞∏3

i=1

∏5
k=1(akx

±
i ; q)∞

dx1

x1

dx2

x2
,

under the conditions x1x2x3 = 1 and a1a2 · · · a6 = −q. For simplicity here we use the
symbol (cu±v±; q)∞ = (cuv, cu−1v, cuv−1, cu−1v−1; q)∞. Gustafson’s integral (the
left-hand side of (1.6)) is included in (1.7) as the limiting case a5 → 0. Although the
integral (1.7) no longer has product expression by gamma functions as the right-hand
side of (1.6), it satisfies two independent q-difference equations of rank 2. We provide
the explicit forms of these two equations (see Theorems 7.1 and 7.2). As a corollary of
the theorem we can understand that, when a5 → 0, one of the q-difference equations
degenerate to that of rank 1 satisfied by Gustafson’s integral. This consequently gives
another alternative proof for the formula (1.6).
This paper is organized as follows. After defining basic terminology in Section

2, we explain in Section 3 a way to derive the formula (1.4) for the Askey–Wilson
integral (BC1 case), before proving the formula (1.6) for Gustafson’s integral of type
G2. Since the arguments for both BC1 and G2 cases are completely parallel, this
section for BC1 case would be instructive to understand the strategy of two steps for
G2 case. The first step is to derive the q-difference equations (two-term recurrence
relations) for the integral with respect to its parameters by using q-Stokes’ theorem.
Once we had these recurrence relations, using them repeatedly we see that the integral
can be expressed as a product form up to a multiplicative constant. The next step
is to determine the indefinite constant using a special value of the integral at some
specific point. We enumerate several special values for the integral of type BC1

which are simply computed at the corresponding specific points. In Section 4 we
explain the derivation of the formula (1.5) for the Nassrallah–Rahman integral (BC1
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case with a balancing condition). The argument of this section is almost parallel
to that of Section 3 except the treatment of the balancing condition. In Section 5
we recall terminology of the root system G2 and its Weyl group W . In addition to
this we introduce two C-vector subspaces F2 and F4 in the C-vector space of W -
invariant Laurent polynomials, and define the C-bases of Fi, (i = 2, 4) that consist of
Lagrange interpolation polynomials associated with some specific points. These bases
are important and necessary to apply q-Stokes’ theorem to the integrals of type G2

when we derive q-difference equations for the integrals of type G2 in the succeeding
sections. Section 6 is devoted to a derivation for the formula (1.6) of Gustafson’s
integral of type G2. This is one of our main results. Although calculation we need is
more complex than the BC1 case, the strategy of two steps is still the same as the
BC1 case. In Section 7 we define Nassrallah–Rahman type integral for G2 case (the
integral of type G2 with a balancing condition). We compute the explicit forms of
two q-difference equations which the Nassrallah–Rahman integral of type G2 satisfies
(see Theorems 7.1 and 7.2). This is the other result of ours.
Lastly we note that the contents of this paper is fundamentally based on the thesis

of the second author [16]. We remark that the elliptic version of Gustafson’s integral
(1.6) was recently proved in [10].

2. Preliminaries

Throughout this paper we fix q ∈ C
∗ with |q| < 1. We use the q-shifted factorials

for x ∈ C as

(x; q)∞ :=
∞∏
i=0

(1− qix)

and

(x; q)n :=
(x; q)∞
(qnx; q)∞

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(1− x)(1− qx)(1− q2x) · · · (1− qn−1x) if n = 1, 2, . . . ,

1 if n = 0,

1

(1− q−1x)(1− q−2x) · · · (1− qnx)
if n = −1,−2, . . . .

We also use the symbol

(x1, x2, . . . , xm; q)∞ := (x1; q)∞(x2; q)∞ · · · (xm; q)∞.

By definition we have

(2.1) (x2; q)∞ = (x,−x, q 1
2x,−q 1

2x; q)∞.

In particular, if x = q
1
2 , then we have (q; q)∞ = (q

1
2 ,−q 1

2 , q,−q; q)∞, so that
(2.2) 1 = (q

1
2 ,−q 1

2 ,−q; q)∞.

For u, v ∈ C
∗ we set

(2.3) e(u, v) := u+ u−1 − v − v−1 = u−1(1− uv)(1− u/v),
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which satisfies

e(u, v) = −e(v, u), e(u, v) = e(u−1, v), e(u, v) + e(v, w) = e(u,w),

and

e(u, v)e(w, x)− e(u,w)e(v, x) + e(u, x)e(v, w) = 0.

For z ∈ C
∗ we define ϑ(z; q) by the bilateral series

(2.4) ϑ(z; q) :=

∞∑
ν=−∞

(−z)νq(ν2),

which converges uniformly on compact sets of C∗ and satisfies

(2.5) ϑ(z; q) = (z, qz−1, q; q)∞.

The identity (2.5) is called Jacobi’s triple product formula [4].

3. Askey–Wilson integral

The aim of this section is to provide a way to prove the following identity.

Proposition 3.1. Suppose that ak ∈ C
∗ (1 ≤ k ≤ 4) satisfy |ak| < 1. Then, we have

(3.1)
1

2π
√−1

∫
T

(z2, z−2; q)∞∏4
k=1(akz, akz

−1; q)∞

dz

z
=

2

(q; q)∞
(a1a2a3a4; q)∞∏
1≤i<j≤4(aiaj ; q)∞

,

where T is the unit circle {z ∈ C | |z| = 1} traversed along the positive direction.

The left-hand side of (3.1) is called the Askey–Wilson integral [2, 8]. Throughout this
section, we define the function Φ(z) on C

∗ by

(3.2) Φ(z) :=
(z2, z−2; q)∞∏4

k=1(akz, akz
−1; q)∞

and also denote by I(a1, a2, a3, a4) the left-hand side of (3.1), i.e.,

(3.3) I(a1, a2, a3, a4) :=
1

2π
√−1

∫
T

Φ(z)
dz

z
.

On the other hand, we define P (a1, a2, a3, a4) by the infinite product

(3.4) P (a1, a2, a3, a4) :=
(a1a2a3a4; q)∞∏
1≤i<j≤4(aiaj ; q)∞

,

so that the identity (3.1) is rewritten as

I(a1, a2, a3, a4) =
2

(q; q)∞
P (a1, a2, a3, a4)

for ak ∈ C
∗ (1 ≤ k ≤ 4) satisfying |ak| < 1. Before proving this identity, we state the

q-Stokes’ theorem in the following section.
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3.1. q-Difference operator ∇q,z and q-Stokes’ theorem. For an arbitrary func-
tion f(z) on C

∗ we define the q-shift operator Tq,z by Tq,zf(z) = f(qz).

Lemma 3.2. Let F+(z) and F−(z) be functions specified by

F+(z) :=
1

z

∏4
k=1(1− akz)

1− z2
= − 1

z − z−1
z−2

4∏
k=1

(1− akz),(3.5)

F−(z) := F+(z
−1) = z

∏4
k=1(1− akz

−1)

1− z−2
.(3.6)

Then, it follows that

(3.7)
Tq,zΦ(z)

Φ(z)
= − F+(z)

Tq,zF−(z)
.

Proof. By the definition (3.2) of Φ(z) we have

Φ(qz)

Φ(z)
=
(q2z2, q−2z−2; q)∞
(z2, z−2; q)∞

4∏
k=1

(akz, akz
−1; q)∞

(qakz, q−1akz−1; q)∞

=
(1− q−2z−2)(1− q−1z−2)

(1− z2)(1− qz2)

4∏
k=1

1− akz

1− q−1akz−1

= −q−1z−2 1− q−2z−2

1− z2

4∏
k=1

1− akz

1− q−1akz−1
= − F+(z)

F−(qz)
,

which completes the proof. �

For an arbitrary meromorphic function ϕ(z) on C
∗ we define the symbol

(3.8) 〈ϕ(z)〉 := 1

2π
√−1

∫
T

ϕ(z)Φ(z)
dz

z

In particular, from (3.3) we have 〈1〉 = I(a1, a2, a3, a4). The following is a technical
key lemma of this paper.

Proposition 3.3 (q-Stokes’ theorem). For an arbitrary meromorphic function ϕ(z)
on C

∗, let ∇q,z be operator specified by

(3.9) (∇q,zϕ)(z) := F−(z)ϕ(z) + F+(z)Tq,zϕ(z).

Suppose that |ak| < 1 (k = 1, 2, 3, 4). For an arbitrary holomorphic function ϕ(z) on
C
∗, it follows that

(3.10) 〈∇q,zϕ(z)〉 = 0.
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Proof. By the definition of ∇q,z we have

〈∇q,zϕ(z)〉 =
∫
T

Φ(z)∇q,zϕ(z)
dz

z
=

∫
T

Φ(z)
(
F−(z)ϕ(z) + F+(z)ϕ(qz)

)dz
z

=

∫
T

Φ(z)
(
F−(z)ϕ(z)− Φ(qz)

Φ(z)
F−(qz)ϕ(qz)

)dz
z

(from (3.7))

=

∫
T

(
Φ(z)F−(z)ψ(z)− Φ(qz)F−(qz)ψ(qz)

)dz
z

=

∫
T

Φ(z)F−(z)ϕ(z)
dz

z
−
∫
T

Φ(qz)F−(qz)ϕ(qz)
dz

z
.

(3.11)

By variable change w = qz for the second term of the last line of (3.11), we have
dw/w = dz/z, and the integral over T changes to that over Tq := {w ∈ C | |w| = |q|}.
Thus, from (3.11) we have

〈∇q,zϕ(z)〉 =
∫
T

Φ(z)F−(z)ϕ(z)
dz

z
−
∫
Tq

Φ(z)F−(z)ϕ(z)
dz

z
.

By the Cauchy theorem, in order to complete the proof, it suffices to show that the
function Φ(z)F−(z)ϕ(z)z−1 is holomorphic on the annulus {z ∈ C | |q| ≤ |z| ≤ 1}.
From (3.5) and (3.6), we have

Φ(z)F−(z)ϕ(z)z−1 =
(z2, z−2; q)∞∏4

k=1(akz, akz
−1; q)∞

1

z−1

∏4
k=1(1− akz

−1)

1− z−2
ϕ(z)z−1

=
(z2, qz−2; q)∞∏4

k=1(akz, qakz
−1; q)∞

ϕ(z).

(3.12)

Since ϕ(z) is holomorphic on C∗ by assumption, poles of the function Φ(z)F−(z)ϕ(z)z−1

coincide with zero points of the denominator of (3.12). The set of solutions z of
(akz, qakz

−1; q)∞ = 0 are expressed as

{q−na−1
k |n = 0, 1, 2, · · · } ∪ {q1+nak |n = 0, 1, 2, · · · }.

Since |ak| < 1 and |q| < 1 by assumption, we have

|q−na−1
k | = 1

|q|n|ak| > 1, |q1+nak| = |q|1+n|ak| < |q|.

This implies that no poles of the function Φ(z)F−(z)ϕ(z)z−1 are included in the
annulus {z ∈ C | |q| ≤ |z| ≤ 1}. This completes the proof. �

3.2. q-Difference equations for the Askey–Wilson integral. For the proof of
Proposition 3.1 we first show the q-difference equation for I(a1, a2, a3, a4) as follows:

Proposition 3.4. Suppose that |ak| < 1 (k = 1, 2, 3, 4). The integral I(a1, a2, a3, a4)
satisfies

(3.13)
I(qa1, a2, a3, a4)

I(a1, a2, a3, a4)
=
(1− a1a2)(1− a1a3)(1− a1a4)

1− a1a2a3a4
.
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Proof. Setting ϕ(z) = 1, ∇q,zϕ(z) is calculated as

∇q,zϕ(z) = F−(z) + F+(z) =
1

z−1

∏4
k=1(1− akz

−1)

1− z−2
+
1

z

∏4
k=1(1− akz)

1− z2

=
1

z − z−1

[
z2(1− a1z

−1)(1− a2z
−1)(1− a3z

−1)(1− a4z
−1)

− z−2(1− a1z)(1− a2z)(1− a3z)(1− a4z)
]

=
1

z − z−1

[
z2(1− z−1E1 + z−2E2 − z−3E3 + z−4E4)

− z−2(1− zE1 + z2E2 − z3E3 + z4E4)
]

=
(z2 − z−2)(1− E4)− (z − z−1)(E1 − E3)

z − z−1

= (z + z−1)(1− E4)− (E1 − E3),

(3.14)

where Er (r = 0, 1, . . . , 4) is the rth elementary symmetric polynomial of a1, . . . , a4.
From (3.14), using e(a1, z) defined by (2.3), ∇q,zϕ(z) is expanded as

(3.15) ∇q,zϕ(z) = C1e(a1, z) + C0

where the coefficients C0 and C1 are independent of z. We now determine C0 and C1.
Comparing the highest degree polynomials of (3.14) and (3.15), we have −C1 = 1−E4,
so that C1 = −(1−a1a2a3a4). On the other hand, since e(a1, a1) = 0, if we put z = a1
in (3.15), then C0 = ∇q,zϕ(a1). From F−(a1) = 0 we also have ∇q,zϕ(a1) = F+(a1).
Therefore we obtain

C0 = ∇q,zϕ(a1) = F+(a1) =
1

a1

∏4
k=1(1− aka1)

1− a21

= a−1
1 (1− a1a2)(1− a1a3)(1− a1a4).

From (3.10) of q-Stokes’ theorem we have

0 = 〈∇q,zϕ(z)〉 = C1〈e(a1, z)〉+ C0〈1〉,
so that

〈e(a1, z)〉 = −C0

C1
〈1〉 = (1− a1a2)(1− a1a3)(1− a1a4)

a1(1− a1a2a3a4)
〈1〉.

Here we have I(a1, a2, a3, a4) = 〈1〉 and I(qa1, a2, a3, a4) = 〈a1e(a1, z)〉 = a1〈e(a1, z)〉
because

Tq,a1Φ(z)

Φ(z)
=

(a1z, a1z
−1; q)∞

(qa1z, qa1z−1; q)∞
= (1− a1z)(1− a1z

−1) = a1e(a1, z).

Therefore we obtain

I(qa1, a2, a3, a4) =
(1− a1a2)(1− a1a3)(1− a1a4)

1− a1a2a3a4
I(a1, a2, a3, a4),

which completes the proof. �

By repeated use of Proposition 3.4 we have the following.

－ 8 －



Proposition 3.5. I(a1, a2, a3, a4) coincides with P (a1, a2, a3, a4) up to a multiplica-
tive constant, i.e.,

(3.16) I(a1, a2, a3, a4) = c P (a1, a2, a3, a4).

where c is some constant independent of a1, a2, a3, a4.

Proof. From (3.4) P (a1, a2, a3, a4) satisfies the same q-difference equation as (3.13),
and (3.13) is symmetric with respect to a1, a2, a3, a4. This implies

(3.17)
I(a1, a2, a3, a4)

P (a1, a2, a3, a4)
=

I(qa1, qa2, qa3, qa4)

P (qa1, qa2, qa3, qa4)
= lim

N→∞
I(qNa1, q

Na2, q
Na3, q

Na4)

P (qNa1, qNa2, qNa3, qNa4)
.

From (3.4) we have

(3.18) lim
N→∞

P (qNa1, q
Na2, q

Na3, q
Na4) = 1.

On the other hand, if we set c as

(3.19) c = lim
N→∞

I(qNa1, q
Na2, q

Na3, q
Na4) =

1

2π
√−1

∫
T

(z2, z−2; q)∞
dz

z
,

then, using (3.17) and (3.18) we obtain (3.16). �

In order to compute the constant c in (3.16) as c = 2/(q; q)∞ we want to know a
special value of the integral I(a1, a2, a3, a4). In the following section, we show several
special values of I(a1, a2, a3, a4) at specific points.

3.3. Special values of the Askey–Wilson integral. In this subsection, we show
special values of I(a1, a2, a3, a4) at four specific points

(a1, a2, a3, a4) = (0, 0, 0, 0), (0,−1, q 1
2 ,−q 1

2 ), (1,−1, q 1
2 ,−q 1

2 ) and (0, 0, q
1
2 ,−q 1

2 ).

The evaluation at (a1, a2, a3, a4) = (1,−1, q 1
2 ,−q 1

2 ) is the most simplest case.

Lemma 3.6.

I(1,−1, q 1
2 ,−q 1

2 ) =
1

2π
√−1

∫
T

dz

z
= 1, P (1,−1, q 1

2 ,−q 1
2 ) =

(q; q)∞
2

.

Proof. Using (2.1) we have

I(1,−1, q 1
2 ,−q 1

2 )

=
1

2π
√−1

∫
T

(z2, z−2; q)∞
(z, z−1,−z,−z−1, q

1
2 z, q

1
2 z−1,−q 1

2 z,−q 1
2 z−1; q)∞

dz

z
=

1

2π
√−1

∫
T

dz

z
,

which is equal to 1 due to Cauchy’s residue theorem. On the other hand, by definition
(3.4) we have

P (1,−1, q 1
2 ,−q 1

2 ) =
(q; q)∞

(−1, q 1
2 ,−q 1

2 ,−q 1
2 , q

1
2 ,−q; q)∞

=
2(q; q)∞

(−1, q 1
2 ,−q 1

2 ; q)2∞

=
(q; q)∞

2(−q, q 1
2 ,−q 1

2 ; q)2∞
=
(q; q)∞

2
(from (2.2)),

which completes the proof. �

Using (3.19) we can actually compute the constant c in Proposition 3.5 directly as

－ 9 －



Lemma 3.7.

I(0, 0, 0, 0) =
1

2π
√−1

∫
T

(z2, z−2; q)∞
dz

z
=

2

(q; q)∞
, P (0, 0, 0, 0) = 1.

Proof. Using Jacobi’s theta function ϑ(x; q) defined as (2.4), we have

(q; q)∞
2π
√−1

∫
T

(z2, z−2; q)∞
dz

z
=

1

2π
√−1

∫
T

(1− z−2)z−1(z2, qz−2, q; q)∞dz

=
1

2π
√−1

∫
T

(z−1 − z−3)ϑ(z2; q)dz =
1

2π
√−1

∫
T

(z−1 − z−3)

∞∑
n=−∞

(−z2)nq(n2)dz.

For the integrand of the above expression, the point z = 0 is the unique essential
singularity, and its residue is calculated from the Laurent expansion

(z−1 − z−3)

∞∑
n=−∞

(−z2)nq(n2) = (z−1 − z−3)(· · ·+ q3z−4 − qz−2 + 1− z2 + qz4 − · · · )
= (· · ·+ q3z−5 − qz−3 + z−1 − z + qz3 − · · · )

− (· · ·+ q3z−8 − qz−6 + z−3 − z−1 + qz − · · · ),
whose residue (coefficient of z−1) is 2. Therefore Cauchy’s residue theorem implies

(q; q)∞
2π
√−1

∫
T

(z2, z−2; q)∞
dz

z
= 2,

which shows I(0, 0, 0, 0) in Lemma 3.7. From (3.18) we have P (0, 0, 0, 0) = 1. �

The evaluations at (a1, a2, a3, a4) = (0,−1, q 1
2 ,−q 1

2 ) and (0, 0, q
1
2 ,−q 1

2 ) are almost
the same as that at (0, 0, 0, 0).

Lemma 3.8.

I(0,−1, q 1
2 ,−q 1

2 ) =
1

2π
√−1

∫
T

(z, z−1; q)∞
dz

z
=

2

(q; q)∞
,(3.20)

P (0,−1, q 1
2 ,−q 1

2 ) = 1.

Proof. From (2.1), I(0,−1, q 1
2 ,−q 1

2 ) is expressed as

I(0,−1, q 1
2 ,−q 1

2 ) =
1

2π
√−1

∫
T

(z2, z−2; q)∞
(−z,−z−1, q

1
2 z, q

1
2 z−1,−q 1

2 z,−q 1
2 z−1; q)∞

dz

z

=
1

2π
√−1

∫
T

(z,−z, q 1
2 z,−q 1

2 z, z−1,−z−1, q
1
2 z−1,−q 1

2 z−1; q)∞
(−z,−z−1, q

1
2 z, q

1
2 z−1,−q 1

2 z,−q 1
2 z−1; q)∞

dz

z

=
1

2π
√−1

∫
T

(z, z−1; q)∞
dz

z
.

From (2.5) we have

(q; q)∞
2π
√−1

∫
T

(z, z−1; q)∞
dz

z
=

1

2π
√−1

∫
T

(1− z−1)z−1(z, qz−1, q; q)∞dz

=
1

2π
√−1

∫
T

(z−1 − z−2)ϑ(z; q)dz =
1

2π
√−1

∫
T

(z−1 − z−2)
∞∑

n=−∞
(−z)nq(n2)dz,
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whose integrand has the unique essential singularity at z = 0, and is expanded as

(z−1 − z−2)
∞∑

n=−∞
(−z)nq(n2) = (z−1 − z−2)(· · ·+ q3z−2 − qz−1 + 1− z + qz2 − · · · )

= (· · ·+ q3z−3 − qz−2 + z−1 − 1 + qz − · · · )
− (· · ·+ q3z−4 − qz−3 + z2 − z−1 + q − · · · ).

The residue of the above expansion is 2 and the Cauchy’s residue theorem implies

(q; q)∞
2π
√−1

∫
T

(z, z−1; q)∞
dz

z
= 2,

which is equivalent to (3.20). Besides, P (0,−1, q 1
2 ,−q 1

2 ) = (0; q)∞/(−q 1
2 , q

1
2 ,−q; q)∞

= 1. �

Lemma 3.9.

I(0, 0, q
1
2 ,−q 1

2 ) =
1

2π
√−1

∫
T

(z2, z−2; q2)∞
dz

z
=

2

(q2; q2)∞
,(3.21)

P (0, 0, q
1
2 ,−q 1

2 ) =
1

(−q; q)∞ ,(3.22)

and I(0, 0, q
1
2 ,−q 1

2 )/P (0, 0, q
1
2 ,−q 1

2 ) = 2/(q; q)∞.

Proof. From (2.1), I(0, 0, q
1
2 ,−q 1

2 ) is expressed as

I(0, 0, q
1
2 ,−q 1

2 ) =
1

2π
√−1

∫
T

(z2, z−2; q)∞
(q

1
2 z, q

1
2 z−1,−q 1

2 z,−q 1
2 z−1; q)∞

dz

z

=
1

2π
√−1

∫
T

(z,−z, q 1
2 z,−q 1

2 z, z−1,−z−1, q
1
2 z−1,−q 1

2 z−1; q)∞
(q

1
2 z, q

1
2 z−1,−q 1

2 z,−q 1
2 z−1; q)∞

dz

z

=
1

2π
√−1

∫
T

(z,−z, z−1,−z−1; q)∞
dz

z
=

1

2π
√−1

∫
T

(z2, z−2; q2)∞
dz

z
.

Using (2.4) for ϑ(x; q2) we have

(q2; q2)∞
2π
√−1

∫
T

(z2, z−2; q2)∞
dz

z
=

1

2π
√−1

∫
T

(1− z−2)z−1(z2, q2z−2, q2; q2)∞dz

=
1

2π
√−1

∫
T

(z−1 − z−3)ϑ(z2; q2)dz =
1

2π
√−1

∫
T

(z−1 − z−3)
∞∑

n=−∞
(−z2)nq2(n2)dz

=
1

2π
√−1

∫
T

(z−1 − z−3)
∞∑

n=−∞
(−z2)nqn(n−1)dz,

whose integrand has the unique essential singularity at z = 0, and is expanded as

(z−1 − z−3)

∞∑
n=−∞

(−z2)nqn(n−1)

= (z−1 − z−3)(· · ·+ q6z−4 − q2z−2 + 1− z2 + q2z4 − · · · )
= (· · ·+ q6z−5 − q2z−3 + z−1 − z + q2z3 − · · · )

− (· · ·+ q6z−8 − q2z−6 + z−3 − z−1 + q2z − · · · ).
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The residue of the above expansion is 2 and the Cauchy’s residue theorem implies

(q2; q2)∞
2π
√−1

∫
T

(z2, z−2; q2)∞
dz

z
= 2,

which is equivalent to (3.21). On the other hand, by definition we have (3.22). Thus,

I(0, 0, q
1
2 ,−q 1

2 )

P (0, 0, q
1
2 ,−q 1

2 )
=
2/(q2; q2)∞
1/(−q; q)∞ =

2(−q; q)∞(q; q)∞
(q2; q2)∞(q; q)∞

=
2(q2; q2)∞

(q2; q2)∞(q; q)∞
=

2

(q; q)∞
,

which completes the proof. �

We conclude this section with the following.

Proof of Proposition 3.1. Since the constant c of (3.16) in Proposition 3.5 is
independent of a1, a2, a3, a4, for any case of Lemmas 3.6–3.9 the constant c equals

I(0, 0, 0, 0)

P (0, 0, 0, 0)
=

I(0,−1, q 1
2 ,−q 1

2 )

P (0,−1, q 1
2 ,−q 1

2 )
=

I(1,−1, q 1
2 ,−q 1

2 )

P (1,−1, q 1
2 ,−q 1

2 )
=

I(0, 0, q
1
2 ,−q 1

2 )

P (0, 0, q
1
2 ,−q 1

2 )
=

2

(q; q)∞
.

This was the claim of Proposition 3.1. �

4. Nassrallah–Rahman integral

The aim of this section is to provide a way to prove the following identity of the
Nassrallah–Rahman integral.

Proposition 4.1. Suppose that ak ∈ C
∗ (1 ≤ k ≤ 5) satisfy |ak| < 1. Under the

condition a1a2a3a4a5a6 = q, we have

(4.1)
1

2π
√−1

∫
T

(z2, z−2, qa−1
6 z, qa−1

6 z−1; q)∞∏5
k=1(akz, akz

−1; q)∞

dz

z
=

2

(q; q)∞

∏5
i=1(qa

−1
6 a−1

i ; q)∞∏
1≤i<j≤5(aiaj ; q)∞

.

Throughout this section, we define the function Φ(z) on C
∗ by

(4.2) Φ(z) :=
(z2, z−2, qa−1

6 z, qa−1
6 z−1; q)∞∏5

k=1(akz, akz
−1; q)∞

,

and also denote by J(a1, a2, a3, a4, a5, a6) the left-hand side of (4.1). i.e.,

(4.3) J(a1, a2, a3, a4, a5, a6) :=
1

2π
√−1

∫
T

Φ(z)
dz

z
.

On the other hand, we define Q(a1, a2, a3, a4, a5, a6) by the infinite product

(4.4) Q(a1, a2, a3, a4, a5, a6) :=

∏5
i=1(qa

−1
6 a−1

i ; q)∞∏
1≤i<j≤5(aiaj ; q)∞

.

4.1. Definition of q-difference operator ∇q,z.

Lemma 4.2. Let F+(z) and F−(z) be functions specified by

F+(z) :=
1

z2

∏6
k=1(1− akz)

1− z2
= − 1

z − z−1
z−3

6∏
k=1

(1− akz),(4.5)

F−(z) := F+(z
−1) = z2

∏6
k=1(1− akz

−1)

1− z−2
.(4.6)
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Then, it follows that
Tq,zΦ(z)

Φ(z)
= − F+(z)

Tq,zF−(z)
.

Proof. By the definition (4.2) of Φ(z) we have

Φ(qz)

Φ(z)
=
(q2z2, q−2z−2; q)∞(q2a−1

6 z, a−1
6 z−1; q)∞

(z2, z−2; q)∞(qa−1
6 z, qa−1

6 z−1; q)∞

∏5
k=1(akz, akz

−1; q)∞∏5
k=1(qakz, q

−1akz−1; q)∞

=
(1− q−2z−2)(1− q−1z−2)

(1− z2)(1− qz2)

1− a−1
6 z−1

1− qa−1
6 z

5∏
k=1

1− akz

1− q−1akz−1

= −(q−1z−2)2
1− q−2z−2

1− z2

6∏
k=1

1− akz

1− q−1akz−1
= − F+(z)

F−(qz)
,

which completes the proof. �

For an arbitrary meromorphic function ϕ(z) on C
∗ we define the symbol

〈ϕ(z)〉 := 1

2π
√−1

∫
T

ϕ(z)Φ(z)
dz

z

Proposition 4.3. For an arbitrary meromorphic function ϕ(z) on C
∗, let ∇q,z be

operator specified by

(4.7) (∇q,zϕ)(z) := F−(z)ϕ(z) + F+(z)Tq,zϕ(z).

Suppose that |ak| < 1 (k = 1, . . . , 5). For an arbitrary holomorphic function ϕ(z) on
C
∗, it follows that

(4.8) 〈∇q,zϕ(z)〉 = 0.

Proof. The argument of the proof is paralleled with that of Proposition 3.3 and we
omit the details. �
4.2. q-Difference equations for the Nassrallah–Rahman integral. In this sub-
section we explain a derivation of the q-difference equations for the Nassrallah–
Rahman integral given as follows:

Proposition 4.4. Suppose that |ak| < 1 (k = 1, . . . , 5). Under the condition

a1a2a3a4a5a6 = q,

the integral J(a1, . . . , a6) satisfies

(4.9) J(qa1, a2, a3, a4, a5, q
−1a6) = J(a1, a2, a3, a4, a5, a6)

5∏
k=2

1− a1ak

1− qa−1
k a−1

6

.

This proposition is equivalent to the following.

Proposition 4.5. Suppose that |ak| < 1 (k = 1, . . . , 5). Under the condition

a1a2a3a4a5a6 = 1,

the integral J(a1, . . . , a6) satisfies

(4.10) J(qa1, a2, a3, a4, a5, a6) = J(a1, a2, a3, a4, a5, qa6)
5∏

k=2

1− a1ak

1− a−1
k a−1

6

,
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which is equivalent to

(4.11) 〈e(a1, z)〉 = 〈e(a6, z)〉a
2
6

a21

5∏
k=2

1− a1ak
1− aka6

.

Remark. If we consider the substitution a6 → q−1a6 for Proposition 4.5, then the
balancing condition changes as a1a2a3a4a5a6 = 1 → a1a2a3a4a5(q

−1a6) = 1, i.e.,
a1a2a3a4a5a6 = q and (4.10) becomes (4.9). We prove Proposition 4.5 instead of
Proposition 4.4.
Proof. We will prove (4.11) in Lemma 4.6. Here we just confirm the equivalence
between (4.10) and (4.11). Since Tq,a1Φ(z)/Φ(z) = a1e(a1, z) and Tq,a6Φ(z)/Φ(z) =

a−1
6 e(a6, z) by definition, we have

J(qa1, a2, a3, a4, a5, a6) = a1〈e(a1, z)〉, J(a1, a2, a3, a4, a5, qa6) = a−1
6 〈e(a6, z)〉,

so that

(4.12)
J(qa1, a2, a3, a4, a5, a6)

J(a1, a2, a3, a4, a5, qa6)
= a1a6

〈e(a1, z)〉
〈e(a6, z)〉 .

On the other hand, under the condition a1a2a3a4a5a6 = 1, we have

(4.13)
5∏

k=2

1− a1ak

1− a−1
k a−1

6

=
1

a1a2a3a4a5a6

5∏
k=2

1− a1ak

1− a−1
k a−1

6

=
a36
a1

5∏
k=2

1− a1ak
1− aka6

.

(4.13) and (4.13) implies the equivalence between (4.10) and (4.11) �

Lemma 4.6. Suppose that |ak| < 1 (k = 1, . . . , 5). Under the condition

a1a2a3a4a5a6 = 1,

we have

C1〈e(a1, z)〉+ C6〈e(a6, z)〉 = 0,

where the coefficients C1 and C6 are given as

C1 =
a1

a6(a6 − a1)

5∏
k=2

(1− aka6),(4.14)

C6 =
a6

a1(a1 − a6)

5∏
k=2

(1− a1ak).(4.15)

Proof. Taking ϕ(z) in (4.7) as ϕ(z) = 1, ∇q,zϕ(z) is written as

∇q,zϕ(z) = F−(z) + F+(z)

=
1

z−2

∏6
k=1(1− akz

−1)

1− z−2
+

1

z2

∏6
k=1(1− akz)

1− z2

=
1

z − z−1

( 1

z−3

6∏
k=1

(1− akz
−1)− 1

z3

6∏
k=1

(1− akz)
)

=
1

z − z−1

(
S0z

3 − S1z
2 + S2z − S3 + S4z

−1 − S5z
−2 + S6z

−3

− S0z
−3 + S1z

−2 − S2z
−1 + S3 − S4z + S5z

2 − S6z
3
)
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= (S0 − S6)(z
2 + z−2) + (S5 − S1)(z + z−1) + (S0 + S2 − S4 − S6),(4.16)

where Sr (r = 0, 1, . . . , 6) is the rth elementary symmetric polynomial of a1, . . . , a6.
The condition a1a2a3a4a5a6 = 1 implies S0 − S6 = 0. From (4.16), we have

∇q,zϕ(z) = (S5 − S1)(z + z−1) + (S0 + S2 − S4 − S6) ∈ C(z + z−1)⊕ C 1.

Since the set {e(a1, z), e(a6, z)} forms a C-basis of the space C(z+ z−1)⊕C 1, we can
expand ∇q,zϕ(z) as

(4.17) ∇q,zϕ(z) = C1e(a1, z) + C6e(a6, z),

where C1 and C6 are some constants independent of z. Thus we can write

(4.18) F−(z) + F+(z) = C1e(a1, z) + C6e(a6, z).

Since e(a1, a1) = 0 and F−(a1) = 0, (4.18) with z = a1 implies

F+(a1) = C6e(a6, a1).

In the same way, (4.18) with z = a6 implies F+(a6) = C1e(a1, a6). Thus we obtain

C1 =
F+(a6)

e(a1, a6)
=

a1
a6(a6 − a1)

5∏
k=2

(1− aka6),

C6 =
F+(a1)

e(a6, a1)
=

a6
a1(a1 − a6)

5∏
k=2

(1− a1ak).

Applying Proposition 4.3 to (4.17), we obtain

C1〈e(a1, z)〉+ C6〈e(a6, z)〉 = 〈∇q,zϕ(z)〉 = 0,

which completes the proof. �

Proposition 4.7. Suppose that |ak| < 1 (k = 1, . . . , 5). Under the condition

a1a2a3a4a5a6 = q,

J(a1, . . . , a6) coincides with Q(a1, . . . , a6) up to a multiplicative constant, i.e.,

(4.19) J(a1, a2, a3, a4, a5, a6) = cQ(a1, a2, a3, a4, a5, a6),

where c is some constant independent of a1, . . . , a6.

Proof. By the definition (4.4), Q(a1, . . . , a6) satisfies the same q-difference equation
as (4.9), i.e.,

(4.20) Q(qa1, a2, a3, a4, a5, q
−1a6) = Q(a1, a2, a3, a4, a5, a6)

5∏
k=2

1− a1ak

1− qa−1
k a−1

6

.

Thus, under the condition a1a2a3a4a5a6 = q, considering the ratio of (4.9) and (4.20),

J(a1, a2, a3, a4, a5, a6)

Q(a1, a2, a3, a4, a5, a6)
=

J(qa1, a2, a3, a4, a5, q
−1a6)

Q(qa1, a2, a3, a4, a5, q−1a6)
,
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which is symmetric with respect to a1, · · · , a5. Therefore we obtain
J(a1, a2, a3, a4, a5, a6)

Q(a1, a2, a3, a4, a5, a6)
=

J(qa1, qa2, qa3, qa4, qa5, q
−5a6)

Q(qa1, qa2, qa3, qa4, qa5, q−5a6)

=
J(qNa1, q

Na2, q
Na3, q

Na4, q
Na5, q

−5Na6)

Q(qNa1, qNa2, qNa3, qNa4, qNa5, q−5Na6)

= lim
N→∞

J(qNa1, q
Na2, q

Na3, q
Na4, q

Na5, q
−5Na6)

Q(qNa1, qNa2, qNa3, qNa4, qNa5, q−5Na6)
.

(4.21)

From (4.4), we have

lim
N→∞

Q(qNa1, q
Na2, q

Na3, q
Na4, q

Na5, q
−5Na6)

= lim
N→∞

∏5
i=1(q

1+4Na−1
6 a−1

i ; q)∞∏
1≤i<j≤5(q

2Naiaj ; q)∞
= 1,

(4.22)

and putting c as c = lim
N→∞

J(qNa1, q
Na2, q

Na3, q
Na4, q

Na5, q
−5Na6) we obtain

c = lim
N→∞

1

2π
√−1

∫
T

(z2, z−2, q1+5Na−1
6 z, q1+5Na−1

6 z−1; q)∞∏5
i=1(q

Naiz, qNaiz−1; q)∞

dz

z

=
1

2π
√−1

∫
T

(z2, z−2; q)∞
dz

z
.

(4.23)

Therefore, (4.21), (4.22) and (4.23) imply (4.19). �

Proof of proposition 4.1. Since we already knew that

1

2π
√−1

∫
T

(z2, z−2; q)∞
dz

z
=

2

(q; q)∞

from Lemma 3.7, the constant c as (4.23) is equal to 2/(q; q)∞. �

4.3. Special values of the Nassrallah–Rahman integral. We can find the special
values that are simply computed.

Lemma 4.8.

J(1,−1, q 1
2 ,−q 1

2 , a5, a
−1
5 ) =

1

2π
√−1

∫
T

dz

(1− a5z)(z − a5)
=

1

1− a25
,

Q(1,−1, q 1
2 ,−q 1

2 , a5, a
−1
5 ) =

(q; q)∞
2(1− a25)

.

Proof. When a1 = 1, a2 = −1, a3 = q
1
2 , a4 = −q 1

2 , the balancing condition
a1a2a3a4a5a6 = q implies a5a6 = 1Using a6 = a−1

5 the integral J(a1, . . . , a6) is
computed as

J(1,−1, q 1
2 ,−q 1

2 , a5, a
−1
5 )

=
1

2π
√−1

∫
T

(z2, z−2, qa5z, qa5z
−1; q)∞

(z, z−1,−z,−z−1, q
1
2 z, q

1
2 z−1,−q 1

2 z,−q 1
2 z−1, a5z, a5z−1; q)∞

dz

z

=
1

2π
√−1

∫
T

1

(1− a5z)(1− a5z−1)

dz

z
=

1

2π
√−1

∫
T

dz

(1− a5z)(z − a5)
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= Res
z=a5

dz

(1− a5z)(z − a5)
(by Cauchy’s residue theorem with |a5| < 1)

= lim
z→a5

1

1− a5z
=

1

1− a25
.

On the other hand, from (4.4), Q(1,−1, q 1
2 ,−q 1

2 , a5, a
−1
5 ) is computed as

Q(1,−1, q 1
2 ,−q 1

2 , a5, a
−1
5 ) =

(qa5,−qa5, q 1
2 a5,−q 1

2 a5, q; q)∞
(−1, q 1

2 ,−q 1
2 , a5,−q 1

2 , q
1
2 ,−a5,−q, q 1

2 a5,−q 1
2 a5; q)∞

=
(qa5,−qa5, q; q)∞

(−1, q 1
2 ,−q 1

2 , a5,−q 1
2 , q

1
2 ,−a5,−q; q)∞

=
(qa5,−qa5, q; q)∞

2(a5,−a5; q)∞(−q, q 1
2 ,−q 1

2 ; q)2∞

=
(q; q)∞

2(1− a5)(1 + a5)
, (from (2.2))

which completes the proof. �

The constant c in Proposition 4.7 is also obtained from

c =
J(1,−1, q 1

2 ,−q 1
2 , a5, a

−1
5 )

Q(1,−1, q 1
2 ,−q 1

2 , a5, a
−1
5 )

=
1/(1− a25)

(q; q)∞/2(1− a25)
=

2

(q; q)∞
,

which also completes the proof of Proposition 4.1.

4.4. The relation between the Askey–Wilson and Nassrallah–Rahman inte-
grals. Since the Askey–Wilson integral I(a1, . . . , a4) is obtained from the Nassrallah–
Rahman integral J(a1, . . . , , a6) as a limiting case of a5 → 0, we can understand
I(a1, a2, a3, a4), is a special value of J(a1, . . . , , a6). Conversely J(a1, . . . , a6) is ob-
tained from I(a1, . . . , a4) using the following relation. (See [7] for the BCn case.)

Proposition 4.9. Suppose that |ak| < 1 (k = 1, . . . , 5) and the condition

a1a2a3a4a5a6 = q.

Then,

(4.24) J(a1, a2, a3, a4, a5, a6) = I(a1, a2, a3, a4)
4∏

k=1

(qa−1
k a−1

6 ; q)∞
(aka5; q)∞

.

Proof. Using the recurrence relation (4.9) for J(a1, . . . , a6) repeatedly we obtain

J(a1, a2, a3, a4, a5, a6) = J(a1, a2, a3, a4, qa5, q
−1a6)

4∏
k=1

1− qa−1
k a−1

6

1− aka5

= J(a1, a2, a3, a4, q
Na5, q

−Na6)

4∏
k=1

(qa−1
k a−1

6 ; q)N
(aka5; q)N

= lim
N→∞

J(a1, a2, a3, a4, q
Na5, q

−Na6)

4∏
k=1

(qa−1
k a−1

6 ; q)∞
(aka5; q)∞

,

where we also have

lim
N→∞

J(a1, a2, a3, a4, q
Na5, q

−Na6)
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= lim
N→∞

1

2π
√−1

∫
T

(z2, z−2, q1+Na−1
6 z, q1+Na−1

6 z−1; q)∞
(qNa5z, qNa5z−1; q)∞

∏4
k=1(akz, akz

−1; q)∞

dz

z

=
1

2π
√−1

∫
T

(z2, z−2; q)∞∏4
k=1(akz, akz

−1; q)∞

dz

z
= I(a1, a2, a3, a4),

which implies (4.24). �

5. Root system of type G2

5.1. Root system of type G2 and its Weyl group W . In this subsection, we
follow [10] for the basic terminology of the root system of type G2 and its Weyl group
W .
Let {ε1, ε2, ε3} be the standard basis of R3 with the inner product (·, ·) satisfying

(εi, εj) = δij , and let V be the hyperplane in R
3 with equation ξ1 + ξ2 + ξ3 = 0, i.e.,

V = {ξ ∈ R
3 | (ξ, ε1 + ε2 + ε3) = 0}.

Figure 1. Root system R

Let R ⊂ V be the root system of type G2 given by

R = {±ε̄1,±ε̄2,±ε̄3} ∪ {±(ε̄1 − ε̄2),±(ε̄1 − ε̄3),±(ε̄2 − ε̄3)},
where ε̄i = εi − (ε1 + ε2 + ε3)/3. We refer the setting of the root system of type G2

to Macdonald’s book [12]. We fix the set of simple roots {α1, α2} ⊂ R given by

α1 = ε̄1 − ε̄2 = ε1 − ε2, α2 = ε̄2 = (−ε1 + 2ε2 − ε3)/3.

The set of positive roots is given by

R+ = {ε̄1, ε̄2,−ε̄3} ∪ {ε̄1 − ε̄2, ε̄1 − ε̄3, ε̄2 − ε̄3}
= {α2, α1 + α2, α1 + 2α2} ∪ {α1, α1 + 3α2, 2α1 + 3α2}.

We also fix the set of fundamental weights {�1, �2} by (α∨i , �j) = δij , where α∨ =
2α/(α, α). This implies that

�1 = 2α1 + 3α2, �2 = α1 + 2α2.

Let P and Q be the weight lattice and root lattice defined by P = Z�1 + Z�2 and
Q = Zα1 + Zα2, respectively. For the root system G2, the root lattice Q coincides
with the weight lattice P .
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LetW be the Weyl group of type G2 generated by orthogonal reflections sα (α ∈ R)
with respect to the hyperplane perpendicular to α ∈ R, which are given by sα(ξ) =
ξ−(α∨, ξ)α. The groupW is generated by the reflections si = sαi : V → V (i = 1, 2),
and is isomorphic to the dihedral group of order 12. Moreover, W is explicitly written
as

(5.1) W = {(s1s2)k, (s1s2)ks2 | k = 0, 1, . . . , 5},
The element w0 = (s1s2)

3 is the longest element of W . Note also that the inner
product and the reflections are uniquely extended linearly to VC = C⊗R V .
We fix the set of fundamental coweights {ω1, ω2} by (ωi, αj) = δij , so that ω1 = �1,

ω2 = 3�2. Let P
∨ be the coweight lattice defined by P∨ = Zω1+Zω2. For c ∈ C and

ω ∈ P∨ we denote by Sc,ω the c-shift operator with respect to ω for functions f(ζ)
on VC by

(5.2) Sc,ωf(ζ) = f(ζ + c ω).

We also define action of the Weyl group W on f(ζ) by

(5.3) w.f(ζ) = f(w−1ζ) (w ∈W ).

We consider the mapping from VC to (C∗)2 by

(5.4) ζ �→ z = (e2π
√−1(ζ,α1), e2π

√−1(ζ,α2)).

If we write ζ ∈ VC with the fundamental coweights by ζ = ζ1ω1 + ζ2ω2, then the

above mapping is written as ζ �→ z = (e2π
√−1ζ1 , e2π

√−1ζ2). For λ ∈ P , we write

zλ = e2π
√−1(ζ,λ). In particular, for λ = λ1α1+λ2α2 ∈ Q = P we have the expression

zλ = zλ1
1 zλ2

2 , where zi = zαi . Through (5.3) and (5.4), for w ∈ W we can define
w.zλ = zwλ, i.e.,

w.zλ = w.e2π
√−1(ζ,λ) = e2π

√−1(w−1ζ,λ) = e2π
√−1(ζ,wλ) = zwλ,

and we can also define w.f(z) for functions f(z) = f(z1, z2) on (C
∗)2 as

w.f(z) = f(w.z1, w.z2) = f(zwα1 , zwα2),

so that, for instance, we have

(5.5) s1.f(z1, z2) = f(z−1
1 , z1z2), s2.f(z1, z2) = f(z1z

3
2 , z

−1
2 ),

and

(5.6) w0.f(z1, z2) = (s1s2)
3.f(z1, z2) = f(z−1

1 , z−1
2 ).

We say that a function f(z) is W -symmetric if w.f(z) = f(z) for all w ∈W , and that
f(z) is W -skew symmetric if w.f(z) = (sgnw)f(z) for all w ∈ W . By chain rule for
differential forms, we have

d(s1.z1)

s1.z1
= −dz1

z1
,
d(s1.z2)

s1.z2
=

dz1
z1

+
dz2
z2

d(s2.z1)

s2.z1
=

dz1
z1

+ 3
dz2
z2

,
d(s2.z2)

s2.z2
= −dz2

z2
.

(5.7)
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We fix q = e2π
√−1τ , where Im τ > 0. If we consider a function f(z) = f(z1, z2) on

(C∗)2 as the function on VC through (5.4), then the q-shift operators for f(z) with
respect to zi (i = 1, 2)

Tq,z1f(z) = f(qz1, z2), Tq,z2f(z) = f(z1, qz2)

are induced by the τ -shift operators Sτ,ωi with respect to ωi ∈ P∨ (i = 1, 2), respec-
tively.

Using the notation xi = e2π
√−1(ζ,ε̄i) (i = 1, 2, 3), we have

x1x2x3 = e2π
√−1(ζ,ε̄1+ε̄2+ε̄3) = 1

and the variable change (z1, z2) �→ (x1, x2) of (C
∗)2, where

(5.8) x1 = z1z2, x2 = z2 and
dx1

x1
=

dz1
z1

+
dz2
z2

,
dx2

x2
=

dz2
z2

.

Though using the coordinates (x1, x2, x3) with x1x2x3 = 1 instead of (z1, z2) we
sometimes have simple expressions for functions on (C∗)2 in appearance, like the
integrand shown in the left-hand side of (1.6) for instance, we use the coordinates
(z1, z2) of (C

∗)2 associated with simple roots in the succeeding sections.

5.2. W invariant Laurent polynomials. For a function f(z) on (C∗)2 we define

Af(z) :=
∑
w∈W

(sgnw)w.f(z)

which we call the W -skew symmetrization of f(z). By definition Af(z) is W -skew
symmetric. The dominance ordering < on P is defined by

μ ≤ λ ⇐⇒ λ− μ ∈ Q+ = Nα1 + Nα2,

for μ, λ ∈ P , where N = {0, 1, 2, . . .}. We set

P+ := {λ ∈ P | (α1, λ) ≥ 0, (α2, λ) ≥ 0} = N�1 + N�2,

whose elements are called the dominant weights.

Figure 2. Dominant weights in P+

For ρ := 1
2

∑
α∈R+

α = 3α1 + 5α2 = �1 +�2, A(zρ) satisfies
(5.9) A(zρ) = z−3

1 z−5
2 (1− z2)(1− z1z2)(1− z1z

2
2)(1− z1)(1− z1z

3
2)(1− z21z

3
2),
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which is called the Weyl denominator. For λ ∈ P+ we set

sλ(z) :=
A(zρ+λ)

A(zρ) , mλ(z) :=
∑

μ∈Wλ

zμ,

where Wλ = {wλ |w ∈W}. The functions sλ(z) and mλ(z) are W -invariant Laurent
polynomials, and sλ(z) are expanded as

sλ(z) = mλ(z) +
∑
μ∈P+

μ<λ

cμmμ(z).

For instance, we see

s0(z) = 1,

s�2(z) = m�2(z) + 1,

s�1(z) = m�1(z) +m�2(z) + 2,

s2�2(z) = m2�2(z) +m�1(z) + 2m�2(z) + 3,
...

and

m0(z) = 1,

m�2(z) = z2 + z−1
2 + z1z2 + z−1

1 z−1
2 + z1z

2
2 + z−1

1 z−2
2 ,

m�1(z) = z1 + z−1
1 + z1z

3
2 + z−1

1 z−3
2 + z21z

3
2 + z−2

1 z−3
2 ,

m2�2(z) = z22 + z−2
2 + z21z

2
2 + z−2

1 z−2
2 + z21z

4
2 + z−2

1 z−4
2 ,

...

We denote by C[z1, z
−1
1 , z2, z

−1
2 ]W the set of W -invariant Laurent polynomials, which

satisfies

C[z1, z
−1
1 , z2, z

−1
2 ]W =

⊕
λ∈P+

Csλ(z) =
⊕
λ∈P+

Cmλ(z).

Lemma 5.1. For n ∈ N, let Fn be C vector space defined by

(5.10) Fn :=
⊕
λ∈P+

λ≤n�2

Cmλ(z).

Then the dimension of Fn as a C-vector space is given as

dimC F2m = (m+ 1)2, dimC F2m+1 = (m+ 1)(m+ 2) (m = 0, 1, 2, . . .).

For any a ∈ C
∗ and any z = (z1, z2) ∈ (C∗)2 we define g(a; z) by

g(a; z) := e(a, z2)e(a, z1z2)e(a, z1z
2
2)

= a−3(1− az2)(1− az−1
2 )(1− az1z2)

× (1− az−1
1 z−1

2 )(1− az1z
2
2)(1− az−1

1 z−2
2 ),

(5.11)
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where the symbol e(u, v) is by (2.3). The expansion of g(a; z) by mλ(z) (λ ∈ P+) is
given as

g(a; z) = −m2�2(z) + (a+ a−1)m�1(z)

−
(
(a+ a−1)2 − (a+ a−1)

)
m�2(z) +

(
(a+ a−1)3 − 2

)
m0(z),

(5.12)

and the expansion of g(a; z) by sλ(z) (λ ∈ P+) is given as

g(a; z) = −s2�2(z) + (a+ a−1 + 1)s�1(z)−
(
(a+ a−1)2 − 1

)
s�2(z)

+
(
(a+ a−1)3 + (a+ a−1)2 − 2(a+ a−1)− 2

)
s0(z)

= −s2�2(z) +
(1− a3)

a(1− a)
s�1(z)−

(1− a6)

a2(1− a2)
s�2(z)

+
(1− a3)(1− a8)

a3(1− a)(1− a4)
s0(z).

(5.13)

From (5.12), we see
g(a; z) ∈ F2, g(a; z)g(b; z) ∈ F4

5.3. C-vector space F2. By the definition (5.10) of Fn, we have

F2 = Cm0(z)⊕ Cm�2(z)⊕ Cm�1(z)⊕ Cm2�2(z),

so that dimC F2 = 4. Here we introduce two bases of the C-vector space F2. For this
purpose, we define two types of specific points as follows: Let pij , p

∗
ij (1 ≤ i < j ≤ 6)

be points in (C∗)2 specified by

(5.14) pij := (ai/aj , aj) ∈ (C∗)2,
(so that we have z2 = aj , z1z2 = ai, z1z

2
2 = aiaj if z = pij) and

(5.15) p∗ij := (a2i /aj , aj/ai) ∈ (C∗)2,
(so that we have z2 = aj/ai, z1z2 = ai, z1z

2
2 = aj if z = p∗ij).

5.3.1. The basis {e0(z), e�2(z), e�1(z), e2�2(z)}. We construct a basis of C-
vector space F2. We first define

e0(z) := 1,

e�2(z) := m�2(z)−m�2(p12),

e2�2(z) := −g(a1; z) = m2�2(z)− (a1 + a−1
1 )m�1(z) + · · · .

Moreover we define e�1(z) as

(5.16) e�1(z) := m�1(z) + c�2m�2(z) + c0,

where the coefficients c�2 and c0 are uniquely determined to be satisfied as

e�1
(p12) = 0 and e�1

(p∗12) = 0.

We remark that the coefficients c�2 and c0 are actually given as

c�2 := −
m�1(p12)−m�1(p

∗
12)

m�2(p12)−m�2(p
∗
12)

, c0 :=
m�1(p12)m�2(p

∗
12)−m�1(p

∗
12)m�2(p12)

m�2(p12)−m�2(p
∗
12)

.

for e�1(z).
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Remark. The values of e�1(p1j) and e�1(p
∗
1j) are actually given

e�1(p1j) = e(a2, aj)e(a2, a1aj), e�1(p
∗
1j) = e(a2, aj)e(a2, a1/aj),

respectively. (We do not use these explicit forms in this paper.)

By definition the set {e0(z), e�2
(z), e�1

(z), e2�2
(z)} is linearly independent.

p12 p∗12 p13 p23

e0(z) 1 1 1 1

e�2(z) 0 ∗ ∗ ∗
e�1(z) 0 0 ∗ ∗
e2�2(z) 0 0 0 ∗

In particular, since we have

(5.17) e�2(z) = m�2(z)−m�2(p12) = s�2(z)− s�2(p12)

we can actually compute e�2(p1j) and e�2(p
∗
1j) as

e�2(p1j) = −(1 + a1)(1− a2/aj)(1− a1a2aj),

e�2(p
∗
1j) = −a−1

1 a−1
2 (1 + a1)(1− a1a2/aj)(1− a2aj),

(5.18)

which will be used in §6.3.
Proposition 5.2. The set {e0(z), e�2(z), e�1(z), e2�2(z)} forms a basis of C-vector
space F2, i.e.,

F2 = Ce0(z)⊕ Ce�2(z)⊕ Ce�1(z)⊕ Ce2�2(z).

In particular, dimC F2 = 4.

5.3.2. The basis {g(a1; z), g(a2; z), g(a3; z), G(z)} of F2.

Proposition 5.3. suppose that a1, . . . , a4 ∈ C
∗ satisfy ai �= aj and aiaj �= 1 for

1 ≤ i < j ≤ 4. Then, the set {g(a1; z), . . . , g(a4; z)} forms a basis of C-vector space
F2, i.e.,

F2 = Cg(a1; z)⊕ Cg(a2; z)⊕ Cg(a3; z)⊕ Cg(a4; z).

In particular, dimC F2 = 4.

Proof. Since we already know that g(a; z) ∈ F2, it suffices to prove that the set
{g(a1; z), . . . , g(a4; z)} is linearly independent. From the expansion (5.12) of g(a; z)
in terms of mλ(z), we have⎡⎢⎢⎣
g(a1; z)
g(a2; z)
g(a3; z)
g(a4; z)

⎤⎥⎥⎦=
⎡⎢⎢⎣
(a1 + a−1

1 )3−2 −(a1 + a−1
1 )2 + (a1 + a−1

1 ) a1 + a−1
1 −1

(a2 + a−1
2 )3−2 −(a2 + a−1

2 )2 + (a2 + a−1
2 ) a2 + a−1

2 −1
(a3 + a−1

3 )3−2 −(a3 + a−1
3 )2 + (a3 + a−1

3 ) a3 + a−1
3 −1

(a4 + a−1
4 )3−2 −(a4 + a−1

4 )2 + (a4 + a−1
4 ) a4 + a−1

4 −1

⎤⎥⎥⎦
⎡⎢⎢⎣

m0(z)
m�2(z)
m�1

(z)
m2�2(z)

⎤⎥⎥⎦.
The determinant of the above transition matrix is computed as∣∣∣∣∣∣∣∣

(a1 + a−1
1 )3 − 2 −(a1 + a−1

1 )2 + (a1 + a−1
1 ) a1 + a−1

1 −1
(a2 + a−1

2 )3 − 2 −(a2 + a−1
2 )2 + (a2 + a−1

2 ) a2 + a−1
2 −1

(a3 + a−1
3 )3 − 2 −(a3 + a−1

3 )2 + (a3 + a−1
3 ) a3 + a−1

3 −1
(a4 + a−1

4 )3 − 2 −(a4 + a−1
4 )2 + (a4 + a−1

4 ) a4 + a−1
4 −1

∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣
(a1 + a−1

1 )3 (a1 + a−1
1 )2 a1 + a−1

1 1
(a2 + a−1

2 )3 (a2 + a−1
2 )2 a2 + a−1

2 1
(a3 + a−1

3 )3 (a3 + a−1
3 )2 a3 + a−1

3 1
(a4 + a−1

4 )3 (a4 + a−1
4 )2 a4 + a−1

4 1

∣∣∣∣∣∣∣∣ (by elementary row operations)

=
∏

1≤i<j≤4

(aj + a−1
j − ai + a−1

i ) (by Vandermonde determinant)

=
∏

1≤i<j≤4

e(ai, aj),

which is divisible by e(ai, aj) (1 ≤ i < j ≤ 4). This implies that the above determinant
does not vanish if and only if ai �= aj and aiaj �= 1 for 1 ≤ i < j ≤ 4. Therefore we
obtain the fact that the set {g(a1; z), . . . , g(a4; z)} is linearly independent. �

Let pij ∈ (C∗)2 be the point defined in (5.14). From the definition (5.11), g(ak; z)
is evaluated as

g(ak; pij) = e(ak, ai)e(ak, aj)e(ak, aiaj)

= a−3
k (1− akai)(1− aka

−1
i )(1− akaj)(1− aka

−1
j )(1− akaiaj)(1− aka

−1
i a−1

j ),

so that we have

(5.19) g(ai; pij) = g(aj ; pij) = 0.

We now define the function G(z) ∈ F2 as

G(z) :=
1∏3

i=1 e(a4; ai)

[
g(a4; z)− g(a4; p23)

g(a1; p23)
g(a1; z)

− g(a4; p13)

g(a2; p13)
g(a2; z)− g(a4; p12)

g(a3; p12)
g(a3; z)

]
,

(5.20)

which will be used later.

Remark. The function G(z) seems to be very important for the integral of type G2.
In fact the elliptic version of the function G(z) plays an essential role in research of
the elliptic Gustafson integral of type G2. See [10].

Lemma 5.4. The function G(z) satisfies

(5.21) G(p12) = G(p13) = G(p23) = 0.

and

(5.22) G(p14) =
(1− a21)(1− a2a

−1
4 )(1− a3a

−1
4 )(1− a1a2a4)(1− a1a3a4)

(1− a1)(1− a2a3)(1− a1a2a
−1
3 )(1− a1a3a

−1
2 )(1− a1a2a3)

.

Proof. By the definition (5.20) of G(z) we immediately have (5.21). (5.22) is due to
a direct calculation. �

Remark. For an arbitrary x ∈ C
∗, we can confirm

(5.23) G(a1/x, x) =
(1− a21)(1− a2x

−1)(1− a3x
−1)(1− a1a2x)(1− a1a3x)

(1− a1)(1− a2a3)(1− a1a2a
−1
3 )(1− a1a3a

−1
2 )(1− a1a2a3)

.

We see that (5.22) is only a special case corresponding to x = a4 of (5.23). This is
something interesting since the definition of G(z) depends on a4.
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Corollary 5.5. Let p∗ij ∈ (C∗)2 be the point defined by (5.15). Then we have

(5.24) g(a1; p
∗
12) = g(a2; p

∗
12) = 0

and

(5.25) G(p∗12) = G(p∗21) =
(1− a21)(1− a22)

(1− a1a2a
−1
3 )(1− a1a2a3)

=
(1− a21)(1− a22)

a1a2 e(a1a2, a3)
.

Proof. By the definition (5.11) we can immediately confirm (5.24). (5.25) is a special
case of (5.23) corresponding to x = a2/a1. �
From the arguments above the set {g(a1; z), g(a2; z), g(a3; z), G(z)} also forms a

basis of C-vector space F2, i.e.,

F2 = Cg(a1; z)⊕ Cg(a2; z)⊕ Cg(a3; z)⊕ CG(z).

p23 p13 p12 p∗12
g(a1; z) ∗ 0 0 0

g(a2; z) 0 ∗ 0 0

g(a3; z) 0 0 ∗ ∗
G(z) 0 0 0 ∗

5.4. C-vector space F4. By the definition of (5.10) of Fn, we have

F4 = Cm0(z)⊕ Cm�2(z)⊕ Cm�1(z)⊕ Cm2�2(z)⊕ Cm�1+�2(z)⊕ Cm3�2(z)

⊕ Cm2�1(z)⊕ Cm�1+2�2(z)⊕ Cm4�2(z),

so that dimC F4 = 9. Here we construct a basis of the C-vector space F4.

We use the abbreviation

(5.26) gij(z) = g(ai; z)g(aj ; z).

We denote by Gijk
l (z) the function G(z) ∈ F2 substituting a1 → ai, a2 → aj , a3 → ak,

a4 → al in its definition (5.20), i.e.,

Gijk
l (z) :=

1∏
m∈{i,j,k} e(al; am)

[
g(al; z)− g(al; pjk)

g(ai; pjk)
g(ai; z)

− g(al; pik)

g(aj ; pik)
g(aj ; z)− g(al; pij)

g(ak; pij)
g(ak; z)

]
.

(5.27)

As we saw in (5.21), we have

Gijk
l (pij) = Gijk

l (pik) = Gijk
l (pjk) = 0.

Moreover, if we set

G1(z) := g(a1; z)G
234
5 (z),

G2(z) := g(a2; z)G
134
5 (z),

G3(z) := g(a3; z)G
124
5 (z)

(5.28)

then G1(z), G2(z), G3(z) ∈ F4, and by definition we have

G1(pij) = G2(pij) = G3(pij) = 0 (1 ≤ i < j ≤ 4).
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From (5.24) and (5.25), we have

G1(p
∗
23) = g(a1; p

∗
23)G

234
5 (p∗23) = e(a1, a3/a2)e(a1, a2)e(a1, a3)

(1− a22)(1− a23)

a2a3 e(a2a3, a4)
,

G1(p
∗
13) = 0, G1(p

∗
12) = 0.

(5.29)

p34 p24 p14 p23 p13 p12 p∗23 p∗13 p∗12
g12 ∗ 0 0 0 0 0 0 0 0

g13 0 ∗ 0 0 0 0 0 0 0

g23 0 0 ∗ 0 0 0 0 0 0

g14 0 0 0 ∗ 0 0 ∗ 0 0

g24 0 0 0 0 ∗ 0 0 ∗ 0

g34 0 0 0 0 0 ∗ 0 0 ∗
G1 0 0 0 0 0 0 ∗ 0 0

G2 0 0 0 0 0 0 0 ∗ 0

G3 0 0 0 0 0 0 0 0 ∗
From the argument above we have the following:

Lemma 5.6. The set {gij(z) | 1 ≤ i < j ≤ 4} ∪ {G1(z), G2(z), G3(z)} forms a basis
of C-vector space F4, i.e.,

F4 =
⊕

1≤i<j≤4

Cgij(z)⊕
3⊕

i=1

CGi(z).

In particular, dimC F4 = 9.

6. Gustafson integral (Askey–Wilson integral of type G2)

In this section we give an alternative proof of Proposition 1.1 for Gustafson’s q-
integral of type G2.

6.1. Gustafson integral of type G2. Let Φ(z) be function of z = (z1, z2) ∈ (C∗)2
defined by

(6.1) Φ(z) := Φ+(z)Φ+(z
−1),

where z−1 = (z−1
1 , z−1

2 ) and

Φ+(z) :=
(z2, z1z2, z1z

2
2 , z1, z1z

3
2 , z

2
1z

3
2 ; q)∞∏4

k=1(akz2, akz1z2, akz1z
2
2 ; q)∞

.

We define I(a1, a2, a3, a4) as

I(a1, a2, a3, a4) :=
1

(2π
√−1)2

∫∫
T2

Φ(z)
dz1
z1

dz2
z2

,

and also define P (a1, a2, a3, a4) as

P (a1, a2, a3, a4)

:=
(a21a

2
2a

2
3a

2
4; q)∞

(a1a2a3a4; q)∞

4∏
i=1

(ai; q)∞
(a2i ; q)∞

∏
1≤i<j≤4

1

(aiaj ; q)∞

∏
1≤i<j<k≤4

1

(aiajak; q)∞
.

(6.2)
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Using I(a1, a2, a3, a4) and P (a1, a2, a3, a4) Proposition 1.1 is stated as the following

Theorem 6.1 (Gustafson [5, 6]). Suppose that ak ∈ C
∗ (1 ≤ k ≤ 4) satisfy |ak| < 1.

Then,

I(a1, a2, a3, a4) =
12

(q; q)2∞
P (a1, a2, a3, a4).

The aim of this section is to give an alternative proof for the above theorem. One
of key steps for our proof is the following.

Proposition 6.2. I(a1, a2, a3, a4) satisfy the following q-difference equation.

(6.3)
I(qa1, a2, a3, a4)

I(a1, a2, a3, a4)
=
(1 + a1)(1− qa21)

∏4
i=2(1− a1ai)

∏
2≤j<k≤4(1− a1ajak)

(1 + a1a2a3a4)(1− qa21a
2
2a

2
3a

2
4)

.

Proof. We state the detail later in §6.3 �
Remark. Proposition 6.2 is also obtained as a corollary of Theorem 7.2 for the
Nassrallah–Rahman integral of type G2 defined in §7.1. See Remark of Theorem 7.2.

Once we had the recurrence relation (6.3) of Proposition 6.2, by repeated use of
(6.3) we have the following.

Proposition 6.3. I(a1, a2, a3, a4) coincides with P (a1, a2, a3, a4) up to a multiplica-
tive constant, i.e.,

(6.4) I(a1, a2, a3, a4) = c P (a1, a2, a3, a4).

where c is some constant independent of a1, a2, a3, a4.

Proof. From (6.2), P (a1, a2, a3, a4) satisfies the same q-difference equation as (6.3),
and (6.3) is symmetric with respect to a1, a2, a3, a4. This implies

(6.5)
I(a1, a2, a3, a4)

P (a1, a2, a3, a4)
=

I(qa1, qa2, qa3, qa4)

P (qa1, qa2, qa3, qa4)
= lim

N→∞
I(qNa1, q

Na2, q
Na3, q

Na4)

P (qNa1, qNa2, qNa3, qNa4)

From (6.2) we have

(6.6) lim
N→∞

P (qNa1, q
Na2, q

Na3, q
Na4) = 1

On the other hand, if we set c as

c = lim
N→∞

I(qNa1, q
Na2, q

Na3, q
Na4)

=
1

(2π
√−1)2

∫∫
T2

(z2, z1z2, z1z
2
2 , z1, z1z

3
2 , z

2
1z

3
2 ; q)∞

× (z−1
2 , z−1

1 z−1
2 , z−1

1 z−2
2 , z−1

1 , z−1
1 z−3

2 , z−2
1 z−3

2 ; q)∞
dz1
z1

dz2
z2

,

then, from (6.5) and (6.6), we obtain (6.4). �

It is necessary to compute a special value of I(a1, a2, a3, a4) for proving that c in
(6.4) is equal to 12/(q; q)2∞. Here we compute I(1, 0, 0, 0).
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Lemma 6.4.

I(1, 0, 0, 0) =
1

(2π
√−1)2

∫∫
T2

(z1, z1z
3
2 , z

2
1z

3
2 ; q)∞(z

−1
1 , z−1

1 z−3
2 , z−2

1 z−3
2 ; q)∞

dz1
z1

dz2
z2

=
6

(q; q)2∞
.

Proof. We state the detail in §6.4. For its proof we use the triple product identity
(2.5) of Jacobi’s theta function. �

Proof of Theorem 6.1. From the definition (6.2) of P (a1, a2, a3, a4) we have

P (1, 0, 0, 0) =
1

(−1, q 1
2 ,−q 1

2 ; q)∞
=

1

2(−q, q 1
2 ,−q 1

2 ; q)∞
=

(q; q)∞
2(q,−q, q 1

2 ,−q 1
2 ; q)∞

=
1

2
.

Combining this with Lemma 6.4, we can compute c in Proposition 6.3 as

c =
I(1, 0, 0, 0)

P (1, 0, 0, 0)
=
6/(q; q)2∞

1/2
=

12

(q; q)2∞
.

From (6.4) this concludes our proof of Theorem 6.1. �

6.2. q-Stokes’ theorem.

Lemma 6.5. Let F+(z) and F−(z) be functions specified as

F+(z) :=
(z21z

3
2)
− 1

2

∏4
k=1(1− akz1z2)(1− akz1z

2
2)

(1− z1z2)(1− z1z22)(1− z1)(1− z1z32)(1− z21z
3
2)

and

F−(z) := F+(z
−1)

=
(z21z

3
2)

1
2

∏4
k=1(1− akz

−1
1 z−1

2 )(1− akz
−1
1 z−2

2 )

(1− z−1
1 z−1

2 )(1− z−1
1 z−2

2 )(1− z−1
1 )(1− z−1

1 z−3
2 )(1− z−2

1 z−3
2 )

.
(6.7)

Then, it follows that

(6.8)
Tq,z1Φ(z)

Φ(z)
= − F+(z)

Tq,z1F−(z)
.
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Proof. By the definition (6.1) of Φ(z) we have

Tq,z1Φ(z)

Φ(z)
=
(1− (qz1z

3
2)
−1)(1− (qz21z

3
2)
−1)(1− (q2z21z

3
2)
−1)

(1− z1z32)(1− z21z
3
2)(1− qz21z

3
2)

× (1− (qz1z2)
−1)(1− (qz1z

2
2)
−1)(1− (qz1)

−1)

(1− z1z2)(1− z1z22)(1− z1)

×
4∏

k=1

(1− akz1z2)(1− akz1z
2
2)

(1− ak(qz1z2)−1)(1− ak(qz1z22)
−1)

=− (qz21z
3
2)
−1 (1− (qz1z2)

−1)(1− (qz1z
2
2)
−1)

(1− z1z2)(1− z1z22)

× (1− (qz1)
−1)(1− (qz1z

3
2)
−1)(1− (q2z21z

3
2)
−1)

(1− z1)(1− z1z32)(1− z21z
3
2)

×
4∏

k=1

(1− akz1z2)(1− akz1z
2
2)

(1− ak(qz1z2)−1)(1− ak(qz1z22)
−1)

.

This implies (6.8). �

We denote by M((C∗)2) the C-vector space of meromorphic functions on (C∗)2,
and by O((C∗)2) the C-vector space of holomorphic functions on (C∗)2. For each

function ϕ(z) ∈ z
1
2
2M((C∗)2) = {z 1

2
2 f(z) | f(z) ∈ M((C∗)2)} we define the function

∇ϕ(z) by

(∇ϕ)(z) := F+(z)T
1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z) ∈M((C∗)2),

and ∇symϕ(z) by the symmetrization of ∇ϕ(z):

(∇symϕ)(z) :=
∑
w∈W

w.(∇ϕ(z))

=
∑
w∈W

w.
(
F+(z)T

1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z)
)
∈M((C∗)2)W ,

whereM((C∗)2)W denotes the C-vector space of W -invariant meromorphic functions
on (C∗)2. For f(z) ∈M((C∗)2) we use the notation

〈f(z)〉 = 1

(2π
√−1)2

∫∫
T2

f(z)Φ(z)
dz1
z1

dz2
z2

.

In particular, we have 〈1〉 = I(a1, a2, a3, a4) and 〈a31g(a1; z)〉 = I(qa1, a2, a3, a4).

Lemma 6.6 (q-Stokes’ theorem). Suppose that |ak| < 1 (k = 1, 2, 3, 4). Then, for

ϕ(z) ∈ z
1
2
2 O((C∗)2) we have

〈∇ϕ(z)〉 = 0,

and

〈∇symϕ(z)〉 = 0.

Proof. From (6.8) we have

(6.9) Tq,z1

(
Φ(z)F−(z)T

− 1
2

q,z1ϕ(z)
)
= −Φ(z)F+(z)T

1
2
q,z1ϕ(z),
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and from (6.7) we have

Φ(z)F−(z)T
− 1

2
q,z1ϕ(z) = z1z

3
2
2 T

− 1
2

q,z1ϕ(z)Φ+(z)

× (z−1
2 , qz−1

1 z−1
2 , qz−1

1 z−2
2 , qz−1

1 , qz−1
1 z−3

2 , qz−2
1 z−3

2 ; q)∞∏4
k=1(akz

−1
2 , akqz

−1
1 z−1

2 , akqz
−1
1 z−2

2 ; q)∞
.

(6.10)

Since we have z1z
3
2
2 T

− 1
2

q,z1ϕ(z) ∈ O((C∗)2) from ϕ(z) ∈ z
1
2
2 O((C∗)2), if |ak| < 1

(k = 1, 2, 3, 4) and z2 is fixed as |z2| = 1, then the right-hand side of (6.10) as a
function of z1 has no poles in the annulus |q| ≤ |z1| ≤ 1. Thus, by Cauchy’s integral
theorem we have

1

(2π
√−1)2

∫∫
T2

Tq,z1

(
Φ(z)F−(z)T

− 1
2

q,z1ϕ(z)
)dz1
z1

dz2
z2

=
1

(2π
√−1)2

∫
|z2|=1

(∫
|z1|=|q|

Φ(z)F−(z)T
− 1

2
q,z1ϕ(z)

dz1
z1

)
dz2
z2

(from variable change z′1 = qz1)

=
1

(2π
√−1)2

∫
|z2|=1

(∫
|z1|=1

Φ(z)F−(z)T
− 1

2
q,z1ϕ(z)

dz1
z1

)
dz2
z2

(from Cauchy’s integral theorem)

=
1

(2π
√−1)2

∫∫
T2

Φ(z)F−(z)T
− 1

2
q,z1ϕ(z)

dz1
z1

dz2
z2

.

(6.11)

Combining (6.9) with (6.11), we obtain

〈∇ϕ(z)〉 = 1

(2π
√−1)2

∫∫
T2

Φ(z)
(
F+(z)T

1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z)
)dz1
z1

dz2
z2

= 0.

Moreover, since Φ(z) and dz1
z1

dz2
z2

are W -symmetric, we compute

〈∇symϕ(z)〉 = 1

(2π
√−1)2

∫∫
T2

Φ(z)∇symϕ(z)
dz1
z1

dz2
z2

=
1

(2π
√−1)2

∫∫
T2

Φ(z)

( ∑
w∈W

w.
(
F+(z)T

1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z)
))dz1

z1

dz2
z2

=
1

(2π
√−1)2

∑
w∈W

∫∫
T2

w.

(
Φ(z)

(
F+(z)T

1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z)
)dz1
z1

dz2
z2

)
=

1

(2π
√−1)2

∑
w∈W

∫∫
w−1T2

Φ(z)
(
F+(z)T

1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z)
)dz1
z1

dz2
z2

=
1

(2π
√−1)2

∑
w∈W

∫∫
T2

Φ(z)
(
F+(z)T

1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z)
)dz1
z1

dz2
z2

= 0,

which completes the proof. �

We set W0 = 〈s2, w0〉 ⊂W , where w0 = (s1s2)
3 is the longest element of W .
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Lemma 6.7. Suppose that ϕ(z) is a W0-invariant function, i.e., s2.ϕ(z) = ϕ(z) and
w0.ϕ(z) = ϕ(z) Then, ∇symϕ(z) is expressed as

(6.12) ∇symϕ(z) = 4
5∑

k=0

Fk(z)ϕk(z),

where Fk(z) and ϕk(z) (k = 0, 1, . . . , 5) are given as

(6.13) Fk(z) = (s1s2)
k.F+(z), ϕk(z) = (s1s2)

k.T
1
2
q,z1ϕ(z).

Proof. From the definition (6.7) of F−(z), we have

F−(z) = F+(z
−1) = (s1s2)

3.F+(z) = F3(z).

Since ϕ(z) is an invariant with respect to w0 = (s1s2)
3 ∈ W , i.e., ϕ(z−1) = ϕ(z), we

have

T
− 1

2
q,z1ϕ(z) = ϕ(q−

1
2 z1, z2) = ϕ(q

1
2 z−1

1 , z−1
2 ) = ϕ0(z

−1) = (s1s2)
3ϕ0(z) = ϕ3(z),

so that ∇ϕ(z) is expressed as

∇ϕ(z) = F+(z)T
1
2
q,z1ϕ(z) + F−(z)T

− 1
2

q,z1ϕ(z) = F0(z)ϕ0(z) + F3(z)ϕ3(z).

Thus we obtain

∇symϕ(z) =
∑
w∈W

w.(∇ϕ(z)) =
∑
w∈W

w.(F0(z)ϕ0(z) + F3(z)ϕ3(z))

= 2
∑
w∈W

w.(F0(z)ϕ0(z)).

Then, using the expression (5.1) of W ,

(6.14) ∇symϕ(z) = 2

5∑
k=0

(s1s2)
k.
(
F0(z)ϕ0(z) + s2.(F0(z)ϕ0(z))

)
.

Since ϕ(z) is an invariant with respect to s2, i.e., ϕ(z1, z2) = ϕ(z1z
3
2 , z

−1
2 ), we have

s2.ϕ0(z) = s2.ϕ(q
1
2 z1, z2) = ϕ(q

1
2 z1z

3
2 , z

−1
2 ) = ϕ(q

1
2 z1, z2) = ϕ0(z).

Since F0(z) = F+(z) is also an invariant with respect to s2, using this we see that

(6.14) implies ∇symϕ(z) = 4
∑5

k=0(s1s2)
k.F0(z)ϕ0(z). �

6.3. q-Difference equations – Proof of Proposition 6.2.

Lemma 6.8. For i = 0, 1 it follows that

(6.15)
∇sym(z

− 1
2

2 + z
1
2
2 )(z2 + z−1

2 )i

4
∈ Cm0(z)⊕ Cm�2(z).

The explicit expressions of (6.15) are given by

(6.16)
∇sym(z

− 1
2

2 + z
1
2
2 )

4
= (E4 − E0)

[
(E0 + E4)s�2(z)− (E1 + E2 + E3)

]
,

and

(6.17)
∇sym(z

− 1
2

2 + z
1
2
2 )(z2 + z−1

2 )

4
= (E3−E1)

[
(E0+E4)s�2

(z)− (E1+E2+E3)
]
,

－ 31 －



where Er (r = 0, 1, . . . , 4) is the rth elementary symmetric polynomial of a1, . . . , a4
given by

(6.18) Er =
∑

1≤i1<···<ir≤4

ai1ai2 · · · air ,

i.e., E0 = 1, E1 = a1 + a2 + a3 + a4, . . . , E4 = a1a2a3a4.

Proof. The proof follows by direct computation and we omit the details. �
Lemma 6.9. Let e�2(z) be the function given as (5.17). If we set

(6.19) ϕ(z) = z
− 1

2
2 (1 + z2)e(a1, z2),

then, we have

(6.20)
∇symϕ(z)

4
= B2e�2(z) +B1,

where the coefficients B1 and B2 are given as

(6.21) B2 = a−1
1 (1− a1a2)(1− a1a3)(1− a1a4)(1 + a1a2a3a4),

and

B1 = a−2
1 a−1

2 (1− a1a2)(1− a1a3)(1− a1a4)

× (1 + a1)(1 + a2)(1− a1a2a3)(1− a1a2a4)
(6.22)

Proof. Since ϕ(z) is written as

ϕ(z) = z
− 1

2
2 (1 + z2)e(a1, z2) = (z

− 1
2

2 + z
1
2
2 )(a1 + a−1

1 )− (z
− 1

2
2 + z

1
2
2 )(z2 + z−1

2 ),

by (6.15) in Lemma 6.8, we have (6.20). Combining e�2(z) = s�2(z)− s�2(p12) with
(6.20), we have

∇symϕ(z)

4
= B2

(
s�2(z)− s�2(p12)

)
+B1 = B2s�2(z) + · · · .

Comparing both sides of the above equation using (6.16) and (6.17), we obtain

B2 = (E0 + E4)(E0 − E4)(a1 + a−1
1 )− (E0 + E4)(E3 − E1)

= (E0 + E4)
[
(E0 − E4)(a1 + a−1

1 )− (E3 − E1)
]
.

From the factorization

(E0 − E4)(a1 + a−1)− (E3 − E1) = a−1
1 (1− a1a2)(1− a1a3)(1− a1a4),

we therefore obtain (6.21).
On the other hand, since e�2(p12) = 0, we have B1 = ∇symϕ(p12)/4. Using Lemma

6.7 with F2(p12) = F3(p12) = F4(p12) = F5(p12) = 0 and ϕ1(p12) = 0, we obtain

B1 =
∇symϕ(p12)

4
= F0(p12)ϕ0(p12) = F+(p12)ϕ(p12)

= a−1
1 a

− 1
2

2

a
− 1

2
2 (1 + a2)e(a1, a2)

∏4
k=1(1− aka1)(1− aka1a2)

(1− a1)(1− a1a2)(1− a1/a2)(1− a1a22)(1− a21a2)

= a−2
1 a−1

2

(1 + a2)(1− a1a2)(1− a1/a2)
∏4

k=1(1− aka1)(1− aka1a2)

(1− a1)(1− a1a2)(1− a1/a2)(1− a1a22)(1− a21a2)
,

which coincides with (6.22). �
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Proposition 6.10. For e�2(z) it follows that

(6.23) b2〈e�2(z)〉+ b1〈1〉 = 0,

where the coefficients b1 and b2 are given as

b2 = (1 + a1a2a3a4),

b1 = a−1
1 a−1

2 (1 + a1)(1 + a2)(1− a1a2a3)(1− a1a2a4).

Proof. Applying Lemma 6.6 to Lemma 6.9, we immediately have (6.23). Dividing
both sides of (6.20) by a−1

1 (1−a1a2)(1−a1a3)(1−a1a4), we obtain the explicit forms
of the coefficients b1 and b2. �

Lemma 6.11. For i = 0, 1 it follows that

(6.24)
∇sym((z

2
1z

3
2)
− 1

2 + (z21z
3
2)

1
2 )(z2 + z−1

2 )i

4
∈ F2,

which are expanded as

∇sym((z
2
1z

3
2)
− 1

2 + (z21z
3
2)

1
2 )

4
= q−

1
2 (E0 − qE2

4)s�1
(z) + · · · ,(6.25)

∇sym((z
2
1z

3
2)
− 1

2 + (z21z
3
2)

1
2 )(z2 + z−1

2 )

4
(6.26)

= q−
1
2 (E0 − qE2

4)
[
s2�2

(z)− s�1
(z)
]
+ · · · ,

where Er (r = 0, 1, . . . , 4) is the rth elementary symmetric polynomial of a1, . . . , a4
given by (6.18).

Proof. The proof follows by direct computation and we omit the details. �

Lemma 6.12. If we put

ϕ(z) = (z21z
3
2)
− 1

2 (1 + z21z
3
2)e(a1, z2)

=
(
(z21z

3
2)
− 1

2 + (z21z
3
2)

1
2

)(
(a1 + a−1

1 )− (z1 + z−1
2 )
)
,

(6.27)

then, we have

(6.28)
∇symϕ(z)

4
= C3g(a1; z) + C2e�2(z) + C1,

where the coefficients C1, C2 and C3 are given as

C3 = q−
1
2 (1− qa21a

2
2a

2
3a

2
4),(6.29)

C2 = q−
1
2 a−2

1 (1− a1a2)(1− a1a3)(1− a1a4)(1 + qa31a2a3a4),(6.30)

C1 = q−
1
2 a−3

1 a−1
2 (1− a1a2)(1− a1a3)(1− a1a4)(6.31)

× (1− a1a2a3)(1− a1a2a4)(1 + a1)(1 + qa21a2).

Proof. Applying (6.25) and (6.26) of Lemma 6.11 to (6.27) we have∇symϕ(z)/4 ∈ F2.
Then, ∇symϕ(z)/4 can be expanded in terms of the basis of F2 defined in §5.3.1,
namely

∇symϕ(z)

4
= C3g(a1; z) + C2.5e�1(z) + C2e�2(z) + C1,

where C1, C2, C2.5 and C3 are some constants independent of z.
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We first evaluate C3 and show C2.5 = 0. Using expansion (5.13) of g(a1; z) we have

∇symϕ(z)

4
= C3

(
− s2�2(z) + (a1 + a−1

1 + 1)s�1(z) + · · ·
)

(6.32)

+ C2.5

(
s�1(z) + · · ·

)
+ C2e�2(z) + C1

= −C3s2�2(z) +
(
(a1 + a−1

1 + 1)C3 + C2.5

)
s�1(z) + · · · .

On the other hand, from (6.25) and (6.26) we have an expansion

(6.33)
∇symϕ(z)

4
= −q− 1

2 (1− qa21a
2
2a

2
3a

2
4)
[
s2�2(z)−

(
(a1+ a−1

1 +1)
)
s�1(z)

]
+ · · · .

Comparing coefficients of s�1(z) and s2�2(z) in (6.32) and (6.33), we obtain C2.5 = 0

and C3 = q−
1
2 (1− qa21a

2
2a

2
3a

2
4).

Next we evaluate C1. Since e�2(p12) = 0 and g(a1; p12) = 0, from (6.28) we have
C1 = ∇symϕ(p12)/4. By Lemma 6.7 with F2(p12) = F3(p12) = F4(p12) = F5(p12) = 0
and ϕ1(p12) = 0, using

F0(z)ϕ0(z) = F+(z)T
1
2
q,z1ϕ(z)

= q−
1
2
(1 + qz21z

3
2)(1− a1z2)(1− a1/z2)

∏4
k=1(1− akz1z2)(1− akz1z

2
2)

a1z21z
3
2(1− z1z2)(1− z1z22)(1− z1)(1− z1z32)(1− z21z

3
2)

,

we obtain

C1 =
∇symϕ(p12)

4
= F0(p12)ϕ0(p12) = F+(p12)T

1
2
q,z1ϕ(p12)

= q−
1
2
(1 + qa21a2)(1− a1a2)(1− a1/a2)

∏4
k=1(1− aka1)(1− aka1a2)

a31a2(1− a1)(1− a1a2)(1− a1/a2)(1− a1a22)(1− a21a2)
,

which coincides with (6.31).
Lastly we evaluate C2. Since g(a1; p

∗
12) = 0, from (6.28) we obtain

C2 =
1

e�2(p
∗
12)

(∇symϕ(p
∗
12)

4
− C1

)
.

By Lemma 6.7 with F1(p
∗
12) = F2(p

∗
12) = F3(p

∗
12) = F4(p

∗
12) = 0, we obtain

∇symϕ(p
∗
12)

4
= F0(p

∗
12)ϕ0(p

∗
12) + F5(p

∗
12)ϕ5(p

∗
12).

Thus we have

(6.34) C2 =
1

e�2(p
∗
12)

(
F0(p

∗
12)ϕ0(p

∗
12) + F5(p

∗
12)ϕ5(p

∗
12)− C1

)
.

From the explicit form

F5(z)ϕ5(z) = q−
1
2
(1 + qz1)(1− a1z1z

2
2)(1− a1/z1z

2
2)
∏4

k=1(1− ak/z2)(1− akz1z2)

a1z1(1− z−1
2 )(1− z1z2)(1− 1/z1z32)(1− z21z

3
2)(1− z1)

,
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we have

F5(p
∗
12)ϕ5(p

∗
12)

= q−
1
2
(1 + qa21/a2)(1− a1a2)(1− a1/a2)

∏4
k=1(1− aka1/a2)(1− aka1)

a31a
−1
2 (1− a1/a2)(1− a1)(1− a1/a22)(1− a1a2)(1− a21/a2)

= q−
1
2 (1− a1a2)(1− a1a3)(1− a1a4)

× (1 + qa21/a2)(1− a21)(1− a1a3/a2)(1− a1a4/a2)

a31a
−1
2 (1− a1/a22)

,

(6.35)

and in the same manner we have

F0(p
∗
12)ϕ0(p

∗
12) = −q−

1
2 (1 + qa1a2)(1 + a1)(1− a22)(1− a1a2)

× (1− a1a3)(1− a1a4)(1− a2a3)(1− a2a4)

a1a32(1− a1/a22)
.

(6.36)

Using (6.31), (6.35) and (6.36), a factor F0(p
∗
12)ϕ0(p

∗
12) +F5(p

∗
12)ϕ5(p

∗
12)−C1 in the

expression (6.34) of C2 is computed as

F0(p
∗
12)ϕ0(p

∗
12) + F5(p

∗
12)ϕ5(p

∗
12)− C1

= −q− 1
2
(1 + a1)(1− a1a2)(1− a1a3)(1− a1a4)

a31a
3
2(1− a1/a22)

×
[
a21(1 + qa1a2)(1− a22)(1− a2a3)(1− a2a4)

− a42(1 + qa21/a2)(1− a1)(1− a1a3/a2)(1− a1a4/a2)

+ a22(1− a1a2a3)(1− a1a2a4)(1 + qa21a2)(1− a1/a
2
2)

]
(the sum of these three terms is factored into a product of binomials)

= −q− 1
2
(1 + a1)(1− a1a2)(1− a1a3)(1− a1a4)

a31a
3
2(1− a1/a22)

× a22(1− a1)(1− a22)(1− a1/a
2
2)(1 + qa31a2a3a4)

= −q− 1
2 a−3

1 a−1
2 (1− a21)(1− a22)(1− a1a2)(1− a1a3)(1− a1a4)(1 + qa31a2a3a4).

Since e�2(p
∗
12) = −a−1

1 a−1
2 (1− a21)(1− a22) by (5.18), using the above identity, (6.34)

is computed as

C2 = (−1)q− 1
2 a−3

1 a−1
2 (1− a21)(1− a22)(1− a1a2)(1− a1a3)(1− a1a4)(1 + qa31a2a3a4)

× −a1a2
(1− a21)(1− a22)

,

which coincides with (6.30). �

Proposition 6.13. For g(a1; z) and e�2(z) it follows that

(6.37) c3〈g(a1; z)〉+ c2〈e�2(z)〉+ c1〈1〉 = 0,

where the coefficient c1, c2 and c3 are given as

c3 = (1− qa21a
2
2a

2
3a

2
4),

c2 = a−2
1 (1− a1a2)(1− a1a3)(1− a1a4)(1 + qa31a2a3a4),
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c1 = a−3
1 a−1

2 (1− a1a2)(1− a1a3)(1− a1a4)

× (1− a1a2a3)(1− a1a2a4)(1 + a1)(1 + qa21a2).

Proof. Applying Lemma 6.6 to Lemma 6.12, we immediately have (6.37). Multiply-

ing both sides of (6.28) by q
1
2 , we obtain the explicit forms of the coefficients c1, c2

and c3. �

We conclude this subsection by proving Proposition 6.2.

Proof of Proposition 6.2. Eliminating 〈e�2(z)〉 from (6.23) and (6.37), i.e.,

(6.38) 0 = b2c3〈g(a1; z)〉+b2c2〈e�2(z)〉+b2c1〈1〉 = b2c3〈g(a1; z)〉+(−b1c2+b2c1)〈1〉.
we obtain

〈g(a1; z)〉 = b1c2 − b2c1
b2c3

〈1〉
The numerator of the coefficient is computed as

b1c2 − b2c1

= a−1
1 a−1

2 (1 + a1)(1 + a2)(1− a1a2a3)(1− a1a2a4)

× a−2
1 (1− a1a2)(1− a1a3)(1− a1a4)(1 + qa31a2a3a4)

− (1 + a1a2a3a4)× a−3
1 a−1

2 (1− a1a2)(1− a1a3)(1− a1a4)

× (1− a1a2a3)(1− a1a2a4)(1 + a1)(1 + qa21a2)

= a−3
1 a−1

2 (1 + a1)(1− a1a2)(1− a1a3)(1− a1a4)(1− a1a2a3)(1− a1a2a4)

×
[
(1 + a2)(1 + qa31a2a3a4)− (1 + a1a2a3a4)(1 + qa21a2)

]
= a−3

1 a−1
2 (1 + a1)(1− a1a2)(1− a1a3)(1− a1a4)(1− a1a2a3)(1− a1a2a4)

× a2(1− a1a3a4)(1− qa21)

= a−3
1 (1 + a1)(1− qa21)

4∏
k=2

(1− a1ak)
∏

2≤i<j<≤4

(1− a1aiaj),

and the denominator of the coefficient is b2c3 = (1+a1a2a3a4)(1−qa21a
2
2a

2
3a

2
4). There-

fore we obtain

〈g(a1; z)〉 =
a−3
1 (1 + a1)(1− qa21)

∏4
k=2(1− a1ak)

∏
2≤i<j<≤4(1− a1aiaj)

(1 + a1a2a3a4)(1− qa21a
2
2a

2
3a

2
4)

〈1〉.

Since we have I(qa1, a2, a3, a4) = 〈a31g(a1; z)〉 and I(a1, a2, a3, a4) = 〈1〉 by definition
of the integral I(a1, a2, a3, a4), the above relation between 〈g(a1; z)〉 and 〈1〉 implies
the q-difference equation (6.3) in Proposition 6.2. �
6.4. Special value of the integral – Proof of Lemma 6.4.

Lemma 6.14.
1

(2π
√−1)2

∫∫
T2

(z1, z1z
3
2 , z

2
1z

3
2 ; q)∞(z

−1
1 , z−1

1 z−3
2 , z−2

1 z−3
2 ; q)∞

dz1
z1

dz2
z2

=
1

(2π
√−1)2

∫∫
T2

(z2, z1z2, z1z
2
2 ; q)∞(z

−1
2 , z−1

1 z−1
2 , z−1

1 z−2
2 ; q)∞

dz1
z1

dz2
z2

.

(6.39)
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Proof. This is confirmed by variable change w = z32 for the left-hand side. �

The claim of Lemma 6.4 is that the left-hand side of (6.39) coincides with 6/(q; q)2∞.
Instead of this it suffices to prove that the right-hand side of (6.39) is equal to
6/(q; q)2∞. Writing the right-hand side of (6.39) as an iterated integral, we have

1

(2π
√−1)2

∫∫
T2

(z2, z1z2, z1z
2
2 ; q)∞(z

−1
2 , z−1

1 z−1
2 , z−1

1 z−2
2 ; q)∞

dz1
z1

dz2
z2

=
1

2π
√−1

∫
T

(z2, z
−1
2 ; q)∞

×
(

1

2π
√−1

∫
T

(z1z2, z
−1
1 z−1

2 , z1z
2
2 , z

−1
1 z−2

2 ; q)∞
dz1
z1

)
dz2
z2

.

(6.40)

We first compute the integral of z1-variable.

(q; q)2∞
2π
√−1

∫
T

(z1z2, z
−1
1 z−1

2 , z1z
2
2 , z

−1
1 z−2

2 ; q)∞
dz1
z1

=
1

2π
√−1

∫
T

(1− z−1
1 z−1

2 )(1− z−1
1 z−2

2 )z−1
1 ϑ(z1z2; q)ϑ(z1z

2
2 ; q)dz1.

The integrand as a function of z1 has the unique essential singularity at z1 = 0. Using
the triple product (2.5) of Jacobi’s theta function, the integrand is expanded as

(1− z−1
1 z−1

2 )(1− z−1
1 z−2

2 )z−1
1 ϑ(z1z2; q)ϑ(z1z

2
2 ; q)

=
(
z−1
1 − z−2

1 (z−1
2 + z−2

2 ) + z−3
1 z−3

2

) ∞∑
m,n=−∞

(−z1z2)nq(
n
2)(−z1z22)mq(

m
2 ),

so that the residue (the coefficient of z−1
1 ) is equal to the sum of A,B,C written

below.

A =
∑

n+m=0

zn+2m
2 q(

n
2)+(

m
2 ) =

∞∑
m=−∞

zm2 q(
−m
2 )+(

m
2 ) =

∞∑
m=−∞

zm2 qm
2

,

B = −(z−1
2 + z−2

2 )
∑

n+m=1

(−1)zn+2m
2 q(

n
2)+(

m
2 ) =

∑
n+m=1

(zn+2m−1
2 + zn+2m−2

2 )q(
n
2)+(

m
2 )

=

∞∑
m=−∞

(zm2 + zm−1
2 )q(

1−m
2 )+(m2 ) =

∞∑
m=−∞

(zm2 + zm−1
2 )qm(m−1),

C = z−3
2

∑
n+m=2

zn+2m
2 q(

n
2)+(

m
2 ) =

∑
n+m=2

zn+2m−3
2 q(

n
2)+(

m
2 ) =

∞∑
m=−∞

zm−1
2 q(

2−m
2 )+(m2 )

=
∞∑

m=−∞
zm−1
2 q(m−1)2 .

Therefore we obtain

(q; q)2∞
2π
√−1

∫
T

(z1z2, z
−1
1 z−1

2 , z1z
2
2 , z

−1
1 z−2

2 ; q)∞
dz1
z1

= 2
∞∑

m=−∞
zm2 qm

2

+
∞∑

m=−∞
(zm2 + zm−1

2 )qm(m−1).

(6.41)
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From (6.40), we have

(q; q)3∞
(2π
√−1)2

∫∫
T2

(z2, z1z2, z1z
2
2 ; q)∞(z

−1
2 , z−1

1 z−1
2 , z−1

1 z−2
2 ; q)∞

dz1
z1

dz2
z2

=
(q; q)∞
2π
√−1

∫
T

(z2, z
−1
2 ; q)∞

×
(
(q; q)2∞
2π
√−1

∫
T

(z1z2, z
−1
1 z−1

2 , z1z
2
2 , z

−1
1 z−2

2 ; q)∞
dz1
z1

)
dz2
z2

=
1

2π
√−1

∫
T

(z−1
2 − z−2

2 )ϑ(z2; q)

×
(
(q; q)2∞
2π
√−1

∫
T

(z1z2, z
−1
1 z−1

2 , z1z
2
2 , z

−1
1 z−2

2 ; q)∞
dz1
z1

)
dz2.

(6.42)

From (6.41), the above integrand as a function of z2 is expanded as

(z−1
2 − z−2

2 )
∞∑

n=−∞
(−z2)nq(

n
2)
(
2

∞∑
m=−∞

zm2 qm
2

+
∞∑

m=−∞
(zm2 + zm−1

2 )qm(m−1)

)

=
∞∑

n=−∞
(−z2)nq(

n
2)
(
2

∞∑
m=−∞

(zm−1
2 − zm−2

2 )qm
2

+
∞∑

m=−∞
(zm−1

2 − zm−3
2 )qm(m−1)

)
,

whose residue (the coefficient of z−1
2 ) is computed as

2
∑

n+m=0

(−1)nq(n2)+m2

+ 2
∑

n+m=1

(−1)n+1q(
n
2)+m2

+
∑

n+m=0

(−1)nq(n2)+m(m−1) +
∑

n+m=2

(−1)n+1q(
n
2)+m(m−1).

Using the triple product (2.5) again, we obtain∑
n+m=0

(−1)nq(n2)+m2

=
∞∑

n=−∞
(−1)nq(n2)+(−n)2 =

∞∑
n=−∞

(−q)nq3(n2)

= ϑ(q; q3) = (q, q2, q3; q3)∞ = (q; q)∞,∑
n+m=1

(−1)n+1q(
n
2)+m2

=

∞∑
m=−∞

(−1)2−mq(
1−m

2 )+m2

=

∞∑
m=−∞

(−1)mq(
m
2 )+m2

= (q; q)∞,

∑
n+m=0

(−1)nq(n2)+m(m−1) =
∞∑

n=−∞
(−1)nq(n2)+n(n+1) =

∞∑
n=−∞

(−q2)nq3(n2)

= ϑ(q2; q3) = (q2, q, q3; q3)∞ = (q; q)∞,∑
n+m=2

(−1)n+1q(
n
2)+m(m−1) =

∞∑
n=−∞

(−1)n+1q(
n
2)+(n−1)(n−2)

=

∞∑
n=−∞

(−q)n−1q3(
n−1
2 ) = ϑ(q; q3) = (q; q)∞.
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Consequently, the left-hand side of (6.42) is written as

(q; q)3∞
(2π
√−1)2

∫∫
T2

(z2, z1z2, z1z
2
2 ; q)∞(z

−1
2 , z−1

1 z−1
2 , z−1

1 z−2
2 ; q)∞

dz1
z1

dz2
z2

= 6(q; q)∞,

which is our claim of this subsection.

7. Nassrallah–Rahman integral of type G2

In this section we define the Nassrallah–Rahman integral of type G2 extending the
Askey–Wilson integral of type G2 (Gustafson’s integral), and discuss two q-difference
equations for the Nassrallah–Rahman integral of type G2.

7.1. Nassrallah–Rahman q-hypergeometric integral of type G2 – Definition
and Results. Let Φ(z) be function of z = (z1, z2) ∈ (C∗)2 defined by
(7.1) Φ(z) = Φ+(z)Φ+(z

−1),

where z−1 = (z−1
1 , z−1

2 ) and

Φ+(z) =
(z2, z1z2, z1z

2
2 , z1, z1z

3
2 , z

2
1z

3
2 ; q)∞∏5

k=1(akz2, akz1z2, akz1z
2
2 ; q)∞

(qa−1
6 z2, qa

−1
6 z1z2, qa

−1
6 z1z

2
2 ; q)∞.

We define J(a1, a2, a3, a4, a5, a6) as

J(a1, a2, a3, a4, a5, a6) =
1

(2π
√−1)2

∫∫
T2

Φ(z)
dz1
z1

dz2
z2

One of the main result is the following.

Theorem 7.1. Under the condition a1a2 · · · a6 = −1, the integral J(a1, . . . , a6) sat-
isfies

C1J(qa1, a2, a3, a4, a5, a6) + C5J(a1, a2, a3, a4, qa5, a6)

+ C6J(a1, a2, a3, a4, a5, qa6) = 0
(7.2)

where the coefficient C1, C5, C6 is given as

C1 = a21(1− a1)(a
2
5 − a26)

6∏
k=1

1

1− aka1

4∏
k=2

(1− aka5a6),

C5 = a25(1− a5)(a
2
6 − a21)

6∏
k=1

1

1− aka5

4∏
k=2

(1− aka1a6),

C6 = a86(1− a6)(a
2
1 − a25)

6∏
k=1

1

1− aka6

4∏
k=2

(1− aka1a5).

Proof. The proof will be given in §7.3. �

The other result of this paper is the following:

Theorem 7.2. Under the condition a1a2 · · · a6q = −1, the integral J(a1, . . . , a6)
satisfies

C56J(a1, a2, a3, a4, qa5, qa6) + C16J(qa1, a2, a3, a4, a5, qa6)

+ C15J(qa1, a2, a3, a4, qa5, a6) = 0
(7.3)
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where the coefficient C56, C16, C15 is given as

C56 = a1
(1− a21)(1− qa21)

(1− a1)

(1− qa1a5)(1− qa1a6)

(1− a21/a
2
5)(1− a21/a

2
6)

×
4∏

k=2

(1− a1ak)
∏

2≤i<j≤4

(1− a1aiaj),

C16 = a5
(1− a25)(1− qa25)

(1− a5)

(1− qa5a1)(1− qa5a6)

(1− a25/a
2
1)(1− a25/a

2
6)

×
4∏

k=2

(1− a5ak)
∏

2≤i<j≤4

(1− a5aiaj),

C15 =
(1− a26)(1− qa26)

a56(1− a6)

(1− qa6a1)(1− qa6a5)

(1− a26/a
2
1)(1− a26/a

2
5)

×
4∏

k=2

(1− a6ak)
∏

2≤i<j≤4

(1− a6aiaj).

Proof. The proof will be given in §7.4. �
Remark. As a corollary of Theorem 7.2, when we consider the limit a5 → 0
(a−1

6 → 0), the q-difference equation (6.3) in Proposition 6.2 for Gustafson inte-
gral I(a1, a2, a3, a4) can be obtained from (7.3). Here we confirm this fact. Under the
condition a1a2 · · · a6q = −1, if a5 → 0, then we have the limits

J(a1, a2, a3, a4, qa5, qa6) = J(a1, a2, a3, a4, qa5,−a−1
1 · · · a−1

5 )→ I(a1, a2, a3, a4),

J(qa1, a2, a3, a4, a5, qa6) = J(qa1, a2, a3, a4, qa5,−a−1
1 · · · a−1

5 )→ I(qa1, a2, a3, a4),

J(qa1, a2, a3, a4, qa5, a6) = J(qa1, a2, a3, a4, qa5,−q−1a−1
1 · · · a−1

5 )→ I(qa1, a2, a3, a4),

so that we have

a6C56I(a1, a2, a3, a4) + a6(C16 + C15)I(qa1, a2, a3, a4) = 0.

where the coefficients a6C56, a6C16, a6C15 are computed as follows.

a6C56 = a1a6
(1− a21)(1− qa21)

(1− a1)

(1− qa1a5)(1− qa1a6)

(1− a21/a
2
5)(1− a21/a

2
6)

×
4∏

k=2

(1− a1ak)
∏

2≤i<j≤4

(1− a1aiaj)

= qa25a
2
6

(1− a21)(1− qa21)

(1− a1)

(1− qa1a5)(1− 1/qa1a6)

(1− a25/a
2
1)(1− a21/a

2
6)

×
4∏

k=2

(1− a1ak)
∏

2≤i<j≤4

(1− a1aiaj)

→ qa25a
2
6

(1− a21)(1− qa21)

(1− a1)

4∏
k=2

(1− a1ak)
∏

2≤i<j≤4

(1− a1aiaj)
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=
(1 + a1)(1− qa21)

qa21a
2
2a

2
3a

2
4

4∏
k=2

(1− a1ak)
∏

2≤i<j≤4

(1− a1aiaj),

a6C16 = a5a6
(1− a25)(1− qa25)

(1− a5)

(1− qa5a1)(1− qa5a6)

(1− a25/a
2
1)(1− a25/a

2
6)

×
4∏

k=2

(1− a5ak)
∏

2≤i<j≤4

(1− a5aiaj)

= −qa25a26
(1− a25)(1− qa25)

(1− a5)

(1− qa5a1)(1− 1/qa5a6)

(1− a25/a
2
1)(1− a25/a

2
6)

×
4∏

k=2

(1− a5ak)
∏

2≤i<j≤4

(1− a5aiaj)

→ −qa25a26(1− 1/qa5a6) = − (1 + a1a2a3a4)

qa21a
2
2a

2
3a

2
4

,

a6C15 =
(1− a26)(1− qa26)

a46(1− a6)

(1− qa6a1)(1− qa6a5)

(1− a26/a
2
1)(1− a26/a

2
5)

×
4∏

k=2

(1− a6ak)
∏

2≤i<j≤4

(1− a6aiaj)

=
q3a1a5a

6
6

−a96/a21a25
(1− 1/a26)(1− 1/qa26)

(1− 1/a6)

(1− 1/qa6a1)(1− 1/qa6a5)

(1− a21/a
2
6)(1− a25/a

2
6)

× a66a
3
2a

3
3a

3
4

4∏
k=2

(1− 1/a6ak)
∏

2≤i<j≤4

(1− 1/a6aiaj)

= −q3a31a32a33a34a35a36
(1− 1/a26)(1− 1/qa26)

(1− 1/a6)

(1− 1/qa6a1)(1− 1/qa6a5)

(1− a21/a
2
6)(1− a25/a

2
6)

×
4∏

k=2

(1− 1/a6ak)
∏

2≤i<j≤4

(1− 1/a6aiaj)

=
(1− 1/a26)(1− 1/qa26)

(1− 1/a6)

(1− 1/qa6a1)(1− 1/qa6a5)

(1− a21/a
2
6)(1− a25/a

2
6)

×
4∏

k=2

(1− 1/a6ak)
∏

2≤i<j≤4

(1− 1/a6aiaj)

→ (1− 1/qa5a6) = (1 + a1a2a3a4).

Therefore, if a5 → 0, consequently we have

a6C56 → (1 + a1)(1− qa21)

qa21a
2
2a

2
3a

2
4

4∏
k=2

(1− a1ak)
∏

2≤i<j≤4

(1− a1aiaj),

a6C16 → − (1 + a1a2a3a4)

qa21a
2
2a

2
3a

2
4

,

a6C15 → (1 + a1a2a3a4),
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a6(C16 + C15)→ (1− qa25a
2
6)(1− 1/qa5a6) = −qa25a26(1− 1/qa25a

2
6)(1− 1/qa5a6)

= − (1 + a1a2a3a4)(1− qa21a
2
2a

2
3a

2
4)

qa21a
2
2a

2
3a

2
4

.

Therefore we had the following from

I(qa1, a2, a3, a4)

I(a1, a2, a3, a4)
=

(1 + a1)(1− qa21)

(1 + a1a2a3a4)(1− qa21a
2
2a

2
3a

2
4)

4∏
i=2

(1−a1ai)
∏

2≤j<k≤4

(1−a1ajak),

which coincides with the q-difference equation (6.3) in Proposition 6.2. �

Under the condition a1a2 · · · a6 = −q, we want to find the system of q-difference
equations for J(a1, a2, a3, a4, a5, a6). Since a6 is written as a6 = −q(a1a2 · · · a5)−1

J(a1, a2, a3, a4, a5, a6) is equal to

J̄ = J̄(a1, a2, a3, a4, a5) := J(a1, a2, a3, a4, a5,−q(a1a2 · · · a5)−1),

which we regard J̄ as a function of (a1, a2, a3, a4, a5). If we consider the result in
Theorem 7.1 under a6 → q−1a6, and that in Theorem 7.2 under a6 → q−2a6, then we
immediately have the following:

Corollary 7.3. Under the condition a1a2 · · · a6 = −q, the integral J̄(a1, a2, a3, a4, a5)
satisfies the system of first-order simultaneous q-difference equations of rank 2 as

Tq,a1(J̄ , Tq,a5 J̄) = (J̄ , Tq,a5 J̄)A.

where the 2× 2 matrix A is given in terms of Gauss matrix decomposition as

A =

(
α 0
β 1

)(
1 γ
0 δ

)−1

Here the entries α, β, γ and δ are given as α = −T−1
q,a6

(C6/C1), β = −T−1
q,a6

(C5/C1),

γ = −T−1
q2,a6

(C16/C56) and δ = −T−1
q2,a6

(C15/C56), respectively.

Remark 1. The determinant of the coefficient matrix A is given as

detA = α/δ =
T−1
q,a6

(C6/C1)

T−1
q2,a6

(C15/C56)
.

Remark 2. Eliminating Tq,a5 J̄ from this system, the second order q-difference equa-
tion for J̄ can be obtained.

7.2. q-Stokes formula.

Lemma 7.4. Let F+(z) and F−(z) be functions specified as

(7.4) F+(z) = (z21z
3
2)
− 3

2

∏6
k=1(1− akz1z2)(1− akz1z

2
2)

(1− z1z2)(1− z1z22)(1− z1)(1− z1z32)(1− z21z
3
2)

.

Then, it follows that

Tq,z1Φ(z)

Φ(z)
= − F+(z)

Tq,z1F−(z)
, F−(z) = F+(z

−1).
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Proof. By the definition (7.1) of Φ(z) we have

Tq,z1Φ(z)

Φ(z)
=
(1− (qz1z2)

−1)(1− (qz1z
2
2)
−1)(1− (qz1)

−1)

(1− z1z2)(1− z1z22)(1− z1)

× (1− (qz1z
3
2)
−1)(1− (qz21z

3
2)
−1)(1− (q2z21z

3
2)
−1)

(1− z1z32)(1− z21z
3
2)(1− qz21z

3
2)

× (1− qa−1
6 (qz1z2)

−1)(1− qa−1
6 (qz1z

2
2)
−1)

(1− qa−1
6 z1z2)(1− qa−1

6 z1z22)

×
5∏

k=1

(1− akz1z2)(1− akz1z
2
2)

(1− ak(qz1z2)−1)(1− ak(qz1z22)
−1)

= −(qz21z32)−3 (1− (qz1z2)
−1)(1− (qz1z

2
2)
−1)

(1− z1z2)(1− z1z22)

× (1− (qz1)
−1)(1− (qz1z

3
2)
−1)(1− (q2z21z

3
2)
−1)

(1− z1)(1− z1z32)(1− z21z
3
2)

×
6∏

k=1

(1− akz1z2)(1− akz1z
2
2)

(1− ak(qz1z2)−1)(1− ak(qz1z22)
−1)

This implies Lemma 7.4. �

We remark that if we change the definitions of Φ(z) and F+(z) in §6.2 to (7.1)
and (7.4) in this section, respectively, then the same arguments as q-Stokes’ theorem
(Lemma 6.6) and Lemma 6.7 hold.

7.3. q-Difference equation – Proof of Theorem 7.1. From the definition (7.1)
of Φ(z), we have

Tq,ak
Φ(z)

Φ(z)
= a3k g(ak; z) (k = 1, 2, 3, 4, 5),

Tq,a6Φ(z)

Φ(z)
= a−3

6 g(a6; z),

so that

J(qa1, a2, a3, a4, a5, a6) = a31〈g(a1; z)〉,
J(a1, a2, a3, a4, qa5, a6) = a35〈g(a5; z)〉,
J(a1, a2, a3, a4, a5, qa6) = a−3

6 〈g(a6; z)〉.
Taking account of symmetry of parameters, Theorem 7.1 is equivalent to the following:

Proposition 7.5. Under the condition a1a2 · · · a6 = −1, the integral J(a1, . . . , a6)
satisfies

(7.5) C1〈g(a1; z)〉+ C2〈g(a2; z)〉+ C3〈g(a3; z)〉 = 0,

where

C1 =
a51(1− a1)(a

2
2 − a23)

(1− a22a3)(1− a2a23)

6∏
k=1

1− aka2a3
1− aka1

,(7.6)

C2 =
a52(1− a2)(a

2
3 − a21)

(1− a21a3)(1− a1a23)

6∏
k=1

1− aka1a3
1− aka2

,(7.7)
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C3 =
a53(1− a3)(a

2
1 − a22)

(1− a21a2)(1− a1a22)

6∏
k=1

1− aka1a2
1− aka3

.(7.8)

The aim of this subsection is to prove Proposition 7.5. Before proving it we show
two lemmas.

Lemma 7.6. For i = 0, 1, 2 it follows that

(7.9)
∇sym(z2 + z−1

2 )i(z
− 1

2
2 + z

1
2
2 )

4
∈ F3

The explicit expressions of (7.9) are given by

∇sym(z
− 1

2
2 + z

1
2
2 )

4
= (S0 + S6)(S0 − S6)s�1+�2(z) + · · · ,(7.10)

∇sym(z2 + z−1
2 )(z

− 1
2

2 + z
1
2
2 )

4
(7.11)

= (S0 + S6)(S0 − S6)s3�2(z) + 0s�1+�2(z) + · · · ,
∇sym(z2 + z−1

2 )2(z
− 1

2
2 + z

1
2
2 )

4
(7.12)

= (S0 + S6)
[
(S1 − S5)s3�2(z) + (S4 − S2 + S0 − S6)

]
s�1+�2(z) + · · · ,

where Sr (r = 0, 1, . . . , 6) is the rth elementary symmetric polynomial of a1, . . . , a6
given by

(7.13) Sr =
∑

1≤i1<···<ir≤6

ai1ai2 · · · air

i.e., S0 = 1, S1 = a1+ · · ·+a6, . . . , S6 = a1 · · · a6. In particular, under the condition

a1a2 · · · a6 = −1
it follows that

(7.14)
∇sym(z2 + z−1

2 )i(z
− 1

2
2 + z

1
2
2 )

4
∈ F2 (i = 0, 1, 2).

Proof. We can confirm (7.10)–(7.12) by direct calculation. Since all of the coefficients
of s3�2(z) and s�1+�2(z) in the right-hand sides of (7.10)–(7.12) have the factor
S0 + S6, under the condition a1a2 · · · a6 = −1, i.e., S0 + S6 = 0, we obtain (7.14). �
Lemma 7.7. Suppose that a1a2 · · · a6 = −1. Put

ϕ(z) = z
− 1

2
2 (1 + z2)e(a1; z2)e(a2; z2)

= z
− 1

2
2 (1 + z2)(1− a1z2)(1− a1z

−1
2 )(1− a2z2)(1− a2z

−1
2 )a−1

1 a−1
2

Then, ∇symϕ(z)/4 is expressed as

(7.15)
∇symϕ(z)

4
= c1g(a1; z) + c2g(a2; z) + c12G(z) ∈ F2,

where the coefficients c1, c2, c12 are given as

c1 = a21a
−4
2 a−2

3

(1 + a2)(1 + a3)(1− a2a3)

(1− a1/a2)(1− a1/a2a3)

6∏
k=4

(1− aka2)(1− aka2a3),(7.16)
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c2 = a−4
1 a22a

−2
3

(1 + a1)(1 + a3)(1− a1a3)

(1− a2/a1)(1− a2/a1a3)

6∏
k=4

(1− aka1)(1− aka1a3),(7.17)

c12 = a−2
1 a−3

2 (1 + a2/a1)(1− a1a2)(1− a1a2a3)(1− a1a2/a3)(7.18)

×
6∏

k=3

(1− aka1)(1− aka2).

Proof. We set ϕ̃(z) = ∇symϕ(z)/4. Since ϕ(z) is expanded as

ϕ(z) = (z
− 1

2
2 + z

1
2
2 )
[
(z2 + z−1

2 )2 − (A1 +A2)(z2 + z−1
2 ) +A1A2 + 2)

]
, Ai = ai + a−1

i

From (7.14) of Lemma 7.7, under the condition a1a2 · · · a6 = −1, we have ϕ̃(z) ∈ F2,
namely we have the expansion as

ϕ̃(z) = c1g(a1; z) + c2g(a2; z) + c3g(a3; z) + c12G(z),

where c1, c2, c3 and c12 are the constants independent of z. From the vanishing prop-
erties of g(ai, z) and G(z), we immediately have

c1 =
ϕ̃(p23)

g(a1; p23)
, c2 =

ϕ̃(p13)

g(a2; p13)
, c3 =

ϕ̃(p12)

g(a3; p12)
, c12 =

ϕ̃(p∗12)− c3g(a3; p
∗
12)

G(p∗12)

We first evaluate c1, c2, c3. From Lemma 6.7 ϕ̃(z) is written as

ϕ̃(z) =
∇symϕ(z)

4
=

5∑
k=0

Fk(z)ϕk(z).

If z = pij (i.e., z2 = aj , z1z2 = ai, z1z
2
2 = aiaj), then F2(pij) = F3(pij) = F4(pij) =

F5(pij) = 0, so that we have

ϕ̃(pij) = F0(pij)ϕ0(pij) + F1(pij)ϕ1(pij).

Since ϕ(z) does not include z1, we have

ϕ0(z) = ϕ(z) = z
− 1

2
2 (1 + z2)e(a1; z2)e(a2; z2),

ϕ1(z) = (z1z2)
− 1

2 (1 + z1z2)e(a1; z1z2)e(a2; z1z2),

so that we have

ϕ0(pij) = a
− 1

2
j (1 + aj)e(a1; aj)e(a2; aj),

ϕ1(pij) = a
− 1

2
i (1 + ai)e(a1; ai)e(a2; ai).

In particular ϕ1(p1j) = 0 and

ϕ0(p1j) = a
− 1

2
j (1 + aj)e(a1; aj)e(a2; aj)

= a
− 1

2
j (1 + aj)

(1− a1aj)(1− a1/aj)(1− a2aj)(1− a2/aj)

a1a2
.

Therefore we obtain

ϕ̃(p1j) = F0(p1j)ϕ0(p1j) = F+(p1j)ϕ(p1j).

Since ϕ(p12) = 0, we obtain

c3 =
ϕ̃(p12)

g(a3; p12)
=

F+(p12)ϕ(p12)

g(a3; p12)
= 0.
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Moreover, we can calculate

c2 =
ϕ̃(p13)

g(a2; p13)
=

F+(p13)ϕ(p13)

g(a2; p13)

= (a21a3)
− 3

2

∏6
k=1(1− aka1)(1− aka1a3)

(1− a1)(1− a1a3)(1− a1/a3)(1− a1a23)(1− a21a3)

× a
− 1

2
3 (1 + a3)

(1− a1a3)(1− a1/a3)(1− a2a3)(1− a2/a3)

a1a2

× a32
(1− a2a1)(1− a2/a1)(1− a2a3)(1− a2/a3)(1− a1a2a3)(1− a2/a1a3)

= a−4
1 a22a

−2
3

(1 + a1)(1 + a3)(1− a1a3)

(1− a2/a1)(1− a2/a1a3)

6∏
k=4

(1− aka1)(1− aka1a3),

which is (7.17). From symmetry of the equations c1 is obtained from c2 changing
a1 ↔ a2. Thus we have

c1 = a21a
−4
2 a−2

3

(1 + a2)(1 + a3)(1− a2a3)

(1− a1/a2)(1− a1/a2a3)

6∏
k=4

(1− aka2)(1− aka2a3),

which coincides with (7.16).
We next evaluate c12. From Lemma 6.7, if z = p∗ij (i.e., z2 = aj/ai, z1z2 = ai,

z1z
2
2 = aj), then F2(p

∗
ij) = F3(p

∗
ij) = F4(p

∗
ij) = 0, so that we have

ϕ̃(p∗ij) = F0(p
∗
ij)ϕ0(p

∗
ij) + F1(p

∗
ij)ϕ1(p

∗
ij) + F5(p

∗
ij)ϕ5(p

∗
ij).

Since ϕ(z) does not include z1, we have

ϕ0(z) = ϕ(z) = z
− 1

2
2 (1 + z2)e(a1; z2)e(a2; z2),

ϕ1(z) = (z1z2)
− 1

2 (1 + z1z2)e(a1; z1z2)e(a2; z1z2),

ϕ5(z) = (z1z
2
2)
− 1

2 (1 + z1z
2
2)e(a1; z1z

2
2)e(a2; z1z

2
2),

so that we have

ϕ0(p
∗
ij) = (aj/ai)

− 1
2 (1 + aj/ai)e(a1; aj/ai)e(a2; aj/ai),

ϕ1(p
∗
ij) = a

− 1
2

i (1 + ai)e(a1; ai)e(a2; ai),

ϕ5(p
∗
ij) = a

− 1
2

j (1 + aj)e(a1; aj)e(a2; aj).

From ϕ1(p
∗
12) = ϕ5(p

∗
12) = 0, we have

ϕ0(p
∗
12) = (a2/a1)

− 1
2 (1 + a2/a1)e(a1; a2/a1)e(a2; a2/a1)

= (a2/a1)
− 1

2 (1 + a2/a1)(1− a2)(1− a21/a2)(1− a22/a1)(1− a1)a
−1
1 a−1

2 ,

so that we have

ϕ̃(p∗12) = F0(p
∗
12)ϕ0(p

∗
12) = F+(p

∗
12)ϕ(p

∗
12)

= (a1a2)
− 3

2

∏6
k=1(1− aka1)(1− aka2)

(1− a1)(1− a2)(1− a21/a2)(1− a22/a1)(1− a1a2)

× (a2/a1)
− 1

2 (1 + a2/a1)(1− a2)(1− a21/a2)(1− a22/a1)(1− a1)a
−1
1 a−1

2
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=
(1 + a2/a1)

∏6
k=1(1− aka1)(1− aka2)

a21a
3
2(1− a1a2)

.

Using the fact that c3 = 0, we obtain

c12 =
ϕ̃(p∗12)− c3g(a3; p

∗
12)

G(p∗12)
=

ϕ̃(p∗12)
G(p∗12)

=
(1 + a2/a1)

∏6
k=1(1− aka1)(1− aka2)

a21a
3
2(1− a1a2)

× a1a2 e(a1a2, a3)

(1− a21)(1− a22)

= a−2
1 a−3

2 (1 + a2/a1)(1− a1a2)(1− a1a2a3)(1− a1a2/a3)

×
6∏

k=3

(1− aka1)(1− aka2),

which coincides with (7.18). �

Proof of Proposition 7.5. Using Lemma 6.6, (7.15) of Lemma 7.7 implies

(7.19) c1〈g(a1; z)〉+ c2〈g(a2; z)〉+ c12〈G(z)〉 = 0,

where c1, c2, c12 are given as (7.16)–(7.18). If we consider (7.15) of Lemma 7.7 with
a2 ↔ a3, we obtain

(7.20) d1〈g(a1; z)〉+ d3〈g(a3; z)〉+ d13〈G(z)〉 = 0

where, d1, d3, d13 are given as (7.16)–(7.18) with a2 ↔ a3, i.e.,

d1 = a21a
−4
3 a−2

2

(1 + a2)(1 + a3)(1− a2a3)

(1− a1/a3)(1− a1/a2a3)

6∏
k=4

(1− aka3)(1− aka2a3),

d3 = a−4
1 a23a

−2
2

(1 + a1)(1 + a2)(1− a1a2)

(1− a3/a1)(1− a3/a1a2)

6∏
k=4

(1− aka1)(1− aka1a2),

d13 = a−2
1 a−3

3 (1 + a3/a1)(1− a1a2)(1− a1a3)(1− a2a3)(1− a1a2a3)(1− a1a3/a2)

×
6∏

k=4

(1− aka1)(1− aka3).

Eliminating 〈G(z)〉 from (7.19) and (7.20), we have the relation (7.5). �

7.4. q-Difference equation – Proof of Theorem 7.2. By definition we have

J(a1, a2, a3, a4, qa5, qa6) = a35a
−3
6 〈g(a5; z)g(a6; z)〉,

J(qa1, a2, a3, a4, qa5, a6) = a31a
3
5〈g(a1; z)g(a5; z)〉,

J(qa1, a2, a3, a4, a5, qa6) = a31a
−3
6 〈g(a1; z)g(a6; z)〉.

Taking account of symmetry of the parameters, Theorem 7.2 is equivalent to the
following.

Proposition 7.8. Under the condition a1a2 · · · a6q = −1, it follows that

(7.21) C23〈g(a2; z)g(a3; z)〉+ C13〈g(a1; z)g(a3; z)〉+ C12〈g(a1; z)g(a2; z)〉 = 0,
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where

C23 =
(1− a21)(1− qa21)

a21(1− a1)

(1− qa1a2)(1− qa1a3)

(1− a21/a
2
2)(1− a21/a

2
3)

6∏
k=4

(1− a1ak)
∏

4≤i<j≤6

(1− a1aiaj),

C13 =
(1− a22)(1− qa22)

a22(1− a2)

(1− qa2a1)(1− qa2a3)

(1− a22/a
2
1)(1− a22/a

2
3)

6∏
k=4

(1− a2ak)
∏

4≤i<j≤6

(1− a2aiaj),

C12 =
(1− a23)(1− qa23)

a23(1− a3)

(1− qa3a1)(1− qa3a2)

(1− a23/a
2
1)(1− a23/a

2
2)

6∏
k=4

(1− a3ak)
∏

4≤i<j≤6

(1− a3aiaj).

The aim of this subsection is to prove Proposition 7.8. Before proving it we show
four lemmas.

Lemma 7.9. Let αi(z), βi(z), γi(z) be functions specified by

αi(z) :=
1

4
∇sym

(
(z2 + z−1

2 )i(z
− 1

2
2 + z

1
2
2 )
)
,

βi(z) :=
1

4
∇sym

(
(z2 + z−1

2 )i(z
− 1

2
2 + z

1
2
2 )
(
(z1z2)

−1 + z1z2 + (z1z
2
2)
−1 + z1z

2
2

))
,

γi(z) :=
1

4
∇sym

(
(z2 + z−1

2 )i(z
− 1

2
2 + z

1
2
2 )((z1z2)

−1 + z1z2)((z1z
2
2)
−1 + z1z

2
2)
)
.

Then, we have

(7.22) αi(z) ∈ F4 (i = 0, 1, 2, 3), βi(z) ∈ F4 (i = 0, 1, 2)

and

β3(z) ∈ F5, γi(z) ∈ F5 (i = 0, 1, 2, 3).

β3(z) ∈ F5 and γi(z) ∈ F5 (i = 0, 1, 2, 3) are expressed as

β3(z) = q−
1
2 (S0 + qS6)

×
[
(S6 − S0)s5�2(z) + (S1 − S5)s�1+3�2(z) + (S4 − S2)s2�1+�2(z)

]
+ · · ·

and

γ0(z) = q−1(S0 + qS6)(S0 − qS6)s2�1+�2(z) + · · · ,
γ1(z) = q−1(S0 + qS6)(S0 − qS6)

[
s�1+3�2(z) + 0s2�1+�2(z)

]
+ · · · ,

γ2(z) = q−1(S0 + qS6)(S0 − qS6)
[
s5�2(z) + 0s�1+3�2(z) + s2�1+�2(z)

]
+ · · · ,

γ3(z) = q−1(S0 + qS6)
[
(S1 − qS5)s5�2(z)

+
(
qS4 − S2 + 2(S0 − qS6) + (S6 − qS0)

)
s�1+3�2(z)

+
(
(1− q)S3 + qS1 − S5

)
s2�1+�2(z)

]
+ · · · ,

where Sr (r = 0, 1, . . . , 6) is the rth elementary symmetric polynomial of a1, . . . , a6
given by (7.13). In particular, under the condition

a1a2 · · · a6q = −1
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we have

(7.23) β3(z) ∈ F4, γi(z) ∈ F4 (i = 0, 1, 2, 3).

Proof. The proof follows by direct computation and we omit the details. �

Lemma 7.10. Suppose that a1a2 · · · a6q = −1. Let ϕi(z) (i = 1, 2, 3) be functions
specified by

ϕi(z) = z
− 1

2
2 (1 + z2)e(a1, z2)e(a2, z2)e(a3, z2)e(ci, z1z2)e(ci, z1z

2
2)

= z
− 1

2
2 (1 + z2)(1− a1z2)(1− a1z

−1
2 )(1− a2z2)

× (1− a2z
−1
2 )(1− a3z2)(1− a3z

−1
2 )a−1

1 a−1
2 a−1

3

× (1− ciz1z2)(1− ci/z1z2)(1− ciz1z
2
2)(1− ci/z1z

2
2)c

−2
i ,

and gij(z), Gi(z) be the functions defined as (5.26), (5.28), respectively. If ci = qai
(i = 1, 2, 3), then ∇symϕi(z)/4 are expanded as

∇symϕ1(z)

4
= c

(1)
13 g13(z) + c

(1)
12 g12(z) + c

(1)
1 G1(z),

∇symϕ2(z)

4
= c

(2)
23 g23(z) + c

(2)
12 g12(z) + c

(2)
2 G2(z),

∇symϕ3(z)

4
= c

(3)
23 g23(z) + c

(3)
13 g13(z) + c

(3)
3 G3(z),

where the coefficients are given as

c
(1)
1 = q−1a−2

2 a−2
3 (a2 + a3)(1− a2a3)(1− qa1a2)(1− qa1a3)e(a2a3, a4)(7.24)

×
6∏

k=4

(1− aka2)(1− aka3),

c
(2)
2 = q−1a−2

1 a−2
3 (a1 + a3)(1− a1a3)(1− qa1a2)(1− qa2a3)e(a1a3, a4)

×
6∏

k=4

(1− aka1)(1− aka3),

c
(3)
3 = q−1a−2

1 a−2
2 (a1 + a2)(1− a1a2)(1− qa1a3)(1− qa2a3)e(a1a2, a4)

×
6∏

k=4

(1− aka1)(1− aka2),

c
(i)
12 = c

(i)
21 =

(1 + a3)(1 + a4)(1− a3a4a5)(1− a3a4a6)
∏6

k=4(1− aka3)

(1− a3a4/a1)(1− a3a4/a2)(1− a3/a1)(1− a3/a2)
(7.25)

× e(q
1
2 ai, q

1
2 a3)e(q

1
2 ai, q

1
2 a3a4),

c
(i)
13 = c

(i)
31 =

(1 + a2)(1 + a4)(1− a2a4a5)(1− a2a4a6)
∏6

k=4(1− aka2)

(1− a2a4/a1)(1− a2a4/a3)(1− a2/a1)(1− a2/a3)

× e(q
1
2 ai, q

1
2 a2)e(q

1
2 ai, q

1
2 a2a4),

c
(i)
23 = c

(i)
32 =

(1 + a1)(1 + a4)(1− a1a4a5)(1− a1a4a6)
∏6

k=4(1− aka1)

(1− a1a4/a2)(1− a1a4/a3)(1− a1/a2)(1− a1/a3)
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× e(q
1
2 ai, q

1
2 a1)e(q

1
2 ai, q

1
2 a1a4).

Proof. We set ϕ̃i(z) = ∇symϕi(z)/4. From expansion of ϕi(z), ϕ̃i(z) can be expressed
as a linear combination of αi(z), βi(z), γi(z) (i = 0, 1, 2, 3) in Lemma 7.9. This implies
ϕ̃i(z) ∈ F5. Under the condition a1a2 · · · a6q = −1, from (7.22) and (7.23) we have
ϕ̃i(z) ∈ F4. By Lemma 5.6, using basis {gij(z) | 1 ≤ i < j ≤ 4}∪{G1(z), G2(z), G3(z)}
of F4, ϕ̃i(z) can be expanded as

(7.26) ϕ̃i(z) =
∑

1≤j<k≤4

c
(i)
jk gjk(z) +

3∑
k=1

c
(i)
k Gk(z).

We first show c
(i)
j4 = 0 (j = 1, 2, 3) and evaluate c

(i)
jk (1 ≤ j < k ≤ 3). From the

symmetry of parameters, without loss of generality, it suffices to show c
(i)
14 = 0 and

the explicit form of c
(i)
12 .

We consider (7.26) with z = p23. From (5.29) we see c
(i)
14 g14(p23) = ϕ̃i(p23).

By Lemma 6.7 and F2(p23) = F3(p23) = F4(p23) = F5(p23) = 0 and (ϕi)0(p23) =
(ϕi)1(p23) = 0, we have ϕ̃i(p23) = 0. Thus we obtain

c
(i)
14 =

ϕ̃i(p23)

g14(p23)
= 0.

We next consider (7.26) with z = p34. From (5.29) we have c
(i)
12 g12(p34) = ϕ̃i(p34).

On the other hand By Lemma 6.7 and F2(p34) = F3(p34) = F4(p34) = F5(p34) = 0

and (ϕi)1(p34) = 0, we obtain ϕ̃i(p34) = F0(p34)(ϕi)0(p34) = F+(p34)ϕi(q
1
2 a3/a4, a4).

Thus we can compute

c
(i)
12 =

F+(p34)ϕi(q
1
2 a3/a4, a4)

g12(p34)
(7.27)

= (a23a4)
− 3

2

∏6
k=1(1− aka3)(1− aka3a4)

(1− a3)(1− a3a4)(1− a3/a4)(1− a3a24)(1− a23a4)

× a
− 1

2
4 (1 + a4)e(a1, a4)e(a2, a4)e(a3, a4)e(ci, q

1
2 a3)e(ci, q

1
2 a3a4)

e(a1, a3)e(a1, a4)e(a1, a3a4)e(a2, a3)e(a2, a4)e(a2, a3a4)

= (a23a4)
− 3

2

∏6
k=1(1− aka3)(1− aka3a4)

(1− a3)a3e(a3, a4)(1− a3a24)(1− a23a4)

× a
− 1

2
4 (1 + a4)e(a1, a4)e(a2, a4)e(a3, a4)e(ci, q

1
2 a3)e(ci, q

1
2 a3a4)

e(a1, a3)e(a1, a4)e(a1, a3a4)e(a2, a3)e(a2, a4)e(a2, a3a4)

= a−4
3 a−2

4

(1 + a3)(1 + a4)(1− a3a4a5)(1− a3a4a6)
∏6

k=4(1− aka3)

(1− a3a4/a1)(1− a3a4/a2)(1− a3/a1)(1− a3/a2)a
−4
3 a−2

4

× e(ci, q
1
2 a3)e(ci, q

1
2 a3a4)

=
(1 + a3)(1 + a4)(1− a3a4a5)(1− a3a4a6)

∏6
k=4(1− aka3)

(1− a3a4/a1)(1− a3a4/a2)(1− a3/a1)(1− a3/a2)

× e(q
1
2 ai, q

1
2 a3)e(q

1
2 ai, q

1
2 a3a4),

which coincides with (7.25).
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We next evaluate c
(i)
k (k = 1, 2, 3). From the symmetry of parameters, without

loss of generality, it suffices to compute c
(i)
1 . We consider (7.26) with z = p∗23. From

(5.29) we have

(7.28) ϕ̃i(p
∗
23) = c

(i)
1 G1(p

∗
23) + c

(i)
14 g14(p

∗
23) = c

(i)
1 G1(p

∗
23).

(We have already shown c
(i)
14 = 0.) On the other hand, by Lemma 6.7 and F2(p

∗
23) =

F3(p
∗
23) = F4(p

∗
23) = 0 and (ϕi)1(p

∗
23) = (ϕi)5(p

∗
23) = 0, we have

(7.29) ϕ̃i(p
∗
23) = F0(p

∗
23)(ϕi)0(p

∗
23) = F+(p

∗
23)ϕi(q

1
2 a22/a3, a3/a2).

Comparing (7.28) with (7.29), c
(i)
1 is computed as

c
(i)
1 =

F+(p
∗
23)ϕi(q

1
2 a22/a3, a3/a2)

G1(p∗23)
(7.30)

= (a2a3)
− 3

2

∏6
k=1(1− aka2)(1− aka3)

(1− a2)(1− a3)(1− a22/a3)(1− a23/a2)(1− a2a3)

× (a3/a2)
− 1

2 (1 + a3/a2)e(a1, a3/a2)e(a2, a3/a2)e(a3, a3/a2)

× e(ci, q
1
2 a2)e(ci, q

1
2 a3)

× a2a3 e(a2a3, a4)

(1− a22)(1− a23)e(a1, a3/a2)e(a1, a2)e(a1, a3)

= (a2a3)
− 3

2

∏6
k=1(1− aka2)(1− aka3)

a2a3e(a2, a3/a2)e(a3, a3/a2)(1− a2a3)

× (a3/a2)
− 1

2 (1 + a3/a2)e(a2, a3/a2)e(a3, a3/a2)

× e(ci, q
1
2 a2)e(ci, q

1
2 a3)

× a2a3 e(a2a3, a4)

(1− a22)(1− a23)e(a1, a2)e(a1, a3)

= a−1
2 a−2

3 (1− a1a2)(1− a1a3)(1− a2a3)
6∏

k=4

(1− aka2)(1− aka3)

× (1 + a3/a2)e(q
1
2 ai, q

1
2 a2)e(q

1
2 ai, q

1
2 a3)

e(a2a3, a4)

e(a1, a2)e(a1, a3)
.

Therefore, we have c
(2)
1 = c

(3)
1 = 0 and c

(1)
1 is evaluated as

c
(1)
1 = a−1

2 a−2
3 (1− a1a2)(1− a1a3)(1− a2a3)

6∏
k=4

(1− aka2)(1− aka3)

× (1 + a3/a2)q
−1a−1

2 a−1
3 (1− qa1a2)(1− a2/a1)(1− qa1a3)(1− a3/a1)e(a2a3, a4)

a−1
2 a−1

3 (1− a1a2)(1− a2/a1)(1− a1a3)(1− a3/a1)

= q−1a−1
2 a−2

3 e(a2a3, a4)(1 + a3/a2)(1− a2a3)(1− qa1a2)(1− qa1a3)

×
6∏

k=4

(1− aka2)(1− aka3),

which coincides with (7.24). �
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Remark. Applying Lemma 6.6 to Lemma 7.10, we have⎛⎜⎝ c
(1)
1 0 0

0 c
(2)
2 0

0 0 c
(3)
3

⎞⎟⎠
⎛⎜⎝ 〈G1(z)〉
〈G2(z)〉
〈G3(z)〉

⎞⎟⎠ = −

⎛⎜⎝ 0 c
(1)
13 c

(1)
12

c
(2)
23 0 c

(2)
12

c
(3)
23 c

(3)
13 0

⎞⎟⎠
⎛⎜⎝ 〈g23(z)〉
〈g13(z)〉
〈g12(z)〉

⎞⎟⎠ .

In other words, 〈Gi(z)〉 can be expressed as a linear combination of 〈g12(z)〉, 〈g13(z)〉
and 〈g23(z)〉, i.e.,

(7.31)

⎛⎜⎝ 〈G1(z)〉
〈G2(z)〉
〈G3(z)〉

⎞⎟⎠ = −

⎛⎜⎝ 0 c
(1)
13 /c

(1)
1 c

(1)
12 /c

(1)
1

c
(2)
23 /c

(2)
2 0 c

(2)
12 /c

(2)
2

c
(3)
23 /c

(3)
3 c

(3)
13 /c

(3)
3 0

⎞⎟⎠
⎛⎜⎝ 〈g23(z)〉
〈g13(z)〉
〈g12(z)〉

⎞⎟⎠ .

Lemma 7.11. Let hi(z) be function specified by

hi(z) :=
1

4
∇sym

(
(z2 + z−1

2 )i((z1z2)
− 1

2 + (z1z2)
1
2 )((z1z

2
2)
− 1

2 + (z1z
2
2)

1
2 )
)
.

If i = 0, 1, 2, 3, then hi(z) ∈ F4. The explicit expressions of hi(z) (i = 0, 1, 2, 3) are
given as

h0(z) = q−
1
2 (S0 + q

1
2S6)(S0 − q

1
2S6)s2�1(z) + · · · ∈ F4,

h1(z) = q−
1
2 (S0 + q

1
2S6)(S0 − q

1
2S6)

[
s�1+2�2

(z)− s2�1
(z)
]
+ · · · ∈ F4,

h2(z) = q−
1
2 (S0 + q

1
2S6)(S0 − q

1
2S6)

[
s4�2(z)− s�1+2�2(z) + 2s2�1(z)

]
+ · · · ∈ F4,

h3(z) = q−
1
2 (S0 + q

1
2S6)

[(
q

1
2 (S6 − S5 − S0) + (S6 + S1 − S0)

)
s4�2(z)

−
(
q

1
2 (3S6 − S4 − S1) + (S5 + S2 − 3S0)

)
s�1+2�2(z)

+
(
q

1
2 (3S6 − S3 − S2) + (S4 + S3 − 3S0)

)
s2�1(z)

]
+ · · · ∈ F4,

where Sr (r = 0, 1, . . . , 6) is the rth elementary symmetric polynomial of a1, . . . , a6
given by (7.13).

Proof. The proof follows by direct computation and we omit the details. �

Lemma 7.12. Let φ(z) be function specified by

φ(z) = (z21z
3
2)
− 1

2 (1 + z1z2)(1 + z1z
2
2)e(a1, z2)e(a2, z2)e(a3, z2)

= (z21z
3
2)
− 1

2 (1 + z1z2)(1 + z1z
2
2)

× (1− a1z2)(1− a1z
−1
2 )(1− a2z2)

× (1− a2z
−1
2 )(1− a3z2)(1− a3z

−1
2 )a−1

1 a−1
2 a−1

3 ,

and gij(z), Gi(z) be functions defined by (5.26), (5.28), respectively. Then ∇symφ(z)/4
is expanded as

(7.32)
∇symφ(z)

4
= d23g23(z)+d13g13(z)+d12g12(z)+d1G1(z)+d2G2(z)+d3G3(z),
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where the coefficients are given as

d23 = q−
1
2
(1 + q

1
2 a1)(1 + q

1
2 a1a4)(1 + a1)(1− a1a4a5)(1− a1a4a6)

a1(1− a1/a2)(1− a1/a3)(1− a1a4/a2)(1− a1a4/a3)

×
6∏

k=4

(1− aka1),

d13 = q−
1
2
(1 + q

1
2 a2)(1 + q

1
2 a2a4)(1 + a2)(1− a2a4a5)(1− a2a4a6)

a2(1− a2/a1)(1− a2/a3)(1− a2a4/a1)(1− a2a4/a3)

×
6∏

k=4

(1− aka2),

d12 = q−
1
2
(1 + q

1
2 a3)(1 + q

1
2 a3a4)(1 + a3)(1− a3a4a5)(1− a3a4a6)

a3(1− a3/a1)(1− a3/a2)(1− a3a4/a1)(1− a3a4/a2)
(7.33)

×
6∏

k=4

(1− aka3).

d1 = q−
1
2
(1 + q

1
2 a2)(1 + q

1
2 a3)(1− a2a3)(1− a2a3a4)(1− a2a3/a4)

a22a
2
3(1− a2/a1)(1− a3/a1)

(7.34)

×
6∏

k=4

(1− aka2)(1− aka3),

d2 = q−
1
2
(1 + q

1
2 a1)(1 + q

1
2 a3)(1− a1a3)(1− a1a3a4)(1− a1a3/a4)

a21a
2
3(1− a1/a2)(1− a3/a2)

×
6∏

k=4

(1− aka1)(1− aka3),

d3 = q−
1
2
(1 + q

1
2 a1)(1 + q

1
2 a2)(1− a1a2)(1− a1a2a4)(1− a1a2/a4)

a21a
2
2(1− a1/a3)(1− a2/a3)

×
6∏

k=4

(1− aka1)(1− aka2).

Remark. This lemma does not need the balancing condition like a1 · · · a6 = −1 in
Lemma 7.7 or a1 · · · a6q = −1 in Lemma 7.10.
Proof. We set φ̃(z) = ∇symφ(z)/4. From expansion of φ(z) φ̃(z) can be expressed as

a linear combination of hi(z) (i = 0, 1, 2, 3) in Lemma 7.11. This implies φ̃(z) ∈ F4.
By Lemma 5.6, using basis {gij(z) | 1 ≤ i < j ≤ 4} ∪ {G1(z), G2(z), G3(z)} of F4,
ϕ̃i(z) can be expanded as

(7.35) φ̃i(z) =
∑

1≤j<k≤4

djkgjk(z) +
3∑

k=1

dkGk(z)

We first show that dj4 = 0 (j = 1, 2, 3) and that djk (1 ≤ j < k ≤ 3) is given as
(7.33). From symmetry of parameters, without loss of generality, it suffices to show
d14 = 0 and the explicit form of d12.
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We consider (7.35) with z = p23. From (5.29) we see that d14g14(p23) = φ̃(p23). By
Lemma 6.7 and F2(p23) = F3(p23) = F4(p23) = F5(p23) = 0 and φ0(p23) = φ1(p23) =

0, we have φ̃(p23) = 0. Thus we obtain d14 = φ̃(p23)/g14(p23) = 0.

We next consider (7.35) with z = p34. From (5.29), we have d12g12(p34) = φ̃(p34).
On the other hand, By Lemma 6.7 and F2(p34) = F3(p34) = F4(p34) = F5(p34) = 0

and φ1(p34) = 0, we have φ̃(p34) = F0(p34)φ0(p34) = F+(p34)φ(q
1
2 a3/a4, a4). Thus

we can compute

d12 =
F+(p34)φ(q

1
2 a3/a4, a4)

g12(p34)
,(7.36)

which coincides with (7.33).
We next evaluate dk (k = 1, 2, 3). From symmetry of parameters, without loss of

generality, it suffices to compute d1. We consider (7.35) with z = p∗23. From (5.29)
we have

(7.37) φ̃(p∗23) = d1G1(p
∗
23) + d14g14(p

∗
23) = d1G1(p

∗
23).

(We have already shown d14 = 0.) On the other hand, by Lemma 6.7 and F2(p
∗
23) =

F3(p
∗
23) = F4(p

∗
23) = 0 and φ1(p

∗
23) = φ5(p

∗
23) = 0, we have

(7.38) φ̃(p∗23) = F0(p
∗
23)φ0(p

∗
23) = F+(p

∗
23)φ(q

1
2 a22/a3, a3/a2).

Comparing (7.37) with (7.38), d1 is computed as

d1 =
F+(p

∗
23)φ(q

1
2 a22/a3, a3/a2)

G1(p∗23)
,(7.39)

which coincides with (7.34). �

Proof of Proposition 7.8. Applying Lemma 6.6 to Lemma 7.12, we have

(d23, d13, d12)

⎛⎜⎝ 〈g23(z)〉
〈g13(z)〉
〈g12(z)〉

⎞⎟⎠+ (d1, d2, d3)

⎛⎜⎝ 〈G1(z)〉
〈G2(z)〉
〈G3(z)〉

⎞⎟⎠ = 0.

Combining this with (7.31), we can eliminate 〈Gi(z)〉 (i = 1, 2, 3), namely⎡⎢⎣(d23, d13, d12)− (d1, d2, d3)

⎛⎜⎝ 0 c
(1)
13 /c

(1)
1 c

(1)
12 /c

(1)
1

c
(2)
23 /c

(2)
2 0 c

(2)
12 /c

(2)
2

c
(3)
23 /c

(3)
3 c

(3)
13 /c

(3)
3 0

⎞⎟⎠
⎤⎥⎦
⎛⎜⎝ 〈g23(z)〉
〈g13(z)〉
〈g12(z)〉

⎞⎟⎠ = 0,

so that(
d23− d2c

(2)
23

c
(2)
2

− d3c
(3)
23

c
(3)
3

, d13− d1c
(1)
13

c
(1)
1

− d3c
(3)
13

c
(3)
3

, d12− d1c
(1)
12

c
(1)
1

− d2c
(2)
12

c
(2)
2

)⎛⎜⎝ 〈g23(z)〉
〈g13(z)〉
〈g12(z)〉

⎞⎟⎠ = 0.

Therefore, putting

(7.40) C ′ij = dij − c
(i)
ij

di

c
(i)
i

− c
(j)
ij

dj

c
(j)
j

(1 ≤ i < j ≤ 3),
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we obtain

(7.41) C ′23〈g23(z)〉+ C ′13〈g13(z)〉+ C ′12〈g12(z)〉 = 0.

From direct calculation of (7.40), we have

C ′23 =
(1− a21)(1− qa21)

∏6
k=4(1− aka1)

∏
4≤i<j≤6(1− a1aiaj)

q
1
2 a21a4a5a6(1− a1)(1− a21/a

2
2)(1− a21/a

2
3)(1− qa2a3)

,(7.42)

C ′13 =
(1− a22)(1− qa22)

∏6
k=4(1− aka2)

∏
4≤i<j≤6(1− a2aiaj)

q
1
2 a22a4a5a6(1− a2)(1− a22/a

2
1)(1− a22/a

2
3)(1− qa1a3)

,(7.43)

C ′12 =
(1− a23)(1− qa23)

∏6
k=4(1− aka3)

∏
4≤i<j≤6(1− a3aiaj)

q
1
2 a23a4a5a6(1− a3)(1− a23/a

2
1)(1− a23/a

2
2)(1− qa1a2)

,(7.44)

which will be confirmed just below. If we put

Cij = C ′ij(q
1
2 a4a5a6)(1− qa1a2)(1− qa1a3)(1− qa2a3),

then, from (7.41) we can obtain our conclusion (7.21).
Lastly, we confirm the explicit forms of C ′ij in (7.42)–(7.44) Without loss of gen-

erality, we confirm (7.44) of C ′12. Since c
(i)
12 , c

(i)
1 , d12, d1 are given as (7.27), (7.30),

(7.36), (7.39), respectively, using

d1

c
(1)
1

=
φ(q

1
2 a22/a3, a3/a2)

ϕ1(q
1
2 a22/a3, a3/a2)

,
d2

c
(2)
2

=
φ(q

1
2 a21/a3, a3/a1)

ϕ2(q
1
2 a21/a3, a3/a1)

(7.40) of C ′12 is written as

C ′12 = d12 − c
(1)
12

d1

c
(1)
1

− c
(2)
12

d2

c
(2)
2

(7.45)

=
F+(p34)

g12(p34)

[
φ(q

1
2 a3/a4, a4)(7.46)

− ϕ1(q
1
2 a3/a4, a4)

φ(q
1
2 a22/a3, a3/a2)

ϕ1(q
1
2 a22/a3, a3/a2)

(7.47)

− ϕ2(q
1
2 a3/a4, a4)

φ(q
1
2 a21/a3, a3/a1)

ϕ2(q
1
2 a21/a3, a3/a1)

]
.(7.48)

We first compute the first term of C ′12 corresponding to (7.46) as

φ(q
1
2 a3/a4, a4)

= (qa23a4)
− 1

2 (1 + q
1
2 a3)(1 + q

1
2 a3a4)e(a1, a4)e(a2, a4)e(a3, a4)

= q−
1
2 a−1

3 (1 + q
1
2 a3)(1 + q

1
2 a3a4) a

− 1
2

4 e(a1, a4)e(a2, a4)e(a3, a4).

(7.49)

We next compute the second term of C ′12 corresponding to (7.47). Using

φ(z)

ϕi(z)
=

(z21z
3
2)
− 1

2 (1 + z1z2)(1 + z1z
2
2)e(a1, z2)e(a2, z2)e(a3, z2)

z
− 1

2
2 (1 + z2)e(a1, z2)e(a2, z2)e(a3, z2)e(q

1
2 ai, z1z2)e(q

1
2 ai, z1z22)

=
z−1
1 z−1

2 (1 + z1z2)(1 + z1z
2
2)

(1 + z2)e(q
1
2 ai, z1z2)e(q

1
2 ai, z1z22)

,
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we can compute the second term as

− ϕ1(q
1
2 a3/a4, a4)

φ(q
1
2 a22/a3, a3/a2)

ϕ1(q
1
2 a22/a3, a3/a2)

= − q−
1
2 a−1

2 (1 + q
1
2 a2)(1 + q

1
2 a3)

(1 + a3/a2)e(q
1
2 a1, q

1
2 a2)e(q

1
2 a1, q

1
2 a3)

× e(q
1
2 a1, q

1
2 a3)e(q

1
2 a1, q

1
2 a3a4)

× a
− 1

2
4 (1 + a4)e(a1, a4)e(a2, a4)e(a3, a4)

= − (1 + q
1
2 a2)(1 + q

1
2 a3)e(q

1
2 a1, q

1
2 a3a4)

q
1
2 a2(1 + a3/a2)e(q

1
2 a1, q

1
2 a2)

× a
− 1

2
4 (1 + a4)e(a1, a4)e(a2, a4)e(a3, a4).

(7.50)

In the same manner, we obtain the third term of C ′12 corresponding to (7.48) as

− ϕ2(q
1
2 a3/a4, a4)

φ(q
1
2 a21/a3, a3/a1)

ϕ2(q
1
2 a21/a3, a3/a1)

= − (1 + q
1
2 a1)(1 + q

1
2 a3)e(q

1
2 a2, q

1
2 a3a4)

q
1
2 a1(1 + a3/a1)e(q

1
2 a2, q

1
2 a1)

× a
− 1

2
4 (1 + a4)e(a1, a4)e(a2, a4)e(a3, a4).

(7.51)

Combining (7.45) with (7.49)–(7.51), we can compute C ′12 as follows.

C ′12 =
F+(p34)

g12(p34)
q−

1
2 a
− 1

2
4 e(a1, a4)e(a2, a4)e(a3, a4)

×
[
a−1
3 (1 + q

1
2 a3)(1 + q

1
2 a3a4)

− (1 + q
1
2 a2)(1 + q

1
2 a3)(1 + a4)e(q

1
2 a1, q

1
2 a3a4)

a2(1 + a3/a2)e(q
1
2 a1, q

1
2 a2)

− (1 + q
1
2 a1)(1 + q

1
2 a3)(1 + a4)e(q

1
2 a2, q

1
2 a3a4)

a1(1 + a3/a1)e(q
1
2 a2, q

1
2 a1)

]
=

F+(p34)

g12(p34)
q−

1
2 a
− 1

2
4

(1 + q
1
2 a3)e(a1, a4)e(a2, a4)e(a3, a4)

a1a2a3(1 + a3/a1)(1 + a3/a2)e(q
1
2 a1, q

1
2 a2)

×
[
a1a2(1 + q

1
2 a3a4)(1 + a3/a1)(1 + a3/a2)e(q

1
2 a1, q

1
2 a2)

− a1a3(1 + a4)(1 + a3/a1)(1 + q
1
2 a2)e(q

1
2 a1, q

1
2 a3a4)

+ a2a3(1 + a4)(1 + a3/a2)(1 + q
1
2 a1)e(q

1
2 a2, q

1
2 a3a4)

]
[[computation here, see the identity (A.1) of 4 terms in §A]]

(7.52)

=
F+(p34)

g12(p34)
q−

1
2 a
− 1

2
4

(1 + q
1
2 a3)e(a1, a4)e(a2, a4)e(a3, a4)

a1a2a3(1 + a3/a1)(1 + a3/a2)e(q
1
2 a1, q

1
2 a2)
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× (−1)q− 1
2 a3(1− a2/a1)(1− a3a4/a2)(1− a1/a3a4)(1− q

1
2 a3)(1 + qa1a2a4)

=
F+(p34)

g12(p34)
a
− 1

2
4 e(a1, a4)e(a2, a4)e(a3, a4)

× (−1)(1− a3a4/a1)(1− a3a4/a2)(1− qa23)(1 + qa1a2a4)

q
1
2 a3a4(1 + a3/a1)(1 + a3/a2)(1− qa1a2)

= (a23a4)
− 3

2

∏6
k=1(1− aka3)(1− aka3a4)

(1− a3)(1− a3a4)(1− a3/a4)(1− a3a24)(1− a23a4)

× a
− 1

2
4 e(a1, a4)e(a2, a4)e(a3, a4)

e(a1, a3)e(a1, a4)e(a1, a3a4)e(a2, a3)e(a2, a4)e(a2, a3a4)

× (−1)(1− a3a4/a1)(1− a3a4/a2)(1− qa23)(1 + qa1a2a4)

q
1
2 a3a4(1 + a3/a1)(1 + a3/a2)(1− qa1a2)

= (a23a4)
− 3

2
(1− a1a3)(1− a2a3)(1− a23)(1− a3a4a5)(1− a3a4a6)

(1− a3)a3e(a3, a4)

× a
− 1

2
4 e(a1, a4)e(a2, a4)e(a3, a4)

∏6
k=4(1− aka3)

e(a1, a3)e(a1, a4)e(a1, a3a4)e(a2, a3)e(a2, a4)e(a2, a3a4)

× (−1)a
2
3a

2
4e(a3a4, a1)e(a3a4, a2)(1− qa23)(1 + qa1a2a4)

q
1
2 a3a4(1 + a3/a1)(1 + a3/a2)(1− qa1a2)

=
(1− a1a3)(1− a2a3)(1− a23)(1− a3a4a5)(1− a3a4a6)

∏6
k=4(1− aka3)

(1− a3)

× a−3
3 a−1

4

e(a1, a3)e(a2, a3)
× (−1) (1− qa23)(1− a−1

3 a−1
5 a−1

6 )

q
1
2 (1 + a3/a1)(1 + a3/a2)(1− qa1a2)

[[used the balancing condition only here for 1 + qa1a2a4 = 1− a−1
3 a−1

5 a−1
6 ]]

=
(1− a1a3)(1− a2a3)(1− a23)(1− a3a4a5)(1− a3a4a6)

∏6
k=4(1− aka3)

(1− a3)

× a−4
3 a−1

4 a−1
5 a−1

6

e(a1, a3)e(a2, a3)
× (1− qa23)(1− a3a5a6)

q
1
2 (1 + a3/a1)(1 + a3/a2)(1− qa1a2)

= (1− a1a3)(1− a2a3)
6∏

k=4

(1− aka3)
∏

4≤i<j≤6

(1− a3aiaj)

× a−4
3 a−1

4 a−1
5 a−1

6

a−2
3 (1− a1a3)(1− a3/a1)(1− a2a3)(1− a3/a2)

× (1− a23)(1− qa23)

q
1
2 (1− a3)(1 + a3/a1)(1 + a3/a2)(1− qa1a2)

=
(1− a23)(1− qa23)

∏6
k=4(1− aka3)

∏
4≤i<j≤6(1− a3aiaj)

q
1
2 a23a4a5a6(1− a3)(1− a23/a

2
1)(1− a23/a

2
2)(1− qa1a2)

,

which coincide with (7.44). �
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Appendix A. Four-term identity

In this appendix we show an identity of four terms, which is used in (7.52).

Lemma A.1. The following identity holds for x1, x2, x3, a:

x1(1− x1)(a− x2)(a− x3)(1− x2x3)(x3 − x2)

+ x2(1− x2)(a− x1)(a− x3)(1− x1x3)(x1 − x3)

+ x3(1− x3)(a− x1)(a− x2)(1− x1x2)(x2 − x1)

= (x1 − x2)(x2 − x3)(x3 − x1)(1− a)(a− x1x2x3),

which is equivalent to

a(1− x1)(1− x2/a)(1− x3/a)e(x2, x3)

+ a(1− x2)(1− x1/a)(1− x3/a)e(x3, x1)

+ a(1− x3)(1− x1/a)(1− x2/a)e(x1, x2)

= (1− x1/x2)(1− x2/x3)(1− x3/x1)(1− a)(1− x1x2x3/a).

(A.1)

Proof. The proof follows by direct computation. �
Remark. In the computation (7.52) we used (A.1) with

x1 = −q 1
2 a1, x2 = −q 1

2 a2, x3 = −q 1
2 a3a4, a = q

1
2 a3.

Remark. The above identity is a special case (q → 0) of the following four-term

identity satisfied by ϑ(x; q):

ax1x3ϑ(−q 1
2x1; q)ϑ(−q 1

2x1/a; q)ϑ(x1; q)ϑ(x2/a; q)ϑ(x3/a; q)ϑ(x2x3; q)ϑ(x2/x3; q)

+ ax1x2ϑ(−q 1
2x2; q)ϑ(−q 1

2x2/a; q)ϑ(x2; q)ϑ(x1/a; q)ϑ(x3/a; q)ϑ(x1x3; q)ϑ(x3/x1; q)

+ ax2x3ϑ(−q 1
2x3; q)ϑ(−q 1

2x3/a; q)ϑ(x3; q)ϑ(x1/a; q)ϑ(x2/a; q)ϑ(x1x2; q)ϑ(x1/x2; q)

= x1x2x3θ(−q 1
2 ; q)θ(−q 1

2 a; q)ϑ(x1/x2; q)ϑ(x2/x3; q)ϑ(x3/x1; q)ϑ(a; q)ϑ(x1x2x3/a; q)

We omit the details.
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