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DEGENERATION OF HYPERGEOMETRIC INTEGRALS

ASSOCIATED WITH HYPERSPHERE ARRANGEMENT

KAZUHIKO AOMOTO AND MASAHIKO ITO

Abstract. We discuss a degeneracy of n-dimensional hypergeometric integrals
associated with certain hypersphere arrangement. We investigate it in two ways

when a certain generic condition for spherical arrangement breaks down. This
situation is described using the terms of the Cayley–Menger determinants. One
of the main results is the degeneracy of the nth twisted de Rham cohomology,
which is expressed using the contiguity relation of the hypergeometric integral.

Complementary to this, the other main result is the degeneracy of the nth twisted
homology over the dual local system, which can be described using the asymptotic
behavior of the hypergeometric integral.

1. Introduction

For given αj0 ∈ R and αj = (αj1, . . . , αjn) ∈ Rn (j = 1, 2, . . . ,m), let fj be real
quadratic polynomials in R[x] = R[x1, . . . , xn] specified by

fj(x) := (x, x) + 2(αj , x) + αj0

= |x+ αj |2 − |αj |2 + αj0,

where (x, y) :=
∑n

ν=1 xνyν and |x|2 := (x, x) for x = (x1, . . . , xn), y = (y1, . . . , yn) ∈
Rn. Let Oj be the point −αj ∈ Rn, which is the center of the hypersphere ℜSj :=
{x ∈ Rn | fj(x) = 0}. The radius ri > 0 of ℜSi and the distance ρjk > 0 between Oj

and Ok are given by

r2j = −αj0 + |αj |2 and ρ2jk = |αj − αk|2,

respectively. Here we consider the n − 1 dimensional hypersphere fj(x) = 0 in Cn,
i.e., we define Sj as

Sj := {x ∈ Cn | fj(x) = 0},
and define the n dimensional hypersphere arrangement A as A :=

∪
1≤j≤m Sj , For

λ = (λ1, . . . , λm) ∈ Rm let Φ(x) = Φ(x1, . . . , xn) be multiplicative meromorphic
function on Cn specified by

Φ(x) :=
m∏
j=1

fj(x)
λj .

We set X := Cn −
∪m

j=1 Sj . For 0 ≤ r ≤ n, we denote by Ωr = Ωr(X, �
∪n+1

j=1 Sj) the

space of rational r-forms on X whose singularities all lie in the set
∪n+1

j=1 Sj . For the
complex

Ω· : 0 → Ω0 ∇−→ Ω1 ∇−→ Ω2 ∇−→ · · · ∇−→ Ωn ∇−→ 0,
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where ∇ : Ωr → Ωr+1 is the covariant derivation given by

∇ψ := dψ + d log Φ ∧ ψ (ψ ∈ Ωr),

the rth twisted de Rham cohomology Hr
∇(X,Ω·) is defined by

Hr
∇(X,Ω·) := Ker(∇ :Ωr → Ωr+1)/Im(∇ :Ωr−1 → Ωr).

For a rational function φ(x) which is holomorphic on X we consider the hypergeo-
metric integral

In,m(φϖn, z) :=

∫

z

Φ(x)φ(x)ϖn where ϖn := dx1 ∧ · · · ∧ dxn. (1.1)

Here φ(x)ϖn ∈ Ωn is a representative in the nth twisted de Rham cohomology
Hn

∇(X,Ω·) and z is an n-twisted cycle, which is a representative in the nth twisted ho-
mology Hn(X,L∗) over the dual local system L∗ on X. The hypergeometric integral
(1.1) is identified with the pairing between Hn

∇(X,Ω·) and Hn(X,L∗):

Hn
∇(X,Ω·)×Hn(X,L∗) ∋ ⟨φϖn, z� −→ In,m(φϖn, z).

(See [2] for more details.)
The differential or difference equations describing the integral (1.1) can be written

using, besides the exponents λ, Cayley–Menger determinants concerning the radius
rj > 0 of Sj and the distance ρjk > 0 between the centers Oj of Sj and Ok of Sk. For
that purpose, we introduce the definition of Cayley–Menger determinants first.

Consider the (m + 2) × (m + 2) symmetric matrix B =
(
bij

)
i,j=0,⋆,1,2,...,m

, whose

entries are given by b00 = 0, b⋆⋆ = 0, b0⋆ = b0j = 1 (1 ≤ j ≤ m), b1⋆ = r2j ,

bij = ρ2ij (1 ≤ i, j ≤ m), i.e.,

B =




0 1 1 1 1 · · · 1

1 0 r21 r22 r23 · · · r2m

1 r21 0 ρ212 ρ213 · · · ρ21,m

1 r22 ρ221 0 ρ223 · · · ρ22,m

1 r23 ρ231 ρ232 0
. . .

...

...
...

...
...

. . .
. . . ρ2m−1,m

1 r2m ρ2m,1 ρ2m,2 · · · ρ2m,m−1 0




.

The Cayley–Menger determinants are defined as the minors of the matrix B. See [4].

Definition 1.1. Denote by ρ⋆j = ρj⋆ the radius rj for j ∈ {1, 2, . . . ,m} or 0 for
j = ⋆. The determinant

B

(
0 J
0 K

)
= B

(
0 j1 · · · jp
0 k1 · · · kp

)
:=

���������

0 1 . . . 1
1 ρ2j1k1

· · · ρ2j1kp

...
...

. . .
...

1 ρ2jpk1
. . . ρ2jpkp

���������
is called the Cayley–Menger determinant, where J = {j1, . . . , jp} andK = {k1, . . . , kp}
denote two subsets of the indices in {⋆, 1, . . . ,m}. We simply write B(0 J) instead of
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B
(
0 J
0 J

)
. For instance, we have the following expressions:

B(0j) = −1, B(0�j) = 2r2j > 0, B(0jk) = 2ρ2jk > 0,

B(0 � j k) = −(ρjk + rj − rk)(ρjk − rj + rk)(−ρjk + rj + rk)(ρjk + rj + rk),

B(0 j k l) = −(ρjk + ρjl − ρkl)(ρjk − ρjl + ρkl)(−ρjk + ρjl + ρkl)(ρjk + ρjl + ρkl).

We denote by Nm the set of indices {1, 2, . . . ,m}. In this paper we assume the
following genericity conditions. For an arbitrary non-empty subset of indices J ⊂ Nm,
we impose that

B(0 J)(−1)|J| > 0 for 1 ≤ |J | ≤ n+ 1, (1.2)

B(0 � J)(−1)|J| ̸= 0 for 1 ≤ |J | ≤ n+ 1, (1.3)

where |J | denotes the size of J . Remark that B(0 J) vanishes if |J | ≥ n + 2. In the
same way B(0 � J) vanishes if |J | ≥ n + 3. The conditions (1.2) and (1.3) give the
moduli space of arrangement of n dimensional real hyperspheres in general position in
Cn. In Section 2 we introduce several lemmas using the Cayley–Menger determinants
for later sections.

We now return to the topic of the hypergeometric integrals (1.1). Singularity of
the integral (1.1) (Landau singularity), i.e., degeneration of analytic and topological
structure of Hn

∇(X,Ω·) and Hn(X,L∗) occurs when one of the conditions (1.2) or
(1.3) breaks down. In this paper we shall describe the degeneration of Hn

∇(X,Ω·) and
Hn(X,L∗) in terms of the Cayley–Menger determinants attached to the arrangement
A when the condition (1.3) is not satisfied, more explicitly when one of the principal
determinants B(0 � J) for J ⊂ Nm, 1 ≤ |J | ≤ n+ 1 tends to 0.

We study this degeneration from two perspectives, one is an algebraic point of
view for analytic structure of Hn

∇(X,Ω·) and the other is a geometric point of view
for topological structure of Hn(X,L∗). One of our main results is stated as Theorem
4.4 in Section 4, which shows a degeneration of the nth twisted cohomologyHn

∇(X,Ω·)
for B(0 � J) = 0 (1 ≤ |J | ≤ n + 1) by using the contiguity relations obtained in [4].
More precisely, for a fixed subset J ⊂ Nm with 1 ≤ |J | ≤ n+ 1, the nth cohomology
Hn

∇(X,Ω·) degenerates to the quotient by its annihilator AnnJ as

Hn
∇(X,Ω·) → Hn

∇(X,Ω·)/AnnJ

(
B(0 � J) → 0

)
,

where AnnJ consists of all elements in Hn
∇(X,Ω·) vanishing for B(0 � J) = 0. In

this case AnnJ is to be a one dimensional C-subspace of Hn
∇(X,Ω·) generated by just

one n-form φJ , which is explicitly given as (4.6) in Theorem 4.4. Thus Sections 3
and 4 are devoted to stating Theorem 4.4. On the other hand, this one dimensional
degeneration is also reflected in the nth twisted homology Hn(X,L∗). In other words,
Hn(X,L∗) also degenerates by one dimension in the limit of B(0�J) → 0. This means
that a specific cycle of hypergeometric integrals vanishes in the limit B(0 � J) → 0.
We thus consider geometrically the situation in which a spherically faced simplex
shrinks into a single point as a cycle of hypergeometric integrals. Then we investigate
the behavior of the integral In,m(ϖn, z) over a vanishing twisted cycle z = z(J) as
B(0 � J) (J ⊂ Nm 1 ≤ |J | ≤ n + 1) tends to 0 in this isotopic deformation. (See
[4] for details of twisted cycles attached to hypersphere arrangement A.) Our other
main theorem describes explicit asymptotic behavior of the integral for vanishing of
B(0 � J). We state explicit formulae, in terms of Cayley–Menger determinants, for
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this theorem as Theorems 5.2 and 6.5, and the cases where J ⊂ Nm |J | = n+ 1 and
where J ⊂ Nm 1 ≤ |J | ≤ n correspond to these theorems, respectively.

General aspects involved in this kind of integrals have been presented by several
authors (see [1, 5, 8, 12] for instance). See also [9] which has recently given a new
incentive to study Feynman integrals from the point of view of twisted cohomology.
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2. Preliminary lemmas

In this section we introduce several lemmas that will be needed in later sections.

Lemma 2.1. For an arbitrary ordered subset J of size n + 1 in Nm the following
quadratic identity holds :

∑
j∈J

B(0 ∂jJ)f
2
j − 2

∑
j,k∈J
j<k

B

(
0 j ∂j∂kJ
0 k ∂j∂kJ

)
fjfk

+ 2
∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
fj −B(0 � J) = 0, (2.1)

where the symbol ∂jJ is defined as ∂jJ = J − {j} for j ∈ J .

Proof. Because of symmetry one may assume that J = Nn+1. Remark first that
the equality B(0 � Nn+1) = 0 holds if there exists x = (x1, . . . , xn) ∈ X such that
fj(x) = 0 (1 ≤ j ≤ n+ 1). Take an arbitrary ξ = (ξ1, . . . , ξn) ∈ X and put

η = (η1, . . . , ηn+1) such that ηj = fj(ξ) (1 ≤ j ≤ n+ 1).

This is equivalent to say that

fj(ξ)
���
αj0→αj0−ηj

= 0 (1 ≤ j ≤ n+ 1)

by replacing αj0 with αj0−ηj . Hence B(0�Nn+1) being equal to the resultant of the
n+1 quadratic polynomials fj in x. See [4, Lemma 4] for detail. See also [6, Chapter
8, §2] and [7] for “general resultant”, we have

0 = B(0 � Nn+1)

����
αj0 →αj0−ηj

(j∈Nn+1)

. (2.2)
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On the other hand a direct calculation shows the identity

B(0 � Nn+1)

����
αj0 →αj0−ηj

(j∈Nn+1)

= −
∑

j∈Nn+1

B(0 ∂jNn+1)η
2
j

+ 2
∑

j,k∈Nn+1

j<k

B

(
0 j ∂j∂kNn+1

0 k ∂j∂kNn+1

)
ηjηk − 2

∑
j∈Nn+1

B

(
0 � ∂jNn+1

0 j ∂jNn+1

)
ηj

+B(0 � Nn+1). (2.3)

From (2.2) and (2.3) the the equality (2.1) is obtained. □

The following two lemmas are an immediate consequence of [4, Lemma 11].

Lemma 2.2. For an arbitrary ordered subset J = {j1, . . . , jn+1}(⊂ Nm) of size n+1
set

δJ :=

�������

1 αj1 1 . . . αj1 n

...
...

...
1 αjn+1 1 . . . αjn+1 n

�������
.

Then we have

B(0J) = 2n(−1)n+1δ2J , (2.4)

and

B

(
0 j K
0 k K

)
= 2n(−1)n+1δjKδkK

for K ⊂ Nm satisfying |K| = n and j, k /∈ K.

Lemma 2.3.

(i) For an arbitrary ordered subset J = {j1, . . . , jn+2} of size n+ 2 in Nm set

∆J :=

�������

1 αj1 0 αj1 1 . . . αj1 n

...
...

...
...

1 αjn+2 0 αjn+2 1 . . . αjn+2 n

�������
.

Then the following identities hold:

B(0 J) = 0,

B(0 � J) = (−1)n2n∆2
J . (2.5)

(ii) For arbitrary subset J of size n+ 1

B

(
0 � J
0 k J

)
= (−1)n+12nδJ∆k J for k /∈ J. (2.6)

(iii) For an arbitrary subset J of size n+ 3, we have

B(0 � J) = 0.

Lemma 2.4. For an arbitrary (ordered) subset J = {j1, . . . , jn+2} of size n+ 2, we
have

B(0 � J)−
∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
fj = 0. (2.7)
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This is equivalent to

∆J −
n+2∑
ν=1

(−1)νδj1...jν−1jν+1...jn+2
fjν = 0.

Due to the Jacobi identity for determinants we have the following.

Lemma 2.5. For J ⊂ Nm we have

B(0 J)B(0 � ∂jJ)−
{
B

(
0 � ∂jJ
0 j ∂jJ

)}2

= B(0 ∂jJ)B(0 � J) (j ∈ J), (2.8)

B(0 kJ)B(0 � J)−
{
B

(
0 � J
0 k J

)}2

= B(0 J)B(0 � kJ) (k /∈ J). (2.9)

3. Fundamental identities among admissible forms spanning Hn
∇(X,Ω·)

The linear space Rm of exponents λ = (λ1, . . . , λm) (λj ∈ R) has a standard basis
ej (1 ≤ j ≤ m) such that

λ =

m∑
j=1

λjej .

We simply use the following symbols:

eJ :=
∑
j∈J

ej , λJ :=
∑
j∈J

λj

for J ⊂ Nm, and in particular,

λ∞ := λNm =
m∑
j=1

λj .

The system of n-differential forms

FJ :=
ϖn∏
j∈J fj

(J ⊂ Nm unordered subset)

(we call these forms “admissible forms”) span the n-dimensional twisted cohomology
Hn

∇(X,Ω·), which is of dimension κ :=
∑n

ν=1

(
m
ν

)
+

(
m−1
n

)
(see [4, Proposition 8]).

We denote by Mg the multiplication operator:

Mg : φ → gφ

for a function φ by a rational function g on X. The shift operators T±ej : λ → λ± ej
give rise to the action on Hn

∇(X,Ω·):

T±ej : φϖn −→ Mf±1
j

φϖn

for φϖn ∈ Hn
∇(X,Ω·) which does not depend on λ. For each unordered J (|J | =

p, 1 ≤ p) define

W0(j)ϖ1 := Fj (J = {j}), (p = 1)

W0(J)ϖn := B(0 � J)FJ −
∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
F∂jJ (p ≥ 2).
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Then the inversion formula is expressed as follows:

B(0 � J)FJ =
∑
K⊂J
|K|≥1

βK,JW0(K)ϖn

such that

βK,J :=
∑

K=L0⫋L1⫋···⫋Lp=J

p∏
ν=1

B

(
0 � Lν−1

0 lν Lν−1

)

B(0 � Lν−1)
,

where
Lν = Lν−1 ∪ {lν} (1 ≤ ν ≤ p).

It has been proved in [4] that for unordered J ⊂ Nm satisfying |J | ≥ n+ 2 we have

W0(J)ϖn = 0. (3.1)

Moreover for |J | = n+ 2 the following identity holds (see [4, Section 6]):

0 = W0(∂jJ)ϖn −
∑
k∈J
k ̸=j

B

(
0 j ∂j∂kJ
0 k ∂j∂kJ

)

B(0 ∂kJ)
W0(∂kJ)ϖn. (3.2)

The equation (3.1) for |J | = n+ 2 is equivalent to the partial fraction expansion:

B(0 � J)FJ −
∑
j∈J

B

(
0 j ∂jJ
0 � ∂jJ

)
F∂jJ = 0. (3.3)

On the other hand, from (3.2) we have the following.

Proposition 3.1. Fix unordered J ⊂ Nm such that |J | = n + 2. The following
fundamental relation holds true among F∂jJ (j ∈ J), F∂j∂kJ (j, k ∈ J, j ̸= k):

0 =
∑
j∈J

B(0 � ∂jJ)

B

(
0 � ∂jJ
0 j ∂jJ

)F∂jJ +
∑
j,k∈J
j<k

B(0 ∂j∂kJ)

B

(
0 j ∂j∂kJ
0 k ∂k∂kJ

)F∂j∂kJ , (3.4)

which is symmetric with respect to any permutation of the components of J . The
right-hand side of (3.4) will be denoted by EJ .

Proof. Because of symmetry one may assume that J = Nn+2 = {1, 2, . . . , n + 2}.
Eq. (3.2) means the following identity:

0 = W0(12 . . . n+ 1)ϖn −
n+1∑
j=1

B

(
0 n+ 2 ∂j∂n+2J
0 j ∂j∂n+2J

)

B(0 ∂jJ)
W0(∂jJ)ϖn. (3.5)

Denote by T the right-hand side of (3.5) divided by the factor B

(
0 � ∂n+2J
0 n+2 ∂n+2J

)
.

Then T equals a linear combination of F∂jJ (j ∈ J) and F∂j∂k
(j, k ∈ J, j ̸= k) which

is expressible in the form

T =
∑
j∈J

[T : F∂jJ ]F∂jJ +
∑
j,k∈J
j<k

[T : F∂j∂kJ ]F∂j∂kJ . (3.6)
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We want to show that T coincides with the right-hand side of (3.4). Since T is
expressed in symmetric form under any permutation of the components {1, 2, . . . , n+1}
it is sufficient to describe the coefficients [T : F∂1J ], [T : F∂n+2J ] and [T : F∂1∂2J ],
[T : F∂1∂n+2J ]. Indeed, we have

[T : F∂n+2J ] =
B(0 � ∂n+2J)

B

(
0 � ∂n+2J
0 n+ 2 ∂n+2J

) , (3.7)

which is nothing to prove. Next from Lemmas 2.2, 2.3 and (3.5) we have

[T : F∂1J ] = −
B(0 � ∂1J)B

(
0 n+ 2 ∂1∂n+2J
0 1 ∂1∂n+2J

)

B(0 ∂1J)B

(
0 � ∂n+2J
0 n+ 2 ∂n+2J

)

= (−1)n
B(0 � ∂1J) δ2... n+2 δ12...n+1

B(0 ∂1J)∆12... n+2 δ1 ... n+1
= (−1)n

B(0 � ∂1J)δ2...n+2

B(0 ∂1J)∆1...n+1n+2

= − B(0 � ∂1J)

2n δ2...n+1n+2 ∆12...n+1n+2
=

B(0 � ∂1J)

B

(
0 � ∂1J
0 1 ∂1J

) . (3.8)

In the third step from (3.5) we have

[T : F∂1∂n+2J ] =
−v11v22 + v21v12

v0v22
,

where

v0 := B

(
0 � ∂n+2J
0 n+ 2 ∂n+2J

)
= (−1)n2n∆12...n+2 δ1...n+1,

v11 := B

(
0 � ∂1∂n+2J
0 1 ∂1∂n+2J

)
,

v21 := B

(
0 � ∂1∂n+2J
0 n+ 2 ∂1∂n+2J

)
,

v12 := B

(
0 n+ 2 ∂1∂n+2J
0 1 ∂1∂n+2J

)
= −2nδ12...n+1 δ2...n+2,

v22 := B(0 ∂1J) = (−1)n+12nδ22...n+2.

The Jacobi identity concerning −v11v22 + v21v12 implies

[T : F∂1∂n+2J ] = −
B

(
0 � ∂1J
0 1 ∂1J

)
B(0 ∂1∂n+2J)

v0v22

= (−1)n
B(0 ∂1∂n+2J)∆12...n+2 δ2...n+2

B(0 ∂1J)∆12...n+2 δ1...n+1
= − B(0 ∂1∂n+2J)

2n δ1...n+1 δ2...n+2

=
B(0 ∂1∂n+2J)

B

(
0 1 ∂1∂n+2J
0 n+ 2 ∂1∂n+2J

) , (3.9)
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since we have

δ1...n+1 δ2...n+2 = − 1

2n
B

(
0 1 ∂1∂n+2J
0 n+ 2 ∂1∂n+2J

)
.

In the final step from (3.5), we have

[T : F∂1∂2J ] =
1

v0

(v31v12
v22

+
v11v32
v33

)
, (3.10)

where

v31 := B

(
0 � ∂1∂2J
0 2 ∂1∂2J

)
,

v32 := B

(
0 n+ 2 ∂2∂n+2J
0 2 ∂2∂n+2J

)
= 2n δ13...n+2 δ12...n+1,

v33 := B(0 ∂2J) = (−1)n+12nδ213...n+2.

Moreover, we have

v31v12
v22

+
v11v32
v33

= (−1)nδ12...n+1

( v31
δ2...n+2

− v11
δ13...n+2

)

= (−1)n
δ12...n+1

δ2...n+2 δ213...n+2

(δ213...n+2 v31 − δ2...n+2 δ13...n+2 v11)

= − 1

2n
δ12...n+1

δ2...n+2 δ213...n+2

(
B(0 ∂2J) v31 −B

(
0 1 ∂1∂2J
0 2 ∂1∂2J

)
v11

)

= − 1

2n
δ12...n+1

δ2...n+2 δ213...n+2

B(0 ∂1∂2J)B

(
0 � ∂2J
0 2 ∂2J

)
(3.11)

in view of the Jacobi identity. From (3.10) and (3.11) we therefore obtain

[T : F∂1∂2J ] = − 1

2n
δ12...n+1

δ2...n+2 δ213...n+2

·
B(0 ∂1∂2J)B

(
0 � ∂2J
0 2 ∂2J

)

v0

=
(−1)n+1

2n
1

δ23...n+2 δ13...n+2
B(0 ∂1∂2J) =

B(0 ∂1∂2J)

B

(
0 1 ∂1∂2J
0 2 ∂1∂2J

) , (3.12)

since we have

B

(
0 � ∂2J
0 2 ∂2J

)
= 2nδ13...n+2 ∆12...n+2.

Applying (3.7), (3.8), (3.9) and (3.12) to (3.6), Proposition 3.1 has been proved. □
The system of equations EJ (J ⊂ Nm, |J | = n + 2) are not linearly independent.

There exist a finite number of linear relations:

Lemma 3.2. Fix an ordered set of indices J = {j1, . . . , jn+3} ⊂ Nm such that
|J | = n+ 3, E∂jJ (j ∈ J) are identically linearly related as follows:

n+3∑
ν=1

(−1)ν−1∆∂jν JE∂jν J = 0, (3.13)
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where ∂jνJ means the deletion of the ν-th component jν of J , i.e.,

∂jνJ = {j1, . . . , jν−1, jν+1, . . . , jn+3}.

Proof. Eq. (3.13) can be deduced from the definition of Ejν in view of Lemmas 2.2
and 2.3. □
Remark. Eq. (3.13) is alternating with respect to permutations of the components
of J .

We set the following ordering

O : f1 ≺ f2 ≺ · · · ≺ fn+1 ≺ fn+2 ≺ · · · ≺ fm

for the quadratic polynomials fj . This ordering induces in a natural way the lexico-

graphic ordering for logarithmic n-forms
dfj1
fj1

∧ · · · ∧ dfjn
fjn

(1 ≤ j1 < · · · < jn ≤ m).

As a consequence of Proposition 3.1 and Lemma 3.2 the following statement holds
true:

Lemma 3.3. The set

{FJ | J ⊂ Nm, 1 ≤ |J | ≤ n} ∪ {FK | {1} ⊂ K ⊂ Nm, |K| = n+ 1} (3.14)

consisting of n-forms with respect to the ordering O forms a basis of Hn
∇(X,Ω·).

The set (3.14) is called the NBC (non broken circuit) basis in the context of [10, 11].
For details the reader is referred to [10, 11] and [4, Proposition 8 and Remark in §6].
Examples. For n = 1 and m ≥ 2 the set

{Fj | 1 ≤ j ≤ m} ∪ {F1j | 2 ≤ j ≤ m}
forms the NBC basis of H1

∇(X,Ω·). For n = 2 and m ≥ 3 the set

{Fj | 1 ≤ j ≤ m} ∪ {Fjk | 1 ≤ j < k ≤ m} ∪ {F1jk | 2 ≤ j < k ≤ m}
forms the NBC basis of H2

∇(X,Ω·).

4. Degeneracy of Hn
∇(X,Ω·) for the vanishing of B(0 � J)

In this section we want to explain how Hn
∇(X,Ω·) degenerates when one of the

determinants B(0 � J) (J ⊂ Nm, (|J | ≤ n + 1)) vanishes. For this purpose we apply
some contiguity formulae obtained in [4, Theorem A in Appendix].

Definition 4.1. Let {j} or J be an unordered subset of Nm which is of size 1 or
|J | = p (p ≥ 2). Denote

F
(j)
J := (λj − 1)T−ejFJ = (λj − 1)Mfj−1FJ (j ∈ J),

�FJ :=
∑
J∈J

F
(j)
J ,

W
(j)
0 (J)ϖ := (λj − 1)T−ejW0(J)ϖ = (λj − 1)Mfj−1W0(J)ϖn (j ∈ J),

�W0(J)ϖ :=
∑
j∈J

W
(j)
0 (J)ϖ.

Then we have the following:
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Lemma 4.2. (i)

�W0(j)ϖ1 = W
(j)
0 (j)ϖ1

∼ −(λ∞ + λj + n− 2)Fj −
∑
k∈Nm

k ̸=j

λk

(
Fk +B

(
0 � k
0 � j

)
Fk j

)
(J = {j}). (4.1)

(ii) �W0(J)ϖn ∼ (λ∞ + n− p)B(0J)FJ +
∑
k∈Jc

λk

∑
l∈J

B

(
0 � ∂lJ
0 l ∂lJ

)
Fk∂lJ

−
∑
k∈Jc

∑
l∈J

λkB

(
0 � k ∂lJ
0 � l ∂lJ

)
Fk J (2 ≤ |J | ≤ n+ 1), (4.2)

where Jc is the complement of J defined as Jc = Nm − J .

Remark. In the case |J | = n + 2, FJ is linearly related with FK (1 ≤ |K| ≤ n + 1)
by the equality (3.3) such that W0(J)ϖn vanishes identically.

Proof. Due to [4, Theorem A] one sees the following:

W
(j)
0 (j)ϖ1 ∼ −(λ∞ + λj + n− 2)Fj

−
∑
k∈Nm

k ̸=j

λk

(
Fk +B

(
0 � k
0 � j

)
Fkj

)
(J = {j}), (4.3)

W
(j)
0 (J)ϖn ∼ (λ∞ + n− p)Zj

J +
∑
k∈Jc

λkZ
j
J,k (|J | = p ≥ 2), (4.4)

where

Zj
J := B(0 ∂jJ)F∂jJ −

∑
ν∈∂jJ

B

(
0 j ∂j∂νJ
0 ν ∂j∂νJ

)
F∂νJ +B

(
0 � ∂νJ
0 j ∂jJ

)
FJ ,

Zj
J,k := B

(
0 � ∂jJ
0 k ∂jJ

)
Fk ∂jJ −

∑
ν∈∂jJ

B

(
0 � j ∂j∂νJ
0 k ν ∂j∂νJ

)
Fk ∂νJ

−B

(
0 � k ∂jJ
0 � j ∂jJ

)
Fk J (k ∈ Jc).

These correspond to the contiguity relations, i.e., holonomic linear difference equations
relative to the exponents λ, for the integral I(λ) := In,m(ϖn, z):

In,m(W
(j)
0 (J)ϖn, z) = (λ∞ + n− p)In,m(Zj

J , z) +
∑
k∈Jc

In,m(Zj
J,k, z),

more explicitly

In,m(W
(j)
0 (j)ϖn, z) = (λj − 1)B(0 � j) I(λ− 2ej)

= −(λ∞ + λj + n− 2) I(λ− ej)−
∑
k∈Nm
k ̸=j

λk{I(λ− ek)

+B

(
0 � k
0 � j

)
I(λ− ej − ek)} (J = {j}),
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and

In,m(W
(j)
0 (J)ϖn, z)

= (λj − 1){B(0 � J)I(λ− ej − eJ )−
∑

k∈∂jJ

I(λ− e∂kJ − ej)B

(
0 � ∂kJ
0 k ∂kJ

)
}

= (λ∞ + n− p)In,m(Zj
J , z) +

∑
k/∈J

In,m(Zj
J,k, z) (j ∈ J),

where

In,m(Zj
J , z) = B(0 ∂jJ)I(λ− e∂jJ)−

∑
l∈∂jJ

B

(
0 j ∂l∂jJ
0 l ∂l∂jJ

)
I(λ− e∂lJ)

+B

(
0 � ∂jJ
0 j ∂jJ

)
I(λ− eJ),

In,m(Zj
J,k, z) = B

(
0 � ∂jJ
0 k ∂jJ

)
I(λ− ek − e∂jJ)

−
∑
l∈∂jJ

B

(
0 � j ∂l∂jJ
0 k l ∂l∂jJ

)
I(λ− ek − e∂lJ)

−B

(
0 � k ∂jJ
0 � j ∂jJ

)
I(λ− ek − eJ ) (n+ 1 ≥ |J | ≥ 2).

Hence (4.1) and (4.2) can be expressed as

�W0(J)ϖn = aJFJ +
∑
j∈J

ajF∂jJ +
∑
k∈Jc

akFk J +
∑
k∈Jc

j∈J

ak,jFk,∂jJ ,

by using the constants aJ , aj , ak, ak,j .

aJ := (λ∞ + n− p)B(0J),

aj := (λ∞ + n− p)B(0 ∂jJ)−
∑
l∈J

(λ∞ + n− p)B

(
0 l ∂l∂jJ
0 j ∂l∂jJ

)
= 0,

because of the identity

∑
l∈∂jJ

B

(
0 l ∂l∂jJ
0 j ∂l∂jJ

)
= B(0 ∂jJ) (j ∈ J).

Furthermore

ak := −λk

∑
l∈J

B

(
0 � k ∂lJ
0 � l ∂lJ

)
,

ak,j := λk

(
B

(
0 � ∂jJ
0 k ∂jJ

)
−

∑
l∈∂jJ

B

(
0 � l ∂l∂jJ
0 k j ∂l∂jJ

))

= λkB

(
0 � ∂jJ
0 j ∂jJ

)
,

－ 12 － － 13 －



because of the identity

∑
l∈∂jJ

B

(
0 � l ∂l∂jJ
0 k j ∂l∂jJ

)
= B

(
0 � ∂jJ
0 k ∂jJ

)
−B

(
0 � ∂jJ
0 j ∂jJ

)
.

The proof is now complete. □

By applying the operation “hat”: FJ → �FJ to the identities (4.3) and (4.4) we see

that the following recurrence formula for �FJ with respect to the shift λ → λ − ej
(1 ≤ j ≤ m) holds true.

Proposition 4.3. Fix a subset J of Nm with 1 ≤ |J | ≤ n+ 1. Then we have

B(0 � J) �FJ ∼ VJ +
∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
�F∂jJ , (4.5)

where

VJ := V 0
J + V 1

J = �W0(J)ϖn +
∑
j∈J

(λj − 1)B

(
0 � ∂jJ
0 j ∂jJ

)
FJ

such that

V 0
j :=

(
(λ∞ + n− p− 1)B(0J) +

∑
j∈J

λjB

(
0 � ∂jJ
0 j ∂jJ

))
FJ

+
∑
k∈Jc

λk

∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
Fk ∂jJ ,

V 1
J := −

∑
k∈Jc

λk

(
B(0 � J)−B

(
0 k J
0 � J

))
Fk J .

According to the weight filtration, (4.5) can be rewritten as

B(0 � J) �FJ ∼ V
(−)

J + V
0

J + V
1

J ,

where

V
1

J = V 1
J , (homogeneous, weight = −2p− 2)

V
0

J =
∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)

B(0 � ∂jJ)
V 1
∂jJ + V 0

J , (homogeneous, weight = −2p)

V
(−)

J =
∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)

B(0 � ∂jJ)
(V

(−)

∂jJ + V
0

∂jJ) =
∑

K⫋J

|K|≥1

βK.JV
0

K . (weight ≥ −2p+ 2)

V
0

J can be more explicitly expressed as follows:

V
0

J =
(
(λ∞ + λJ + n− p− 1)B(0 J)−

∑
j∈J

λj
B(0 � J)B(0 ∂jJ)

B(0 � ∂jJ)

)
FJ
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+
∑
k∈Jc

λk

∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
B

(
0 k ∂jJ
0 � ∂jJ

)

B(0 � ∂jJ)
Fk ∂jJ (|J | ≥ 2).

In the case J = {j} (p = 1) then

B(0 � j) �Fj = V
1

j + V
0

j ,

where

V
1

j = −
∑

k∈Nm

k ̸=j

λkB

(
0 � k
0 � j

)
Fk j ,

V
0

j = −(λ∞ + λj + n− 2)Fj −
∑

k∈Nm
k ̸=j

λkFk,

V
(−)

j = 0.

In the case J = {j, k} (p = 2)

B(0 � j k) �Fj k = V
1

jk + V
0

jk + V
(−)

jk ,

where

V
1

jk = −
∑
l ̸=j,k

λl

(
B(0 � j k)−B

(
0 l j k
0 � j k

))
Fljk,

V
0

jk =

(
(λ∞ + n− 3)B(0 j k) + λj

{
B

(
0 � k
0 j k

)}2

B(0 � k)
+ λk

{
B

(
0 � j
0 k j

)}2

B(0 � j)

)
Fjk

+
∑
l∈Nm

l ̸=j,k

λl

(B

(
0 � j
0 k j

)
B

(
0 � j
0 l j

)

B(0 � j)
Flj +

B

(
0 � k
0 j k

)
B

(
0 � k
0 l k

)

B(0 � k)
Flk

)
,

V
(−)

jk = −
B

(
0 � j
0 k j

)

B(0 � j)

(
(λ∞ + λj + n− 2)Fj +

∑
l∈Nm
l ̸=j

λlFl

)

−
B

(
0 � k
0 j k

)

B(0 � k)

(
(λ∞ + λk + n− 2)Fk +

∑
l∈Nm
l ̸=k

λlFl

)
.

Fix a subset J ⊂ Nm with |J | = p (1 ≤ p ≤ n + 1). When B(0 � J) tends to 0 the
n-cohomology Hn

∇(X,Ω·) degenerates to the quotient by its annihilator AnnJ

σ : Hn
∇(X,Ω·) −→ Hn

∇(X,Ω·)/AnnJ .

where AnnJ consists of all elements in Hn
∇(X,Ω·) vanishing for B(0 � J) = 0.

Due to Proposition 4.3 the following Theorem holds.
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Theorem 4.4. Fix J ∈ Nm for 1 ≤ |J | ≤ n + 1. Assume that B(0 � J) vanishes.
Then AnnJ is a one dimensional subspace generated by the following element:

φJ := σV
1

J + σV
0

J + σV
(−)

J (4.6)

in the case n+ 1 ≥ |J | ≥ 2, where

σV
1

J =
∑
k∈Jc

λkB

(
0 k J
0 � J

)
Fk J ,

σV
0

J = (λ∞ + λJ + n− p− 1)B(0 J)FJ

+
∑
k∈Jc

λk

∑
j∈J

B

(
0 � ∂jJ
0 j ∂jJ

)
B

(
0 � ∂jJ
0 k ∂jJ

)

B(0 � ∂jJ)
Fk ∂jJ ,

σV
(−)

J =
∑

K⫋J

|K|≥1

βK,J σV
(0)

K .

In the case J = {j} (|J | = 1). Since B(0 � j) = 0, φj is expressed as

φj = σV
0

j + σV
1

j , (4.7)

where

σV
0

j = −(λ∞ + λj + n− 2)Fj −
∑

k∈Nm

k ̸=j

λkFk,

σV
1

j = −
∑

k∈Nm

k ̸=j

λkB

(
0 � k
0 � j

)
Fkj =

∑
k∈Nm

k ̸=j

λkB

(
0 � j
0 k j

)
Fkj ,

σV
(−)

j = 0.

As a consequence, if λ∞ + λJ + n − p − 1 ̸= 0 (|J | ≥ 1) then FJ is cohomologous
to a linear combination of the other elements of NBC basis expressed by the identity
in Hn

∇(X,Ω·)/AnnJ , i.e.,
φJ ∼ 0.

As a special case the following contiguity relation holds:

Corollary 4.5. Suppose that

rj = 0 for all j ∈ Nm,

i.e, every hypersphere Sj (j ∈ Nm) reduces to a cone such that ℜSj is a point in Rn.
Then we have

(λ∞ + n− 2)(2λ∞ + n− 2)⟨Fj , z⟩

= −
∑
k,l∈Nm

k ̸=l

λkλlρ
2
kl⟨Fkl, z⟩+ (2λ∞ + n− 2)

∑
k∈Nm

k ̸=j

λkρ
2
jk⟨Fjk, z⟩, (4.8)

i.e., Hn
∇(X,Ω·) has an admissible basis

{FJ | J ⊂ Nm, 2 ≤ |J | ≤ n+ 1} ∪ {FK | {1} ⊂ K ⊂ Nm, |K| = n+ 1}.
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Proof. Since B(0 � j) = 2r2j vanishes for all j ∈ Nm by hypothesis, we have

B

(
0 � k
0 � j

)
= r2k + r2j − ρ2kj = −ρ2kj . Then, Eq. (4.7) shows

(λ∞ + n− 2)Fj ∼ −
∑

k∈Nm

λkFk +
∑

k∈Nm

k ̸=j

λkρ
2
jkFjk, (4.9)

so that we have

(λ∞ + n− 2)
∑

j∈Nm

λjFj ∼ −λ∞
∑

k∈Nm

λkFk +
∑

j,k∈Nm

k ̸=j

λjλkρ
2
jkFjk.

Hence we obtain

(2λ∞ + n− 2)
∑

j∈Nm

λjFj ∼
∑

1≤j<k≤m

2ρ2jkλjλkFjk. (4.10)

Eliminating
∑

j∈Nm
λjFj from (4.9) and (4.10), we therefore obtain (4.8) in Corollary

4.5. □

5. Asymptotic behavior of integral for vanishing of B(0 � J) under
|J | = n+ 1

In addition to the genericity conditions (1.2) and (1.3) we impose the following:

B(0 � J)(−1)|J|−1 > 0 (J ⊂ Nm, 1 ≤ |J | ≤ n). (5.1)

For each set of indices J = {j1, . . . , jn+1} ⊂ Nm satisfying |J | = n+ 1 and a system
of n + 1 signs εJ := {εj1 , . . . , εjn+1}, where εj ∈ {−1, 1} for j ∈ J , let DJ⟨εJ ⟩ be
closed domain specified by

DJ ⟨εJ⟩ = DJ⟨εj1 , . . . , εjn+1⟩ :=
n+1∩
ν=1

{x ∈ Rn | εjνfjν (x) ≥ 0}.

If B(0 � J) tends to 0, the domain DJ⟨εJ ⟩ degenerates to the one point. Accordingly,
our aim in this section is to discuss the explicit asymptotic behavior of the integral∫
DJ ⟨εJ ⟩ Φ(x)ϖn as B(0 � J) → 0.

Hereafter, for simplicity we consider the case J = Nn+1 only. However the remain-
ing general cases of |J | = n + 1 can be straightforwardly obtained from it . By the
assumption (1.3) we have

B(0 � Nn+1)(−1)n ̸= 0.

Further we assume that B(0�Nn+1) is approximately equal to 0. We use the following
symbol for this.

τ := B(0 � Nn+1) ≍ 0.

In this section we assume that the points O1, . . . , On+1 ∈ Rn make an n-simplex, so
that without loss of generality we may assume the following:

αjν = 0 (1 ≤ j ≤ n+ 1, n− j + 1 < ν ≤ n) and αj,n−j+1 > 0 (1 ≤ j ≤ n), (5.2)

i.e.,
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O1 = −α1 = −(α11, α12, . . . , α1,n−2, α1,n−1, α1n), α1n > 0,

O2 = −α2 = −(α21, α22, . . . , α2,n−2, α2,n−1, 0), α2,n−1 > 0,

O3 = −α3 = −(α31, α32, . . . , α3,n−2, 0, 0), α3,n−2 > 0,

...
...

On = −αn = −(αn1, 0, . . . , 0, 0, 0), αn1 > 0,

On+1 = −αn+1 = (0, 0, . . . , 0, 0, 0).

Using the Cayley–Menger determinants, the latter assumption of (5.2) is rewritten as

n−j+1∏
k=1

αn+1−k,k =

√
(−1)n−jB(0 j j+1 · · · n+1)

2n−j+1
> 0 (5.3)

for j = 1, 2, . . . , n. In particular, we have
n∏

j=1

αj,n+1−j =

√
(−1)n+1

B(0Nn+1)

2n
. We

also have

αj,0 − αn+1,0 = B

(
0 j n+ 1
0 � n+ 1

)
(1 ≤ j ≤ n),

n+1−k∑
ν=1

αjναkν =
1

2
B

(
0 j n+ 1
0 k n+ 1

)
(1 ≤ k ≤ n).

If τ = B(0 � Nn+1) tends to 0, then the closed domain

DNn+1⟨εNn+1⟩ =
n+1∩
j=1

{x ∈ Rn | εjfj(x) ≥ 0}

shrinks to the one point set {P}, which satisfies

f1(P ) = f2(P ) = · · · = fn+1(P ) = 0, (5.4)

i.e., P ∈
∩n+1

j=1 ℜSj when τ = B(0�Nn+1) = 0. The point P satisfying (5.4) is written

in terms of the coordinates ξν = xν(P ) as

ξ1 = −
B

(
0 � n+ 1
0 n n+ 1

)

2ρnn+1
,

and

ξν = (−1)ν
B

(
0 � n+ 2− ν · · · n+ 1
0 n+ 1− ν n+ 2− ν · · · n+ 1

)

√
−2B(0 n+1−ν n+2−ν · · · n+1)B(0 n+2−ν · · · n+1)

for 2 ≤ ν ≤ n. In particular, ξn is also written as

ξn = ±
√
(−1)n+1B(0 � ∂1Nn+1)√
(−1)n2B(0 ∂1Nn+1)

(5.5)

from the Jacobi identity in view of τ = B(0 � Nn+1) = 0. The point P is uniquely
determined by the sequence of signs εNn+1 = {ε1, . . . , εn+1}. In the sequel this P will
be denoted by P ⟨εNn+1⟩ = P ⟨ε1, . . . , εn+1⟩.
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When τ = B(0 � Nn+1) is sufficiently small, the domain DNn+1⟨εNn+1⟩ is approxi-
mated by n-simplex △P1P2 . . . Pn+1, where each vertex Pj satisfies the simultaneous
equations

fk(x) = 0 (k ∈ Nn+1, k ̸= j). (5.6)

(We remark that for each j ∈ Nn+1 two distinct points are determined as solutions to
the simultaneous equations (5.6). The point Pj is automatically determined as one
of two solutions that converges to P ⟨εNn+1⟩ as τ = B(0 � Nn+1) → 0.) Thus the
domain DNn+1

⟨εNn+1
⟩ is regarded as a spherically faced n-simplex with n+1 vertices

P1, P2, . . . , Pn+1. In this sense we also use the same symbol △P1P2 . . . Pn+1 instead
of DNn+1

⟨εNn+1
⟩ and call it the pseudo n-simplex with vertices P1, P2, . . . , Pn+1.

The regularization of the pseudo n-simplex△P1P2 . . . Pn+1 defines in a natural way
an n-dimensional twisted cycle (denoted by z(Nn+1)) in the space X = Cn−

∪m
j=1 Sj .

The integral of Φ over the twisted n-cycle z(Nn+1) can be defined by the pairing

In,m(Nn+1) := I⟨ϖn, z(Nn+1)⟩ =
∫

△P1P2...Pn+1

Φ(x)ϖn. (5.7)
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Lemma 5.1. For τ = B(0 �Nn+1) ≍ 0 the asymptotic behavior of fk(Pj) is given as
follows:

εjfj(Pj)

= εj
B(0 � Nn+1)

2B

(
0 � ∂jNn+1

0 j ∂jNn+1

) (1 +O(|τ |)) = (−1)nB(0 � Nn+1)

2
√
B(0 Nn+1)B(0 � ∂jNn+1)

(1 +O(|τ |))

(j ∈ Nn+1), (5.8)

fk(Pj) =
B(0 � kNn+1)

B

(
0 � Nn+1

0 k Nn+1

) +O(|τ |) = −
B

(
0 k Nn+1

0 � Nn+1

)

B(0 Nn+1)
+O(|τ |)

(k /∈ Nn+1). (5.9)

There exist the unique εk (k ∈ Nm) such that

εjfj(Pj) > 0 (j ∈ Nn+1) and εkfk(Pj) > 0 (k /∈ Nn+1),

and that εkfk(x) are all positive inside △P1P2 . . . Pn+1.

Remark. εj (j ∈ Nn+1) coincides with the sign of
B(0 � Nn+1)

2B

(
0 � ∂jNn+1

0 j ∂jNn+1

) .

Proof. We may assume that j = 1 without loss of generality. Owing to (2.1) in
Lemma 2.1, we have the relation

B(0 ∂1Nn+1)f
2
1 − 2uf1 + v = 0, (5.10)

where u and v are functions of f2, . . . , fn+1 given by

u :=

n+1∑
j=2

B

(
0 1 ∂1∂jNn+1

0 j ∂1∂jNn+1

)
fj −B

(
0 � ∂1Nn+1

0 1 ∂1Nn+1

)
,

v := −2
∑

2≤j<k≤n+1

B

(
0 j ∂j∂kNn+1

0 k ∂j∂kNn+1

)
fjfk

+ 2
n+1∑
j=2

B

(
0 1 j ∂1∂jNn+1

0 1 � ∂1∂jNn+1

)
fj −B(0 � Nn+1).

Solving equation (5.10) with respect to f1 we see that f1 can be expressed as the
function of f2, . . . , fn+1 given by

B(0 ∂1Nn+1)f1 = u− u

√
1− B(0 ∂1Nn+1) v

u2

such that f1 vanishes if f2 = · · · = fn+1 = B(0 � Nn+1) = 0. Since we have

u
��
f2=···=fn+1=0

= −B

(
0 � ∂1Nn+1

0 1 ∂1Nn+1

)
, v

��
f2=···=fn+1=0

= −B(0 � Nn+1) = −τ,

we therefore obtain

f1(P1) = f1

���
f2=···=fn+1=0

=
u

B(0 ∂1Nn+1)

(
1−

√
1− B(0 ∂1Nn+1)v

u2

)�����
f2=···=fn+1=0
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=
1

2

v

u
(1 +O(|v|))

���
f2=···=fn+1=0

=
1

2

B(0 � Nn+1)

B

(
0 � ∂1Nn+1

0 1 ∂1Nn+1

) (1 +O(|τ |)).

(5.11)
Since we have

B(0 Nn+1)B(0 � ∂1Nn+1)−
{
B

(
0 � ∂1Nn+1

0 1 ∂1Nn+1

)}2

= B(0 ∂1Nn+1)B(0 � Nn+1)

from (2.8) in Lemma 2.5 for J = Nn+1, (5.11) coincides with (5.8) for j = 1.
On the other hand, since fj(P1) = 0 (2 ≤ j ≤ n+ 1), (2.7) in Lemma 2.4 shows

B(0 � k Nn+1)−B

(
0 � k ∂1Nn+1

0 1 k ∂1Nn+1

)
f1(P1)−B

(
0 � Nn+1

0 k Nn+1

)
fk(P1) = 0

(5.12)
for k /∈ Nn+1. From (5.11) we have f1(P1) = O(|τ |) when τ → 0. Hence, (5.12)
indicates

fk(P1) =
B(0 � k Nn+1)

B

(
0 � Nn+1

0 k Nn+1

) +O(|τ |) = −
B

(
0 � Nn+1

0 k Nn+1

)

B(0 Nn+1)
+O(|τ |), (5.13)

for k /∈ Nn+1. The second equal sign of (5.13) is due to (2.9) in Lemma 2.5 for
J = Nn+1. Therefore (5.13) means (5.9) for j = 1. □

We now state one of our main theorems.

Theorem 5.2. Under the conditions (1.2), (1.3) and (5.1) for n + 1 ≤ m, let
I ′n,m(Nn+1) be the integral specified by

I ′n,m(Nn+1) :=

∫

△P1P2...Pn+1

m∏
j=1

{εjfj(x)}λjϖn. (5.14)

Then the integral In,m(Nn+1) given by (5.7) is written as

In,m(Nn+1) = (
m∏
j=1

ε
−λj

j )I ′n,m(Nn+1).

If τ = B(0 � Nn+1) tends to 0, the pseudo n-simplex △P1P2 . . . Pn+1 shrinks to the
point P = P ⟨ε1, . . . , εn+1⟩, and the following asymptotic formula holds true:

I ′n,m(Nn+1) =

∏n+1
j=1 Γ(λj + 1)

Γ(
∑n+1

j=1 λj + n+ 1)

n+1∏
j=1

{
εjfj(Pj)

}λj
( m∏

k=n+2

{εkfk(P )}λk +O(|τ |)
)

× (−1)n{B(0 � Nn+1)}n√
(−1)n+123n{B(0 Nn+1)}n

∏n+1
j=1 B(0 � ∂jNn+1)

(1 +O(|τ |)) (5.15)

as τ → 0, where εjfj(Pj) and fk(P ) (P = P ⟨ε1, . . . , εn+1⟩) are given by

εjfj(Pj) = εj
B(0 � Nn+1)

2B

(
0 � ∂jNn+1

0 j ∂jNn+1

) (1 +O(|τ |))

=
(−1)nB(0 � Nn+1)

2
√
B(0 Nn+1)B(0 � ∂jNn+1)

(1 +O(|τ |)) > 0 (1 ≤ j ≤ n+ 1)
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and

fk(P ) = −
B

(
0 k Nn+1

0 � Nn+1

)

B(0 Nn+1)
=

B(0 � k Nn+1)

B

(
0 k Nn+1

0 � Nn+1

) ̸= 0 such that εkfk(P ) > 0

(n+ 2 ≤ k ≤ m).

Before proving Theorem 5.2, we will show two lemmas. From now on we assume
that |τ | is sufficiently small. i.e., τ ≍ 0. Then f1 can be expanded as a power series
in f2, f3, . . . , fn+1 for small |fj | (2 ≤ j ≤ n+ 1), i.e.,

ε1f1 = c0 −
n+1∑
j=2

cjεjfj + higher order (5.16)

such that cj are all positive. For the coefficients cj we have the following.

Lemma 5.3. When τ = B(0 � Nn+1) → 0, c0 converges to 0 and every cj (2 ≤ j ≤
n+ 1) converges to a non-zero definite value. More precisely

c0 = ε1f1(P1) = ε1
B(0 � Nn+1)

2B

(
0 1 ∂1Nn+1

0 � ∂1Nn+1

) (1 +O(|τ |))

=
(−1)nB(0 � Nn+1)

2
√
B(0Nn+1)B(0 � ∂1Nn+1)

(1 +O(|τ |)), (5.17)

cj =
ε1f1(P1)

εjfj(Pj)
= (−1)j−1

B

(
0 � ∂jNn+1

0 � ∂1Nn+1

)

B(0 � ∂1∂jNn+1)
(1 +O(|τ |))

=

√
B(0 � ∂jNn+1)

B(0 � ∂1Nn+1)
(1 +O(|τ |)) (2 ≤ j ≤ n+ 1). (5.18)

Proof. (5.17) and (5.18) are immediately obtained from (5.16) applying the explicit
form (5.8) of εjfj(Pj) (j ∈ Nn+1) in Lemma 5.1. □

Take the new coordinates

tj = εj+1
cj+1

c0
fj+1 > 0 (1 ≤ j ≤ n) (5.19)

in a neighborhood of P1. Then ε1f1 can be rewritten as

ε1f1 = c0

(
1− t1 − · · · − tn + c0g(t1, . . . , tn)

)
, (5.20)

where g is a power series in t1, t2, . . . , tn of higher degree and their coefficients are all
bounded for τ → 0, i.e.,

ε1f1 = c0

(
1− t1 − · · · − tn +O(|τ |)

)
.

Lemma 5.4. Assume that τ = B(0 � Nn+1) = 0. Then

∂(f2, . . . , fn+1)

∂(x1, . . . , xn)

����
P

= ±
√

(−1)n+12nB(0 � ∂1Nn+1), (5.21)

where P = P ⟨ε1, . . . , εn+1⟩.
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Proof. By definition we have

∂(f2, . . . , fn+1)

∂(x1, . . . , xn)

����
P

= det
(∂fj+1

∂xk

)n
j,k=1

����
P

= det
(
2(xk + αj+1,k)

)n
j,k=1

����
P

= 2n det(x+ α2, . . . , x+ αn+1)
��
P
= 2n det(α2, . . . , αn, x)

��
P

(αn+1 = 0 by (5.2))

= 2n(−1)
(n−1)(n−2)

2 xn(P )

n∏
j=2

αj,n+1−j . (by assumption (5.2))

Since we have
∏n

j=2 αj,n+1−j =
√
(−1)nB(0 ∂1Nn+1)/2n−1 by (5.3) and the explicit

form of xn(P ) = ξn is given by (5.5), we obtain

∂(f2, . . . , fn+1)

∂(x1, . . . , xn)

����
P

= ±2n
√
(−1)n+1B(0 � ∂1Nn+1)√
(−1)n2B(0 ∂1Nn+1)

√
(−1)nB(0 ∂1Nn+1)

2n−1
,

which coincides with (5.21). □
Proof of Theorem 5.2. According to Lemmas 5.3 and 5.4, we have

∂(x1, x2, . . . , xn)

∂(t1, t2, . . . , tn)

����
P

=
∂(ε2f2, . . . , εn+1fn+1)

∂(t1, t2, . . . , tn)

/
∂(ε2f2, . . . , εn+1fn+1)

∂(x1, x2, . . . , xn)

����
P

=
c0
c2

c0
c3

· · · c0
cn+1

/
∂(ε2f2, . . . , εn+1fn+1)

∂(x1, x2, . . . , xn)

����
P

=

( n+1∏
j=2

(−1)nB(0 � Nn+1)

2
√

B(0 Nn+1)B(0 � ∂jNn+1)

)
1√

(−1)n+12nB(0 � ∂1Nn+1)

=
(−1)n{B(0 � Nn+1}n√

(−1)n+123n{B(0 Nn+1)}n
∏n+1

j=1 B(0 � ∂jNn+1)
. (5.22)

Hence by change of integration variables from x = (x1, x2, . . . , xn) to t = (t1, t2, . . . , tn)
satisfying (5.19) and (5.20), the integral (5.14) is written as

I ′n,m(Nn+1) =

∫
tj≥0 (1≤j≤n),

1−
∑n

k=1 tk+c0g(t)≥0

(
1−

n∑
k=1

tk + c0g(t)
)λ1

n∏
j=1

t
λj+1

j

×
n∏

j=1

( c0
cj+1

)λj+1
m∏

k=n+2

{εkfk(x)}λk

����
∂(x1, . . . , xn)

∂(t1, . . . , tn)

���� dt1 ∧ · · · ∧ dtn.

If τ = B(0 � Nn+1) → 0, then c0 tends to 0. In a neighborhood of the n-simplex △0

defined as

△0 : tj ≥ 0 (1 ≤ j ≤ n) and 1−
n∑

j=1

tj ≥ 0,

the locus S1 defined by 1 −
∑n

j=1 tj + c0g(t) = 0 tends to the hyperplane H1 :

1−
∑n

j=1 tj = 0. Hence there exists a twisted n-cycle zNn+1 detoured around S1 and

H1 invariant under the isotopic variation τ = B(0 � Nn+1) → 0. It regularizes the
n-simplex △P1 . . . Pn, including “finite part of divergent integral” for ℜλj ≤ −1 (see
[2, Section 3.2] for regularization of integrals):
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I ′n,m(Nn+1) = f.p.I ′n,m(Nn+1)

=

∫

zNn+1

(1−
n∑

j=1

tj)
λ1

(
1−

∑n
k=1 tk + c0g(t)

1−
∑n

j=1 tj

)λ1 n∏
j=1

t
λj+1

j

×
n∏

j=1

( c0
cj+1

)λj+1
m∏

k=n+2

{εkfk(x)}λk

����
∂(x1, . . . , xn)

∂(t1, . . . , tn)

���� dt1 ∧ · · · ∧ dtn. (5.23)

Since on zNn+1 there exists a positive constant C independent of τ such that |1 −∑n
j=1 tj | ≥ C, one can estimate (5.23) when τ = B(0 � Nn+1) ≍ 0 as follows:

f.p.I ′n,m(Nn+1)

≡
∫

zNn+1

(1−
n∑

j=1

tj)
λ1

n∏
j=1

t
λj+1

j dt1 ∧ · · · ∧ dtn

× cλ1
0

n∏
j=1

( c0
cj+1

)λj+1
( m∏

k=n+2

{εkfk(P )}λk +O(|τ |)
)����

∂(x1, x2, . . . , xn)

∂(t1, t2, . . . , tn)

����
t1=···=tn=0

× (1 +O(|τ |))

≡
∫

△0

(1−
n∑

j=1

tj)
λ1

n∏
j=1

t
λj+1

j dt1 ∧ · · · ∧ dtn

× cλ1
0

n∏
j=1

( c0
cj+1

)λj+1
( m∏

k=n+2

{εkfk(P )}λk +O(|τ |)
)����

∂(x1, x2, . . . , xn)

∂(t1, t2, . . . , tn)

����
P

× (1 +O(|τ |))

=

∏n+1
j=1 Γ(λj + 1)

Γ(
∑n+1

j=1 λj + n+ 1)
cλ1
0

n∏
j=1

( c0
cj+1

)λj+1
( m∏

k=n+2

{εkfk(P )}λk +O(|τ |)
)

×
����
∂(x1, x2, . . . , xn)

∂(t1, t2, . . . , tn)

����
P

(1 +O(|τ |)),

which coincides with the right-hand side of (5.15) using (5.17), (5.18) in Lemmas 5.3
and (5.22). Theorem 5.2 has thus been proved. □
Remark on Theorem 5.2. Theorem 5.2 is intimately related to the monodromy
formula concerning the integral over DJ⟨εJ⟩ (J = {j1, . . . , jn+1}) around the point
where τ = B(0 � J) vanishes in the space of parameters. This formula has been
presented in [1]. Here we explain it roughly.

Without loss of generality we may assume J = Nn+1 as well. Consider a special
isotopic deformation V (θ) of

∪
1≤k≤m Sk depending on the parameter θ (0 ≤ θ ≤ 2π)

in the following way. The center O1 = −α1 of S1 only varies, while it leaves fixed
the radius r1 of S1 and all the other hyperspheres Sk (2 ≤ k ≤ m) such that τ =
B(0�Nn+1) turns counter-clockwise around the origin in a neighborhood of the origin
in the complex plane C:

V (θ) :

{
B(0 � Nn+1) → B̃(0 � Nn+1) = B(0 � Nn+1)e

√
−1θ (0 ≤ θ ≤ π)

−B(0 � Nn+1) → B̃(0 � Nn+1) = B(0 � Nn+1)e
√
−1θ (π ≤ θ ≤ 2π)

,
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where the symbol f̃1 means that f1 is replaced with the transformed f̃1 by V (θ). We
put Xν = εν+1fν+1 (0 ≤ ν ≤ n) and denote the domains DNn+1⟨ε′0, ε′1, . . . , ε′n⟩ by

△X
ε′0
0 X

ε′1
1 · · ·Xε′n

n . According to F. Pham’s generalized Picard–Lefschetz formula (see
[1, Propositions 6 and 7]), we have

V (π) :




△X−
0 X−

1 . . . X−
n → (−1)ne2π

√
−1λ1 △X̃+

0 X+
1 . . . X+

n

△X
ε′0
0 X

ε′1
1 . . . X

ε′n
n → △X

ε′0
0 X

ε′1
1 . . . X

ε′n
n

− ε′0ε
′
1 · · · ε′n eπ

√
−1(1−ε′0)λ1△X̃+

0 X+
1 . . . X+

n

,

where the case ε′ν (0 ≤ ν ≤ n) being all negative is excluded. In the same way, we
have

V (2π) :




△X̃+
0 X+

1 . . . X+
n → (−1)ne2π

√
−1(λ2+···+λn+1)△X−

0 X−
1 . . . X−

n

△X̃
ε′0
0 X

ε′1
1 . . . X

ε′n
n →

△X
ε′0
0 X

ε′1
1 . . . X

ε′n
n

+(−1)nε′0ε
′
1 · · · ε′n e

π
√
−1

n∑
ν=2

(ε′ν+1)λν+1

△X−
0 X−

1 . . . X−
n

,

where the case ε′ν (0 ≤ ν ≤ n) being all positive is excluded.

6. Asymptotic behavior of integral for vanishing of B(0 � J) under
J ⊂ Nn+1 and 1 ≤ |J | ≤ n

In this section we consider the case when J is a proper subset of Nn+1. Without
loss of generality we may assume that J := Np = {1, 2, . . . , p}, where p is fixed as
1 ≤ p ≤ n.

In addition to the genericity conditions (1.2) and (1.3) we impose the following:

B(0 � K)(−1)|K|−1 > 0 (K ⊂ Nm, 1 ≤ |K| ≤ n+ 1)

unless Np ⫋ K. Further we assume that B(0 � Np) is approximately equal to 0:

τ := B(0 � Np) ≍ 0.

In this section we may assume the following for O1, . . . , Op ∈ Rn:

αjν = 0 (1 ≤ j ≤ p, p− j + 1 ≤ ν ≤ n) and αj,p−j > 0 (1 ≤ j ≤ p− 1), (6.1)

i.e.,

O1 = −α1 = −(α11, α12, . . . , α1,p−3, α1,p−2, α1,p−1, 0, . . . , 0), α1,p−1 > 0,

O2 = −α2 = −(α21, α22, . . . , α2,p−3, α2,p−2, 0, 0, . . . , 0), α2,p−2 > 0,

O3 = −α3 = −(α31, α32, . . . , α3,p−3, 0, 0, 0, . . . , 0), α3,p−3 > 0,

...
...

Op−1 = −αp−1 = −(αp−1,1, 0, . . . , 0, 0, 0, 0, . . . , 0), αp−1,1 > 0,

Op = −αp = (0, 0, . . . , 0, 0, 0, 0, . . . , 0),

so that

fj(x) = |x|2 +
p−j∑
ν=1

2αjνxν + αj0 (1 ≤ j ≤ p). (6.2)
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Using the Cayley–Menger determinants, the latter assumption of (6.1) is rewritten as

p−j∏
k=1

αp−k,k =

√
(−1)p−j−1B(0 j j+1 · · · p)

2p−j
> 0 (6.3)

for j = 1, 2, . . . , p− 1. In particular, we have

p−1∏
k=1

αk,p−k =

√
(−1)p

B(0Np)

2p−1
. We also

have

αj,0 − αp,0 = B

(
0 j p
0 � p

)
(1 ≤ j ≤ p− 1),

p−k∑
ν=1

αjναkν =
1

2
B

(
0 j p
0 k p

)
(1 ≤ k ≤ p− 1).

For each set of indices K = {k1, . . . , kp} ⊂ Nm satisfying |K| = p and a system of
p signs εK := {εk1 , . . . , εkp}, where εk ∈ {−1, 1} for k ∈ K, let DK⟨εK⟩ be closed
domain specified by

DK⟨εK⟩ = DK⟨εk1 , . . . , εkp⟩ :=
p∩

ν=1

{x ∈ Rn | εkνfkν (x) ≥ 0}. (6.4)

There exist uniquely the signs εNp = {ε1, . . . , εp} such that DNp⟨εNp⟩ is non-empty.
The intersection

∩
1≤j≤p ℜSj is an n− p dimensional sphere with the radius

rNp =

√
−B(0 � Np)

2B(0Np)
(6.5)

and with the center M(ξ1, . . . , ξp−1, 0, . . . , 0), which is given by

ξ1 = −
B

(
0 � p
0 p− 1 p

)

2ρp−1 p
(6.6)

ξν =

(−1)νB

(
0 � p− ν + 1 · · · p
0 p− ν p− ν + 1 · · · p

)

√
−2B(0 p−ν p−ν+1 · · · p)B(0 p−ν+1 · · · p)

(2 ≤ ν ≤ p− 1). (6.7)

Let Lp be the p− 1 dimensional subspace specified by

Lp : xp = xp+1 = · · · = xn = 0.

Then we have the following:

Lemma 6.1. If τ = B(0 �Np) tends to 0, then rNp tends to 0 and DNp⟨εNp⟩ shrinks
to the unique point {P}, where P = (ξ1, . . . , ξp−1, 0, . . . , 0) in Lp satisfies

fj(P ) = 0 (1 ≤ j ≤ p) (6.8)

under τ = B(0 � Np) = 0, and ξ1, . . . , ξp−1 are explicitly given by (6.6) and (6.7).

When τ = B(0 � Np) is sufficiently small, the cross section of DNp⟨εNp⟩ by Lp is
approximated by (p − 1)-simplex △P1P2 . . . Pp, where each vertex Pj ∈ Lp satisfies
the simultaneous equations

fk(x) = 0 (k ∈ Np, k ̸= j) (6.9)
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restricted on Lp. For each j ∈ Np two distinct points in Lp are determined as solutions
to the simultaneous equations (6.9). The point Pj ∈ Lp is automatically selected as
one of two solutions that converges to P ∈ Lp given by (6.8) as τ = B(0 � Np) → 0.
Thus the cross section DNp⟨εNp� ∩ Lp is regarded as a nonempty spherical pseudo
(p− 1)-simplex with the p vertices P1, P2, . . . , Pp. In this sense we also use the same
symbol △P1P2 . . . Pp instead of DNp⟨εNp� ∩ Lp, so that

DNp⟨εNp� ∩ Lp = △P1P2 . . . Pp,

which we call the pseudo (p− 1)-simplex with vertices P1, P2, . . . , Pp.

The following lemma is similar to Lemma 5.1.

Lemma 6.2. Suppose that τ = B(0 � Np) ≍ 0. Then

εjfj(Pj) = εj
B(0 � Np)

2B

(
0 � ∂jNp

0 j ∂jNp

) (1 +O(|τ |))

=
(−1)p−1B(0 � Np)

2
√
B(0 Np)B(0 � ∂jNp)

(1 +O(|τ |)) (j ∈ Np),

fk(Pj) = −
B

(
0 � ∂jNp

0 k ∂jNp

)

B(0 ∂jNp)
+O(|τ |)

=
B(0 � kNp)

B

(
0 � Np

0 k Np

) +O(|τ |) (j ∈ Np and k /∈ Np). (6.10)

Remark. The expression in the right-hand side of (6.10) does not depend on Pj .

Lemma 6.3. Suppose that τ = B(0 � Np) = 0. Then

fk(P ) =
B(0 � k Np)

B

(
0 k Np

0 � Np

) = −
B

(
0 k Np

0 � Np

)

B(0 Np)
̸= 0 (p+ 1 ≤ k ≤ m),

due to the Jacobi identity (2.9) for J = Np. There exist the unique signs εk (k ∈ Nm)
such that

εjfj(Pj) > 0 (j ∈ Np)

and

εkfk(P ) > 0, εkfk(Pj) > 0 (j ∈ Np and k /∈ Np).

Then εkfk(x) are all positive inside △P1P2 . . . Pp.

For an arbitrary n dimensional vector x(p) := (0, . . . , 0, xp, . . . , xn) satisfying 0 ≤
|x(p)| ≤ rNp

, where |x(p)| =
√
x2
p + · · ·+ x2

n, we denote by Lp+x(p) the affine subspace

parallel to Lp with displacement x(p). When we set

BNp :=
{
x(p)

�� 0 ≤ |x(p)| ≤ rNp

}
,

－ 26 － － 27 －



for the vector x(p) ∈ BNp the cross section of DNp⟨εNp⟩ by Lp+x(p) defines the family

of nonempty pseudo (p− 1)-simplices △P1 . . . Pp(x
(p)), which are given by

△P1 . . . Pp(x
(p)) := DNp⟨εNp⟩ ∩ (Lp + x(p)) = DNp⟨εNp⟩ ∩ ι−1(x(p)),

where ι is the natural projection defined by

ι : Rn → Rn−p+1; x = (x1, . . . , xn) �→ x(p) = (xp, . . . , xn). (6.11)

For x(p) ∈ BNp one sees that △P1 . . . Pp(x
(p)) is a pseudo (p − 1)-simplex with the

p vertices P1(x
(p)), . . . , Pp(x

(p)), where each vertex Pj(x
(p)) ∈ Lp + x(p) satisfies the

simultaneous equations (6.9) restricted on Lp + x(p). For each j ∈ Np the point

Pj(x
(p)) ∈ Lp + x(p) is automatically determined as one of two solutions of (6.9) on

Lp + x(p) that continuously converges to Pj ∈ Lp as |x(p)| → 0.
The n-dimensional domain DNp⟨εNp⟩ defined by (6.4) coincides with the disjoint

union of the pseudo (p− 1)-simplices △P1 . . . Pp(x
(p)), i.e.,

DNp⟨εNp⟩ =
⊔

x(p)∈BNp

△P1 . . . Pp(x
(p)). (6.12)

Since the natural projection ι defined by (6.11) induces the fibration ι:DNp⟨εNp⟩→BNp

with the fibre ι−1(x(p)) = △P1 . . . Pp(x
(p)) above x(p) ∈ BNp , (6.12) indicates that

the domain DNp⟨εNp⟩ is regarded as a fibre space.

For an arbitrary h ≥ 0 let fj(x1, . . . , xp−1;h) (1 ≤ j ≤ m) be functions on Lp ≃
Rp−1 specified by

fj(x1, . . . , xp−1;h) := fj(x1, . . . , xp−1, 0, . . . , 0) + h2.

In particular, from (6.2), for x(p) ∈ BNp the functions fj(x1, . . . , xp−1; |x(p)|) coincide
with fj(x) if 1 ≤ j ≤ p, i.e., we have

fj(x1, . . . , xp−1; |x(p)|) = fj(x1, . . . , xp−1, 0, . . . , 0) + |x(p)|2 = fj(x) (6.13)

for 1 ≤ j ≤ p. We remark that the n-dimensional domain DNp⟨εNp⟩ is also described
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by the equations

εjfj(x1, . . . , xp−1; |x(p)|) ≥ 0 (1 ≤ j ≤ p).

B(0 � Np) corresponding to the defining equations

fj(x1, . . . , xp−1;h) = 0 (1 ≤ j ≤ p)

on Lp is denoted by B(0 � Np;h). This is obtained from the original B(0 � Np) by
replacing r2j with r2j − h2 (1 ≤ j ≤ p), i.e.,

B(0 � Np;h) := B(0 � Np)
���
r2j → r2j−h2

(1≤j≤p)

.

For j ∈ Np we also define B(0 � ∂jNp;h) := B(0 � ∂jNp)
���
r2j → r2j−h2

(1≤j≤p)

.

Then by direct calculation we have the following.

Lemma 6.4. One has the equalities

B(0 � Np;h) = B(0 � Np) + 2h2B(0Np), (6.14)

B(0 � ∂jNp;h) = B(0 � ∂jNp) + 2h2B(0 ∂jNp) (j ∈ Np).

Here we define the pseudo (p − 1)-simplex with the p vertices P1(h), . . . , Pp(h) in
Lp as

△P1 . . . Pp(h) := {(x1, . . . , xp−1) ∈ Lp | εjfj(x1, . . . , xp−1;h) ≥ 0 (1 ≤ j ≤ p)},

which is nonempty if 0 ≤ h ≤ rNp . For x
(p) ∈ BNp if |x(p)| = h, then we have

△P1 . . . Pp(x
(p)) ≃ △P1 . . . Pp(h) ⊂ Lp.

△P1 . . . Pp(h) and B(0 � Np;h) will be used later in the proof of Theorem 6.5.

We now state our main theorem of this section.

Theorem 6.5. Suppose 1 ≤ p ≤ n+ 1. Let

In,m(Np) :=

∫

DNp ⟨εNp ⟩

m∏
j=1

fj(x)
λj ϖn, I ′n,m(Np) :=

∫

DNp ⟨εNp ⟩

m∏
j=1

{εjfj(x)}λj ϖn.

(6.15)

Then In,m(Np) = (
∏m

j=1 ε
−λj

j )I ′n,m(Np). If τ = B(0�Np) tends to 0, the n-dimensional

domain DNp⟨εNp⟩ shrinks to the point P given as (6.8), and the following asymptotic
formula holds true:

I ′n,m(Np) =
π

n−p+1
2

∏p
j=1 Γ(λj + 1)

Γ(
∑p

j=1 λj +
n+p+1

2 )

p∏
j=1

{εjfj(Pj)}λj

( m∏
k=p+1

{εkfk(P )}λk +O(|τ |)
)

×
√

{(−1)p−1B(0 � Np)}n+p−1

2n+2(p−1){(−1)pB(0Np)}n
∏p

j=1{(−1)pB(0 � ∂jNp)}
(1 +O(|τ |)),

as τ → 0, where εjfj(Pj) and fk(P ) are given by
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εjfj(Pj)

= εj
B(0 � Np)

2B

(
0 � ∂jNp

0 j ∂jNp

) (1 +O(|τ |)) = (−1)p−1B(0 � Np)

2
√

B(0 Np)B(0 � ∂jNp)
(1 +O(|τ |)) > 0

(1 ≤ j ≤ p),

fk(P ) =
B(0 � k Np)

B

(
0 k Np

0 � Np

) = −
B

(
0 k Np

0 � Np

)

B(0 Np)
≠ 0 such that εkfk(P ) > 0

(p+ 1 ≤ k ≤ m).

Proof. Since Theorem 6.5 for p = n + 1 is equivalent to Theorem 5.2, which was
already proven, we assume 1 ≤ p ≤ n below. Since the coefficients of the functions
fj(x) (p + 1 ≤ j ≤ m) are all independent of τ = B(0 � Np), under the genericity
conditions the functions fj(x) (p + 1 ≤ j ≤ m) are continuous on the neighborhood
of x = P . In particular we have

m∏
k=p+1

{εkfk(x)}λk =

m∏
k=p+1

{εkfk(P )}λk +O(|τ |) (τ → 0), (6.16)

where fk(P ) = fk(ξ1, . . . , ξp−1, 0, . . . , 0) and ξ1, . . . , ξp are explicitly given as (6.6)–
(6.7). On the other hand, by definition (6.13) shows

fj(x) = fj(x1, . . . , xp−1; |x(p)|) for 1 ≤ j ≤ p. (6.17)

From (6.16) and (6.17) the integral (6.15) is then expressed as

I ′n,m(Np) =

∫

DNp⟨εNp ⟩

p∏
j=1

{εjfj(x1, . . . , xp−1; |x(p)|)}λj

( m∏
k=p+1

{εkfk(P )}λk+O(|τ |)
)
ϖn.

According to Fubini’s theorem, (6.12) reads

I ′n,m(Np) =
∫

BNp

dx(p)

∫

△P1...Pp(x
(p))

ϖp−1

p∏
j=1

{εjfj(x1, . . . , xp−1; |x(p)|)}λj

( m∏
k=p+1

{εkfk(P )}λk +O(|τ |)
)
,

where dx(p) := dxp ∧ · · · ∧ dxn and ϖp−1 := dx1 ∧ · · · ∧ dxp−1. For this expres-

sion of I ′n,m(Np), we apply the change of integration variables by x(p) = hη =
h(0, . . . , 0, η1, . . . , ηn−p+1), where h ≥ 0 and |η| = 1, i.e.,

xp−1+j = hηj (1 ≤ j ≤ n−p+1), where h ≥ 0 and |η| =
√
η21 + · · ·+ η2n−p+1 = 1.

Then we have

dx(p) = dxp ∧ · · · ∧ dxn = hn−pdh ∧ dωn−p,

where dωn−p denotes the volume form of the n− p dimensional unit sphere Un−p :=
{η = (η1, . . . , ηn−p+1) | |η| = 1}, which is explicitly given as

dωn−p =

n−p+1∑
j=1

(−1)j−1ηjdη1 ∧ · · · ∧ dηj−1 ∧ dηj+1 ∧ · · · ∧ dηn−p+1.
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In particular, the volume of the unit sphere Un−p is known to be
∫

Un−p

dωn−p =
2π

n−p+1
2

Γ(n−p+1
2 )

.

We also have |x(p)| = |hη| = h and BNp = [0, rNp ]× Un−p. Since the functions

fj(x1, . . . , xp−1; |x(p)|) = fj(x1, . . . , xp−1;h) (1 ≤ j ≤ m)

are all independent of η ∈ Un−p, we therefore obtain

I ′n,m(Np) =

∫

[0,rNp ]

dhhn−p

∫

Un−p

dωn−p

∫

△P1...Pp(h)

ϖp−1

p∏
j=1

{εjfj(x1, . . . , xp−1;h)}λj

×
( m∏

k=p+1

{εkfk(P )}λk +O(|τ |)
)

=

∫

Un−p

dωn−p ×
∫ rNp

0

dhhn−p

∫

△P1...Pp(h)

ϖp−1

p∏
j=1

{εjfj(x1, . . . , xp−1;h)}λj

×
( m∏

k=p+1

{εkfk(P )}λk +O(|τ |)
)

=
2π

n−p+1
2

Γ(n−p+1
2 )

∫ rNp

0

dhhn−p

∫

△P1...Pp(h)

ϖp−1

p∏
j=1

{εjfj(x1, . . . , xp−1;h)}λj

×
( m∏

k=p+1

{εkfk(P )}λk +O(|τ |)
)
. (6.18)

Since we have h2 =
B(0 � Np;h)−B(0 � Np)

2B(0Np)
=

B(0 � ∂jNp;h)−B(0 � ∂jNp)

2B(0 ∂jNp)
due to

Lemma 6.4, using 0 ≤ h2 ≤ r2Np
= −B(0 � Np)/2B(0Np) we obtain

0 ≤ −B(0 � Np;h)

B(0Np)
≤ −B(0 � Np)

B(0Np)

and

0 ≤ B(0 � ∂jNp;h)−B(0 � ∂jNp)

B(0 ∂jNp)
≤ −B(0 � Np)

B(0Np)
,

so that

|B(0 � Np;h)| ≤ |τ | and |B(0 � ∂jNp;h)−B(0 � ∂jNp)| ≤
���B(0 ∂jNp)

B(0Np)

���|τ |.

In particular, τ → 0 implies B(0 � Np;h) → 0 and B(0 � ∂jNp;h) → B(0 � ∂jNp).
Then, we can apply Theorem 5.2 to the integral over the domain △P1 . . . Pp(h) in
(6.18) as follows:

∫

△P1...Pp(h)

p∏
j=1

{εjfj(x1, . . . , xp−1;h)}λj

( m∏
k=p+1

{εkfk(P )}λk +O(|τ |)
)
ϖp−1

=

∏p
j=1 Γ(λj + 1)

Γ(
∑p

j=1 λj + p)

p∏
j=1

{εjfj(Pj(h))}λj

( m∏
k=p+1

{εkfk(P )}λk +O(|τ |)
)

× (−1)p−1{B(0 � Np;h)}p−1

√
(−1)p23(p−1){B(0Np)}p−1

∏p
j=1 B(0 � ∂jNp;h)

(
1 +O(|B(0 � Np;h)|)

)
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=

∏p
j=1 Γ(λj + 1)

Γ(
∑p

j=1 λj + p)

p∏
j=1

{εjfj(Pj(h))}λj

( m∏
k=p+1

{εkfk(P )}λk +O(|τ |)
)

× (−1)p−1{B(0 � Np;h)}p−1

√
(−1)p23(p−1){B(0Np)}p−1

∏p
j=1 B(0 � ∂jNp)

(1 +O(|τ |), (6.19)

where εjfj(Pj(h)) is written as

εjfj(Pj(h)) =
(−1)p−1B(0 � Np;h)

2
√
B(0Np)B(0 � ∂jNp;h)

(
1 +O(|B(0 � Np;h)|)

)

=
(−1)p−1B(0 � Np;h)

2
√
B(0Np)B(0 � ∂jNp)

(1 +O(|τ |)). (6.20)

Applying (6.19) and (6.20) to (6.18), we have

I ′n,m(Np)

=
2π

n−p+1
2

Γ(n−p+1
2 )

∫ rNp

0

∏p
j=1 Γ(λj + 1)

Γ(
∑p

j=1 λj + p)

p∏
j=1

{
(−1)p−1B(0 � Np;h)

2
√
B(0Np)B(0 � ∂jNp)

(1 +O(|τ |))
}λj

×
( m∏

k=p+1

{εkfk(P )}λk +O(|τ |)
) (−1)p−1{B(0 � Np;h)}p−1

√
(−1)p23(p−1){B(0Np)}p−1

∏p
j=1 B(0 � ∂jNp))

× (1 +O(|τ |)) hn−pdh. (6.21)

The integral with respect to h reduces to the beta integral as follows. By change of
variable h = rNp

√
s (0 ≤ s ≤ 1), using (6.14) in Lemma 6.4 and (6.5), we have

∫ rNp

0

{(−1)p−1B(0 � Np;h)}
∑p

j=1 λj+p−1hn−pdh

=
1

2
{(−1)p−1B(0 � Np)}

∑p
j=1 λj+p−1rn−p+1

Np

∫ 1

0

s
n−p−1

2 (1− s)
∑p

j=1 λj+p−1ds

=
Γ(n−p+1

2 )Γ(
∑p

j=1 λj + p)

2 Γ(
∑p

j=1 λj +
n+p+1

2 )
rn−p+1
Np

{(−1)p−1B(0 � Np)}
∑p

j=1 λj+p−1

=
Γ(n−p+1

2 )Γ(
∑p

j=1 λj + p)

2 Γ(
∑p

j=1 λj +
n+p+1

2 )

(
−B(0 � Np)

2B(0Np)

)n−p+1
2

{(−1)p−1B(0 � Np)}
∑p

j=1 λj+p−1.

(6.22)

Applying (6.22) to (6.21), we therefore obtain

I ′n,m(Np) =
π

n−p+1
2

∏p
j=1 Γ(λj + 1)

Γ(
∑p

j=1 λj +
n+p+1

2 )

p∏
j=1

{
(−1)p−1B(0 � Np)

2
√

B(0Np)B(0 � ∂jNp)
(1 +O(|τ |))

}λj

×
√

{(−1)p−1B(0 � Np)}n+p−1

2n+2(p−1){(−1)pB(0Np)}n
∏p

j=1{(−1)pB(0 � ∂jNp)}

×
( m∏

k=p+1

{εkfk(P )}λk +O(|τ |)
)
(1 +O(|τ |)).

This completes the proof. □
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