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GAUSS DECOMPOSITION AND q-DIFFERENCE EQUATIONS

FOR JACKSON INTEGRALS OF SYMMETRIC SELBERG TYPE

MASAHIKO ITO

Abstract. We provide explicit expressions for two types of first order q-difference
systems for the Jackson integral of symmetric Selberg type. One is the q-

difference system known to be the q-KZ equation and the other is the q-difference
system for parameters different from the q-KZ equation. We use a basis of the
systems introduced by Matsuo in his study of the q-KZ equation. As a result,
the similarity of these two systems is discussed by concrete calculations. Interme-

diate calculations are made use of the Riemann-Hilbelt method for q-difference
equation from connection matrix established by Aomoto.

0. Introduction

Let q = e2π
√
−1τ , Im τ > 0, be the elliptic modulus. Let Φ(t) be a q-multiplicative

function on the algebraic torus (C∗)n defined by

Φ(t) = Φn,m(t) := tα1
1 · · · tαn

n

n∏
j=1

m∏
k=1

(tj/xk)∞
(tjqβk/xk)∞

∏
1≤i<j≤n

(q1−γtj/ti)∞
(qγtj/ti)∞

, (0.1)

where αj = α̃ − n + j − 2(j − 1)γ. In the papers [3, 7], Aomoto and Aomoto–
Kato introduced the notion of the symmetric part Hn((C∗)n,Φ,∇)sym of q-analog of

the twisted de Rham cohomology attached to Φ(t), whose dimension is
(
n+m−1
m−1

)
if

parameters α̃, βk, xk and γ are generic. If we take a basis {ψl(t)}l∈L of the cohomology
Hn((C∗)n,Φ,∇)sym, we can construct a solution of a system of holonomic q-difference

equations on (C∗)m by using the Jackson integrals �ψl =
∫
Φψlϖ (see (1.2) for the

definition of Jackson integral). When we denote the q-shift xj → qxj for a value xj by

Tj the q-difference system is expressed by a suitable matrix Kj(x) of rank
(
n+m−1
m−1

)

given by Tj( �ψl)l∈L = ( �ψl)l∈LKj(x).
In the papers [21, 22], Matsuo claimed that by taking a suitable basis the Jackson

integrals for it give a solution of the quantized Knizhnik–Zamolodchikov difference
equations for the matrix coefficients of the product of intertwining operators Rij

called R-matrices for the quantum affine group Uq(�sl2) in the sense of Frenkel and
Reshetikhin [16], i.e., the matrix Kj(x) is expressed as

Kj(x) = Rj,j+1(
xj

xj+1
) · · ·Rj,m(

xj

xm
) Dj Rj,1(

qxj

x1
) · · ·Rj,j−1(

qxj

xj−1
) (1 ≤ j ≤ m),

where Dj is some diagonal matrix. Varchenko [26] made Matsuo’s work complete.
According to the result of [22, 26], the system of q-difference equations for the Jackson

integrals �ψl(t) with respect to the q-shift xj → qxj eventually reduces to that of the
cases m = 2 because R-matrix Rij is decomposed into a direct sum of these of the
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case m = 2. Therefore we consider the problem of finding an explicit expression of
the matrix Kj or Rij for m = 2.

On the other hand, this problem has already been studied by Mimachi [23, 24]. He
introduced one of expressions of the matrix Kj(x) by using values of certain Schur
polynomials and evaluated it explicitly when n = 1, 2 and 3 (see [24]). Aomoto and
Kato [13] also gave another approach to express it in terms of the Gauss matrix
decomposition [17] and evaluated it explicitly in the case where n = 1 and 2, but in
the form Kj(0)Kj(x)

−1 . They used a method which they call the Riemann–Hilbert
problem for q-difference equation from connection matrix [5, 6]. It is a surprising
method because, under some assumptions, the matrix which represents q-difference
system is exactly determined only from the information of connection matrix between
asymptotic behaviors of its fundamental solutions. However, for evaluating the matrix
Kj(x), we do not need such method if we can evaluate the R-matrix Rij . Actually,
the explicit form of the R-matrix as the Gauss decomposition is not so difficult to
find out. This is one of the aims of the present paper and will lead us to Theorems
1.6 and 1.7 in Section 1. (However we will confirm in Subsection 4.2 that the explicit
form of the matrix Kj(x) is also obtained from Aomoto’s Riemann–Hilbert method.)

When n = 1 the Jackson integral [1] associated with Φn,2(t) is equivalent to Heine’s
hypergeometric series

2φ1(q
α, qβ ; qγ ;x) =

∞∑
ν=0

(qα)ν(q
β)ν

(qγ)ν(q)ν
xν =

1

1− q

(qα)∞(qβ)∞
(qγ)∞(q)∞

∫ 1

0

tX
(qγt)∞(qt)∞
(qαt)∞(qβt)∞

dqt

t
,

where x = qX . Heine’s hypergeometric series satisfies the following transformation
formula [18, p.13, Eq.(1.4.1)]

2φ1(q
α, qβ ; qγ ;x) =

(qα)∞(qβx)∞
(qγ)∞(x)∞

2φ1(x, q
γ−α; qβx; qα). (0.2)

One of the reason the transformation (0.2) holds is the equality

(qB)∞

∫ 1

0

tA
(tqX+C)∞(qt)∞
(tqX)∞(tqB)∞

dqt

t
= (qC)∞

∫ 1

0

tX
(tqA+B)∞(qt)∞
(tqA)∞(tqC)∞

dqt

t
,

which changes qA and qX . It seems interesting to treat the q-difference system with
respect to the parameter qα̃ as that of x. We state the q-difference system for the
same basis as Matsuo’s case with respect to the parameter shift Tα̃ : α̃ → α̃ + 1 for
m = 2:

Tα̃( �ψl)l∈L = ( �ψl)l∈LA(qα̃), (0.3)

where A(qα̃) is a suitable rational matrix of rank n + 1. As we see in Theorem
5.2 in Section 5, although we do not know each element of the matrix A(qα̃), we
have its Gauss decomposition. The Gauss decomposition of the matrix A(qα̃) is very
similar to that of the matrix Kj(x) (see Theorem 5.2 in Section 5 and compare it
with Theorem 1.6). Furthermore, the R-matrix Rij is determined from asymptotic
behaviors of certain special solutions for the q-difference system (0.3) through (3.1),
(3.3), (3.4), (D.16) and (D.17). In particular, the upper and lower triangular matrices
of the Gauss matrix decomposition of Rij are determined from the matrices A(0) or
A(∞) via (2.1), (2.2), (3.6), (3.7) and (D.12) (see Remark D.4 in Appendix D and
Examples in Appendix E).

In Section 2, we review the Riemann–Hilbert problem for q-difference equation
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from connection matrix. In order to evaluate A(qα̃), we use Aomoto’s Riemann–
Hilbert method for it because A(qα̃) is determined only from the data of the principal
connection matrix G which has been studied in [4, 8, 9, 10, 11, 12, 14]. The principal
connection matrix G can also be deduced from the hypergeometric pairing studied by
Tarasov and Varchenko [25], which is related to this problem.

Remark. This note was written in 1997 when the author was a graduate student at
Nagoya University. At that time, the Internet was not yet popular enough, and there
were page restrictions on paper publication. Although he compiled it in notebook
form, the intermediate calculations were too long, so he did not publish it and only
gave printed copies to a limited number of people involved. Therefore, there were
several papers [6, 13] in the bibliographic list at that time that had the title of this
note. On the other hand, time has passed, and recently the author has found that the
main results (Theorems 1.6 and 5.2) of this note can be derived relatively simply by a
method different from the method in this note, so he has published another proof of
these theorems in [19]. Furthermore, he heard from Prof. Y. Yamada that there was
an application of these theorems, and the results of [19] were cited in the recent paper
[15], so he decided to publish this note here. Lastly it should also be noted that in
[15] the similarity between the matrices A(qα̃) and Kj(x) is explained as consequence
of the so-called base-fiber duality of the gauge theory.
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1. Quantized Knizhnik–Zamolodchikov difference equations and
R-matrix.

1.1. Notation. Let q = e2π
√
−1τ , Im τ > 0, be the elliptic modulus. For an arbitrary

number c ∈ C, 0 < |c| < 1, we use the notations

(x; c)∞ :=

∞∏
ν=0

(1− cνx), (x; c)ν :=
(x; c)∞
(xcν ; c)∞

, r(x; c)s =
(x; c)r

(x; c)r−s(x; c)s
.

If c = q, we simply write (x)∞ := (x; q)∞ and (x)ν := (x; q)ν . Let ϑ(x) be the Jacobi
elliptic theta function defined by

ϑ(x) := (x)∞(q/x)∞(q)∞.

We also use the notations

ϑ(x)r := ϑ(x) · ϑ(xqγ) · · ·ϑ(xq(r−1)γ) and rϑ(x)s :=
ϑ(x)r

ϑ(x)r−s · ϑ(x)s
,

which have the relations

lim
q→0

ϑ(x)r = (x; qγ)r and lim
q→0

rϑ(x)s = r(x; q
γ)s,

if we fix qγ as a single character c such as a number that does not depend on q.
Let Φ(t) = Φn,m(t) be the same function as (0.1). The function Φ(t) satisfies a
quasi-symmetric property with respect to the symmetric group Sn of nth order such
that

σΦ(t) = Uσ(t) Φ(t), σ ∈ Sn, (1.1)

with a q-periodic function Uσ(t) as

Uσ(t) :=
∏
i<j

σ−1(i)>σ−1(j)

( tj
ti

)2γ−1 ϑ(qγtj/ti)

ϑ(q1−γtj/ti)
= sgnσ

∏
i<j

σ−1(i)>σ−1(j)

q−γ
( tj
ti

)2γ ϑ(qγtj/ti)

ϑ(q−γtj/ti)

where {Uσ(t)}σ∈Sn satisfies the one cocycle condition Uσσ′(t) = Uσ(t) · σUσ′(t).

Definition 1.1. For an arbitrary point ξ = (ξ1, . . . , ξn) ∈ (C∗)n and a function f(t)
of t = (t1, . . . , tn) ∈ (C∗)n, we define the Jackson integral of f(t) over the lattice ⟨ξ⟩
as follows:∫

⟨ξ⟩
f(t)

dqt1
t1

∧ · · · ∧ dqtn
tn

:= (1− q)n
∑

(ν1,...,νn)∈Zn

f(qν1ξ1, . . . , q
νnξn), (1.2)

where

⟨ξ⟩ := {(ξ1qν1 , . . . , ξnq
νn) ∈ (C∗)n ; νi ∈ Z (i = 1, . . . , n)}.

We simply write ϖ =
dqt1
t1

∧ · · · ∧ dqtn
tn

. For any function φ(t) we use �φ for the
Jackson integral defined as

�φ = �φ(ξ) :=
∫

⟨ξ⟩
Φ(t)φ(t)ϖ.
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1.2. Matsuo’s basis and q-KZ equation. Let L denote a set of multi-indeces as

L = {(l1, . . . , lm) ∈ Z≥0; l1 + · · ·+ lm = n}.

For l = (l1, . . . , lm) ∈ L, let ψl(t) be the rational functions introduced by Matsuo in
[22] as follows:

ψl(t) = ψ(l1,...,lm)

[x1, . . . , xm

β1, . . . , βm

]
(t1, . . . , tn)

= A




m∏
j=1

[
lj+···+lm∏

k=1

1− qβj−1tk/xj−1

1− tk/xj

]
·

∏
1≤i<j≤n

(ti − q−γtj)




where qβ0 = 0 and A is an alternating sum such that

Ag(t) :=
∑

σ∈Sn

sgnσ · σg(t).

Let Tj denote the q-shift operator defined by

TjF (x1, . . . , xm) = F (x1, . . . , qxj , . . . , xm).

We can consider a system of linear ordinary q-difference equations for a vector

y(x1, . . . , xm) = ( �ψl)l∈L

in a tensor coordinate (zl)l∈L as follows:

Tjy(x1, . . . , xm) = y(x1, . . . , xm)Kj(x1, . . . , xm) (1 ≤ j ≤ m),

where Kj(x1, . . . , xm) is a suitable matrix function of order #L =
(
n+m−1
m−1

)
.

Theorem 1.2 (Matsuo [22], Varchenko [26]). The matrix Kj(x1, . . . , xm) is expressed
as

Kj(x1, . . . , xm)

= Rj,j+1(
xj

xj+1
)Rj,j+2(

xj

xj+2
) · · ·Rj,m(

xj

xm
) Dj Rj,1(

qxj

x1
)Rj,2(

qxj

x2
) · · ·Rj,j−1(

qxj

xj−1
)

where Dj is a diagonal matrix defined by

(zl)l∈LDj := (q(α̃−(n−1)γ)ljzl)l∈L

and Ri,j(
xi

xj
) =

n⊕
ν=1

[
R

(ν)
i,j (

xi

xj
)
](ν+m−1

ν )
changes the basis {ψl}l∈L according to the fol-

lowing rule:
(
ψ(lσ(1),...,lσ(i),lσ(i+1),...,lσ(m))

[xσ(1), ..., xσ(i), xσ(i+1), ..., xσ(m)

βσ(1), ..., βσ(i), βσ(i+1), ..., βσ(m)

]
(t)

)

lσ(i)+lσ(i+1)=ν

R
(ν)
σ(i),σ(i+1)(

xσ(i)

xσ(i+1)
)

=

(
ψ(lσ(1),...,lσ(i+1),lσ(i),...,lσ(m))

[xσ(1), ..., xσ(i+1), xσ(i), ..., xσ(m)

βσ(1), ..., βσ(i+1), βσ(i), ..., βσ(m)

]
(t)

)

lσ(i+1)+lσ(i)=ν

for σ ∈ Sm.
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Remark 1.3. The matrix R
(ν)
i,j (

xi

xj
) of rank ν + 1 coincides with the matrix Ri,j(

xi

xj
)

for Φν,2(t) (see [26, Theorem 3.5.10]). Therefore, in order to get an explicit expression
of q-difference equations for Φn,m(t) it suffices to know the matrix Ri,j(

xi

xj
) in the case

m = 2. From now on we will consider m = 2.

1.3. Gauss decomposition of R-matrix. When m = 2 we have

Φ(t) = Φn,2(t) := tα1
1 · · · tαn

n

n∏
j=1

(tj/x1)∞
(tjqβ1/x1)∞

(tj/x2)∞
(tjqβ2/x2)∞

∏
1≤i<j≤n

(q1−γtj/ti)∞
(qγtj/ti)∞

where αj = α̃− n+ j − 2(j − 1)γ. Let τ be the operation which exchanges x1, β1 for
x2, β2 respectively. We set

ψs(t) := ψ(s,n−s)

[x1, x2

β1, β2

]
(t), φs(t) := τψ(s,n−s) = ψ(s,n−s)

[x2, x1

β2, β1

]
(t) (1.3)

for 0 ≤ s ≤ n. These two bases are connected by the matrix Ri,j(
xi

xj
) via

(ψn(t), ψn−1(t), . . . , ψ0(t))R1,2(
x1

x2
) = (φ0(t), φ1(t), . . . , φn(t))

and
(φ0(t), φ1(t), . . . , φn(t))R2,1(

x2

x1
) = (ψn(t), ψn−1(t), . . . , ψ0(t)),

so that
R1,2(

x1

x2
)R2,1(

x2

x1
) = I and R1,2(

x1

x2
) = J τR2,1(

x2

x1
) J, (1.4)

where I is the identity matrix and J is the matrix (δi,n−j)
n
i,j=0. The q-KZ equations

are

T1( �ψn, �ψn−1, . . . , �ψ0) = ( �ψn, �ψn−1, . . . , �ψ0)K1(x1, x2), (1.5)

T2( �ψn, �ψn−1, . . . , �ψ0) = ( �ψn, �ψn−1, . . . , �ψ0)K2(x1, x2). (1.6)

Theorem 1.4 (Matsuo [22]). The matrices K1(x1, x2) and K2(x1, x2) are expressed
as

K1(x1, x2) = R1,2(
x1

x2
)D1 and K2(x1, x2) = D2R2,1(

qx2

x1
),

where D1 = diag[q(α̃−(n−1)γ)(n−s)]ns=0 and D2 = JD1J .

By (1.3), the expression (1.5) is equal to the following:

T2(�φ0, �φ1, . . . , �φn) = τT1( �ψn, �ψn−1, . . . , �ψ0)J = τ( �ψn, �ψn−1, . . . , �ψ0)τK1(x1, x2)J

= (�φ0, �φ1, . . . , �φn) JτR1,2(
x1

x2
)J JD1J

= (�φ0, �φ1, . . . , �φn)R2,1(
x2

x1
)D2. (1.7)

Remark 1.5. The expressions (1.5) and (1.6) are essentially the same because, by
using (1.7), the equation (1.6) is deduced from (1.5).

Therefore we now take a basis {φs(t); 0 ≤ s ≤ n} with

φs(t) = A




n∏
k=1

1

1− tk/x2

n−s∏
k=1

1− qβ2tk/x2

1− tk/x1

∏
1≤i<j≤n

(ti − q−γtj)


 (1.8)

and a q-difference system

T2(�φ0, �φ1, . . . , �φn) = (�φ0, �φ1, . . . , �φn)K(x1, x2). (1.9)

From (1.7), we have K(x1, x2) = R2,1(
x2

x1
)D2 and D2 = diag[q(α̃−(n−1)γ)s]ns=0.
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Theorem 1.6. The matrix R2,1(
x2

x1
) admits the following Gauss decomposition:

R2,1(
x2

x1
) = UR ·DR · LR,

where UR = (uR,rs), s ≥ r, is an upper triangular matrix,

uR,rs = (−1)s−r(x2

x1
q−β2)(s−r)q−(s−r)(s+r−1)γ/2

· (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

· (qβ1+(n−s)γ ; qγ)s−r

(x2

x1
qβ1−β2+(n−2s+1)γ ; qγ)s−r

,

DR = diag[dR,0, . . . , dR,n],

dR,r = q−(n−r)β2−r(n−r)γ ·
(x2

x1
qβ1 ; qγ)n−r

(x2

x1
q−β2−(r−1)γ ; qγ)r

·
(x2

x1
qβ1−β2+(n−2r+1)γ ; qγ)r

(x2

x1
qβ1−β2−rγ ; qγ)n−r

,

and LR = (lR,rs), r ≥ s, is a lower triangular matrix,

lR,rs = (−1)r−sqβ2(s−r)q−(r−s)(r+s−1)γ/2

· (qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r
· (qβ2+sγ ; qγ)r−s

(x2

x1
qβ1−β2+(n−2r+1)γ ; qγ)r−s

.

We have another Gauss decomposition expression.

Theorem 1.7. The matrix R2,1(
x2

x1
) admits the following Gauss decomposition:

R2,1(
x2

x1
) = L′

R ·D′
R · U ′

R,

where L′
R = (l′R,rs), r ≥ s, is a lower triangular matrix,

l′R,rs = (−1)r−sq−(r−s)(r+s−1)γ/2 · (qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r
· (qβ2+sγ ; qγ)r−s

(x2

x1
q−(n−2s−1)γ ; qγ)r−s

,

D′
R = diag[d′R,0, . . . , d

′
R,n],

d′R,r = q−(n−r)(β2+rγ) ·
(x2

x1
qβ1 ; qγ)r

(x2

x1
q−β2−(n−r−1)γ ; qγ)n−r

·
(x2

x1
q−(n−2r−1)γ ; qγ)n−r

(x2

x1
q−(n−r)γ ; qγ)r

,

and U ′
R = (u′

R,rs), s ≥ r is an upper triangular matrix,

u′
R,rs = q−(s−r)rγ · (qγ ; qγ)s

(qγ ; qγ)s−r · (qγ ; qγ)r
· (qβ1+(n−s)γ ; qγ)s−r

(x1

x2
q(n−r−s)γ ; qγ)s−r

.

Proof. See Appendix D. □
Remark 1.8. We can also derive Theorem 1.6 by using the method of the Riemann–
Hilbert problem for q-difference equation (1.9) from a connection matrix (see Subsec-
tion 4.2).

Remark 1.9. From (1.4), we have two kind of expressions

R1,2(
x1

x2
) = JτURJ · JτDRJ · JτLRJ = JτL′

RJ · JτD′
RJ · JτU ′

RJ. (1.10)

Remark 1.10. From (1.4) and (1.10), we have

L−1
R = JτURJ, D−1

R = JτDRJ, U−1
R = JτLRJ,

and
U ′
R
−1 = JτL′

RJ, D′
R
−1 = JτD′

RJ, L′
R
−1 = JτU ′

RJ.
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Corollary 1.11. The matrix K(x1, x2) that represents the q-difference system (1.9)
is given by

K(x1, x2) = UR ·DR · LR · diag[q(α̃−(n−1)γ)s]ns=0 (1.11)

= L′
R ·D′

R · U ′
R · diag[q(α̃−(n−1)γ)s]ns=0.

Corollary 1.12. The determinant of the matrices R2,1(
x2

x1
) and K(x) are given by

the following expressions:

detR2,1(
x2

x1
) =

n∏
r=0

q−(n−r)(β2+rγ)
(x2

x1
qβ1 ; qγ)r

(x2

x1
q−β2−(r−1)γ ; qγ)r

,

detK(x1, x2) = q(α̃−(n−1)γ)n(n+1)/2 detR2,1(
x2

x1
). (1.12)

Proof. By Theorem 1.6 or Theorem 1.7, we have

detR2,1(
x2

x1
) = detDR (or = detD′

R).

The result now follows from the following identity:

n∏
r=0

(x2

x1
q−(n−2r−1)γ ; qγ)n−r

(x2

x1
q−(n−r)γ ; qγ)r

=
n∏

r=0

(x2

x1
qβ1−β2+(n−2r+1)γ ; qγ)r

(x2

x1
qβ1−β2−rγ ; qγ)n−r

= 1.

□

Remark 1.13. Eq. (1.12) was conjectured by Mimachi in [24] and another proof for
it was given by Aomoto and Kato in [13].

2. Review of Riemann–Hilbert problem for q-difference equation from
connection matrices

We recall the notion of the Riemann–Hilbert problem for q-difference equation
following [2, 5, 6, 13].

We consider a linear ordinary q-difference equation for a vector function y(z) =
(y0(z), . . . , yn(z)), z ∈ C∗, satisfying

y(qz) = y(z)A(z),

where A(z) is a suitable rational matrix function of order n+ 1. We now assume the
following conditions for the matrix A(z);

P1) The matrix A(z) is holomorphic at z = 0 and z = ∞.
P2) A(0) = lim

z→0
A(z) and A(∞) = lim

z→∞
A(z) are diagonalizable, i.e., there ex-

ist matrices C+, C− and diagonal matrices D+ = diag[µ0, . . . , µn], D
− =

diag[µ∗
0, . . . , µ

∗
n] such that

A(0) = (C+)−1qD
+

C+, (2.1)

A(∞) = (C−)−1qD
−
C−, (2.2)

where qD
+

= diag[qµ0 , . . . , qµn ] and qD
−
= diag[qµ

∗
0 , . . . , qµ

∗
n ].
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P3) The diagonal elements of D+ and D− satisfy the following non-resonance
condition:1

qµi−µj ̸= q±1, q±2, . . . ,

qµ
∗
i −µ∗

j ̸= q±1, q±2, · · · .

P4) The matrix A(z) does not depend on q.

Under the conditions P1), P2) and P3), from the classical theorem due to G.D.Birkhoff
(see [5, 6]), we know that there exists a unique solution Y0(z) of the equation

Y (qz) = Y (z)A(z) (2.3)

such that Y0(z) satisfies the asymptotic behavior

Y0(z) ∼ (C+)−1zD
+

C+ at z = 0,

and we also know that there exists a unique solution Y∞(z) of the equation (2.3) such
that Y∞(z) satisfies the asymptotic behavior

Y∞(z) ∼ (C−)−1zD
−
C− at z = ∞.

We call Y0(z) and Y∞(z) the fundamental solutions of (2.3) at z = 0 and z = ∞
respectively. The connection matrix P (z) between the fundamental solutions Y0(z)
and Y∞(z) is defined by

P (z) := Y0(z)Y∞(z)−1.

For an arbitrary matrix X(q) depending on q, we denote the limit for q → 0 as

(X)0 = lim
q→0

X(q).

Theorem 2.1 (Aomoto’s lemma). In addition to P1), P2) and P3), under the con-
dition P4), the following limit formula holds:

(
P (z)

)
0
= A(0)A(z)−1. (2.4)

Proof. See [5, 6]. □
This theorem will play a crucial role in calculating A(z) explicitly in the following

sections.

Remark 2.2. In the condition P2), if we can choose the matrices C+ =
(
c+rs

)n
r,s=0

and

C− =
(
c−rs

)n
r,s=0

as triangular matrices, the unipotent matrices diag[(c+rr)
−1]nr=0C

+

and diag[(c−rr)
−1]nr=0C

− also satisfy P2). Thus we assume that the matrices C+ and
C− are unipotent if they are triangular.

1 P3) is a condition that should be referred to as H2) in the reference [5], but the symbol H2)
does not appear in [5] due to a typo. It should be noted that equations (2) and (3) in [5] actually
correspond to the condition H2).
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3. Characteristic cycles and fundamental solutions

Let Fn−r
r , 0 ≤ r ≤ n, denote the partition of the set {1, . . . , n} into subsets

{1, . . . , n− r} and {n− r + 1, . . . , n}. Let ξFn−r
r

= (ξ1, . . . , ξn), ηFn−r
r

= (η1, . . . , ηn),

ζFn−r
r

= (ζ1, . . . , ζn) and δFn−r
r

= (δ1, . . . , δn) be the four points in (C∗)n defined by

ξFn−r
r

:

{
ξ1 = x1, ξ2 = x1q

γ , . . . , ξn−r = x1q
(n−r−1)γ ,

ξn−r+1 = x2, ξn−r+2 = x2q
γ , . . . , ξn = x2q

(r−1)γ ,

ηFn−r
r

:

{
η1 = x1q

−β1 , η2 = x1q
−β1−γ , . . . , ηn−r = x1q

−β1−(n−r−1)γ ,
ηn−r+1 = x2q

−β2 , ηn−r+2 = x2q
−β2−γ , . . . , ηn = x2q

−β2−(r−1)γ ,

ζFn−r
r

:

{
ζ1 = x1q

−β1 , ζ2 = x1q
−β1−γ , . . . , ζn−r = x1q

−β1−(n−r−1)γ ,
ζn−r+1 = x2, ζn−r+2 = x2q

γ , . . . , ζn = x2q
(r−1)γ ,

δFn−r
r

:

{
δ1 = x1, δ2 = x1q

γ , . . . , δn−r = x1q
(n−r−1)γ ,

δn−r+1 = x2q
−β2 , δn−r+2 = x2q

−β2−γ , . . . , δn = x2q
−β2−(r−1)γ .

We call the lattices ⟨ξFn−r
r

⟩, ⟨ηFn−r
r

⟩, ⟨ζFn−r
r

⟩ and ⟨δFn−r
r

⟩, 0 ≤ r ≤ n, the charac-

teristic cycles. Since the ordinary Jackson integrals over the cycles ⟨ηFn−r
r

⟩, ⟨ζFn−r
r

⟩
and ⟨δFn−r

r
⟩ diverge, we have to define the regularized Jackson integrals for them as

follows:∫

⟨η
F

n−r
r

⟩
Φ(t)φ(t)ϖ

:= (1− q)n
∑

(ν1,...,νn)∈Zn

Res
t1=η1q

ν1 ,
······ ,

tn=ηnq
νn

Φ(t1, . . . , tn)φ(t1, . . . , tn)
dt1
t1

∧ · · · ∧ dtn
tn

,

∫

⟨ζ
F

n−r
r

⟩
Φ(t)φ(t)ϖ

:= (1− q)n
∑

(ν1,...,νn)∈Zn

Res
t1=ζ1q

ν1 ,
······ ,

tn−r=ζn−rq
νn−r

Φ(t1, . . . , tn−r, q
νn−rξn−r, . . . , q

νnζn)

· φ(t1, . . . , tn−r, q
νn−rξn−r, . . . , q

νnζn)
dt1
t1

∧ · · · ∧ dtn−r

tn−r
,

and∫

⟨δ
F

n−r
r

⟩
Φ(t)φ(t)ϖ

:= (1− q)n
∑

(ν1,...,νn)∈Zn

Res
tn−r+1=δn−r+1q

νn−r+1 ,
······ ,

tn=δnq
νn

Φ(qν1δ1, . . . , q
νn−rδn−r, tn−r+1, . . . , tn)

· φ(qν1δ1, . . . , q
νn−rδn−r, tn−r+1, . . . , tn)

dtn−r+1

tn−r+1
∧ · · · ∧ dtn

tn
.

Let φs(t) be the function defined by (1.8) in Section 1. We consider a linear ordinary
q-difference equation for a vector function y(qα̃) = (�φ0, �φ1, . . . , �φn) satisfying

y(qα̃+1) = y(qα̃)A(qα̃).
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where A(qα̃) is a suitable rational matrix function of order n + 1. We define the
following two matrices

Yξ :=

(∫

⟨ξ
F

n−r
r

⟩
Φ(t)φs(t)ϖ

)n

r,s=0

, Yη :=

(∫

⟨η
F

n−r
r

⟩
Φ(t)φs(t)ϖ

)n

r,s=0

, (3.1)

which are solutions of the matrix equation

Y (qα̃+1) = Y (qα̃)A(qα̃). (3.2)

We set (y)α̃ := yα̃1 · · · yα̃n for y = (y1, . . . , yn). The solutions Yξ and Yη have the
following asymptotic behaviors:

Yξ ∼ (qα̃)D
+
A C+

A at α̃ → +∞, (3.3)

Yη ∼ (qα̃)D
−
A C−

A at α̃ → −∞ (3.4)

where

(qα̃)D
+
A = diag[(ξFn−r

r
)α̃]nr=0, (qα̃)D

−
A = diag[(ηFn−r

r
)α̃]nr=0,

and C+
A = (c+A,rs)

n
r,s=0 and C−

A = (c−A,rs)
n
r,s=0 are matrices not depending on qα̃ defined

by

c+A,rs := (1−q)n
Φ(ξFn−r

r
)φs(ξFn−r

r
)

(ξFn−r
r

)α̃
, c−A,rs := (1−q)n Res

t=η
F

n−r
r

Φ(t)φs(t)

(t)α̃
dt1
t1

∧· · ·∧ dtn
tn

.

(3.5)
Since

qD
+
A = diag[xn−r

1 xr
2 q[r(r−1)+(n−r)(n−r−1)]γ/2]nr=0,

qD
−
A = diag[xn−r

1 xr
2 q−(n−r)β1−rβ2−[r(r−1)−(n−r)(n−r−1)]γ/2]nr=0,

the condition P3) is satisfied for generic parameters x1, x2, β1, β2 and γ.

Proposition 3.1. The matrix C+
A is lower triangular. The nonzero elements of the

matrix (C+
A )0 are the following:

(c+A,rr)0 = q−[r(r−1)+(n−r)(n−r−1)]γ/2

·
(x2

x1
q−(n−r)γ ; qγ)r · (x2

x1
q−(n−r−1)γ ; qγ)r

(qβ1 ; qγ)n−r · (x2

x1
qβ1 ; qγ)r · (qβ2 ; qγ)r · (x2

x1
qγ ; qγ)r

,

(c+A,rs

c+A,rr

)
0
=

c+A,rs

c+A,rr

= q−(r−s)(n−r)γ (qγ ; qγ)n−s

(qγ ; qγ)r−s(qγ ; qγ)n−r

(qβ2+sγ ; qγ)r−s

(x2

x1
q(r+s−n)γ ; qγ)r−s

for r ≥ s.

Proof. See Appendix B. □

Proposition 3.2. The matrix C−
A is upper triangular. The non-zero elements of the

matrix (C−
A )0 are the following:
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(c−A,rr)0 = (−1)n
(q−γ ; q−γ)n−r · (q−γ ; q−γ)r

(1− q−γ)n
·

(x2

x1
q−β2−(r−1)γ ; qγ)r

(x2

x1
qβ1−β2−(r−1)γ ; qγ)r

· 1

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

,

(c−A,rs

c−A,rr

)
0
=

c−A,rs

c−A,rr

= (x2

x1
q−β2−rγ)s−r (qβ1+(n−s)γ ; qγ)s−r

(x2

x1
qβ1−β2+(n−s−r)γ ; qγ)s−r

· (qγ ; qγ)s
(qγ ; qγ)r · (qγ ; qγ)s−r

for r ≤ s.

Proof. See Appendix C. □
If we define

Y0 := (C+
A )−1 Yξ, Y∞ := (C−

A )−1 Yη,

then the matrices Y0 = Y0(q
α̃) and Y∞ = Y∞(qα̃) are also solutions of the equation

(3.2) and satisfy the following asymptotic behaviors:

Y0(q
α̃) ∼ (C+

A )−1(qα̃)D
+
A C+

A at α̃ → +∞,

Y∞(qα̃) ∼ (C−
A )−1(qα̃)D

−
A C−

A at α̃ → −∞.

This implies that the matrix A(qα̃) satisfies the condition P1) and P2) for the unipo-
tent matrices

C+ =

(
c+A,rs

c+A,rr

)n

r,s=0

, C− =

(
c−A,rs

c−A,rr

)n

r,s=0

in (2.1) and (2.2), i.e.,

A(0) = (C+
A )−1qD

+
A C+

A = (C+)−1qD
+
A C+, (3.6)

A(∞) = (C−
A )−1qD

−
A C−

A = (C−)−1qD
−
A C−. (3.7)

Let G = G(α̃, β1, β2, x1, x2) be the connection matrix between Yξ and Yη defined
by

G := Yξ Y −1
η , (3.8)

which coincides with what Aomoto–Kato called the principal connection matrix (see
Section 4), and then

Y0(q
α̃)Y∞(qα̃)−1 = (C+

A )−1 Yξ Y −1
η C−

A = (C+
A )−1 G C−

A . (3.9)

Since the conditions P1), P2) and P3) are satisfied, by (3.9) and Aomoto’s lemma
(2.4), we have

A(0)A(qα̃)−1 =
(
(C+

A )−1 G C−
A

)
0

if the condition P4) holds for A(qα̃). In Appendix §A, we will see that the condition
P4) holds for A(qα̃) . From (3.6), we have

A(qα̃) =
(
(C−

A )−1 G−1 qD
+
A C+

A

)
0
. (3.10)
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4. Principal connection matrix

4.1. Principal connection matrix. The set {⟨ξFn−r
r

⟩; 0 ≤ r ≤ n} makes up a basis

of the dual space of Hn(X̄,Φ,∇)sym (see the definition in [12]). For an arbitrary
ξ ∈ C∗, ⟨ξ⟩ is expressed uniquely as a linear combination of ⟨ξFn−r

r
⟩, 0 ≤ r ≤ n, in

such a way that

⟨ξ⟩ =
n∑

r=0

cr · ⟨ξFn−r
r

⟩ (4.1)

for some pseudo-constants cr in the sense that they do not change under the displace-
ment α̃ �→ α̃ + 1, βk �→ βk + 1, γ �→ γ + 1 and x �→ qx. We denote the coefficient cr
by

(
⟨ξ⟩; ⟨ξFn−r

r
⟩
)
Φ
. Namely, (4.1) means that

∫

⟨ξ⟩
Φ(t)φ(t)ϖ =

n∑
r=0

(
⟨ξ⟩; ⟨ξFn−r

r
⟩
)
Φ
·
∫

⟨ξ
F

n−r
r

⟩
Φ(t)φ(t)ϖ. (4.2)

For the other bases {⟨ηFn−r
r

⟩; 0 ≤ r ≤ n}, {⟨ζFn−r
r

⟩; 0 ≤ r ≤ n} and {⟨δFn−r
r

⟩; 0 ≤
r ≤ n}, we define the coefficients

(
⟨ξ⟩; ⟨ηFn−r

r
⟩
)
Φ
,
(
⟨ξ⟩; ⟨ζFn−r

r
⟩
)
Φ
and

(
⟨ξ⟩; ⟨δFn−r

r
⟩
)
Φ

in the same manner as above. By (4.2) and (3.8), the elements of the principal
connection matrix G = (grs)

n
r,s=0 are written as follows:

grs =
(
⟨ξFn−r

r
⟩; ⟨ηFn−s

s
⟩
)
Φ
=

n∑
i=0

(
⟨ξFn−r

r
⟩; ⟨ζFn−i

i
⟩
)
Φ
·
(
⟨ζFn−i

i
⟩; ⟨ηFn−s

s
⟩
)
Φ
.

Theorem 4.1 (Gauss decomposition [12]). The principal connection matrix G admits
the following Gauss decomposition:

G = (H⟨ζ;ξ⟩)
−1 H⟨ζ;η⟩, (4.3)

where the matrices H⟨ζ;ξ⟩ =
(
h
++

rs

)n
r,s=0

and H⟨ζ;η⟩ =
(
h
+−

rs

)n
r,s=0

are defined by

h
++

rs :=
(
⟨ζFn−r

r
⟩; ⟨ξFn−s

s
⟩
)
Φ
, h

+−

rs :=
(
⟨ζFn−r

r
⟩; ⟨ηFn−s

s
⟩
)
Φ
.

The matrices H⟨ζ;ξ⟩ and H⟨ζ;η⟩ become an upper triangular matrix and a lower one

respectively. An arbitrary element of the matrices H⟨ζ;ξ⟩, H⟨ζ;η⟩, (H⟨ζ;ξ⟩)
−1 and

(H⟨ζ;η⟩)
−1 is expressed in a theta product form.

Proof. See Theorem 8.3 in [12]. □

Since we have already known the explicit form of H⟨ζ;ξ⟩ and H⟨ζ;η⟩ (see Theorem
8.1, 8.2 in [12] and Lemma 13 in [13]), in particular, we have

(h
++

rr )0 = (−1)n−r
(qγ ; qγ)n−r · (qβ1 ; qγ)n−r · (x1

x2
qβ2 ; qγ)n−r

(1− qγ)n−r · (x1

x2
; qγ)n−r

·
(x1

x2
q−β1−(n−r−1)γ ; qγ)n−r · (qα̃+β2−2(n−r−1)γ ; qγ)n−r

(x1

x2
qβ2−β1−(n−r−1)γ ; qγ)n−r · (qα̃+β2+β1−(n−r−1)γ ; qγ)n−r

·
n(

x1

x2
q−(r−1)γ ; qγ)r · n(x1

x2
q−rγ ; qγ)r

n(
x1

x2
q−(n−r−1)γ ; qγ)r · n(x1

x2
q−(n−r)γ ; qγ)r

, (4.4)
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(h++

rs

h++

rr

)
0
= q−r(s−r)γ n(

x1

x2
q−(n−r−1)γ ; qγ)r · n(x1

x2
q−(n−r)γ ; qγ)r · n(x1

x2
q−(s−1)γ ; qγ)s

n(
x1

x2
q−(n−s−1)γ ; qγ)s · n(x1

x2
q−(n−s)γ ; qγ)s · n(x1

x2
q−(r−1)γ ; qγ)r

·
(x1

x2
q−rγ ; qγ)n−r

(x1

x2
q−sγ ; qγ)n−s

· (qβ2+rγ ; qγ)s−r

(x1

x2
qβ2+(n−s)γ ; qγ)s−r

·
(x2

x1
q−α̃−β2+(n−1)γ ; qγ)s−r · s(qγ ; qγ)r

(q−α̃−β2+(2n−r−s−1)γ ; qγ)s−r · (x2

x1
q(r+s−n)γ ; qγ)s−r

for s ≥ r, (4.5)

and

(h
+−

rr )0 = (−1)r
(1− qγ)r · (qα̃+β2−(2n−r−1)γ ; qγ)r

(qγ ; qγ)r · (qα̃−2(n−1)γ ; qγ)r · (qβ2 ; qγ)r
, (4.6)

(h+−

rs

h+−
rr

)
0
= q−s(r−s)γ

(qα̃+β1−(n−1)γ x2

x1
; qγ)r−s · (qα̃+β2−(2n−r−1)γ ; qγ)s

(qα̃+β2−(2n−r−1)γ ; qγ)r

·
(qβ2 ; qγ)r · (qβ1−β2+(n−r−s)γ x2

x1
; qγ)s

(qβ2 ; qγ)s · (qβ1+(n−r)γ x2

x1
; qγ)r−s

r(q
γ ; qγ)s for r ≥ s. (4.7)

Let τ be the operation which exchanges x1, β1 for x2, β2.

Theorem 4.2 (Quasi-symmetry of second kind [12]). Under the action of τ , the
principal connection matrix G = G(α̃, β1, β2, x1, x2) changes as follows:

τG(α̃, β1, β2, x1, x2) = G(α̃, β2, β1, x2, x1)

= S(x2/x1) G(α̃, β1, β2, x1, x2)
tS(qβ2−β1x1/x2), (4.8)

where we put S(x) :=
(
ar,s(x) δr,s−n

)n
r,s=0

and

ar,n−r(x) := x2r(n−r)γq−r(n−r)γ+r(n−r)(n−2r)γ2

· nϑ(xq−(r−1)γ)r · nϑ(xq−rγ)r.

Proof. See Theorem 5.2 in [12]. □

Proposition 4.3. The principal connection matrix G admits the following Gauss
decomposition:

G = (H⟨δ;ξ⟩)
−1 H⟨δ;η⟩

where H⟨δ;ξ⟩ and H⟨δ;η⟩ are a lower triangular matrix and an upper one respectively
defined by

H⟨δ;ξ⟩ := S′(x2/x1) τH⟨ζ;ξ⟩
tS(x2/x1)

H⟨δ;η⟩ := S′(x2/x1) τH⟨ζ;η⟩
tS(qβ1−β2x2/x1),

where S′(x) :=
(
ar,s(xq

−β2−(s−1)γ) · δr,s−n

)n
r,s=0

.

Proof. From (4.8), we have τG = S(x2/x1) G
tS(qβ2−β1x1/x2). Then,

G = ττG = τS(x2/x1) τG τ tS(qβ2−β1x1/x2) = S(x1/x2) τG
tS(qβ1−β2x2/x1). (4.9)

On the other hand, by (4.3), we have

(H⟨δ;ξ⟩)
−1 H⟨δ;η⟩

=
(
S′(x2/x1) τH⟨ζ;ξ⟩

tS(x2/x1)
)−1

S′(x2/x1) τH⟨ζ;η⟩
tS(qβ1−β2x2/x1)

－ 14 － － 15 －



= tS(x2/x1)
−1 (τH⟨ζ;ξ⟩)

−1 S′(x2/x1)
−1 S′(x2/x1) τH⟨ζ;η⟩

tS(qβ1−β2x2/x1)

= S(x1/x2) τ(H⟨ζ;ξ⟩)
−1 τH⟨ζ;η⟩

tS(qβ1−β2x2/x1)

= S(x1/x2) τG
tS(qβ1−β2x2/x1). (4.10)

The proposition now follows from (4.9) and (4.10). □

From Proposition 4.3, the elements of the matricesH⟨δ;η⟩ =
(
h
−−

rs

)n
r,s=0

andH⟨δ;ξ⟩ =(
h
−+

rs

)n
r,s=0

are written as follows:

h
−−

rs =
τh

+−

n−r,n−s · as,n−s(q
β1−β2x2/x1)

an−r,r(q−β2−(r−1)γx2/x1)
, h

−+

rs =
τh

++

n−r,n−s · as,n−s(x2/x1)

an−r,r(q−β2−(r−1)γx2/x1)
. (4.11)

Remark 4.4. In [12], it is proved that the element h
−−

rs is equal to
(
⟨δFn−r

r
⟩; ⟨ηFn−s

s
⟩
)
Φ
.

Since the elements of the matrix G = (grs)
n
r,s=0 are expressed as

grs =
(
⟨ξFn−r

r
⟩; ⟨ηFn−s

s
⟩
)
Φ
=

n∑
i=0

(
⟨ξFn−r

r
⟩; ⟨δFn−i

i
⟩
)
Φ
·
(
⟨δFn−i

i
⟩; ⟨ηFn−s

s
⟩
)
Φ
,

we finally have h
−+

rs =
(
⟨δFn−r

r
⟩; ⟨ξFn−s

s
⟩
)
Φ
.

4.2. A remark on Aomoto–Kato case. In [13], Aomoto and Kato have also stud-
ied the q-difference system (1.9) from the viewpoint of the Riemann–Hilbert method.
In this section we will show how to derive Corollary 1.11 by using it.

Since the functions Φn,2(t) and φs(t) are depending on x1 and x2, we denote Φn,2(t)
and φs(t) by Φ(x1, x2; t) and φs(x1, x2; t) respectively. By the transformation∫

Φ(x1, x2; t)φs(x1, x2; t)ϖ = xα1+···+αn
1

∫
Φ(1, x2/x1; t)φs(1, x2/x1; t)ϖ,

it suffices to consider the q-difference system (1.9) in the case x1 = 1 and x2 = x. For
a vector function y(x) := (�φ0, �φ1, . . . , �φn) where

φs(t) = A




n∏
k=1

1

1− tk/x

n−s∏
k=1

1− qβ2tk/x

1− tk

∏
1≤i<j≤n

(ti − q−γtj)


 ,

the q-difference system (1.9) is written as

y(qx) = y(x)K(x).

where K(x) := K(1, x). We define the following two matrices

Yζ :=

(∫

⟨ζ
F

n−r
r

⟩
Φ(t)φs(t)ϖ

)n

r,s=0

, Yδ :=

(∫

⟨δ
F

n−r
r

⟩
Φ(t)φs(t)ϖ

)n

r,s=0

,

where ζFn−r
r

and δFn−r
r

is defined in Section 3, and these matrices are solutions of the
matrix equation

Y (qx) = Y (x)K(x). (4.12)

Aomoto and Kato studied in [13] asymptotic behaviors of the solutions Yζ and Yδ:

Yζ ∼ V+(x) x
D+

K C+
K at x → 0,

Yδ ∼ V−(x) x
D−

K C−
K at x → ∞.
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where V+(x) and V−(x) are pseudo-constant diagonal matrices evaluated in [12] as

V+(x) = diag[vr(x)]
n
r=0, V−(x) = diag[v∗r (x)]

n
r=0,

and D+
K and D−

K are diagonal matrices

D+
K = diag[rα̃− (n− r)β2 − r(2n− r − 1)γ]nr=0,

D−
K = diag[rα̃+ rβ1 − r(r − 1)γ]nr=0.

The matrices C+
K = (c+K,rs)

n
r,s=0 and C−

K = (c−K,rs)
n
r,s=0 are a lower triangular matrix

and an upper one respectively.

Lemma 4.5 (Aomoto–Kato [13]). The matrices (V+(x))0, (V−(x))0, (C+
K )0 and

(C−
K )0 are evaluated as follows:

(vr)0 = q−(n−r)β2 · (xqβ1 ; qγ)n−r

(xqβ1−β2 ; qγ)n−r
,

(v∗r )0 =
(−1)r(n−r)qr(n−r)γ · (xq−β2−(r−1)γ ; qγ)r

(xq−β2−(r−1)γ ; qγ)r · n(xq−β2−(n−2)γ ; qγ)r · n(xq−β2−(n−1)γ ; qγ)r
,

(c+K,rr)0 = (−1)n−rq(n−r)β2−(n−r)(n−r−1)γ/2−r(r−1)γ/2

· (qγ ; qγ)n−r · (qα̃+β2−(2n−r−1)γ ; qγ)r
(1− qγ)n−r · (qβ2 ; qγ)r · (qα̃−2(n−1)γ ; qγ)r

(c+K,rs

c+K,rr

)
0
=

c+K,rs

c+K,rr

= q(n−r)(s−r)γ (qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r

(qβ2+sγ ; qγ)r−s

(qα̃+β2−(2n−r−s−1)γ ; qγ)r−s
,

(c−K,rr)0 = (−1)r(n−r+1)q−n(n−1)γ/2 (qγ ; qγ)r · (qα̃+β1−(n+r−1)γ ; qγ)n−r

(1− qγ)r · (qβ1 ; qγ)n−r · (qα̃−2(n−1)γ ; qγ)n−r
,

(c−K,rs

c−K,rr

)
0
=

c−K,rs

c−K,rr

= q(s−r)[α̃−(n−1)γ]+r(r−s)γ

· (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

(qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−(r+s−1)γ ; qγ)s−r
. (4.13)

If we define

Y ′
0 := (C+

K )−1 (V+(x))
−1 Yζ , Y ′

∞ := (C−
K )−1 (V−(x))

−1 Yδ,

then the matrices Y ′
0 = Y ′

0(x) and Y ′
∞ = Y ′

∞(x) are fundamental solutions of the
equation (4.12) and satisfy

Y ′
0(x) ∼ (C+

K )−1xD+
K C+

K at x → 0,

Y ′
∞(x) ∼ (C−

K )−1xD−
K C−

K at x → ∞.

Let �P be the connection matrix between Yζ and Yδ defined by

�P := Yζ Y −1
δ ,

In [12], �P is expressed in the form of Gauss decomposition as

�P := H⟨ζ;η⟩ (H⟨δ;η⟩)
−1. (4.14)
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By Aomoto’s lemma (2.4), we have

K(0)K(x)−1 =
(
Y ′
0(x)Y

′
∞(x)−1

)
0
=

(
(C+

K )−1 (V+(x))
−1 �P V−(x) C

−
K

)
0
.

From (4.14) and K(0) = (C+
K )−1qD

+
K C+

K , we have

K(x) =
(
(C−

K )−1 (V−(x))
−1 H⟨δ;η⟩ H

−1
⟨ζ;η⟩ V+(x) q

D+
K C+

K

)
0
.

Hence, by using (4.6), (4.7), (4.11), Lemma 4.5 and Lemma 5.7 in Section 5, we can
evaluate K(x) as (1.11) in Corollary 1.11.

5. Main result for q-difference equations with parameter shift
α̃ → α̃+ 1

From (3.10) and Proposition 4.3, it follows that

A(qα̃) =
(
(C−

A )−1 (H⟨δ;η⟩)
−1 H⟨δ;ξ⟩ q

D+
A C+

A

)
0
. (5.1)

Since the matrices C−
A and H⟨δ;η⟩ are upper triangular and the matrices C+

A and H⟨δ;ξ⟩
are lower triangular, we can decompose the matrix A(qα̃) as the product of lower and
upper triangular matrices in the following form:



1 u01 u02 · · · u0n

1 u12 · · · u1n

. . .
. . .

...
1 un−1,n

1







d0
d1

. . .

dn−1

dn







1
l10 1
...

. . .
. . .

ln−1,0 · · · ln−1,n−1 1
ln,0 · · · ln,n−2 ln,n−1 1



.

This expression is unique and we denote by UA and LA the above left and right
matrices respectively, so that

A(qα̃) = UA diag[d0, . . . , dn] LA. (5.2)

Theorem 5.1. The elements of UA, diag[d0, . . . , dn] and LA are expressed as follows:

urs = (−1)s−rq(s−r)[α̃−(n−1)γ]−(s−r)(s+r−1)γ/2

· (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

(qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−2(s−1)γ ; qγ)s−r
for r ≤ s,

dr = qµr
(qα̃+β1−2(r−1)γ ; qγ)r · (qα̃−2(n−1)γ ; qγ)n−r

(qα̃+β1+β2−(r−1)γ ; qγ)r · (qα̃+β1−(n−1+r)γ ; qγ)n−r
,

where qµr = xn−r
1 xr

2 q[r(r−1)+(n−r)(n−r−1)]γ/2,

lrs = (−1)r−s(x2/x1)
s−rq−(r−s)(r+s−1)γ/2

· (qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r

(qβ2+sγ ; qγ)r−s

(qα̃+β1−2(r−1)γ ; qγ)r−s
for r ≥ s.

We prove Theorem 5.1 in the following sections. Moreover, separating the matrix
depending on x1 and x2, we have
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Theorem 5.2. The matrix A(qα̃) is expressed as follows:

A(qα̃) = ŪA D̄A L̄A diag[ xn−r
1 xr

2 ]nr=0,

where ŪA = (ūrs) is an upper triangular matrix given by

ūrs = (−1)s−rq(s−r)[α̃−(n−1)γ]−(s−r)(s+r−1)γ/2

· (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

(qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−2(s−1)γ ; qγ)s−r
r ≤ s,

D̄A = diag[d̄0, . . . , d̄n],

d̄r = q[r(r−1)+(n−r)(n−r−1)]γ/2 (qα̃+β1−2(r−1)γ ; qγ)r · (qα̃−2(n−1)γ ; qγ)n−r

(qα̃+β1+β2−(r−1)γ ; qγ)r · (qα̃+β1−(n−1+r)γ ; qγ)n−r
,

L̄A = (l̄rs) is a lower triangular matrix given by

l̄rs = (−1)r−sq−(r−s)(r+s−1)γ/2

· (qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r

(qβ2+sγ ; qγ)r−s

(qα̃+β1−2(r−1)γ ; qγ)r−s
r ≥ s.

Remark 5.3. If we compare Theorem 5.2 with Corollary 1.11, we find that the ma-
trices A(qα̃) and K(x1, x2) are very similar to each other, especially the substitution
of qα into (x1/x2)q

−β2+(n−1)γ transforms ŪA and L̄A into UR and LR respectively.

Remark 5.4. The elements of U−1
A =

(
u∗
rs

)n
r,s=0

coincides with the value c−K,rs/c
−
K,rr

of the coefficient matrix C−
K (Compare (4.13) in Lemma 4.5 with (5.4.2) in Theorem

5.12).

5.1. Diagonal elements and determinant of A(qα̃). In this section, we first eval-
uate the diagonal matrix diag[d0, . . . , dn] of A(qα̃) in the expression of (5.2).

Theorem 5.5. The elements dr, 0 ≤ r ≤ n, of the diagonal matrix diag[d0, . . . , dn]
are evaluated as follows:

dr = qµr
(qα̃+β1−2(r−1)γ ; qγ)r · (qα̃−2(n−1)γ ; qγ)n−r

(qα̃+β1+β2−(r−1)γ ; qγ)r · (qα̃+β1−(n−1+r)γ ; qγ)n−r
, 0 ≤ r ≤ n.

In particular,

Corollary 5.6. The determinant of the matrix A(qα̃) is the following:

detA(qα̃) = (x1x2)
n(n+1)/2q(n−1)n(n+1)γ/3

n∏
r=0

(qα̃−2(n−1)γ ; qγ)r
(qα̃+β1+β2−(r−1)γ ; qγ)r

.

Proof. By Theorem 5.5, we have

detA(qα̃) = qµ0+···+µn

n∏
r=0

(qα̃+β1−2(r−1)γ ; qγ)r · (qα̃−2(n−1)γ ; qγ)n−r

(qα̃+β1+β2−(r−1)γ ; qγ)r · (qα̃+β1−(n−1+r)γ ; qγ)n−r
.

The result follows from the following identity:
n∏

r=0

(qα̃+β1−2(r−1)γ ; qγ)r
(qα̃+β1−(n−1+r)γ ; qγ)n−r

= 1. □

Proof of Theorem 5.5. From (4.4), (4.6) and (4.11), we have the explicit forms of

(h
−−

rr )0 and (h
−+

rr )0 as follows:
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(h
−−

rr )0 = (−1)n−r (1− qγ)n−r · (qα̃+β1−(n+r−1)γ ; qγ)n−r

(qγ ; qγ)n−r · (qα̃−2(n−1)γ ; qγ)n−r · (qβ1 ; qγ)r

·
n(

x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

n(
x2

x1
q−β2−(n−2)γ ; qγ)r · n(x2

x1
q−β2−(n−1)γ ; qγ)r

, (5.3)

(h
−+

rr )0 = (−1)r ·
(qβ2 ; qγ)r · (x2

x1
qβ1 ; qγ)r · (x2

x1
q−β2−(r−1)γ ; qγ)r · (qγ ; qγ)r

(x2

x1
; qγ)r · (x2

x1
qβ1−β2−(r−1)γ ; qγ)r · (1− qγ)r

· (qα̃+β1−2(r−1)γ ; qγ)r
(qα̃+β1+β2−(r−1)γ ; qγ)r

·
n(

x2

x1
q−(n−r−1)γ ; qγ)r · n(x2

x1
q−(n−r)γ ; qγ)r

n(
x2

x1
q−β2−(n−2)γ ; qγ)r · n(x2

x1
q−β2−(n−1)γ ; qγ)r

. (5.4)

In Propositions 3.1 and 3.2, we derived the following expressions:

(c+A,rr)0 = q−[r(r−1)+(n−r)(n−r−1)]γ/2

·
(x2

x1
q−(n−r)γ ; qγ)r · (x2

x1
q−(n−r−1)γ ; qγ)r

(qβ1 ; qγ)n−r · (x2

x1
qβ1 ; qγ)r · (qβ2 ; qγ)r · (x2

x1
qγ ; qγ)r

, (5.5)

(c−A,rr)0 = (−1)nq−[r(r−1)+(n−r)(n−r−1)]γ/2 (qγ ; qγ)n−r · (qγ ; qγ)r
(1− qγ)n

·
(x2

x1
q−β2−(r−1)γ ; qγ)r

(x2

x1
qβ1−β2−(r−1)γ ; qγ)r

· 1

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

. (5.6)

Finally, from (5.1) and (5.2), we have

dr = (c−A,rr)0
−1 · (h

−−

rr )0
−1

· (h
−+

rr )0 · (c+A,rr)0 · q
µr (5.7)

and the result follows from (5.3)–(5.7). □

5.2. q-Binomial lemmas. In this section, we prepare two q-binomial lemmas that
will be useful in the following sections.

Lemma 5.7. Let z, y and c be arbitrary numbers ∈ C. Then

k∑
j=0

(−1)jzjc3j(j−1)/2 (c; c)k
(c; c)k−j · (c; c)j

· (yc
1−j ; c)j

(zcj−1; c)j
· (zyc

j ; c)k−j

(zc2j ; c)k−j
= 1. (5.8)

Remark. When c → 1, the above formula reduces to the following well-known
combinatorial formula:

(1− z)k =
(
(1− zy)− (z − zy)

)k
=

k∑
j=0

(−1)j
(
k

j

)
(z − zy)j(1− zy)k−j .

Proof. Multiply both sides of (5.8) by (z; c)2k−1. Then we have

(z; c)2k−1 =
k∑

j=0

(−1)jzjc3j(j−1)/2 (c; c)k
(c; c)k−j · (c; c)j

· (yc1−j ; c)j · (zycj ; c)k−j

· (z; c)j−1 · (1− zc2j−1) · (zcj+k; c)k−j−1. (5.9)
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We prove (5.9) instead of (5.8). We denote by g(z) and gj(z) the summation and
summand of the right-hand side of (5.9) respectively:

gj(z) := (−1)jzjc3j(j−1)/2 (c; c)k
(c; c)k−j · (c; c)j

· (yc1−j ; c)j · (zycj ; c)k−j

· (z; c)j−1 · (1− zc2j−1) · (zcj+k; c)k−j−1,

g(z) :=
k∑

j=0

gj(z).

In order to prove (5.9) by the factor theorem, we show that the polynomial g(z) of
degree 2k−1 equals 1 at z = 0 and vanishes at 2k−1 points z = c1−l, 1 ≤ l ≤ 2k−1.
Since g(0) = 1 is easy to check, it is enough to show the following:

2g(c1−l) = 2
l∑

j=0

gj(c
1−l) =

l∑
j=0

(
gj(c

1−l) + gl−j(c
1−l)

)
= 0,

2g(c2−l−k) = 2

k∑
j=l

gj(c
2−l−k) =

k−l∑
j=0

(
gl+j(c

2−l−k) + gk−j(c
2−l−k)

)
= 0,

which are confirmed from the following lemma. □
Lemma 5.8. For z = c1−l or c2−l−k, 1 ≤ l ≤ k, it follows that

{
gj(c

1−l) + gl−j(c
1−l) = 0 for 0 ≤ j ≤ l,

gj(c
1−l) = 0 for l < j ≤ k

and {
gl+j(c

2−l−k) + gk−j(c
2−l−k) = 0 for 0 ≤ j ≤ k − l,

gj(c
2−l−k) = 0 for 0 ≤ j < l.

Proof. It is straightforward and left to the reader. □
Lemma 5.9. Let z and c be arbitrary numbers ∈ C. Then

k∑
j=0

(−1)jc−j(2k−j−1)/2

(c; c)j · (c; c)k−j · (zc−2(j−1); c)j · (zc−k−i+1; c)k−j
= 0. (5.10)

Remark. When c → 1, the above formula reduces to the following well-known
combinatorial formula:

k∑
j=0

(−1)j
(
k

j

)
= 0.

Proof. By multiplying both sides of (5.10) by (zc−2k+2; c)2k−1, we have

k∑
j=0

(−1)jc−j(2k−j−1)/2 (z; c
−j+2)j−1 · (1− zc−2j+1) · (zc−2k+2; c)k−j−1

(c; c)k−j · (c; c)j
= 0. (5.11)

We prove (5.11) instead of (5.10). We denote by �g(z) and �gj(z) the summation and
summand of the right-hand side of (5.9) respectively:

�gj(z) := (−1)jc−j(2k−j−1)/2 (z; c
−j+2)j−1 · (1− zc−2j+1) · (zc−2k+2; c)k−j−1

(c; c)k−j · (c; c)j
,
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�g(z) :=
k∑

j=0

�gj(z).

In order to prove (5.11) by the factor theorem, we show that the polynomial �g(z) of
degree k − 1 vanishes at k points z = cl−1, 1 ≤ l ≤ k, i.e.,

2�g(cl−1) = 2

l∑
j=0

�gj(cl−1) =

l∑
j=0

(
�gj(cl−1) + �gl−j(c

l−1)
)
= 0, 1 ≤ l ≤ k,

which follows from the following lemma. □
Lemma 5.10. For z = cl−1, 1 ≤ l ≤ k, it follows that

�gj(cl−1) + �gl−j(c
l−1) = 0 for 0 ≤ j ≤ l,

�gj(cl−1) = 0 for l < j ≤ k.

Proof. It is straightforward and left to the reader. □

5.3. Evaluation of LA.

Theorem 5.11. The elements of the matrix LA are expressed in a product of bino-
mials as follows:

lrs = (−1)r−s(x2

x1
)s−rq−(r−s)(r+s−1)γ/2

· (qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r

(qβ2+sγ ; qγ)r−s

(qα̃+β1−2(r−1)γ ; qγ)r−s
for r ≥ s. (5.12)

Proof. From (4.5) and (4.11), we have

(h−+

ri

h−+

rr

)
0
= q−i(r−i)γ

(x2

x1
qγ ; qγ)i · (x2

x1
q−(n−r−1)γ ; qγ)r

(x2

x1
qγ ; qγ)r · (x2

x1
q−(n−i−1)γ ; qγ)i

·
(x2

x1
q−(n−r)γ ; qγ)r

(x2

x1
q−(n−i)γ ; qγ)i

·
(x2

x1
qβ1 ; qγ)i

(x2

x1
qβ1 ; qγ)r

· (q
β1 ; qγ)n−i · (qγ ; qγ)n−i

(qβ1 ; qγ)n−r · (qγ ; qγ)n−r

·
(q−α̃−β1+(n−1)γ/x2

x1
; qγ)r−i

(q−α̃−β1+(r+i−1)γ ; qγ)r−i · (q(n−r−i)γ/x2

x1
; qγ)r−i · (qγ ; qγ)r−i

. (5.13)

By Proposition 3.1, it follows that

(c+A,is

c+A,ii

)
0
= q−(i−s)(n−i)γ (qγ ; qγ)n−s

(qγ ; qγ)i−s(qγ ; qγ)n−i

(qβ2+sγ ; qγ)i−s

(x2

x1
q(i+s−n)γ ; qγ)i−s

, (5.14)

( c+A,ii

c+A,rr

)
0
= q[−i(i−1)−(n−i)(n−i−1)+r(r−1)+(n−r)(n−r−1)]γ/2

·
(x2

x1
q−(n−i)γ ; qγ)i · (x2

x1
q−(n−i−1)γ ; qγ)i

(x2

x1
q−(n−r)γ ; qγ)r · (x2

x1
q−(n−r−1)γ ; qγ)r

·
(qβ1 ; qγ)n−r · (x2

x1
qβ1 ; qγ)r · (qβ2 ; qγ)r · (x2

x1
qγ ; qγ)r

(qβ1 ; qγ)n−i · (x2

x1
qβ1 ; qγ)i · (qβ2 ; qγ)i · (x2

x1
qγ ; qγ)i

, (5.15)

( qµi

qµr

)
0
= (x2

x1
)i−rq[i(i−1)+(n−i)(n−i−1)−r(r−1)−(n−r)(n−r−1)]γ/2. (5.16)
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Comparing (5.1) with (5.2), the elements lrs of the matrix LA are expressed as follows:

lrs =
r∑

i=s

(h−+

ri

h−+

rr

)
0

(c+A,is

c+A,ii

)
0

( c+A,ii

c+A,rr

)
0

( qµi

qµr

)
0
.

Then, from (5.13)–(5.16), we have

lrs =
(qγ ; qγ)n−s

(qγ ; qγ)n−r
(qβ2+sγ ; qγ)r−s

·
r∑

i=s

(−1)r−i(x2

x1
)i−rq−(r−i)(r+i−1)γ/2−(i−s)(n−i)γ 1

(qγ ; qγ)r−i · (qγ ; qγ)i−s

·
(x2

x1
qα̃+β1−(n+r−i−2)γ ; qγ)r−i

(qα̃+β1−2(r−1)γ ; qγ)r−i · (x2

x1
q(2i−n+1)γ ; qγ)r−i · (x2

x1
q(i+s−n)γ ; qγ)i−s

. (5.17)

We have to show the following identity to prove that (5.17) coincides with (5.12):

r∑
i=s

(−1)r−i(x2

x1
)i−rq−(r−i)(r+i−1)γ/2−(i−s)(n−i)γ 1

(qγ ; qγ)r−i · (qγ ; qγ)i−s

·
(x2

x1
qα̃+β1−(n+r−i−2)γ ; qγ)r−i

(qα̃+β1−2(r−1)γ ; qγ)r−i · (x2

x1
q(2i−n+1)γ ; qγ)r−i · (x2

x1
q(i+s−n)γ ; qγ)i−s

= (−1)r−s(x2

x1
)s−rq−(r−s)(r+s−1)γ/2 1

(qγ ; qγ)r−s · (qα̃+β1−2(r−1)γ ; qγ)r−s
. (5.18)

Dividing (5.18) by the right-hand side of (5.18), (5.18) reads as follows:

1 =
r∑

i=s

(−1)i−s(x2

x1
q−(n−i)γ+(i+s−1)γ/2)i−s (qγ ; qγ)r−s

(qγ ; qγ)r−i · (qγ ; qγ)i−s

· (q
α̃+β1−(r+i−2)γ ; qγ)i−s

(x2

x1
q(i+s−n)γ ; qγ)i−s

(x2

x1
qα̃+β1−(n+r−i−2)γ ; qγ)r−i

(x2

x1
q(2i−n+1)γ ; qγ)r−i

. (5.19)

If we put j = i − s, k = r − s, z = x2

x1
q2s−n+j , y = qα̃+β1−2s−k+1 and c = qγ in

Lemma 5.7, then we see the right-hand side of (5.19) is equal to 1 and this concludes
the proof of the theorem. □

5.4. Evaluation of UA.

Theorem 5.12. The elements of UA =
(
urs

)n
r,s=0

and U−1
A =

(
u∗
rs

)n
r,s=0

are ex-

pressed in a product of binomials as follows:

urs = (−1)s−rq(s−r)[α̃−(n−1)γ]−(s−r)(s+r−1)γ/2

· (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

(qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−2(s−1)γ ; qγ)s−r
s ≥ r, (5.20)

u∗
rs = q(s−r)[α̃−(n−1)γ]+r(r−s)γ

· (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

(qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−(r+s−1)γ ; qγ)s−r
s ≥ r. (5.21)
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Proof. We show (5.21) first. From (4.11) and (4.7), we have

(h−−

ri

h−−
rr

)
0
= q(i−r)(i+r−n)γ n(

x2

x1
qβ1−β2−(i−1)γ ; qγ)i · n(x2

x1
qβ1−β2−iγ ; qγ)i

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

· q−(n−i)(i−r)γ
(qα̃+β2−(n−1)γ/x2

x1
; qγ)i−r

(qβ2+rγ/x2

x1
; qγ)i−r

· n−r(q
β2−β1+(r+i−n)γ/x2

x1
; qγ)n−i

· (q
α+β1−(n+r−1)γ ; qγ)n−i

(qα+β1−(n+r−1)γ ; qγ)n−r
· (q

β1 ; qγ)n−r

(qβ1 ; qγ)n−i
· n−r(q

γ ; qγ)n−i

= q(i−r)(i+r−n)γ n(
x2

x1
qβ1−β2−(i−1)γ ; qγ)i · n(x2

x1
qβ1−β2−iγ ; qγ)i

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

· q(α̃−(n+r−1)γ)(i−r)
(x2

x1
q−α̃−β2+(n+r−i)γ ; qγ)i−r

(x2

x1
q−β2−(i−1)γ ; qγ)i−r

·
(x2

x1
qβ1−β2−(i−1)γ ; qγ)i−r

(x2

x1
qβ1−β2+(n−2i+1)γ ; qγ)i−r

· (qβ1+(n−i)γ ; qγ)i−r

(qα+β1−(i+r−1)γ ; qγ)i−r
· (qγ ; qγ)n−r

(qγ ; qγ)i−r · (qγ ; qγ)n−i
. (5.22)

By Proposition 3.2, we have

(c−A,is

c−A,ii

)
0
= (x2

x1
q−β2−iγ)s−i (qβ1+(n−s)γ ; qγ)s−i

(x2

x1
qβ1−β2+(n−s−i)γ ; qγ)s−i

· (qγ ; qγ)s
(qγ ; qγ)i · (qγ ; qγ)s−i

, (5.23)

( c−A,ii

c−A,rr

)
0
= q−(i−r)(i+r−n)γ (qγ ; qγ)n−i · (qγ ; qγ)i

(qγ ; qγ)n−r · (qγ ; qγ)r

·
(x2

x1
q−β2−(i−1)γ ; qγ)i

(x2

x1
qβ1−β2−(i−1)γ ; qγ)i

·
(x2

x1
qβ1−β2−(r−1)γ ; qγ)r

(x2

x1
q−β2−(r−1)γ ; qγ)r

·
n(

x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

n(
x2

x1
qβ1−β2−(i−1)γ ; qγ)i · n(x2

x1
qβ1−β2−iγ ; qγ)i

. (5.24)

Comparing (5.1) with (5.2), using (5.22)–(5.24), the elements u∗
rs of the matrix U−1

A

are expressed as follows:

u∗
rs =

s∑
i=r

( h
−−

ri c
−
A,is

h−−
rr c

−
A,rr

)
0
=

s∑
i=r

(h−−

ri

h−−
rr

)
0

(c−A,is

c−A,ii

)
0

( c−A,ii

c−A,rr

)
0

= q[α̃−(n−1−r)γ](s−r) (qγ ; qγ)s
(qγ ; qγ)s−r · (qγ ; qγ)r

(qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−(r+s−1)γ ; qγ)s−r

·
s∑

i=r

(x2

x1
q−α̃−β2+(n+r−i−1)γ)s−i (qα̃+β1−(r+s−1)γ ; qγ)s−i

(x2

x1
qβ1−β2+(n−s−i)γ ; qγ)s−i

·
(x2

x1
q−α̃−β2+(n+r−i)γ ; qγ)i−r

(x2

x1
qβ1−β2+(n−2i+1)γ ; qγ)i−r

· s−r(q
γ ; qγ)s−i.

Thus the statement (5.21) in Theorem 5.12 follows from the following identity:
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1 =
s∑

i=r

(x2

x1
q−α̃−β2+(n+r−i−1)γ)s−i · (qα̃+β1−(r+s−1)γ ; qγ)s−i

(x2

x1
qβ1−β2+(n−s−i)γ ; qγ)s−i

·
(x2

x1
q−α̃−β2+(n+r−i)γ ; qγ)i−r

(x2

x1
qβ1−β2+(n−2i+1)γ ; qγ)i−r

· s−r(q
γ ; qγ)s−i. (5.25)

We put i = r + j, s = r + k, y = q−α̃−β1+(2r+k−1)γ , z = qβ1−β2+(n−2r−2k+1)γ and
c = qγ in the right-hand side of (5.25). Then, we have

The right-hand side of (5.25)

=
k∑

j=0

(zyck−j−1)k−j (y−1; c)k−j

(zck−j−1; c)k−j
· (zyck−j ; c)j
(zc2(k−j); c)j

· k(c; c)j

=

k∑
j=0

(−1)k−jzk−jc3(k−j)(k−j−1)/2 (yc
1−(k−j); c)k−j

(zck−j−1; c)k−j
· (zyck−j ; c)j
(zc2(k−j); c)j

· k(c; c)j

=
k∑

j=0

(−1)jzjc3j(j−1)/2 (yc
1−j ; c)j

(zcj−1; c)j
· (zyc

j ; c)k−j

(zc2j ; c)k−j
· k(c; c)j . (5.26)

By Lemma 5.7, we have already known that (5.26) is equal to 1. Hence (5.21) follows.
Next we show (5.20) of Theorem 5.12. What we want to prove is the following:

s∑
j=r

[
(−1)j−rq(j−r)[α̃−(n−1)γ]−(j−r)(j+r−1)γ/2

· (qγ ; qγ)j
(qγ ; qγ)j−r · (qγ ; qγ)r

(qβ1+(n−j)γ ; qγ)j−r

(qα̃+β1−2(j−1)γ ; qγ)j−r

]
· u∗

js

=

{
1 (r = s)

0 (r ̸= s)
. (5.27)

The left-hand side of (5.27) is equal to

s∑
j=r

[
(−1)j−rq(j−r)[α̃−(n−1)γ]−(j−r)(j+r−1)γ/2

· (qγ ; qγ)j
(qγ ; qγ)j−r · (qγ ; qγ)r

(qβ1+(n−j)γ ; qγ)j−r

(qα̃+β1−2(j−1)γ ; qγ)j−r

]

·

[
q(s−j)[α̃−(n−1)γ]+j(j−s)γ (qγ ; qγ)s

(qγ ; qγ)s−j · (qγ ; qγ)j
(qβ1+(n−s)γ ; qγ)s−j

(qα̃+β1−(j+s−1)γ ; qγ)s−j

]

=
s∑

j=r

(−1)j−rq(s−r)[α̃−(n−1)γ]+j(j−s)γ−(j−r)(j+r−1)γ/2

· (qγ ; qγ)s
(qγ ; qγ)r · (qγ ; qγ)j−r · (qγ ; qγ)s−j

· (qβ1+(n−s)γ ; qγ)s−r

(qα̃+β1−2(j−1)γ ; qγ)j−r · (qα̃+β1−(j+s−1)γ ; qγ)s−j
. (5.28)

If r = s, it is easy to see that (5.28) is equal to 1. We assume r ̸= s and put k := s−r.
(5.28) is equal to
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qk[α−(n+r−1)γ] (q
γ ; qγ)r+k · (qβ1+(n−s)γ ; qγ)k

(qγ ; qγ)r

·

[
k∑

i=0

(−1)iq−i(2k−i−1)γ/2

(qγ ; qγ)i · (qγ ; qγ)k−i · (qα̃+β1−2(i+r−1)γ ; qγ)i · (qα̃+β1−(i+2r+k−1)γ ; qγ)k−i

]
.

(5.29)

If we put z = qα+β1−2rγ and c = qγ in Lemma 5.8, then we see (5.29) is equal to 0.
Therefore the proof is complete. □

Appendix A. The condition P4) of Riemann–Hilbert problem for A(qα̃)

Proposition A.1. The matrix A(qα̃) depends only on x, qα̃, qβ1 , qβ2 , qγ and it
satisfies the condition P4), i.e., it does not depend on q.

This proposition was suggested to me by Prof. K. Aomoto. Before proving Propo-
sition A.1, we prove five lemmas.

For χ = (ν1, . . . , νn) ∈ Zn, we denote by Tχ the shift operator

Tχf(t) := f(qν1t1, . . . , q
νntn)

for a function f(t) of t ∈ (C∗)n. The function bχ(t) called the b-function is defined by

bχ(t) :=
TχΦ(t)

Φ(t)
. (A.1)

Let ∇χ be the covariant q-difference operator defined by

∇χφ(t) := φ(t)− bχ(t)· Tχφ(t)

for a rational function φ(t).

Lemma A.2. The following equation holds for any χ ∈ Zn:∫

⟨ξ⟩
Φ(t) · ∇χφ(t) ϖ = 0.

Proof. By definition of the Jackson integral, it follows that∫

⟨ξ⟩
ΦR(t)φ(t) ϖ =

∫

⟨ξ⟩
Tχ(ΦR φ)(t) ϖ.

Therefore, from (A.1), we have

∫

⟨ξ⟩
Φ(t)φ(t) ϖ =

∫

⟨ξ⟩
Φ(t) ·

(
bχ(t)· Tχφ(t)

)
ϖ. □

The following lemma is easily deduced from Lemma A.2 and its proof is left to the
reader.

Lemma A.3. The following equation holds for any χ ∈ Zn:∫

⟨ξ⟩
Φ(t) · A

(
∇χφ(t)

)
ϖ = 0.

We set
D(t) :=

∏
1≤i<j≤n

(ti − tj).

The following useful lemma was proved by Kadell in [20]:
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Lemma A.4 (Kadell’s lemma). Let Q ∈ C be an arbitrary number and J be a subset
of {1, 2, . . . , n}. Then

A
{∏

j∈J

tj
∏

1≤i<j≤n

(ti −Q tj)
}
= Qe(J) ·

(Q;Q)|J| · (Q;Q)n−|J|

(1−Q)n
· e|J|(t) D(t), (A.2)

where |J | := #J , e(J) := #{(i, j) | 1 ≤ i < j ≤ n, i �∈ J, j ∈ J} and ek(t) is the k-th
elementary symmetric polynomial in variables t1, . . . , tn.

Proof. See [20]. □

We define Ai,j(t) by the following:

Ai,j(t) := D(t) · S(t21t22 · · · t2i · ti+1ti+2 · · · tj), 0 ≤ i ≤ j ≤ n

where S is a symmetric sum such that Sg(t) =
∑

σ∈Sn
σg(t).

In order to make the notations clear, let us write down some elements of Ai,j(t)
explicitly.

A0,r(t) = er(t) ·D(t), 0 ≤ r ≤ n, (A.3)

A1,1(t) = (t21 + t22 + · · ·+ t2n) ·D(t),

...

An,n(t) = t21 · · · t2n ·D(t),

Ar,n(t) = en(t) · A0,r(t), 0 ≤ r ≤ n. (A.4)

We define φr,s(t) by the following:

φr,s(t) :=
Ar,s(t)∏n

i=1(1− ti/x1)(1− ti/x2)
.

Lemma A.5. φs(t) is expressed as a linear combination of φ0,r(t), 0 ≤ r ≤ n:

φs(t) =

n∑
r=0

urs φ0,r(t),

where the coefficient urs does not depend on q and qα̃.

Proof. It is straightforward from Kadell’s lemma (A.2). □
Lemma A.6. φs,n(t), 0 ≤ s ≤ n, is cohomologous to a linear combination of φ0,r(t),
0 ≤ r ≤ n: ∫

Φ(t)φs,n(t)ϖ =
n∑

r=0

cs,r

∫
Φ(t)φ0,r(t)ϖ,

where the coefficients cs,r, 0 ≤ s ≤ r ≤ n, do not depend on q.

Proof. Taking χ = (1, 0, . . . , 0) ∈ Zn, the b-function (A.1) is

b1(t) :=
T1Φ(t)

Φ(t)
= qα̃

1− t1q
β1/x1

1− t1/x1
· 1− t1q

β2/x2

1− t1/x2
·

n∏
j=2

t1 − q−γtj
t1 − qγ−1tj

.

We put

ψ(t) =
(t2 · · · tr)2 · tr+1 · · · ts∏n

j=2(1− tj/x1)(1− tj/x2)

∏
1≤i<j≤n

(ti − qγtj).
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Then ∇1ψ(t) := ψ(t)− b1(t) · T1ψ(t) is written as

∇1ψ(t) =
F (t)∏n

j=1(1− tj/x1)(1− tj/x2)
, (A.5)

where

F (t) = (t2 · · · tr)2 · tr+1 · · · ts
[
(1− t1/x1)(1− t1/x2)

∏
1≤i<j≤n

(ti − qγtj)

− qα̃(1− t1q
β1/x1)(1− t1q

β2/x2)
n∏

j=2

(t1 − q−γtj)
∏

2≤i<j≤n

(ti − qγtj)

]
.

We can expand
∏

1≤i<j≤n(ti −Qijtj) as follows:
∏

1≤i<j≤n

(ti −Qijtj) =
∑

σ∈Sn

Qσ · t n−1
σ(1) t n−2

σ(2) · · · tσ(n−1)

like as∏
1≤i<j≤n

(ti − tj) =
∑

σ∈Sn

sgnσ · t n−1
σ(1) t n−2

σ(2) · · · tσ(n−1) = A(t n−1
1 t n−2

2 · · · tn−1).

Thus monomials which appear in F (t) are the following:

t21t
2
2 · · · t2r · tr+1 · · · ts · t n−1

σ(1) t n−2
σ(2) · · · tσ(n−1),

t1t
2
2 · · · t2r · tr+1 · · · ts · t n−1

σ(1) t n−2
σ(2) · · · tσ(n−1),

t22 · · · t2r · tr+1 · · · ts · t n−1
σ(1) t n−2

σ(2) · · · tσ(n−1), σ ∈ Sn. (A.6)

We now define a ordering ≺ for l = (l1, . . . , ln) and m = (m1, . . . ,mn) as follows:

l ≺ m if and only if l1 + · · ·+ li ≤ m1 + · · ·+mi for all i ≥ 1.

We set tl := tl11 · · · tlnn and also define tl ≺ tm by l ≺ m. The monomial

t21t
2
2 · · · t2r · tr+1 · · · ts · t n−1

1 t n−2
2 · · · tn−1

has maximum order with respect to ≺ in (A.6). And the monomials appearing in

A(t21t
2
2 · · · t2r · tr+1 · · · ts · t n−1

1 t n−2
2 · · · tn−1)

are included in those in Ars. Thus AF (t) can be expressed as a linear combination
of Ar,s(t) and Ai,j(t), (i, j) ≺ (r, s) as follows:

AF (t) =
1− qα̃+β1+β2

x1x2
Ar,s(t)− c′r−1,s+1 Ar−1,s+1(t)− c′r−2,s+2 Ar−2,s+2(t) + · · ·

− c′r−1,s Ar−1,s(t)− c′r−2,s+1 Ar−2,s+1(t) + · · ·
− c′r−1,s−1 Ar−1,s−1(t)− c′r−2,s+1 Ar−2,s+1(t) + · · ·

=
1− qα̃+β1+β2

x1x2
Ar,s(t)−

∑
(i,j)≺(r,s)

c′i,j Ai,j(t).

From Lemma A.3 and (A.5), A
{ F (t)∏n

j=1(1− tj/x1)(1− tj/x2)

}
is cohomologous to 0.

This implies that φr,s(t) is cohomologous to a linear combination of φi,j(t)’s of lower
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order: ∫
Φ(t)φr,s(t)ϖ =

∑
(i,j)≺(r,s)

c′′i,j

∫
Φ(t)φi,j(t)ϖ. (A.7)

The statement of Lemma A.6 follows from a recurrent use of (A.7) and the fact that
all c′′i,j ’s do not depend on q. □

Proof of Proposition A.1. From (A.4) and Lemma A.6, we have

Tα̃ �φ0,s =

∫
Φ(t)en(t)φ0,s(t)ϖ = �φs,n =

n∑
r=0

crs �φ0,r, (A.8)

where the coefficients crs do not depend on q. We set

y(qα̃) = (�φ0, �φ1, . . . , �φn), y′(qα̃) = (�φ00, �φ01, . . . , �φ0n).

By Lemma A.5, we have

y(qα̃) = y′(qα̃)U, y(qα̃+1) = y′(qα̃+1)U

where U is the matrix (urs)
n
rs=0 not depending on q. Then we have

y′(qα̃+1) = y′(qα̃)UA(qα̃)U−1,

and, by (A.8), the matrix UA(qα̃)U−1 does not depend on q. Since the matrices
UA(qα̃)U−1 and U do not depend on q, the condition P4) holds for A(qα̃). □

Appendix B. Proof of Proposition 3.1

We set

Φ′(t) :=

n∏
j=1

(qtj/x1)∞
(tjqβ1/x1)∞

(qtj/x2)∞
(tjqβ2/x2)∞

∏
1≤i<j≤n

(q1−γtj/ti)∞
(qγtj/ti)∞

=
Φ(t)

tα1
1 · · · tαn

n
∏n

j=0(1− tj/x1)(1− tj/x2)
, (B.1)

ϕs(t1, . . . , tn) :=

n−s∏
k=1

(1− qβ2tk/x2)

n∏
k=n−s+1

(1− tk/x1) (B.2)

and

Dγ
(ν)(t1, . . . , tν) :=

∏
1≤i<j≤ν

(ti − q−γtj), in particular D0
(n)(t) = D(t), (B.3)

so that Φ(t)φs(t) = tα1
1 · · · tαn

n Φ′(t)A{ϕs(t)D
γ
(n)(t)}. For simplicity we abbreviate

ξFn−r
r

by ξ = (ξ1, . . . , ξn) only in this section. By the definition (1.2), we have

∫

⟨ξ⟩
Φ(t)φs(t)ϖ = (1− q)n

∞∑
ν1=0

· · ·
∞∑

νn=0

Φ(qν1ξ1, . . . , q
νnξn) · φs(q

ν1ξ1, . . . , q
νnξn),

so that ∫

⟨ξ⟩
Φ(t)φs(t)ϖ − (1− q)nΦ(ξ)φs(ξ) = O(ξα̃1 · · · ξα̃nqα̃), (B.4)
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because the factor included in the integrand Φ(t)φs(t) with respect to α̃ is only
(t1 · · · tn)α̃. Let c+A,rs be the constant not depending on qα̃ defined by (3.5), i.e.,

c+A,rs = (1−q)n ·ξ−2γ
2 ξ−4γ

3 · · · ξ−2(n−1)γ
n ·(ξn−1

1 ξn−2
2 · · · ξn−1)

−1 ·Φ′(ξ)·A{ϕs(ξ)D
γ
(n)(ξ)}.

Then (1 − q)nΦ(ξ)φs(ξ) is written as (ξ1 · · · ξn)α̃ · c+A,rs. From (B.4), the asymptotic
behavior of the matrix Yξ at α̃ → ∞ is the following:

Yξ ∼ (qα̃)D
+
A C+

A ,

where (qα̃)D
+
A = (ξ1 · · · ξn)α̃ and C+

A =
(
c+A,rs

)n
r,s=0

.

Before proving Proposition 3.1, we show four lemmas and two propositions.

Lemma B.1. Let νi, 1 ≤ i ≤ n, be integers satisfying {ν1, ν2, . . . , νn} = {1, 2, . . . , n},
ν1 < ν2 < · · · < νn−r and νn−r+1 < νn−r+2 < · · · < νn.

For σ ∈ Sn, we assume

{σ(ν1), . . . , σ(νn−r)} = {1, 2, . . . , n− r},

{σ(νn−r+1), . . . , σ(νn)} = {n− r + 1, . . . , n}.
Then we have

n− r = σ(ν1) > σ(ν2) > · · · > σ(νn−r) = 1,

n = σ(νn−r+1) > σ(νn−r+2) > · · · > σ(νn) = n− r + 1

if and only if

σDγ
(n)(ξ) ̸= 0.

Proof. We assume that there exist i and j, i < j such that 1 ≤ σ(i) < σ(j) ≤ n− r
or n − r + 1 ≤ σ(i) < σ(j) ≤ n. When the former holds, we define the set E :=
{(i, j); 1 ≤ i < j ≤ n and 1 ≤ σ(i) < σ(j) ≤ n − r}. We take (i, j) ∈ E such that
σ(j)− σ(i) is minimum. There exists a number k such that

σ(k) = σ(i) + 1. (B.5)

Then we have

σ(i) < σ(k) ≤ σ(j). (B.6)

We now suppose k ≤ i. Then k < j and σ(k) < σ(j) by (B.6), so that (k, j) ∈ E. By
using (B.5), we have

σ(j)− σ(k) = (σ(j)− σ(i))− 1.

This contradicts the fact σ(j)− σ(i) is minimum.
Thus we have i < k. By using (B.6), we have (i, k) ∈ E. Since σ(j) − σ(i) is

minimum, it follows that

σ(k)− σ(i) ≥ σ(j)− σ(i). (B.7)

From (B.5), (B.6) and (B.7) we have σ(j) = σ(k) = σ(i) + 1. Then

ξσ(i) − q−γξσ(j) = ξσ(i) − q−γξσ(i)+1 = 0

because of qγξl = ξl+1 for 1 ≤ l < n − r by definition. Hence σDγ
(n)(ξ) = 0. In the

case where n− r + 1 ≤ σ(i) < σ(j) ≤ n, we can prove σDγ
(n)(ξ) = 0 in the same way

as above.
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Conversely we assume σDγ
(n)(ξ) = 0. There exist i and j, i < j such that ξσ(i) −

q−γξσ(j) = 0. The case σ(i) = n−r is in contradiction with ξσ(j) = qγξσ(i) = x1q
(n−r)γ

for generic x1 and x2. Thus σ(i) ̸= n − r. Since qγξl = ξl+1 for l ̸= n − r by
definition, we have ξσ(j) = qγξσ(i) = ξσ(i)+1, so that σ(j) = σ(i) + 1. Therefore
1 ≤ σ(i) < σ(j) ≤ n− r or n− r + 1 ≤ σ(i) < σ(j) ≤ n □

Lemma B.2. For σ ∈ Sn, there exists i, n − s + 1 ≤ i, such that σ(i) = 1 if and
only if

σϕs(ξ) = 0.

Proof. By recalling that

σϕs(ξ) =

n−s∏
i=1

(1− qβ2ξσ(i)/x2)

n∏
i=n−s+1

(1− ξσ(i)/x1) and ξ1 = x1,

the proof easily follows. □

Lemma B.3. If r < s, then A{ϕs(ξ)D
γ(ξ)} = 0.

Proof. Suppose that there exists σ ∈ Sn such that σϕs(ξ)D
γ(ξ) ̸= 0. By Lemma B.1,

there exist νi’s, ν1 < · · · < νn−r such that n−r = σ(ν1) > σ(ν2) > · · · > σ(νn−r) = 1.
By Lemma B.2, we have νn−r ≤ n− s. Thus 1 ≤ ν1 < · · · < νn−r ≤ n− s. Therefore
n− r ≤ n− s. □

Lemma B.4. For r ≥ s, it follows that

A{ϕs(ξ)D
γ
(n)(ξ)} =

(q−γ ; q−γ)n−s

(1− q−γ)n−s
· sgnw · wϕs(ξ)

· w

{
D0

(n−s)(t1, . . . , tn−s)
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}�����
t=ξ

, (B.8)

where w = wrs ∈ Sn is the permutation defined by

w(i) = wrs(i) =




i if 1 ≤ i ≤ n− r,
i+ s if n− r + 1 ≤ i ≤ n− s,
2n− r + 1− i if n− s+ 1 ≤ i ≤ n.

Proof. We denote by Sn−s the subgroup of Sn defined by

Sn−s := {σ ∈ Sn ; σ(i) = i for n− r + 1 ≤ i ≤ n− r + s} � Sn−s.

By definition, the left-hand side of (B.8) is

A{ϕs(ξ)D
γ
(n)(ξ)} =

∑
σ∈Sn

sgnσ · σϕs(ξ) · σDγ(ξ).

By Lemmas B.2 and B.3, it is enough to consider the summation when σ runs over
the set Sn−sw = {σ ∈ Sn ; σ(i) = 2n− r+1− i for n− s ≤ i ≤ n}. Then we have

A{ϕs(ξ)D
γ
(n)(ξ)} =

∑
σ∈Sn−s

sgn(σw) · σwϕs(ξ) · σwDγ
(n)(ξ)

= sgnw · wϕs(ξ)
∑

σ∈Sn−s

sgnσ · σwDγ
(n)(ξ),
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because σwϕs(ξ) = wϕs(ξ) for σ ∈ Sn−s. Since the following also holds for σ ∈ Sn−s:

σw

{
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}
= w

{
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}
,

it follows that

A{ϕs(ξ)D
γ(ξ)}

= sgnw · wϕs(ξ)
∑

σ∈Sn−s

sgnσ · σw

{
Dγ

(n−s)(t1, . . . , tn−s)
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}�����
t=ξ

= sgnw · wϕs(ξ) · w

{
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}�����
t=ξ

·
∑

σ∈Sn−s

sgnσ · σwDγ
(n−s)(ξ1, . . . , ξn−s).

(B.9)

From Kadell’s lemma (A.2), we have

∑
σ∈Sn−s

sgnσ · σ
(
wDγ

(n−s)(t1, . . . , tn−s)
)
=

(q−γ ; q−γ)n−s

(1− q−γ)n−s
wD0

(n−s)(t1, . . . , tn−s).

(B.10)
The result follows from (B.9) and (B.10). □
Proposition B.5. If r < s, then c+A,rs = 0. For r ≥ s, c+A,rs is expressed as follows:

c+A,rs = ξ−2γ
2 ξ−4γ

3 · · · ξ−2(n−1)γ
n · (ξn−1

1 ξn−2
2 · · · ξn−1)

−1 · Φ′(ξ) · (q
−γ ; q−γ)n−s

(1− q−γ)n−s

· sgnw · wϕs(ξ) · w

{
D0

(n−s)(t1, . . . , tn−s)
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}�����
t=ξ

.

Proof. Proposition B.5 follows from Lemmas B.3 and B.4. □
Proposition B.6. We have

(tn−1
1 tn−2

2 · · · tn−1)
−1 · sgnw · w

{
D0

(n−s)(t1, . . . , tn−s)
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}

= q−s(2r−s−1)γ/2
∏

1≤i<j≤n

(1− dij
tj
ti
), (B.11)

where

dij =





q−γ if 1 ≤ i ≤ n− r, n− r + 1 ≤ j ≤ n− r + s,
qγ if n− r + 1 ≤ i ≤ n− r + s, i < j ≤ n,
1 otherwise.

We denote the right-hand side of (B.11) by D′
rs(t).

Proof. Since sgnw = (−1)s(2r−s−1)/2, we have to show the following identity instead
of (B.11):

w

{
D0

(n−s)(t1, . . . , tn−s)
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}
= (−q−γ)s(2r−s−1)/2

∏
1≤i<j≤n

(ti − dijtj).

(B.12)
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We expand the left-hand side of (B.12) without w:

D0
(n−s)(t1, . . . , tn−s)

Dγ
(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

=
∏

1≤i<j≤n−s

(ti − tj) ·
n−s∏
i=1

n∏
j=n−s+1

(ti − q−γtj) ·
∏

n−s+1≤i<j≤n

(ti − q−γtj)

=
∏

1≤i<j≤n−r

(ti − tj) ·
n−r∏
i=1

n−s∏
j=n−r+1

(ti − tj) ·
∏

n−r+1≤i<j≤n−s

(ti − tj)

·
n−r∏
i=1

n∏
j=n−s+1

(ti − q−γtj) ·
n−s∏

i=n−r+1

n∏
j=n−s+1

(ti − q−γtj) ·
∏

n−s+1≤i<j≤n

(ti − q−γtj).

Therefore we can express the left-hand side of (B.12) as follows:

w

{
D0

(n−s)(t1, . . . , tn−s)
Dγ

(n)(t1, . . . , tn)

Dγ
(n−s)(t1, . . . , tn−s)

}

=
∏

1≤i<j≤n−r

(tw(i) − tw(j)) ·
n−r∏
i=1

n−s∏
j=n−r+1

(tw(i) − tw(j)) ·
∏

n−r+1≤i<j≤n−s

(tw(i) − tw(j))

·
n−r∏
i=1

n∏
j=n−s+1

(tw(i) − q−γtw(j)) ·
n−s∏

i=n−r+1

n∏
j=n−s+1

(tw(i) − q−γtw(j))

·
∏

n−s+1≤i<j≤n

(tw(i) − q−γtw(j))

=
∏

1≤i<j≤n−r

(ti − tj) ·
n−r∏
i=1

n∏
j=n−r+s+1

(ti − tj) ·
∏

n−r+s+1≤i<j≤n

(ti − tj)

·
n−r∏
i=1

n−r+s∏
j=n−r+1

(ti − q−γtj) ·

[
n∏

i=n−r+s+1

n−r+s∏
j=n−r+1

(ti − q−γtj) ·
∏

n−r+s≥i>j≥n−r+1

(ti − q−γtj)

]

=
∏

1≤i<j≤n−r

(ti − tj) ·
n−r∏
i=1

n∏
j=n−r+s+1

(ti − tj) ·
∏

n−r+s+1≤i<j≤n

(ti − tj)

·
n−r∏
i=1

n−r+s∏
j=n−r+1

(ti − q−γtj) ·
n−r+s∏

i=n−r+1

∏
i<j≤n

(−q−γ)(ti − qγtj).

This coincides with the right-hand side of (B.12). □

Proof of Proposition 3.1. From Proposition B.6, it follows that

c+A,rs

c+A,rr

=
(c+A,rs

c+A,rr

)
0
=

wrsϕs(ξ) ·D′
rs(ξ) · (q−γ ; q−γ)n−s

wrrϕr(ξ) ·D′
rr(ξ) · (q−γ ; q−γ)n−r

· 1

(1− q−γ)r−s
. (B.13)
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Since, by definition of wrs, wrsϕs(ξ) is

wrsϕs(ξ) =
n−r∏
i=1

(1− qβ2ξi/x2)
n∏

i=n−r+s

(1− qβ2ξi/x2)
n−r+s∏

i=n−r+1

(1− ξi/x1),

we have
wrsϕs(ξ)

wrrϕr(ξ)
=

n∏
i=n−r+s+1

(1− qβ2ξi/x2)

(1− ξi/x1)
=

(qβ2+sγ ; qγ)r−s

(x2

x1
qsγ ; qγ)r−s

. (B.14)

From (B.11) we have

D′
rs(ξ)

D′
rr(ξ)

= q−(r−s)(r−s−1)γ/2
n−r∏
i=1

n∏
j=n−r+s+1

1− ξj/ξi
1− q−γξj/ξi

·
∏

n−r+s+1≤i<j≤n

1− ξj/ξi
1− qγξj/ξi

.

(B.15)
We calculate factors in (B.15) as follows:

n−r∏
i=1

n∏
j=n−r+s+1

1− ξj/ξi
1− q−γξj/ξi

=

n∏
j=n−r+s+1

1− ξj/ξ1
1− q−γξj/ξn−r

=
(x2

x1
qsγ ; qγ)r−s

(x2

x1
q(s+r−n)γ ; qγ)r−s

(B.16)
and

∏
n−r+s+1≤i<j≤n

1− ξj/ξi
1− qγξj/ξi

=
∏

n−r+s+1≤i≤n−1

1− ξi+1/ξi
1− qγξn/ξi

=
(1− qγ)r−s

(qγ ; qγ)r−s
. (B.17)

Thus, by using (B.16) and (B.17) for (B.15), we have

D′
rs(ξ)

D′
rr(ξ)

= q−(r−s)(r−s−1)γ/2
(x2

x1
qsγ ; qγ)r−s

(x2

x1
q(s+r−n)γ ; qγ)r−s

(1− qγ)r−s

(qγ ; qγ)r−s

=
(x2

x1
qsγ ; qγ)r−s

(x2

x1
q(s+r−n)γ ; qγ)r−s

(1− q−γ)r−s

(q−γ ; q−γ)r−s
. (B.18)

Hence, from (B.13), (B.14) and (B.18), it follows that

c+A,rs

c+A,rr

=
(c+A,rs

c+A,rr

)
0
=

(qβ2+sγ ; qγ)r−s

(x2

x1
q(s+r−n)γ ; qγ)r−s

(q−γ ; q−γ)n−s

(q−γ ; q−γ)r−s · (q−γ ; q−γ)n−r

= q−(r−s)(n−r)γ (qβ2+sγ ; qγ)r−s

(x2

x1
q(s+r−n)γ ; qγ)r−s

(qγ ; qγ)n−s

(qγ ; qγ)r−s · (qγ ; qγ)n−r
.

Next we show the former part of Proposition 3.1. From Propositions B.5 and B.6,
we have

(c+A,rr)0 =
(
Φ′(ξ)

)
0
wrrϕr(ξ) D

′
rr(ξ)

(q−γ ; q−γ)n−r

(1− q−γ)n−r

=
(
Φ′(ξ)

)
0
wrrϕr(ξ)

∏
1≤i<j≤n

(1− d′ijξj/ξi) · q−r(r−1)γ/2 (q
−γ ; q−γ)n−r

(1− q−γ)n−r

= q−r(r−1)γ/2−(n−r)(n−r−1)γ/2 (q
γ ; qγ)n−r

(1− qγ)n−r

·
(
Φ′(ξ)

)
0
wrrϕr(ξ)

∏
1≤i<j≤n

(1− d′ijξj/ξi), (B.19)
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where

d′ij =




1 if 1 ≤ i < j ≤ n− r,
q−γ if 1 ≤ i ≤ n− r, n− r + 1 ≤ j ≤ n,
qγ if n− r + 1 ≤ i < j ≤ n.

Since
(
Φ′(ξ)

)
0
and wrrϕr(ξ) in (B.19) are calculated as follows:

(
Φ′(ξ)

)
0
=

(
n∏

j=1

(qξj/x1)∞
(ξjqβ1/x1)∞

(qξj/x2)∞
(ξjqβ2/x2)∞

∏
1≤i<j≤n

(q1−γξj/ξi)∞
(qγξj/ξi)∞

)

0

=
n∏

j=1

1

(1− ξjqβ1/x1)∞ · (1− ξjqβ2/x2)∞

∏
1≤i<j≤n

1

(1− qγξj/ξi)∞

=
1

(qβ1 ; qγ)n−r · (x2

x1
qβ1 ; qγ)r · (qβ2/x2

x1
; qγ)n−r · (qβ2 ; qγ)r

∏
1≤i<j≤n

1

(1− qγξj/ξi)∞

and

wrrϕr(ξ) =
n−r∏
i=1

(1− qβ2ξi/x2)
n∏

i=n−r+1

(1− ξi/x1) = (qβ2/x2

x1
; qγ)n−r · (x2

x1
; qγ)r,

we have

(c+A,rr)0 = q−r(r−1)γ/2−(n−r)(n−r−1)γ/2 (q
γ ; qγ)n−r

(1− qγ)n−r

·
(x2

x1
; qγ)r

(qβ1 ; qγ)n−r · (x2

x1
qβ1 ; qγ)r · (qβ2 ; qγ)r

∏
1≤i<j≤n

1− d′ijξj/ξi

1− qγξj/ξi
. (B.20)

A factor
∏

1≤i<j≤n

1−d′
ijξj/ξi

1−qγξj/ξi
in (B.20) is evaluated as follows:

∏
1≤i<j≤n

1− d′ijξj/ξi

1− qγξj/ξi
=

∏
1≤i<j≤n−r

1− ξj/ξi
1− qγξj/ξi

n−r∏
i=1

n∏
j=n−r+1

1− q−γξj/ξi
1− qγξj/ξi

=
∏

1≤i<j≤n−r

1− ξj/ξi
1− qγξj/ξi

·
n−r∏
i=1

n∏
j=n−r+1

1− q−γξj/ξi
1− ξj/ξi

·
n−r∏
i=1

n∏
j=n−r+1

1− ξj/ξi
1− qγξj/ξi

=
(1− qγ)n−r

(qγ ; qγ)n−r
·
(x2

x1
q−(n−r)γ ; qγ)r

(x2

x1
; qγ)r

·
(x2

x1
q−(n−r−1)γ ; qγ)r

(x2

x1
qγ ; qγ)r

. (B.21)

Therefore the proposition follows from (B.20) and (B.21). □

Appendix C. Proof of Proposition 3.2

In this section, we abbreviate the point ηFn−r
r

∈ (C∗)n by η = (η1, . . . , ηn). For

the cycle ⟨η⟩, we have already given the definition of the regularized Jackson integral
as follows:∫

⟨η⟩
Φ(t)φ(t)ϖ := (1− q)n

∑
(ν1,...,νn)∈Zn

Res
t1=η1q

ν1 ,
······ ,

tn=ηnq
νn

Φ(t1, . . . , tn)φ(t1, . . . , tn)
dt1
t1

∧ · · · ∧ dtn
tn
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= (1− q)n
∞∑

ν1=0

· · ·
∞∑

νn=0

Res
t1=η1q

−ν1 ,
······ ,

tn=ηnq
−νn

Φ(t)φ(t)
dt1
t1

∧ · · · ∧ dtn
tn

. (C.1)

We define Φ′(t), ϕs(t) and Dγ
(n)(t) as in (B.1), (B.2) and (B.3) in Appendix B. Since

the factor with respect to α̃ in the function Φ(t)φs(t) = tα1
1 · · · tαn

n Φ′(t)A{ϕs(t)D
γ
(n)(t)}

is only (t1 · · · tn)α̃, by (C.1), we have∫

⟨η⟩
Φ(t)φs(t)ϖ − (1− q)n Res

t=η
Φ(t)φs(t) = O(ηα̃1 · · · ηα̃nq−α̃). (C.2)

Let c−A,rs be the constant not depending on qα̃ defined by (3.5):

c−A,rs = (1− q)n · η−2γ
2 η−4γ

3 · · · η−2(n−1)γ
n (ηn−1

1 ηn−2
2 · · · ηn−1)

−1

· Res
t=η

Φ′(t) · A{ϕs(η)D
γ
(n)(η)}.

Then (1 − q)n Rest=η Φ(t)φs(t) is written as (η1 · · · ηn)α̃ · c−A,rs. From (C.2), the as-
ymptotic behavior of the matrix Yη at α̃ → −∞ is the following:

Yη ∼ (qα̃)D
−
A C−

A ,

where (qα̃)D
−
A = (η1 · · · ηn)α̃ and C−

A =
(
c−A,rs

)n
r,s=0

.

Before proving Proposition 3.2, we show four lemmas and a proposition.

Lemma C.1. Let νi, 1 ≤ i ≤ n, be n integers satisfying {ν1, ν2 . . . , νn}={1, 2, . . . , n},

ν1 < ν2 < · · · < νn−r and νn−r+1 < νn−r+2 < · · · < νn.

For σ ∈ Sn, we assume

{σ(ν1), . . . , σ(νn−r)} = {1, 2, . . . , n− r},

{σ(νn−r+1), . . . , σ(νn)} = {n− r + 1, . . . , n}.
Then we have

σ(νi) = i for 1 ≤ i ≤ n

if and only if

σDγ
(n)(η) ̸= 0.

Proof. We can prove this lemma in same way as Lemma B.1. □

Lemma C.2. For σ ∈ Sn, there exists i, i ≤ n− s, such that σ(i) = n− r+1 if and
only if

σϕs(η) = 0.

Proof. From

σϕs(η) =
n−s∏
i=1

(1− qβ2ησ(i)/x2)
n∏

i=n−s+1

(1− ησ(i)/x1),

the lemma follows because ηn−r+1 = x2q
−β2 . □

Lemma C.3. If r > s, then A{ϕs(η)D
γ
(n)(η)} = 0.
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Proof. Suppose that there exists σ ∈ Sn such that σ{ϕs(η)D
γ
(n)(η)} �= 0. By

Lemmas C.1 and C.2, we have

σ−1(n− r + 1) < σ−1(n− r + 1) < · · · < σ−1(n) ≤ n

and

n− s+ 1 ≤ σ−1(n− r + 1).

Therefore r ≤ s. □

Lemma C.4. For r ≤ s, it follows that

A{ϕs(η)D
γ
(n)(η)}

=
(q−γ ; q−γ)s
(1− q−γ)s

· ϕs(η) ·

{
Dγ

(n)(t1, . . . , tn)

Dγ
(s)(tn−s+1, . . . , tn)

D0
(s)(tn−s+1, . . . , tn)

}�����
t=η

.

Proof. We can prove Lemma C.4 in the same way as Lemma B.4. □

Proposition C.5. If r > s, then c−A,rs = 0. For r ≤ s, c−A,rs is expressed as

c−A,rs = (1− q)n · η−2γ
2 η−4γ

3 · · · η−2(n−1)γ
n · Res

t=η
Φ′(t) · ϕs(η) · (ηn−1

1 ηn−2
2 · · · ηn−1)

−1

· (q
−γ ; q−γ)s

(1− q−γ)s
·

{
Dγ

(n)(t1, . . . , tn)

Dγ
(s)(tn−s+1, . . . , tn)

D0
(s)(tn−s+1, . . . , tn)

}�����
t=η

.

Proof. Proposition C.5 follows from Lemmas C.3 and C.4. □

Proof of Proposition 3.2. We set

D∗
s(t) :=

n−s∏
i=1

n∏
j=i+1

(1− q−γtj/ti)
∏

n−s+1≤i<j≤n

(1− tj/ti),

which is equal to

(tn−1
1 tn−2

2 · · · tn−1)
−1 ·

Dγ
(n)(t1, . . . , tn)

Dγ
(s)(tn−s+1, . . . , tn)

D0
(s)(tn−s+1, . . . , tn).

In order to evaluate the constant (c−A,rs/c
−
A,rr)0 explicitly, we calculate D∗

s(η)/D
∗
r(η)

and ϕs(η)/ϕr(η) first:

D∗
s(η)

D∗
r (η)

=
∏

n−s+1≤i<j≤n−r

(1− ηj/ηi)

(1− q−γηj/ηi)
·

n−r∏
i=n−s+1

n∏
j=n−r+1

(1− ηj/ηi)

(1− q−γηj/ηi)

=
n−r∏

i=n−s+1

(1− ηi+1/ηi)

(1− q−γηn−r/ηi)
·

n−r∏
i=n−s+1

(1− ηn−r+1/ηi)

(1− q−γηn/ηi)

=
(1− q−γ)s−r

(q−γ ; q−γ)s−r
·

(x2

x1
qβ1−β2+(n−s)γ ; qγ)s−r

(x2

x1
qβ1−β2+(n−s−r)γ ; qγ)s−r

, (C.3)

ϕs(η)

ϕr(η)
=

n−r∏
i=n−s+1

(1− ηi/x1)

(1− qβ2ηi/x2)
= (x2

x1
q−β2)s−r

n−r∏
i=n−s+1

(1− x1/ηi)

(1− q−β2x2/ηi)
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= (x2

x1
q−β2)s−r · (qβ1+(n−s)γ ; qγ)s−r

(x2

x1
qβ1−β2+(n−s)γ ; qγ)s−r

. (C.4)

From Proposition C.5, by using (C.3) and (C.4), it follows that

(c−A,rs

c−A,rr

)
0
=

c−A,rs

c−A,rr

=
ϕs(η)

ϕr(η)
· D

∗
s(η)

D∗
r (η)

· (q−γ ; q−γ)s
(q−γ ; q−γ)r · (1− q−γ)r

= (x2

x1
q−β2)s−r (qβ1+(n−s)γ ; qγ)s−r

(x2

x1
qβ1−β2+(n−s−r)γ ; qγ)s−r

· (q−γ ; q−γ)s
(q−γ ; q−γ)r · (q−γ ; q−γ)s−r

= (x2

x1
q−β2−rγ)s−r (qβ1+(n−s)γ ; qγ)s−r

(x2

x1
qβ1−β2+(n−s−r)γ ; qγ)s−r

· (qγ ; qγ)s
(qγ ; qγ)r · (qγ ; qγ)s−r

.

Next we show the former part of Proposition 3.2. By Proposition C.5, we have

(c−A,rr)0 =
(
Res
t=η

Φ′(t) · ϕr(η)
)
0
·D∗

r (η) ·
(q−γ ; q−γ)r
(1− q−γ)r

. (C.5)

An explicit form of Rest=η Φ
′(t) · ϕr(η) is expressed as follows:

Res
t=η

Φ′(t)ϕr(t) =
(qη1/x1)∞
−(q)∞

n−r∏
i=2

(qηi/x1)∞
(ηiqβ1/x1)∞

n∏
i=n−r+1

(ηi/x1)∞
(ηiqβ1/x1)∞

· (qηn−r+1/x2)∞
−(q)∞

n−r∏
i=1

(qηi/x2)∞
(ηiq1+β2/x2)∞

n∏
i=n−r+2

(qti/x2)∞
(tiqβ2/x2)∞

· (q
1−γηn−r+1/ηn−r)∞
(qγηn−r+1/ηn−r)∞

∏
i̸=n−r

(q1−γηi+1/ηi)∞
−(q)∞

∏
1≤i<j≤n−1

(q1−γηj+1/ηi)∞
(qγηj+1/ηi)∞

,

so that(
Res
t=η

Φ′(t)ϕr(t)
)
0

= (−1)n
n−r∏
i=2

1

1− ηiqβ1/x1

n∏
i=n−r+1

1− ηi/x1

1− ηiqβ1/x1

n∏
i=n−r+2

1

1− ηiqβ2/x2

·
∏

1≤i<j≤n−r−1

1

(1− qγtj+1/ti)

n−r∏
i=1

n∏
j=n−r+1

1

(1− qγtj/ti)

∏
n−r+1≤i<j≤n−1

1

(1− qγtj+1/ti)

= (−1)n
n−r∏
i=2

1

1− ηiqβ1

n∏
i=n−r+1

1− ηi
1− ηiqβ1

n∏
i=n−r+2

1

1− ηiqβ2/x

·
∏

1≤i<j≤n−r−1

1

(1− ηj/ηi)

n−r∏
i=1

n∏
j=n−r+1

1

(1− qγηj/ηi)

∏
n−r+1≤i<j≤n−1

1

(1− ηj/ηi)
.

(C.6)

We calculate D∗
r (η) as

D∗
r (η) =

∏
1≤i<j≤n−r

(1− q−γηj/ηi)
n−r∏
i=1

n∏
j=n−r+1

(1− q−γηj/ηi)
∏

n−r+1≤i<j≤n

(1− ηj/ηi).

(C.7)

－ 36 － － 37 －



From (C.5), (C.6) and (C.7), we have

(c−A,rr)0 = (−1)n
n−r∏
i=2

1

1− ηiqβ1

n∏
i=n−r+1

1− ηi
1− ηiqβ1

n∏
i=n−r+2

1

1− ηiqβ2/x

·
∏

1≤i<j≤n−r−1

1

(1− ηj/ηi)

n−r∏
i=1

n∏
j=n−r+1

1

(1− qγηj/ηi)

∏
n−r+1≤i<j≤n−1

1

(1− ηj/ηi)

·
∏

1≤i<j≤n−r

(1− q−γηj/ηi)
n−r∏
i=1

n∏
j=n−r+1

(1− q−γηj/ηi)
∏

n−r+1≤i<j≤n

(1− ηj/ηi)

· (q
−γ ; q−γ)r

(1− q−γ)r
. (C.8)

We calculate the factors appearing in (C.8) as follows:

n−r∏
i=2

1

1− ηiqβ1/x1

n∏
i=n−r+1

1− ηi/x1

1− ηiqβ1/x1

n∏
i=n−r+2

1

1− ηiqβ2/x2

=
1

(q−γ ; q−γ)n−r−1
·

(x2

x1
q−β2−(r−1)γ ; qγ)r

(x2

x1
qβ1−β2−(r−1)γ ; qγ)r

· 1

(q−γ ; q−γ)r−1
, (C.9)

∏
1≤i<j≤n−r−1

1

(1− ηj/ηi)

∏
1≤i<j≤n−r

(1− q−γηj/ηi)

=
∏

1≤i<j≤n−r−1

1

(1− ηj/ηi)

∏
1≤i<j≤n−r−1

(1− ηj+1/ηi)

n−r−1∏
i=1

(1− q−γηn−r/ηi)

=

n−r−2∏
i=1

(1− ηn−r/ηi)

(1− ηi+1/ηi)

n−r−1∏
i=1

(1− q−γηn−r/ηi)

=
(q−γ ; q−γ)n−r−1

(1− q−γ)n−r−1
· (q−2γ ; q−γ)n−r−1

= (q−γ ; q−γ)n−r−1 ·
(q−γ ; q−γ)n−r

(1− q−γ)n−r
, (C.10)

∏
n−r+1≤i<j≤n−1

1

(1− ηj/ηi)

∏
n−r+1≤i<j≤n

(1− ηj/ηi) =
n−1∏

i=n−r+1

(1− ηn/ηi)

= (q−γ ; q−γ)r−1 (C.11)

and
n−r∏
i=1

n∏
j=n−r+1

(1− q−γηj/ηi)

(1− qγηj/ηi)
=

n−r∏
i=1

(1− ηn/ηi)(1− q−γηn/ηi)

(1− qγηn−r+1/ηi)(1− qγηn−r+1/ηi)

=
(x2

x1
qβ1−β2−(r−1)γ ; qγ)n−r · (x2

x1
qβ1−β2−rγ ; qγ)n−r

(x2

x1
qβ1−β2 ; qγ)n−r · (x2

x1
qβ1−β2+γ ; qγ)n−r

=
1

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

. (C.12)
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From (C.8)–(C.12), it finally follows that

(
c−A,rr

)
0
= (−1)n

1

(q−γ ; q−γ)n−r−1
·

(x2

x1
q−β2−(r−1)γ ; qγ)r

(x2

x1
qβ1−β2−(r−1)γ ; qγ)r

· 1

(q−γ ; q−γ)r−1

· (q−γ ; q−γ)n−r−1 ·
(q−γ ; q−γ)n−r

(1− q−γ)n−r
· (q−γ ; q−γ)r−1

· 1

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

· (q
−γ ; q−γ)r

(1− q−γ)r

= (−1)n
(q−γ ; q−γ)n−r · (q−γ ; q−γ)r

(1− q−γ)n
·

(x2

x1
q−β2−(r−1)γ ; qγ)r

(x2

x1
qβ1−β2−(r−1)γ ; qγ)r

· 1

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r

.

□

Appendix D. Proof of Theorems 1.6 and 1.7

In Section 1, we write

(φ0(t), φ1(t), . . . , φn(t))R2,1(
x2

x1
) = (ψn(t), ψn−1(t), . . . , ψ0(t)), (D.1)

so that

(�φ0(ξ), �φ1(ξ), . . . , �φn(ξ))R2,1(
x2

x1
) = ( �ψn(ξ), �ψn−1(ξ), . . . , �ψ0(ξ)) (D.2)

for any ξ ∈ (C)∗. We set

Yξ :=
(�φs(ξFn−r

r
)
)n
r,s=0

, Y ′
ξ :=

( �ψn−s(ξFn−r
r

)
)n
r,s=0

,

Yη :=
(�φs(ηFn−r

r
)
)n
r,s=0

, Y ′
η :=

( �ψn−s(ηFn−r
r

)
)n
r,s=0

.

By the relation (9.1), we have

Yξ R2,1(
x2

x1
) = Y ′

ξ , (D.3)

Yη R2,1(
x2

x1
) = Y ′

η . (D.4)

We set (y)α̃ := yα̃1 · · · yα̃n if y = (y1, . . . , yn). The matrices Yξ, Y
′
ξ , Yη and Y ′

η have the
following asymptotic behaviors:

Yξ ∼ (qα̃)D
+
A C+

A , Y ′
ξ ∼ (qα̃)D

+
A C ′+

A at α̃ → +∞, (D.5)

Yη ∼ (qα̃)D
−
A C−

A , Y ′
η ∼ (qα̃)D

−
A C ′−

A at α̃ → −∞, (D.6)

where
(qα̃)D

+
A = diag[(ξFn−r

r
)α̃]nr=0, (qα̃)D

−
A = diag[(ηFn−r

r
)α̃]nr=0,

and C+
A = (c+A,rs)

n
r,s=0, C

−
A = (c−A,rs)

n
r,s=0, C

′+
A = (c′

+
A,rs)

n
r,s=0 and C ′−

A = (c′
−
A,rs)

n
r,s=0

are matrices not depending on qα̃ defined by

c+A,rs := (1−q)n
Φ(ξFn−r

r
)φs(ξFn−r

r
)

(ξFn−r
r

)α̃
, c−A,rs := (1−q)n Res

t=η
F

n−r
r

Φ(t)φs(t)

(t)α̃
dt1
t1

∧· · ·∧ dtn
tn

,

c′
+
A,rs :=(1−q)n

Φ(ξFn−r
r

)ψn−s(ξFn−r
r

)

(ξFn−r
r

)α̃
, c′

−
A,rs :=(1−q)n Res

t=η
F

n−r
r

Φ(t)ψn−s(t)

(t)α̃
dt1
t1

∧· · ·∧dtn
tn

.
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From (D.3) and (D.4), it follows

C+
A R2,1(

x2

x1
) = C ′+

A ,

C−
A R2,1(

x2

x1
) = C ′−

A ,

so that we have

Proposition D.1. The matrix R2,1(
x2

x1
) is expressed as

R2,1(
x2

x1
) = (C+

A )−1
0 (C ′+

A )0, (D.7)

R2,1(
x2

x1
) = (C−

A )−1
0 (C ′−

A )0. (D.8)

Lemma D.2. The relations between Yξ and Y ′
ξ or between Yη and Y ′

η are expressed
as

�ψs(ξF r
n−r

) = τ
[
�φs(ξFn−r

r
) · sgnσr · Uσr (ξFn−r

r
)
]
, (D.9)

�ψs(ηF r
n−r

) = τ
[
�φs(ηFn−r

r
) · sgnσr · Uσr (ηFn−r

r
)
]
, (D.10)

where σr ∈ Sn is

σr =

(
1 2 · · · r r + 1 r + 2 · · · n

n− r + 1 n− r + 2 · · · n 1 2 · · · n− r

)
.

Proof. By definition, we have

�ψs(ξF r
n−r

) = τ
[
τ �ψs(τξF r

n−r
)
]
, (D.11)

where

τξF r
n−r

= (x2, x2q
γ , . . . , x2q

(r−1)γ , x1, x1q
γ , . . . , x1q

(n−r−1)γ) = σ−1
r ξFn−r

r
.

The right-hand side of (D.11) without τ is

τ �ψs(τξF r
n−r

) = �φs(σ
−1
r ξFn−r

r
) (by (1.3))

=

∫

⟨σ−1
r ξ

F
n−r
r

⟩
Φ(t)φs(t)ϖ =

∫

⟨ξ
F

n−r
r

⟩
Φ(σ−1

r t)φs(σ
−1
r t)ϖ

=

∫

⟨ξ
F

n−r
r

⟩
σrΦ(t) · σrφs(t)ϖ

= Uσr (ξFn−r
r

) · sgnσr ·
∫

⟨ξ
F

n−r
r

⟩
Φ(t)φs(t)ϖ (by (1.1) and (1.8))

= Uσr (ξFn−r
r

) · sgnσr · �φs(ξFn−r
r

).

Thus we have (D.9). We also have the relation (D.10) in the same way as above. □

Lemma D.3. The relations between C+
A and C ′+

A or between C−
A and C ′−

A are ex-
pressed as

c′
+
A,n−r,n−s = τ

[
c+A,rs · sgnσr · Uσr (ξFn−r

r
)
]
,

c′
−
A,n−r,n−s = τ

[
c−A,rs · sgnσr · Uσr (ηFn−r

r
)
]
.

Proof. It is easily deduced from (D.5), (D.6) and Lemma D.2. □
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D.1. Proof of Theorems 1.6 and 1.7. From Proposition 3.1, we have that the
matrix C−

A is upper triangular. By Lemma D.3 the matrix C ′−
A is lower triangular.

Therefore, from the expression (D.8) and Lemma D.3, we have the Gauss decompo-
sition of the matrix R2,1(

x2

x1
) as follows:

R2,1(
x2

x1
) = UR ·DR · LR,

where U−1
R = (u∗

R,rs)
n
r,s=0, DR = diag[dR,0, . . . , dR,n] and LR = (lR,rs)

n
r,s=0 are the

matrices such that

u∗
R,rs =

(c−A,rs

c−A,rr

)
0
, lR,rs =

(c′−A,rs

c′−A,rr

)
0
= τ

(c−A,n−r,n−s

c−A,n−r,n−r

)
0
, (D.12)

dR,r = (c−A,rr)
−1
0 (c′

−
A,rr)0 = (c−A,rr)

−1
0 τ

[
(c−A,n−r,n−r)0 · sgnσn−r ·

(
Uσn−r (ηF r

n−r
)
)
0

]
.

Hence Theorem 1.6 follows from above Gauss decomposition, Proposition 3.2 and(
Uσr (ηFn−r

r
)
)
0
= (−q−γ)r(n−r)

n(
x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r, (D.13)

sgnσr = (−1)r(n−r). (D.14)

By using Proposition 3.1 and(
Uσr (ξFn−r

r
)
)
0
= (−q−γ)r(n−r)

n(
x2

x1
q−(n−r−1)γ ; qγ)r · n(x2

x1
q−(n−r)γ ; qγ)r, (D.15)

we can prove Theorem 1.7 in the same way as Theorem 1.6. □

Remark D.4. From (D.13), (D.14), (D.15) and Lemma D.3, the matrices (C ′+
A )0

and (C ′−
A )0 are written by

(C ′+
A )0 = Jτdiag[g+0 , g

+
1 , . . . , g

+
n ]τ(C

+
A )0J = Jτdiag[g+0 , g

+
1 , . . . , g

+
n ]JJτ(C

+
A )0J

and

(C ′−
A )0 = Jτdiag[g−0 , g

−
1 , . . . , g

−
n ]τ(C

−
A )0J = Jτdiag[g−0 , g

−
1 , . . . , g

−
n ]JJτ(C

−
A )0J

where

g+r = q−r(n−r)γ
n(

x2

x1
q−(n−r−1)γ ; qγ)r · n(x2

x1
q−(n−r)γ ; qγ)r,

g−r = q−r(n−r)γ
n(

x2

x1
qβ1−β2−(r−1)γ ; qγ)r · n(x2

x1
qβ1−β2−rγ ; qγ)r.

Thus, from Proposition D.1, the R-matrix R2,1(
x2

x1
) are given by

R2,1(
x2

x1
) = (C+

A )−1
0 diag[τg+n , τg

+
n−1, . . . , τg

+
0 ] Jτ(C

+
A )0J, (D.16)

R2,1(
x2

x1
) = (C−

A )−1
0 diag[τg−n , τg

−
n−1, . . . , τg

−
0 ] Jτ(C

−
A )0J. (D.17)

Appendix E. Examples.

E.1. The case when m = 2, n = 1. we explain the simplest case when n = 1. In
Theorem 1.6, the R-matrix R2,1(

x2

x1
) is written by

R2,1(
x2

x1
) =




x2

x1
−1

x2

x1
−qβ2

(1−qβ2 )
x2

x1
x2

x1
−qβ2

1−qβ2

x2

x1
−qβ2

x2

x1
qβ1−qβ2

x2

x1
−qβ2


 = UR DR LR = L′

R D′
R U ′

R,
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where

UR =




1 −
q−β2 (1−qβ1 )

x2

x1

1−x2

x1
qβ1−β2

0 1


 , DR =




q−β2 (1−x2

x1
qβ1 )

1−x2

x1
qβ1−β2

0

0
1−x2

x1
qβ1−β2

1−x2

x1
q−β2


 ,

LR =




1 0

− (1−qβ2 )q−β2

1−x2

x1
qβ1−β2

1


 ,

and

L′
R =




1 0

− 1−qβ2

1−x2

x1

1


 , D′

R =




q−β2 (1−x2

x1
)

1−q−β2
x2

x1

0

0
1−qβ1

x2

x1

1−x2

x1


 , U ′

R =




1 1−qβ1

1− x1

x2

0 1


 .

In Theorem 5.1, the Gauss decomposition of the matrix A(qα̃) is given by

A(qα̃) =

(
1 − qα̃(1−qβ1 )

1−qα̃+β1

0 1

)(
(1−qα̃)x1

1−qα̃+β1
0

0 (1−qα̃+β1 )x2

1−qα̃+β1+β2

)(
1 0

− (1−qβ2 )x1

(1−qα̃+β1 )x2
1

)

=




(1−qα̃+β2 )x1

1−qα̃+β1+β2
− qα̃(1−qβ1 )x2

1−qα̃+β1+β2

− (1−qβ2 )x1

1−qα̃+β1+β2

(1−qα̃+β1 )x2

1−qα̃+β1+β2


 ,

so that we have

A(0) =

(
x1 0

−(1− qβ2)x1 x2

)
, A(∞) =

(
x1q

−β1 −(1− q−β1)x2q
−β2

0 x2q
−β2

)
.

From (3.6) and (3.7), taking the unipotent matrices C+ and C− such that

C+ =




1 0

1−qβ2

1−x2

x1

1


 , C− =


 1

q−β2 (1−qβ1 )
x2

x1

1−qβ1−β2
x2

x1

0 1


 ,

we can diagonalize A(0) and A(∞) as follows:

A(0) = (C+)−1

(
x1 0

0 x2

)
C+, A(∞) = (C−)−1

(
x1q

−β1 0

0 x2q
−β2

)
C−

From Propositions 3.1 and 3.2, the matrices (C+
A )0 and (C−

A )0 are written as a product
of diagonal and unipotent matrices as follows:

(C+
A )0 = diag[(c+A,00)0, (c

+
A,11)0] C

+, (C−
A )0 = diag[(c−A,00)0, (c

−
A,11)0] C

−,

where

diag[(c+A,00)0, (c
+
A,11)0] =




1
1−qβ1

0

0
1−x2

x1

(1−qβ1
x2

x1
)(1−qβ2 )
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and

diag[(c−A,00)0, (c
−
A,11)0] =




−1 0

0 −
1−q−β2

x2

x1

1−qβ1−β2
x2

x1


 .

From (D.16) and (D.17), the R-matrix R2,1(
x2

x1
) is determined from the matrices

(C+
A )0 or (C−

A )0 as follows:

R2,1(
x2

x1
) = (C+

A )−1
0 Jτ(C+

A )0J = (C−
A )−1

0 Jτ(C−
A )0J,

and it follows that

D′
R = diag[(c+A,00)

−1
0 τ(c+A,11)0, (c+A,11)

−1
0 τ(c+A,00)0]

and

DR = diag[(c−A,00)
−1
0 τ(c−A,11)0, (c−A,11)

−1
0 τ(c−A,00)0].

Thus, in particular, the upper and lower triangular matrices as factors of the Gauss
matrix decomposition of R2,1(

x2

x1
) are determined from the matrices C+ and C− as

follows:

L′
R = (C+)−1, U ′

R = JτC+J,

and

UR = (C−)−1, LR = JτC−J.

E.2. The case when m = 2, n = 2. In Theorem 5.1, the Gauss decomposition of
the matrix A(qα̃) is given by

A(qα̃) =




1 − qα̃−γ(1−qβ1+γ)
1−qα̃+β1

q2α̃−3γ(1−qβ1 )(1−qβ1+γ)
(1−qα̃+β1−2γ)(1−qα̃+β1−γ)

0 1 − qα̃−2γ(1−q2γ)(1−qβ1 )
(1−qγ)(1−qα̃+β1−2γ)

0 0 1




·




x2
1q

γ(1−qα̃−2γ)(1−qα̃−γ)

(1−qα̃+β1−γ)(1−qα̃+β1 )
0 0

0 x1x2(1−qα̃+β1 )(1−qα̃−2γ)
(1−qα̃+β1+β2 )(1−qα̃+β1−2γ)

0

0 0
x2
2q

γ(1−qα̃+β1−2γ)(1−qα̃+β1−γ)

(1−qα̃+β1+β2−γ)(1−qα̃+β1+β2 )




·




1 0 0

− (1−q2γ)(1−qβ2 )x1

(1−qγ)(1−qα̃+β1 )x2
1 0

q−γ(1−qβ2 )(1−qβ2+γ)x2
1

(1−qα̃+β1−2γ)(1−qα̃+β1−γ)x2
2

− q−γ(1−qβ2+γ)x1

(1−qα̃+β1−2γ)x2
1


 ,

so that we have

A(0) =




x2
1q

γ 0 0

0 x1x2 0

0 0 x2
2q

γ







1 0 0

− (1−q2γ)(1−qβ2 )x1

(1−qγ)x2
1 0

q−γ(1−qβ2 )(1−qβ2+γ)x2
1

x2
2

− q−γ(1−qβ2+γ)x1

x2
1




=




qγx2
1 0 0

−(1 + qγ)(1− qβ2)x2
1 x1x2 0

(1− qβ2)(1− qβ2+γ)x2
1 −(1− qβ2+γ)x1x2 qγx2

2
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and

A(∞) =




1 q−β1−γ(1− qβ1+γ) q−2β1(1− qβ1)(1− qβ1+γ)
0 1 q−β1(1 + qγ)(1− qβ1)
0 0 1




·




x2
1q

−2β1−γ 0 0
0 x1x2q

−β1−β2 0
0 0 x2

2q
−2β2−γ




=




x2
1q

−2β1−γ −x1x2q
−β1−β2(1− q−β1−γ) x2

2q
−2β2(1− q−β1)(1− q−β1−γ)

0 x1x2q
−β1−β2 −x2

2q
−2β2(1 + q−γ)(1− q−β1)

0 0 x2
2q

−2β2−γ


 .

From (3.6) and (3.7), taking the unipotent matrices C+ and C− such that

C+ =




1 0 0

q−γ(1−q2γ)(1−qβ2 )

(1−qγ)(1−x2

x1
q−γ)

1 0

(1−qβ2 )(1−qβ2+γ)

(1−x2

x1
)(1−x2

x1
qγ)

(1−qβ2+γ)

(1−x2

x1
qγ)

1


 ,

C− =




1
x2

x1
q−β2 (1−qβ1+γ)

1−x2

x1
qβ1−β2+γ

(
x2

x1
q−β2 )2(1−qβ1 )(1−qβ1+γ)

(1−x2

x1
qβ1−β2 )(1−x2

x1
qβ1−β2+γ)

0 1
x2

x1
q−β2−γ(1−q2γ)(1−qβ1 )

(1−qγ)(1−x2

x1
qβ1−β2−γ)

0 0 1




,

we can diagonalize A(0) and A(∞) as follows:

A(0) = (C+)−1




x2
1q

γ 0 0
0 x1x2 0
0 0 x2

2q
γ


C+,

A(∞) = (C−)−1




x2
1q

−2β1−γ 0 0
0 x1x2q

−β1−β2 0
0 0 x2

2q
−2β2−γ


C−.

From Propositions 3.1 and 3.2, the matrices (C+
A )0 and (C−

A )0 are written as a
product of diagonal and unipotent matrices as follows:

(C+
A )0 = diag[(c+A,00)0, (c

+
A,11)0, (c

+
A,22)0] C

+,

(C−
A )0 = diag[(c−A,00)0, (c

−
A,11)0, (c

−
A,22)0] C

−,

where

diag[(c+A,00)0, (c
+
A,11)0, (c

+
A,22)0]

=




qγ

(1−qβ1 )(1−qβ1+γ)
0 0

0
(1−x2

x1
q−γ)(1−x2

x1
)

(1−qβ1 )(1−x2

x1
qβ1 )(1−qβ2 )(1−x2

x1
qγ)

0

0 0
qγ(1−x2

x1
)(1−x2

x1
qγ)

(1−x2

x1
qβ1 )(1−x2

x1
qβ1+γ)(1−qβ2 )(1−qβ2+γ)



,
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diag[(c−A,00)0, (c
−
A,11)0, (c

−
A,22)0]

=




1−q−2γ

1−q−γ 0 0

0
(1−x2

x1
q−β2 )(1−x2

x1
qβ1−β2−γ)

(1−x2

x1
qβ1−β2 )(1−x2

x1
qβ1−β2+γ)

0

0 0
(1−q−2γ)(1−x2

x1
q−β2−γ)(1−x2

x1
q−β2 )

(1−q−γ)(1−x2

x1
qβ1−β2−γ)(1−x2

x1
qβ1−β2 )




.

From (D.16) and (D.17), the R-matrix R2,1(
x2

x1
) is determined from the matrices

(C+
A )0 or (C−

A )0 as follows:

R2,1(
x2

x1
) = (C+

A )−1
0




1 0 0
0 τg+1 0
0 0 1


Jτ(C+

A )0J

= (C−
A )−1

0




1 0 0
0 τg−1 0
0 0 1


 Jτ(C−

A )0J,

where

τg+1 =
q−γ(1− x1

x2
qγ)

1− x1

x2
q−γ , τg−1 =

q−γ(1− x1

x2
qβ2−β1+γ)

1− x1

x2
qβ2−β1−γ

.

If we express the Gauss decomposition of R2,1(
x2

x1
) by

R2,1(
x2

x1
) = UR DR LR = L′

R D′
R U ′

R,

then we have

D′
R = diag[(c+A,00)

−1
0 τ(c+A,22)0, (c+A,11)

−1
0 τg+1 τ(c

+
A,11)0, (c+A,22)

−1
0 τ(c+A,00)0]

and

DR = diag[(c−A,00)
−1
0 τ(c−A,22)0, (c−A,11)

−1
0 τg−1 τ(c

−
A,11)0, (c−A,22)

−1
0 τ(c−A,00)0].

In particular, the upper and lower triangular matrices as factors of the Gauss matrix
decomposition of R2,1(

x2

x1
) are determined from the matrices C+ and C− as follows:

L′
R = (C+)−1, U ′

R = JτC+J,

and

UR = (C−)−1, LR = JτC−J.

Therefore the Gauss decomposition of R2,1(
x2

x1
) is given by
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R2,1(
x2

x1
)

=




1 −
x2

x1
q−β2 (1−qβ1+γ)

1−x2

x1
qβ1−β2+γ

(
x2

x1
q−β2 )2q−γ(1−qβ1 )(1−qβ1+γ)

(1−x2

x1
qβ1−β2−γ)(1−x2

x1
qβ1−β2 )

0 1 −
x2

x1
q−β2−γ(1−q2γ)(1−qβ1 )

(1−qγ)(1−x2

x1
qβ1−β2−γ)

0 0 1




·




q−2β2 (1−x2

x1
qβ1 )(1−x2

x1
qβ1+γ)

(1−x2

x1
qβ1−β2 )(1−x2

x1
qβ1−β2+γ)

0 0

0
q−β2−γ(1−x2

x1
qβ1 )(1−x2

x1
qβ1−β2+γ)

(1−x2

x1
q−β2 )(1−x2

x1
qβ1−β2−γ)

0

0 0
(1−x2

x1
qβ1−β2−γ)(1−x2

x1
qβ1−β2 )

(1−x2

x1
q−β2−γ)(1−x2

x1
q−β2 )




·




1 0 0

− q−β2 (1−q2γ)(1−qβ2 )

(1−qγ)(1−x2

x1
qβ1−β2+γ)

1 0

q−2β2−γ(1−qβ2 )(1−qβ2+γ)

(1−x2

x1
qβ1−β2−γ)(1−x2

x1
qβ1−β2 )

− q−β2−γ(1−qβ2+γ)x1

1−x2

x1
qβ1−β2−γ

1


 .
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