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Penumbral imaging is a powerful imaging technique for radiations with long mean-free path. Since the
reconstruction is based on deconvolution, the technique is sensitive to noise contained in penumbral images.
Uniformly redundant penumbral array (URPA) technique can improve the SN ratio of penumbral images. In
URPA, the penumbral apertures are arranged in m-sequence. In the reconstruction process from the coded data,
penumbral image is obtained by correlation to decoding operator. The reconstructed image can be obtained by
use of the Wiener filter. In this article, the three-dimensional reconstruction of the URPA and its tomographic
resolution are stated.
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1. Inroduction
Penumbral imaging is a technique which uses the fact

that spatial information can be recovered from the shadow
or penumbra that an unknown source casts through a sim-
ple large circular aperture [1]. Since such an aperture can
be “drilled” through a substrate of almost any thickness,
the technique can be easily applied to highly penetrating
radiation such as neutrons and γ rays. To date, the penum-
bral imaging technique has been successfully applied to
image the high-energy x rays [1, 2], α particle, protons,
and neutrons [3, 4] in laser fusion experiments. The lim-
itation of the penumbral imaging is that the straightfor-
ward deconvolution is very sensitive to noise contained in
the penumbral image [5, 6]. One of the other x-ray imag-
ing techniques is Uniformly Redundant Array (URA) cam-
era [7, 8]. The URA has multi pinhole apertures arranged
in m-sequence. An advantage of the URA is that the S/N
on the detector can be significantly improved and perfect
two-dimensional reconstruction can be obtained by the use
of the decoding operator.

In our previous work, uniformly redundant penum-
bral array (URPA) camera has been proposed to increase
the SN ratio of the penumbral image, which combines
the advantages of URA to the penumbral imaging [9]. In
URPA, multi penumbral apertures arranged in m-sequence
are used instead of single penumbral aperture. The URPA
can obtain tomographic resolution because different depths
in the object cast shadows with different sizes. From the
advantage of the URPA, it can obtain three-dimensional
reconstruction of compressed core from only viewing di-
rection.
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In this article, the tomographic reconstruction of the
URPA is proposed and tomographic resolution is evaluated
with computer simulations.

2. Penumbral Imaging
The basic concept of the penumbral imaging tech-

nique is shown in Fig. 1. The encoded image consists
of a uniformly bright region surrounded by a penumbra
(hatched region). Information on the source is encoded in
this penumbra. The encoded image (P) can be given by

P(x, �) =
�

A(x, �, x′, �′) · O(x′, �′)dx′d�′, (1)

where A(x, �, x′, �′) is a point spread function (PSF) of the
aperture, O(x, �) is a function describing the source, re-
spectively. If the PSF of the aperture is isoplanar (space
invariant), the penumbral image (P) can be written as a
convolution of the source function (O) and the PSF (A) as:

P(x, �) =
�

A(x − x′, � − �′) · O(x′, �′)dx′d�′.

(2)

Thus given P(x, �) and A(x, �), the source image O(x, �)
can be reconstructed by deconvolution. Usually a Wiener
filter is used for the deconvolution. In some cases, the re-
constructed image can be obtained with P(x, �) alone [5].
If the S/N of the penumbral image is low, the reconstructed
image cannot be obtained from penumbral image since the
Wiener filter is sensitive to the noise. In our previous work,
heuristic method is very useful to low S/N and applied to
real laser fusion experiments [6]. But since this method is
based on iterative algorithm, it takes computation time.
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Fig. 1 The structure of the penumbral camera and the recon-
struction process.

3. Uniformly Redundant Array Cam-
era
A URA is one of the coded aperture imaging. The ba-

sic concept of the URA is shown in Fig. 2. The aperture of
the camera has multi-pinhole arranged in m-sequence with
an array of r × s. Therefore the coded image is recorded on
the detector. By using the coded image, the reconstruction
can be obtained with computer decoding. If the objects is
a planar (two-dimensional) object parallel to the aperture,
the encoded image C is given by a correlation between O
and A [8]. That is, we have

C(k, l) = O ∗ A

=
∑

i

∑

j

O(i, j)

· A(mod [i + k, r],mod [ j + l, s]), (3)

where ∗ describes correlation, O is an object image, A is
the encoding operator describing the aperture function. A
reconstruction can be obtained by correlating the encoded
image C with a decoding operator G as

Ô(i, j) = C ∗G

=
∑

k

∑

l

C(k, l)

· G(mod [k + i, r],mod [l + j, s])

= (O ∗ A) ∗G = O ∗ (A ∗G). (4)

In order to obtain perfect reconstruction, A∗G must be
a delta function, which means that the decoding operator G
must satisfy with A*G = A. The decoding operator G can

Fig. 2 The basic concept of URA imaging. The reconstructed
image can be obtained from the coded image with com-
puter decoding.

Fig. 3 The basic concept of URPA, (a) conventional penumbral
imaging, (b) URPA, the S/N ratio of the decoded penum-
bral image is improved due to the multi-penumbral array
aperture.

be selected as

G(i, j) = 1 i f A(i, j) = 1,
G(i, j) = −1 i f A(i, j) = 0.

(5)

From Eq. (5), the delta function A ∗G is given as [9]

A ∗G =



(r × s + 1)/2,mod (i, r)
= 0 and mod ( j, s) = 0

0, otherwise.
(6)

Therefore, a perfect reconstruction can be obtained with
(r × s + 1) /2 times flux using G as the decoding operator.

4. Uniformly Redundant Penumbral
Array
The basic concept of the URPA is shown in Fig. 3.

In URPA, multi-penumbral apertures are used instead of
single aperture, which are arranged in m-sequence. The
image (C) obtained on the detector is a coded penumbral
image. The reconstruction process consists of two steps:
The first step is to use a decoding operator to obtain the
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real penumbral image and the second step is a deconvolu-
tion process. In the second step, a Wiener filter is used to
reconstruct the source image.

Compared with signal-to-ratio (S/N) of the conven-
tional penumbral image shown in Fig. 3 (a), the S/N of the
decoded penumbral image shown in Fig. 3 (b) is signifi-
cantly improved [9].

5. Tomographic Reconstruction by
the URPA
The basic concept of tomographic imaging with

URPA is shown in Fig. 4. Source distant to the detector
cast smaller aperture shadows than closer sources. The size
of the shadow depends on the distance to the point, while
the location of the shadow depends on the lateral displace-
ment of the point. By correlating the recorded image with
decoding patterns of different sizes, images of the source
distribution at different depths can be retrieved.

The concept of the tomographic imaging can be ex-
pressed in mathematical terms. Let C(x, �) be an encoded
image at position (x, �) on the detector, Oz(x, �) be the dis-
tribution in a plane parallel to the aperture and a distance
z from it, Mz(x, �) be a two-dimensional m-sequence of
the aperture, and let Az(x, �) be the appropriately mag-
nified version of the aperture for the distance z. Since
Oz(x, �),Mz(x, �), and Az(x, �) depend on the magnification
(distance z), they can be also expressed as a function of z,
respectively. We have the recorded image which is a sum
of the correlation of each object plane with an aperture pat-

Fig. 4 The basic concept of URPA tomographic imaging. Each
reconstruction can be obtained by using the decoding op-
erator.

tern of appropriate magnification. Therefore we have as
follows:

C(x, �) =
∑

z

[
Oz (x, �) ∗ Az (x, �) ∗ Mz (x, �)

]· (7)

To retrieve P(x, �)(= Oz(x, �) ∗ Az(x, �)) including
the z-th plane information Oz(x, �), a decoding operator
Gz(x, �) is correlated. That is, we have

P̂z(x, �) = C(x, �) ∗Gz(x, �)

=

′∑

z

[P′z(x, �) ∗ M′z(x, �)] ∗Gz(x, �), (8)

where, if z = z′, Mz(x, �) ∗Gz(x, �) is a delta function. On
the other hand, Mz(x, �) ∗Gz(x, �) is not the delta function
if z � z′. Therefore Eq. (8) becomes

P̂z(x, �) =
′∑

z

[P′z(x, �) ∗ M′z(x, �)] ∗Gz(x, �)

= Pz(x, �)

+
∑

z�z′
[P′z(x, �) ∗ M′z(x, �) ∗Gz(x, �)]

= Pz(x, �) + ∆Pz. (9)

If the second term is 0, the z-th perfect penumbral
image is obtained. But the second term is not 0 since
M′z(x, �) ∗ Gz(x, �) is not the delta function in the case of
z � z′. Since an artifact appears in each reconstructed im-
age, the tomographic resolution of the URPA camera is
reduced.

6. Computer Simulation for the Veri-
fication of the Proposed Method
A computer simulation was carried out to evaluate the

tomographic resolution of the URPA. An arrangement of
the computer simulation is shown in Fig. 5. The distance
between the source point and aperture is Z0. The recon-
structed image is obtained with Z. If the tomographic res-
olution is very high, the source point can be obtained in the
case of only Z equals to Z0.

The reconstructed images are shown in Fig. 6. When
the Z equals to Z0, the source point can be clearly observed.

Fig. 5 An arrangement of the computer simulation for evaluat-
ing the tomographic resolution of the URPA.
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Fig. 6 The reconstructed images. (a) Z/Z0 = 0.9 (b) Z/Z0 = 0.9
9 (c) Z/Z0 = 1.0 (d) Z/Z0 = 1.01 (e) Z/Z0 = 1.1.

Fig. 7 The depth of the point spread function of the URPA.

When Z does not equal to Z0, the source point is gradually
blurred. Therefore, it can be seen that the URPA has the
tomographic resolution of viewing direction.

The depth point spread function of the URPA is shown
in Fig. 7. It can be seen that intensity of Z/Z0 < 1 is smaller
than that of Z/Z0 > 1 due to the magnification of the cam-
era. The reconstruction of the large magnification is bet-
ter in quality than that of smaller one. The intensity of
Z/Z0 = 1 is 0.078. Compared with URA (multi-pinhole)
method [8], the intensity is small. But the URPA can ob-
tain the high SN ratio image on the detector because the
aperture of the URPA is larger than that of the URA [9].
Therefore the URPA is applicable for highly penetrating
radiations or low intensity radiations.

7. Conclusion
In this article, the tomographic reconstruction of the

URPA was proposed. From the computer simulation, it can
be seen that tomographic reconstruction can be obtained.

To apply the camera to future laser fusion experi-
ments, more study of improving the tomographic resolu-
tion is needed.
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