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DEGENERATION OF HYPERGEOMETRIC INTEGRALS
ASSOCIATED WITH HYPERSPHERE ARRANGEMENT

KAZUHIKO AOMOTO AND MASAHIKO ITO

ABSTRACT. We discuss a degeneracy of n-dimensional hypergeometric integrals
associated with certain hypersphere arrangement. We investigate it in two ways
when a certain generic condition for spherical arrangement breaks down. This
situation is described using the terms of the Cayley—Menger determinants. One
of the main results is the degeneracy of the nth twisted de Rham cohomology,
which is expressed using the contiguity relation of the hypergeometric integral.
Complementary to this, the other main result is the degeneracy of the nth twisted
homology over the dual local system, which can be described using the asymptotic
behavior of the hypergeometric integral.

1. INTRODUCTION

For given ajo € R and a; = (aj1,...,aj,) € R" (j =1,2,...,m), let f; be real
quadratic polynomials in R[z] = R[z1, ..., z,] specified by
fi(@) = (z,2) + 2(oy, ) + ajo
= |z + ] = Jay[* + ajo,
where (z,y) :=>"'_, z,y, and |z|* := (2, 2) for @ = (T1,...,Tn), Y= (Y1, .-, Yn) €
R™. Let O; be the point —a; € R™, which is the center of the hypersphere RS; :=

{z € R"| fj(x) = 0}. The radius r; > 0 of RS; and the distance p;; > 0 between O;
and Oy, are given by

r? = —ajo+ |oy]* and p?k = |aj — az/?,
respectively. Here we consider the n — 1 dimensional hypersphere f;(z) = 0 in C”,
i.e., we define S; as

Sj = {x eC” | fJ(I) = O},
and define the n dimensional hypersphere arrangement A as A := J; <j<m Sj» For
A= (A1, ) € R™ let ®(x) = P(xq,...,2,) be multiplicative meromorphic
function on C" specified by

O(x) =[] fi(a).
j=1

We set X :=C" — JjL, S;. For 0 <7 < n, we denote by Q" = QT(X,*U?Ll S;) the
space of rational r-forms on X whose singularities all lie in the set U;jll S;. For the
complex
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where V : " — Q"1 is the covariant derivation given by
Vi :=dip+dlog® Ay (e,
the rth twisted de Rham cohomology H (X, Q) is defined by
HL(X,Q) :=Ker(V:Q" — Q") /Im(V: Q™! — Q).

For a rational function ¢(x) which is holomorphic on X we consider the hypergeo-
metric integral

Iy (pwon,3) == /@(x)gp(x)wn where w0, :=dx1 A - Adx,. (1.1)
3
Here ¢(z)w, € Q" is a representative in the nth twisted de Rham cohomology
H{ (X, ) and 3 is an n-twisted cycle, which is a representative in the nth twisted ho-
mology H, (X, L*) over the dual local system £* on X. The hypergeometric integral
(1.1) is identified with the pairing between HE (X, ') and H, (X, L*):
Hg(XaQ) X H’VL(Xv ‘C*) > <§0wn,3> — In,m(@wn,j)~

(See [2] for more details.)

The differential or difference equations describing the integral (1.1) can be written
using, besides the exponents A, Cayley-Menger determinants concerning the radius
r; > 0 of S; and the distance pj, > 0 between the centers O; of S; and Oy, of S. For
that purpose, we introduce the definition of Cayley—Menger determinants first.

Consider the (m + 2) x (m + 2) symmetric matrix B = (bij)i,j:O,*,l,Z...,m’ whose
entries are given by boy = 0, by, = 0, box = bo; = 1(1 < j < m), b, = 77,

0 1 1 1 1 e 1

1 0 r% 7“% 7“32) r2

1 7"% 0 P%Q P%3 T P%,m
g |1 B i 0 p o P

2 2 2
L ry p3 p3 0
2
pm—l,m
2 2 2 2
1 "m Pma1 Pm2 " Pmm-1 0

The Cayley—Menger determinants are defined as the minors of the matrix B. See [4].

Definition 1.1. Denote by p.; = pj. the radius r; for j € {1,2,...,m} or 0 for
j = . The determinant

0 1 1
2 2
(0 TN (0 i\ | e
0 K 0k ky )50 0
1 p.?pkfl p?pkp

is called the Cayley-Menger determinant, where J = {ji1,...,jp} and K = {k1,.... k,}
denote two subsets of the indices in {x,1,...,m}. We simply write B(0J) instead of
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B (8 g) For instance, we have the following expressions:

B(0j) = —1, B(0xj) = 2r7 >0, B(0jk) = 2p%, > 0,
B0xjk) = =(pjr +rj = r)(pjr =1 + 1) (=pjr + 75 + 1) (04 + 75 + 1),
B(0jkl) = —=(pjx + pji — pri)(pjk — pji + pr)(—pik + pji + pri) (Pjk + pjit + pri)-

We denote by N,, the set of indices {1,2,...,m}. In this paper we assume the
following genericity conditions. For an arbitrary non-empty subset of indices J C N,,,
we impose that

BOJ)(-)VI'>0 for 1<|J|<n+1, (1.2)
BOx )~ #£0 for 1< <n+1, (1.3)

where |J| denotes the size of J. Remark that B(0.J) vanishes if |J| > n + 2. In the
same way B(0« J) vanishes if |J| > n + 3. The conditions (1.2) and (1.3) give the
moduli space of arrangement of n dimensional real hyperspheres in general position in
C™. In Section 2 we introduce several lemmas using the Cayley—Menger determinants
for later sections.

We now return to the topic of the hypergeometric integrals (1.1). Singularity of
the integral (1.1) (Landau singularity), i.e., degeneration of analytic and topological
structure of HZ(X,Q') and H, (X, L*) occurs when one of the conditions (1.2) or
(1.3) breaks down. In this paper we shall describe the degeneration of Hg (X, ") and
H, (X, L£*) in terms of the Cayley-Menger determinants attached to the arrangement
A when the condition (1.3) is not satisfied, more explicitly when one of the principal
determinants B(0« J) for J C N,,,,1 < |J] <n+ 1 tends to 0.

We study this degeneration from two perspectives, one is an algebraic point of
view for analytic structure of Hg(X,Q) and the other is a geometric point of view
for topological structure of H,, (X, £*). One of our main results is stated as Theorem
4.4 in Section 4, which shows a degeneration of the nth twisted cohomology Hg (X, €2')
for B(Ox.J) =0(1 < |J] < n+1) by using the contiguity relations obtained in [4].
More precisely, for a fixed subset J C Ny, with 1 < |J| < n+ 1, the nth cohomology
HY (X, Q) degenerates to the quotient by its annihilator Ann; as

HE (X, ) = HE(X,Q)/Ann;  (B(0*J) = 0),

where Ann; consists of all elements in HY(X,Q) vanishing for B(0« J) = 0. In
this case Ann is to be a one dimensional C-subspace of HE (X, ') generated by just
one n-form ¢y, which is explicitly given as (4.6) in Theorem 4.4. Thus Sections 3
and 4 are devoted to stating Theorem 4.4. On the other hand, this one dimensional
degeneration is also reflected in the nth twisted homology H,, (X, £*). In other words,
H, (X, L*) also degenerates by one dimension in the limit of B(0x.J) — 0. This means
that a specific cycle of hypergeometric integrals vanishes in the limit B(0 % J) — 0.
We thus consider geometrically the situation in which a spherically faced simplex
shrinks into a single point as a cycle of hypergeometric integrals. Then we investigate
the behavior of the integral I, ,,(wn,3) over a vanishing twisted cycle 3 = 3(J) as
BOxJ)(J C Ny, 1 <|J| <n+1) tends to 0 in this isotopic deformation. (See
[4] for details of twisted cycles attached to hypersphere arrangement A.) Our other
main theorem describes explicit asymptotic behavior of the integral for vanishing of
B(0+ J). We state explicit formulae, in terms of Cayley-Menger determinants, for
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this theorem as Theorems 5.2 and 6.5, and the cases where J C N,, |J| =n+ 1 and
where J C N,;, 1 <|J| <n correspond to these theorems, respectively.

General aspects involved in this kind of integrals have been presented by several
authors (see [1, 5, 8, 12] for instance). See also [9] which has recently given a new
incentive to study Feynman integrals from the point of view of twisted cohomology.
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2. PRELIMINARY LEMMAS
In this section we introduce several lemmas that will be needed in later sections.

Lemma 2.1. For an arbitrary ordered subset J of size n + 1 in Ny, the following
quadratic identity holds :

0 7 0;0J
oo o(§ 4 4 ) s

JjeJ j.keJ
Jj<k
0 (%J o
+2ZB< 0 ajJ>fj—B(O*J)—O, (2.1)

JjeJ
where the symbol 0;J is defined as 0;J = J —{j} for j e J.
Proof. Because of symmetry one may assume that J = N, ;1. Remark first that

the equality B(0 * N, 4+1) = 0 holds if there exists z = (x1,...,2,) € X such that
fi(z)=0 (1 <j<n+1). Take an arbitrary £ = ({1,...,&,) € X and put

n=(m,....,Mmt+1) suchthat n; =f;(¢) (1<j<n+1).

This is equivalent to say that
fi(6) =0 (1<j<n+1)
Qjo >0 —1j
by replacing o with ajo —n;. Hence B(0x N,,11) being equal to the resultant of the

n+1 quadratic polynomials f; in 2. See [4, Lemma 4] for detail. See also [6, Chapter
8, §2] and [7] for “general resultant”, we have

0= B(0*Npi1) (2.2)

Qo —» Qjo—1;5
(JENp+1)



On the other hand a direct calculation shows the identity

B(0* Nypi1) _ = Z B(0 8an+1)77g2‘
aj(()j:]\(iﬁj)m JENn 11
0 j 0;0kN, 0 % OjN,
+2j,;vnf( ok 8;(9:Nni ) 1151k _2j§nf< 0 j ajmi )”j
Jj<k
+ B(0* Npt1). (2.3)
From (2.2) and (2.3) the the equality (2.1) is obtained. O

The following two lemmas are an immediate consequence of [4, Lemma 11].

Lemma 2.2. For an arbitrary ordered subset J = {j1,...,Jn+1}(C Nm) of sizen+1
set

1 Ozjl 1 e Qi n
5J =
1 ajn«i»l 1 cte aj71+1 n
Then we have
B(0.J) = 2"(—1)"*152, (2.4)

and

0 k K
for K C Ny, satisfying |K| =n and j, k ¢ K.

B< 0 ] K ) :2n(_1)n+16jK5kK

Lemma 2.3.
(i) For an arbitrary ordered subset J = {j1,...,jnt2} of size n+ 2 in Ny, set

1 aj0 a1 . QGpip
Aji=|
1 aj, 00 Qa1 -0 Qjuian
Then the following identities hold:
B(0.J) =0,
B(0xJ) = (-1)"2"A%. (2.5)
(ii) For arbitrary subset J of size n+ 1
B( 8 Z j ) = (=1)"1ons Ay, fork ¢ J. (2.6)
(iii) For an arbitrary subset J of size n + 3, we have
B0 J) =0.
Lemma 2.4. For an arbitrary (ordered) subset J = {j1,...,jnt2} of size n+ 2, we
have
B(O*J)—%B(S ; gjj)fj:o. (2.7)



This is equivalent to
n+2

Ay =Y (1 goriorrinsatin = 0.

v=1
Due to the Jacobi identity for determinants we have the following.
Lemma 2.5. For J C N,, we have

0

2
B(0 J)B(0%9;J) — {B( 0 ; gj )} =B(09;J)B(0xJ) (j€J), (2.8)

BOKI)BO*.J) {B ( 8 . )}2 —BO J)BO+ET) (k¢J). (2.9

3. FUNDAMENTAL IDENTITIES AMONG ADMISSIBLE FORMS SPANNING HZ (X, Q)

The linear space R™ of exponents A = (A1,...,An) (A; € R) has a standard basis
e; (1 <j <m) such that

A= Z )\jej.
Jj=1
We simply use the following symbols:
eJ::Zej, )\JZZZ)\j
jeJ jeJ

for J C N,,, and in particular,

The system of n-differential forms
Wn

HjEJ fj

(we call these forms “admissible forms”) span the n-dimensional twisted cohomology
HZ(X, ), which is of dimension x := >, (') + (mgl) (see [4, Proposition 8]).

v=1 \v

We denote by 91, the multiplication operator:

FJZZ

(J C N, unordered subset)

My 29— gy
for a function ¢ by a rational function g on X. The shift operators T'ie, : A = A e
give rise to the action on HZ(X,Q):

T:i:ej QT — mf;tupwn

for pw, € HE(X,Q) which does not depend on A. For each unordered J (|J| =
p, 1 < p) define

Wo(j)wmr :=F; (J=4{j}), (=1)
0
0



Then the inversion formula is expressed as follows:

B(0xJ)F;= Y Br Wo(K)wn,

KcJ
|K|>1
such that
oy 0 b
v v—1
SR VU | Sy [y i
K=LoGL.1GGLy=J V=1
where

L,=L,1U{l,} (1<v<p).
It has been proved in [4] that for unordered J C N,, satisfying |J| > n + 2 we have

WO(J)wn =0. (31)
Moreover for |J| = n + 2 the following identity holds (see [4, Section 6]):
50 1 g )
0= Wo (9 )y, — T L WO T)n. 3.2
keJ
k#j
The equation (3.1) for |J| = n + 2 is equivalent to the partial fraction expansion:
0 j 8.J
B(O*J)FJ—ZIB(O . ajJ>FajJ:0. (3.3)
JjE

On the other hand, from (3.2) we have the following.

Proposition 3.1. Fiz unordered J C N,, such that |J| = n + 2. The following
fundamental relation holds true among Fp, ; (j € J), Fa 0,7 (j,k € J, j # k):

B(0*8;J B(08;0,J
0=Y" (029, 7) Fos+ ) (09;0:)) Fo, 007, (3.4)
jel B 0 = 8]J ke B 0 Wi 8j8kJ
0 j 9;J ik N0 k00T

which is symmetric with respect to any permutation of the components of J. The
right-hand side of (3.4) will be denoted by E .

Proof. Because of symmetry one may assume that J = N,,1o = {1,2,...,n+ 2}.
Eq. (3.2) means the following identity:

_— B( 0 n+2 8j8n+2J

0 J ajan-‘rQr]
=Wo(12... n+ 1)@, —
0= Wo( n+1)ow, ; B(09,7)

. . .. 0 * 3n+2J
Denote by T the right-hand side of (3.5) divided by the factor B <O — 8n+2J>'

Then T' equals a linear combination of Fy ; (j € J) and Fy, s, (j, k € J, j # k) which
is expressible in the form

T =Y [T:Fy|Fos+ Y [T:Fyo.0]Fo0..- (3.6)
jer jked
i<k
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We want to show that T coincides with the right-hand side of (3.4). Since T is
expressed in symmetric form under any permutation of the components {1,2, ..., n+1}
it is sufficient to describe the coefficients [T : Fp, ;], [T : Fp,,,s] and [T : Fp,0,,],
[T:Fya,,,s] Indeed, we have

B(O*8n+2J)
T:F, = 3.7
[ 8n+2-]] B 0 * an+2J i ( )
0 n+2 8n+2J
which is nothing to prove. Next from Lemmas 2.2, 2.3 and (3.5) we have
B« B 0 "F2 %0na]
0 1 010n12J
[T3F81J]=— 0 N a+2j
B(Oal‘])B( 0 n+2 Oniot )
_ (_1)nB(O*81J) 62...n+2 612...n+1 _ (_1)n B(O*alJ)(sg,,,n+2
B(00:1J) A1, nt2 1. nt1 B(001J)A1 n1nt2
o B(0x01J) B B(0x01J) (3.8)
2% 02, 142 D12, nt1 g2 B 0 = OhJ \’ ’
0 1 oJ
In the third step from (3.5) we have
—V11V22 + V2112
T:F, =
[ 313n+2J} VoU22
where
0 * Onaod nean
vg = B< 0 nt2 anin > = (=1)"2"A12. nt2 01, mt1s
0 = 81 n+2<]
V11 —B( 01 50 n+2J>
0 * 818n+2J
va1 B( 0 n+2 618n+2J
0 n+2 010p19J n
V12 1= B( 0 1 3137;;] ) = —2"012.. .41 02,012,
V22 = (0 81J) ( )n+12n52 n+2:
The Jacobi identity concerning —vy1v99 + v21v12 implies
0 (91J
P02l UgU22
_ (_1)nB(0 10n42J) A1, m1202.my2 _ B(0 010n42J)
B(0 01J)A12..n4201...n41 2% 81 g1 02, g2
_ B(0 010p42J) (3.9)

(0 1 0102
0 Tl+2 818n+2J



since we have

1 < 0 1 910p42d )

51...n+1 52..4n+2 = _27 0 n 4 2 alan+2j

In the final step from (3.5), we have

[T : Fpo,7] = i( (3.10)

Vo

. —B 0 * 8182J
B 0 2 90,7 )°
0 n+2 020p42J n
V39 = B( 0 9 3237;;] ) =2 613...n+2 612..‘714*17

V33 1= B(0 0o J) = (—1)" 127085 .o

V31V12 V11V32
e —— _|_ —_—,
V22 V33

where

Moreover, we have

V31012 V11V32 V31 V11
= 4 ——= = (=1)"012..n11 -
V22 v33 02..nt2  O013.m42

_ (-1 012...n+1
= 3
02..n+2 013 2

012...m41 0 1 0,05J
—— (B — B
A 5%3'”7#2 ( (0 DaJ) v31 ( 0 2 0,050 1111)

2
(073, ni2 V31 — 02, .42 013, .n42 V11)

_ !
=5
1 5124..n+1 0 x 82J
=———5—B(000J)B 3.11
2" 02..nt2 033, nio (0.0:027) 0 2 OoJ (3.11)
in view of the Jacobi identity. From (3.10) and (3.11) we therefore obtain

B oo, B( 0 * %
1 012..n+1 0 2 0oJ
[T:Falaz‘]]zfi 2 :
2n 62~~"+2 613..4n+2 Vo

(—1)n+t 1 B(0 0102J)
= B(0 0,80,J) = , 3.12
2% 023, 42 013,42 (0 0:02.7) B 0 1 0,000 (3.12)

0 2 010:J

since we have
0 % 0OJ ”
B< 0 2 azJ ) = 2018 nt2 Bzt
Applying (3.7), (3.8), (3.9) and (3.12) to (3.6), Proposition 3.1 has been proved. O

The system of equations E; (J C N,,,|J| = n + 2) are not linearly independent.
There exist a finite number of linear relations:

Lemma 3.2. Fiz an ordered set of indices J = {j1,...,Jnt3} C Nm such that
|J| =n+3, Eo,s (j €J) are identically linearly related as follows:

n+3
Z(—1)V*1A%JE3],VJ =0, (3.13)

v=1



where 0;,J means the deletion of the v-th component j, of J, i.e.,
ajv‘] = {j17 .. a.jl/—laju-‘rla ce aj7z+3}~

Proof. Eq.(3.13) can be deduced from the definition of E;, in view of Lemmas 2.2
and 2.3. O

Remark. Eq.(3.13) is alternating with respect to permutations of the components
of J.

We set the following ordering
O:fl <]02<"'<fn+1 <fn-‘,—2 < e <fm
for the quadratic polynomials f;. This ordering induces in a natural way the lexico-

dafjy v A Yin i i
fn/\ /\fjn (1< < < jn < m).

graphic ordering for logarithmic n-forms

As a consequence of Proposition 3.1 and Lemma 3.2 the following statement holds
true:

Lemma 3.3. The set
{Fj|J C Ny, 1 <|J| <n}U{Fk|{1} C K C Ny, |[K|=n+1} (3.14)
consisting of n-forms with respect to the ordering O forms a basis of HL (X, ).

The set (3.14) is called the NBC (non broken circuit) basis in the context of [10, 11].
For details the reader is referred to [10, 11] and [4, Proposition 8 and Remark in §6].

Examples. For n =1 and m > 2 the set
{F11<j<mpu{F;[2<j<m}
forms the NBC basis of Hg (X, Q). For n =2 and m > 3 the set
{Fj1<j<mpU{Fj|l<j<k<m}U{Fy|2<j<k<m}
forms the NBC basis of HZ (X, ).

4. DEGENERACY OF HE(X, Q') FOR THE VANISHING OF B(0 % J)

In this section we want to explain how HZ (X, ) degenerates when one of the
determinants B(0x J) (J C Ny, (|J| < n+ 1)) vanishes. For this purpose we apply
some contiguity formulae obtained in [4, Theorem A in Appendix].

Definition 4.1. Let {j} or J be an unordered subset of N,, which is of size 1 or
|[J| =p(p > 2). Denote

F = (A = D)o, Fy = (\; = )My 1 Fy  (j €J),

ﬁ] = Z F§j)7
JeJ
W (N = (A = DT—e,Wo(J)w = (\; — )My 1 Wo (), (j € J),

Wo(D)w =Y W ().

jed

Then we have the following:



Lemma 4.2. (i)
Wo(i)wr = W (j)en

At A+ —2)F =Y Ak(FHB(g N ’;)ij) (J = {j}). (4.1)
kke;éj\;‘m

T 0 x oJ
(ii) WO(J)wnN()\OO+n—p)B(OJ)FJ+ZAkZB<O z aﬁj)F’W

keJe leJ
0 « k 61.]
_ZZAkB(O . alJ)FkJ 2<|J[<n+1), (42)
keJe led
where J¢ is the complement of J defined as J¢ = —J.

Remark. In the case |J| = n + 2, F; is linearly related with Fix (1 < |K| <n+1)
by the equality (3.3) such that Wy (J)w, vanishes identically.

Proof. Due to [4, Theorem A] one sees the following:

W (N ~ —(Ase + Aj +n — 2)F,

“Y u(men(g r N )m) v=Gn 6y

kENm
ki
W (Nwn ~ Ao +n=p)Z5+ Y MZ3, (T =p=2), (44)
keJe
where
0 5 0;0,J 0 x 0,J
j _ i o’
7% = B(0 9;J)F, ;JB<0 v aja,,J)Fa""+B<0 j ajJ)FJ’
i 0 = 0;J 0 x j 0;0,J
i J _ J
ZJ,k'_B<O : ajJ)Fkaﬂ ;:JB(O kv @-@J)F’“avf
O * /45 8JJ c
_ (0*] ajJ>FkJ (kEJ)

These correspond to the contiguity relations, i.e., holonomic linear difference equations
relative to the exponents A, for the integral I(\) := I,y (wn, 3):

(W (N @n,3) = Qoo + 1= D) Inon(Z5.3) + > Inn(Z05
keJe

more explicitly
L (W5 (3)mn,3) = (A = 1) BO %) I(A 2ej>
~Moo+ A +n=2)T(A =€) = > M{I(A—ey)

kEN,,
e

+B<8 i ];_;)I()\—ej—ek)} (J ={i}),



and

Ly (W (), 3)

=\ —1{BOxJ)I(A\—e; —e;) — Z I(/\_eakJ_ej)B(g Z g:j)}

k€o;J
= (Aoo+n*p)fn,m(Z§,3)+an,m(Z§,k’3) (jeJ),
k¢J
where
j 0 ] 8;8 J
Lnm(Z%,3) = B(0 9;J)I(A — eg, 1) — leza-:JB( 01 a0 ) I\ —eq,)

)I()‘_ek —eajJ)

% j 007 -
k1 oo )X e —eas)
leajJ
0 x k 8;J
B<0 * 8jJ)I(>‘ekeJ) (n+1>1]J]>2).

Hence (4.1) and (4.2) can be expressed as

Wo(J)wn = asFy+ Y ajFar+ Y arFry+ Y ar;Fro,,
jet keJe keJe

jeJ
by using the constants QJyQj, ALy Ak -
ajy:= (Ao +n—p)B(0J),

- B . B 0 1 900;J \ _

because of the identity

0 1 90,7\ ' .
ZB(O j alajj)_B(oaﬂ) (jelJ).



because of the identity
0 « [ 00;J 0 « 0;J 0 %« 0;J
> (0 kg aoy)-e(0 tgr)-2(0 5 ar)
16,7 0 k J BlﬁjJ 0 k 6]J 0 J 6]J
The proof is now complete. U
By applying the operation “hat”: F; — ﬁJ to the identities (4.3) and (4.4) we see

that the following recurrence formula for ﬁ ; with respect to the shift A — A —e;
(1 <j <m) holds true.

Proposition 4.3. Fiz a subset J of N, with 1 < |J| <n+ 1. Then we have

=~ 0 * 0;J
B(O*J)FJNVJ+ZB(O ; 6J)F3J, (4.5)
jed
where
. 170 1_ T 0 x~ 0;J
v, ._VJ+VJ_WO(J)wn+Z(Aj—1)B(O ; 8j-J F,
jed

such that

0 x 0;J
V= ((Aw+n—p—1)B(OJ)+Z>‘J’B<0 j a]J))F"

jeJ
0 x 0;J
U;”%B(O ;o )
0k J
k;f)\k( (0% .J) B(O v J))FM.

According to the weight filtration, (4.5) can be rewritten as

(=)

BOxNE, ~V) 475+ 7,

where
VIJ =V}, (homogeneous, weight = —2p — 2)
0 % 0;J
o(1+ 97)
_ 0 0;J
AT pE I

B(O*ﬁj(])

Valj 5+ VY (homogeneous, weight = —2p)
jeJ

<0 * 8J>
(- 0 57 0;J —0 .
VS ) :Z (Vé}—f—Va 7) Z Br.gV . (weight > —2p + 2)

= B(0*0;J) xSy
|K|>1
VOJ can be more explicitly expressed as follows:
—0 B(0*J)B(0 9;J)
VJ—((/\OO—l-/\J—i—n—p—l Z)\ B0*0;J) )FJ

jeJ



B .
+ Z )\kz < B(O*ajJ) Fra,5 (1J]>2).

keJe  jeJ
In the case J = {j} (p = 1) then

where

e
0
Vj = (>\<>o+>\ —|—n—2)Fj— E )\ka,
kEN,,
=
(=)
Vv, =0.

In the case J = {j,k} (p =2)

—1 =0  —(—-)
BO*jk)Fjk =V + Vi + Vjy

where
01 j k
Jk _ Z )\l( 0*jk ( 0 * j k ))Fljk?a
%5,k
9 . 2
G, G
—0 i
ij _ (()\OOJrn?))B(OJ k)JF)‘j B(O*k) + A B(O*j) )ij
s(31 e85 0) w(5sE)e(ah)
s 0k 0 13), N0k 01 k),
l B0+3) ’ B0+ F) )
IEN,,
1#£5.k
oo 5)
(=)
Vik B(0 %) <>‘ +Aj+n—2)F;+ Z AlFl)
IEN,,
0 k l#j
(0 J k>((/\ +Xetn-2F+ Y NR)
(O*k) o k k Ly ).
lle7é1>fcm

Fix a subset J C N, with |J| =p (1 <p <n+1). When B(0 J) tends to 0 the
n-cohomology HE (X, Q') degenerates to the quotient by its annihilator Ann;

o H(X, Q) — H(X, Q) /Ann.
where Ann; consists of all elements in HE (X, ') vanishing for B(0 J) = 0.
Due to Proposition 4.3 the following Theorem holds.



Theorem 4.4. Fix J € N, for 1 < |J| < n+ 1. Assume that B(0x J) vanishes.
Then Annjy is a one dimensional subspace generated by the following element:

pg = aVrl, + JV(} + JVS_) (4.6)
in the case n+1 > |J| > 2, where
—1 0 k J
UVJ:k;C)\kB< 0 . 7 )Fw,

UW:(/\OO—&—)\J—&—n—p—l)B(O J)Fy

B( 0 (%J )B 0 = @J)
0 5 0;J 0 k 0;J
Py oy LD :

Fl s,
. B(O*(’?]J) ki T
keJe JjeJ
—(— —(0
CTVL(] ) = Z ﬁKJO'V%-).
K;CtJ
|K[>1

In the case J = {j} (|J| =1). Since B(0xj) =0, g; is expressed as

Y = O'V? + O'V;, (4.7)
where

O'V(J) = _()\oo +/\j +n— 2)Fj - Z )\ka,

kEN,
k#j
—1 0 « k 0 « J
KEN,, kEN,
k#j k#j
0V§_) =0.

As a consequence, if Ao + Ay +n—p—10 (]J| > 1) then F; is cohomologous
to a linear combination of the other elements of NBC basis expressed by the identity
in HE(X,Q)/Anny, ie.,

wg~0.
As a special case the following contiguity relation holds:

Corollary 4.5. Suppose that
r; =0 forall j € Np,

i.e, every hypersphere S; (j € Np,) reduces to a cone such that RS; is a point in R™.
Then we have

(Ao + 71— 2)(2A0e + 1 — 2)(F}, 3)

== > NN F3) + (Ao 1= 2) D Mpii{Fiks ), (4.8)
k€N, KEN,
k£l Y

i.e., HZ(X,Q') has an admissible basis

(Fy|J C Ny, 2< |J| <n+1}U{Fg | {1} C K C Ny, |K| =n+1}.



Proof. Since B(0 x j) = 2r7 vanishes for all j € N, by hypothesis, we have
B( 0 ¥ I; ) =i Jrr? B pij - 7pij' Then, Eq. (4.7) shows

0 =
(/\oo +n— Z)Fj ~ — Z MNeFr + Z /\kp?ijk, (49)
kEN, kEN,
k#j

so that we have

(Moo + 1 —2) Z ANiFj ~ =X Z AeFy + Z AjAkP?ijh

JENm kENm Jk€ENm
kit
Hence we obtain
2o +1—=2) D NFj~ Y 203 M\ F. (4.10)
JENm 1<j<k<m
Eliminating » ¢y A;Fj from (4.9) and (4.10), we therefore obtain (4.8) in Corollary
4.5. O

5. ASYMPTOTIC BEHAVIOR OF INTEGRAL FOR VANISHING OF B(0* .J) UNDER
[J]=n+1

In addition to the genericity conditions (1.2) and (1.3) we impose the following:
BOx ) (-D)VI=t >0 (Jc N, 1<|J] <n). (5.1)

For each set of indices J = {j1,...,jnt1} C Ny, satisfying |J| = n+ 1 and a system
of n+ 1 signs €5 := {ej,,...,€j,.,}, where ¢; € {—1,1} for j € J, let D;(cs) be
closed domain specified by

n+1
Dyles) =Dylejr--&jupn) = [ |{z €R"|ej, £, (x) > O}

v=1

If B(0«xJ) tends to 0, the domain D (e ;) degenerates to the one point. Accordingly,
our aim in this section is to discuss the explicit asymptotic behavior of the integral
fDJ<EJ> O (z)w, as B(0OxJ) — 0.

Hereafter, for simplicity we consider the case J = N, 11 only. However the remain-
ing general cases of |J| = n + 1 can be straightforwardly obtained from it . By the
assumption (1.3) we have

B(0* Npp1)(—1)" # 0.

Further we assume that B(0xN,,41) is approximately equal to 0. We use the following
symbol for this.

7:=B(0* Npq1) <0.

In this section we assume that the points Oq,...,0,4+1 € R™ make an n-simplex, so
that without loss of generality we may assume the following:

aj, =0 1<j<n+1l,n—j+1l<v<n) and aj,—j+1 >0 (1<j<n), (5.2)

ie.,



O1=—a1 = (111,02, -+, V1 =2, Q1 1, Q1n), a1y >0,

Oy = —ag = —(a21, 092, ...,02 n_2,02.,_1,0), agp_1 >0,
O3 = —a3z = —(as1,a32,...,03,-2,0,0), o3.n—2 >0,
0, = —a, = —(,1,0,...,0,0,0), a1 > 0,

On+1 = —0p41 = (0,0, ce ,O, 0, O)

Using the Cayley—Menger determinants, the latter assumption of (5.2) is rewritten as

n—j+1 — .
H Qntl—kh = \/(_1)n ]B(gn{jil o) >0 (5.3)
k=1
for j =1,2,...,n. In particular, we have ﬁaj’nﬂfj = \/(_1)n+1B<OéV;+1). We
also have e
0,0 = Ont1,0 =B< 8 ‘i Zj—_i ) (1<j<n),

n+l—k .
1. (0 j n+il
. — < k<
g_l iy Qg 2B< 0k nal ) (1<k<n).

If 7 = B(0x Ny41) tends to 0, then the closed domain

n+1
Dy, (N, ) = [J{z € R |5 fi(x) > 0}

j=1
shrinks to the one point set {P}, which satisfies
fi(P) = f2(P) = -+ = fay1(P) =0, (5-4)

ie, Pe ﬂ;jll RS; when 7 = B(0xNy41) = 0. The point P satisfying (5.4) is written
in terms of the coordinates &, = z,(P) as

0 « n+1
B(O n nJrl)

&1 = S )
and
B(O * n+2—-v --- n+1>
0O n+l—v n+2—v -+ n+1

v = —1)
& =(1) V—2B(0 n+l-v n+2—v - n+1) B0 n+2—v --- n+l)

for 2 < v < n. In particular, &, is also written as

VU T B0 % iNar1)
V(=1)"2B(0 01 Nyt1)
from the Jacobi identity in view of 7 = B(0 x N,41) = 0. The point P is uniquely

determined by the sequence of signs e, ., = {€1,...,en41}. In the sequel this P will
be denoted by P(en,,,) = P{e1,.--,nt1)-

€n::l:

(5.5)




When 7 = B(0 % N,41) is sufficiently small, the domain Dy, ., (en,,,) is approxi-
mated by n-simplex APy Ps ... P, 1, where each vertex P; satisfies the simultaneous
equations

Je(@) =0 (k€ Nny, k #j). (5.6)

(We remark that for each j € N, 1 two distinct points are determined as solutions to
the simultaneous equations (5.6). The point P; is automatically determined as one
of two solutions that converges to P(en,.,) as 7 = B(0x Nyy1) — 0.) Thus the
domain Dy, ., {(en, ) is regarded as a spherically faced n-simplex with n 41 vertices

Py, Py, ..., P,y1. In this sense we also use the same symbol AP P, ... P,;1 instead
of Dy, . (en,.,) and call it the pseudo n-simplex with vertices Py, Pa, ..., Pyyq.
DN3<+’+a+> DN3<77777>

O,

Py
Py
P

The regularization of the pseudo n-simplex AP Ps ... P, 1 defines in a natural way
an n-dimensional twisted cycle (denoted by 3(N,41)) in the space X = C" — UT:l S;.
The integral of ® over the twisted n-cycle 3(N,+1) can be defined by the pairing

Lon(Noga) = InsWs) = [ #(a),. (5.7)



Lemma 5.1. For 7 = B(0% N,,41) < 0 the asymptotic behavior of fi(P;) is given as
follows:

€ f5(P)
__ B(0*Npi1) ) = (=1)"B(0* Nnt1) .
-e— G aan+1>(1+O(| )= s 1.+ O(])
0 ] aerH»l (jeNn+1)7 (58)
0 k Nn+1
B
7ulPy) = — e ol = - <;(O*Nn‘7fj;1 ) +0(r)
B(o k Nn+1) (k¢ Nosr). (5.9)

There exist the unique ey, (k € Ny,) such that
€ifi(P;) >0 (j € Npt1) and epfi(Pj) >0 (k¢ Npja),
and that ey fr.(x) are all positive inside APy Py ... Ppy11.
B(0% Npi1)

0 * 8an+1 '
0 j 0jNp+1

Proof. We may assume that j = 1 without loss of generality. Owing to (2.1) in
Lemma 2.1, we have the relation

Remark. ¢; (j € N,,+1) coincides with the sign of
o5 (

B(0 01 Npy1)ff —2ufi +v =0, (5.10)
where v and v are functions of fs,..., f,11 given by
n+1
L 0 1 81(9an+1 L 0 x aan+1
ui= X;B( 0 j 2o,Ns )P0 1 o, )
]:
— 0 j 0j0kNpt1 _
vi= 2 ) B( 0 k 0,00Nus; ) T
2<j<k<n+1

n+1 .

0 1 J 818an+1 ]

+2X;B<O 1 e ON fi — B(0% Ny y1).
j:

Solving equation (5.10) with respect to f; we see that f; can be expressed as the
function of fo,..., fr4+1 given by

B(O 81Nn+1) v
2

B(O 81Nn+1)f1 =u— U\/]. —

U
such that f; vanishes if fo =--- = f,,11 = B(0* Ny4+1) = 0. Since we have
o 0 * 31]\7”4,_1 _ —
u|f2:m:f”+lzo - _B< 0 1 OiNyy1 )’ U’fzz--*:fnﬂzo = —BO0* Nnj) = -,

we therefore obtain

_ u 1\/13(0 aan+1)’l)
fo=-=fnp1=0  B(0 01 Npy1) u?

fi(P) = fi

fe==frn41=0



= 220+ 0(u])

1 B(O*Nn+1)

f2:-<~:fn+1:0 - §B 0 * 81N’n+1
0 1 Nyt

(14 O(|7]))-

(5.11)
Since we have

2
B(0 Npy1)B(0%x 91N, 1) — <{B 0+ O1lNnp = B(0 01 N,41)B(0% Ny, ;1)
0 1 Ny

from (2.8) in Lemma 2.5 for J = N, 41, (5.11) coincides with (5.8) for j = 1.
On the other hand, since f;(P) =0 (2 <j <n+1), (2.7) in Lemma 2.4 shows

0 « k aan+1 0 Nn+1 _
B(O*an_H)B(O 1k aan+1)f1(P1)B(0 ko Npi fe(P1)=0

for k ¢ Npi1. From (5.11) we have f1(P1) = O(|r|) when 7 — 0. Hence, (5.12)

indicates 0 + N
n+1
B(O*an+1) < 0 k Nn+1 >

B 0 Nn+1 ONTH-l)
0 k Npy

for k ¢ Np,i1. The second equal sign of (5.13) is due to (2.9) in Lemma 2.5 for

J = Np41. Therefore (5.13) means (5.9) for j = 1. O

fu(P1) = O(|r]), (5.13)

O(lr) =

We now state one of our main theorems.

Theorem 5.2. Under the conditions (1.2), (1.3) and (5.1) for n +1 < m, let
I}, i (Nny1) be the integral specified by

m

= i (@)Y, .
(i) = /A o Eseye, (5.14)

+1 =1
Then the integral I, y(Nyp+1) given by (5.7) is written as

m

s
In,7n(Nn+1) = (H Ej J)I;L,m(Nn+1).

j=1
If 7 = B(0* Nyy1) tends to 0, the pseudo n-simplex APy Py ... P, 1 shrinks to the
point P = P{ey,...,ent1), and the following asymptotic formula holds true:

n+1 )\ 1 n+1
F(gnﬂ 5 +++1 [l {7 W (CTT euhuPy +007)

k=n+2
x B0« o) (1+0(7) (5.15)

DB Ny )} T BO*0;No)
as T — 0, where €; f;(P;) and fi(P) (P = P(e1,...,ent1)) are given by
B(0* Nyyr)

S0P = 2,
3Ji L JQB( 0 * 0 Npt1 >
0 j 0jNnt1

_ (CD"BO0* Nap)
2\/3(0 Nn+1)B(0 * 8]-Nn+1)

I;L,m(NTH‘l) =

(1+0(7])

1+0(r) >0 (1<j<n+1)




and

B(O k Nn+1>

. 0 = Nn+1 B B(O*an+1)

Je(P)=— B0 Nory) —B 0 & Nyt #0 such that epfr(P) >0
0  Npp1 (n+2<k<m).

Before proving Theorem 5.2, we will show two lemmas. From now on we assume
that |7| is sufficiently small. i.e., 7 < 0. Then f; can be expanded as a power series
in fo, f3,..., fug1 for small |f;] (2 <j<n+1),ie

n+1
e1fi=co— Z c¢je; f; + higher order (5.16)
j=2
such that c; are all positive. For the coefficients c¢; we have the following.

Lemma 5.3. When 7 = B(0 % Ny41) — 0, ¢o converges to 0 and every ¢; (2 < j <
n+ 1) converges to a non-zero definite value. More precisely

co=c1fi(P1) =e1 ﬁ(ofj\faix)+l (1+0(7))
23( 0 % 81NZ+1>
2\/3( )nf(o*(ﬁlgzvm)a+0(|T|)), (5.17)
| B<0 * 8an+1>
= S apm S e 2 (14 ()

€ifi(F;) B(0* 010N +1)

(
(
W(HO(ITI)) 2<j<n+1). (5.18)

Proof. (5.17) and (5.18) are immediately obtained from (5.16) applying the explicit

form (5.8) of €;f;(P;) (j € Np+1) in Lemma 5.1. O
Take the new coordinates
tj = 5j+1627?fj+1 >0 (I1<j<n) (5.19)
in a neighborhood of P;. Then &1 f; can be rewritten as
erfi=co(l =t = = tu +coglts,. . b)) (5.20)
where g is a power series in tq, s, ..., t, of higher degree and their coefficients are all
bounded for 7 — 0, i.e.,
erfi=co(1—t1 =~ ta +0(7))).
Lemma 5.4. Assume that 7 = B(0x N,,11) = 0. Then
M - = +/(=1)"+120B(0 % O, Ny 1), (5.21)
where P = P(e1,...,6n41)-



Proof. By definition we have

Ofay -y fur1)| Ofjr1\"
X1y ) _det< oz, )jk 1

= det (2(;vk + OéjJrLk))
P k=1

=2"det(x + g, ... x+an+1)| :2”det(a2,...,an,x)|P (ony1 =0 by (5.2))

(n—1)(n—2) 1)(n 2)

=2"(-1) H @jn+1—j. (by assumption (5.2))

Since we have [[7_, ajny1-j = V/(=1)"B(0 01 N,11)/2"~1 by (5.3) and the explicit
form of x,(P) = &, is given by (5.5), we obtain

Ofar- s for))| _ Lo VEDTIBOX 91Nt1) \/(1)"B(O 01 Nni1)
O(x1,--570) |p V(=1)"2B(0 91N, 11) 2n—1 ’
which coincides with (5.21). O

Proof of Theorem 5.2. According to Lemmas 5.3 and 5.4, we have

O(wy,22,...,20) | 8(62f2,...,6n+1fn+1)/8(62f2,...,sn+1fn+1)
It to, .. otn) |p Otita,... ty) INz1,22,...,2n)  |p
_CC  Co /8(52f27~-~75n+1fn+1)
T ey Cnt1 O(x1,x2,...,2n) |p

(’ﬁ (=1)"B(0 * Npy1) ) 1
i3 2v/B(0 Nyy 1) B(0x 9jNpt1) ) /(=1)" 4127 B(0 % 91 N1
D PZBO Ny 3 T BO* 0, Noir)

Hence by change of integration variables from @ = (x1, xa, ..., z,) tot = (t1,t2,. .., tn)
satisfying (5.19) and (5.20), the integral (5.14) is written as

Ly (No1) = AEO (1<j<n), (1 - Zt’f +eoglt ) Ht m

1-=>"0— trtcog(t)>0

X ﬁ( fo )Aj+1 ﬁ {enfu(z)}

&
JH+1 k=n+2

(’9(1‘1,...,30”)

At tn)

dty N\ N dity,.

If 7= B(0* Ny,y1) — 0, then ¢ tends to 0. In a neighborhood of the n-simplex Ag
defined as

No: t;>0 (1<j<n) and 1= t;>0,

the locus Sy defined by 1 — 377 ¢; + cog(t) = 0 tends to the hyperplane H; :
1-—- 22:1 t; = 0. Hence there exists a twisted n-cycle 3w, ,, detoured around S; and
H, invariant under the isotopic variation 7 = B(0 % N,,11) — 0. It regularizes the
n-simplex AP; ... P,, including “finite part of divergent integral” for RA; < —1 (see

[2, Section 3.2] for regularization of integrals):



17/1 m(Nn-H) = f.p.I/ (Nn-H)
Zk 1t7€+cog j+1
-/ “Zt (5 Ht +
3 J= 1

Np41
(‘rlv . vl'n)

XJ]f[(c +1) . H {erfu(@ })\k Otr, ... tn)

k=n+2
Since on jy,,, there exists a positive constant C' independent of 7 such that |1 —
> i=1tj| > C, one can estimate (5.23) when 7 = B(0* Ny41) < 0 as follows:

f. p n, m(Nn-‘rl)

dty A Adt,.  (5.23)

n n

z/ A=t [y dt A-- At
INp4 J=1 j=1
A1 - It Ak ‘ (IlyzQa"'axn)
X ¢ € +0 L At Res A
0 jl:[ (c +1) ( _HnH{ kfi(P)} (Ir D) O(t1,t2s - ta) |y oy o
x (1+0(7))
n n
= / 1= )™ Htjf“dtl A Adty,
A j=1 j=1
A1 < it A (x17I25-~-ax7L)
< (AP +0(7))]
0 H<Cj+1) <k1;[+2 ) 8(151,?52,...715”) P
x (1+0(|7))
Hn+1 ()\ +1 )\ H( ) 7+1< ﬁ { f (P)}/\k+0(| |)>
= € T
P(Zn+1 )\ 44+ 1 st Cjt1 s kJE
6(,181,.132, o ,a:n)
1+ O(|7])),
’ At1,ta, ... tn) P( (1)
which coincides with the right-hand side of (5.15) using (5.17), (5.18) in Lemmas 5.3
and (5.22). Theorem 5.2 has thus been proved. O

Remark on Theorem 5.2. Theorem 5.2 is intimately related to the monodromy
formula concerning the integral over D;(es) (J = {j1,...,jn+1}) around the point
where 7 = B(0 % J) vanishes in the space of parameters. This formula has been
presented in [1]. Here we explain it roughly.

Without loss of generality we may assume J = N,,;1 as well. Consider a special
isotopic deformation V' (6) of | J; ., Sk depending on the parameter 6 (0 < 6 < 27)
in the following way. The center O; = —ay of S; only varies, while it leaves fixed
the radius 71 of S7 and all the other hyperspheres Sy (2 < k < m) such that 7 =
B(0%N,,+1) turns counter-clockwise around the origin in a neighborhood of the origin
in the complex plane C:

Vo) B(O%N,11) — B(0xN,y1)=B0xNy)eV 1 (0<6<n)
| =B(0xN,411) — B(0*N,11)=B0xNyy1)eV 10 (n<6<2n)’



where the symbol fl means that f is replaced with the transformed fl by V(0). We
put X, = e,11fu41 (0 < v < n) and denote the domains Dy, (€, €], --..€),) by

AXSzj X7 N X" According to F. Pham’s generalized Picard-Lefschetz formula (see

[1, Propositions 6 and 7]), we have

AXTXT. X7 = (=)™ AXEXE X
V(’R’) : / ’ ’ AXE()XE& X“:ln ,
AXP XN Xy — 0 L r--aim , -
0t —eheh el eV AX XX

where the case €/, (0 < v < n) being all negative is excluded. In the same way, we
have

AXFXF X = (1) Tet e DA XS XL X
V(2n): ,

L . AXSOXS | XEn .
AXSOXT . X — ot N D I CAEI POTT B
= Xy X7 X,

+(=1D)"elel el e

where the case €/, (0 < v < n) being all positive is excluded.

6. ASYMPTOTIC BEHAVIOR OF INTEGRAL FOR VANISHING OF B(0.J) UNDER
J C Npy1 AND 1 < |J| <n

In this section we consider the case when J is a proper subset of N, 1. Without
loss of generality we may assume that J := N, = {1,2,...,p}, where p is fixed as
1<p<n.

In addition to the genericity conditions (1.2) and (1.3) we impose the following:

BOxK)(-1)EI=1 >0 (K C N, 1<|K|<n+1)
unless N, g K. Further we assume that B(0 % N,) is approximately equal to 0:
7:=B(0*xN,) <0.
In this section we may assume the following for Oq,...,0, € R™:

aj, =0 1<j<p, p—j+1<v<n) and oj,—; >0 (1<j<p—-1), (6.1)

ie.,
O1=—-a; = —(04117 12, ..., 01 p—3,01 p—2,01 p—1, O7 . ,O), ayp—1 > O,
Oy = —ag = 7(0[21, 22, ...,02 p 3,02 p_2, 07 O7 . 70), a2 p—2 > O,
O3 = —az = —(az1,a32,...,03,3,0,0,0,...,0), azp-3 >0,
Op,1 = —Qp_1 = —(Oépfl’l, 07 ey 070,0707 R 70), Op—1,1 > 0,
Op:—ap: (0,0,...,O,O,O,O,...,O)7
so that
P—Jj
filw) =22+ 20,0, + a0 (1<j <p). (6.2)
v=1



Using the Cayley—Menger determinants, the latter assumption of (6.1) is rewritten as

p—Jj - P
(=P 7='B(0j j+1---p)

ITerrr= \/ = >0 (6.3)
k=1

p—1

B(ON,
for j =1,2,...,p— 1. In particular, we have H Qpp—t = (—1)P(71’J. We also
k=1 -

have

For each set of indices K = {ky,...,kp} C N,, satisfying |K| = p and a system of
p signs ex = {ep,,... €k, }, where g, € {—1,1} for k € K, let D (ex) be closed
domain specified by

P
Di(er) = D€k -1 €k,) = ﬂ{x € R" |ey, fr, (x) > 0}. (6.4)
v=1
There exist uniquely the signs en, = {e1,...,&,} such that Dy, (en,) is non-empty.

The intersection () i<p RS is an n — p dimensional sphere with the radius

|-B(0+ N,)
"o =\ T2B(ON,) (65)

and with the center M (1, ...,£,-1,0,...,0), which is given by
3(8 pil g)
b= (6.6)
cos(y T, e )
& 2<v<p-1). (6.7)

B V2B p—v p—v+1 -+ p)B(0 p—v+1 -+ p)

Let L, be the p — 1 dimensional subspace specified by
Ly:vp=app1 = =x,=0.
Then we have the following:

Lemma 6.1. If 7 = B(0xN,) tends to 0, then ry, tends to 0 and Dy, (en,) shrinks
to the unique point {P}, where P = (&1,...,€p-1,0,...,0) in L, satisfies

fi(P)=0 (1<j<p) (6.8)
under 7 = B(0* N,) =0, and &, ...,&—1 are explicitly given by (6.6) and (6.7).

When 7 = B(0x N,) is sufficiently small, the cross section of Dy, {(en,) by L, is
approximated by (p — 1)-simplex AP, P, ... P,, where each vertex P; € L, satisfies
the simultaneous equations

fo@m) =0 (keN,, k+j) (6.9)



restricted on L,,. For each j € N, two distinct points in L,, are determined as solutions
to the simultaneous equations (6.9). The point P; € L, is automatically selected as
one of two solutions that converges to P € L, given by (6.8) as 7 = B(0 * N,) — 0.
Thus the cross section Dy, (en,) N Ly is regarded as a nonempty spherical pseudo
(p — 1)-simplex with the p vertices Py, Ps, ..., P,. In this sense we also use the same
symbol APy P, ... P, instead of Dy, {en,) N Ly, so that

DNP<€NP> ﬁLp = AP1P2 .. .P)p7
which we call the pseudo (p — 1)-simplex with vertices Py, Pa, ..., P,.
The following lemma is similar to Lemma 5.1.

Lemma 6.2. Suppose that 7 = B(0* N,) < 0. Then

e 5i(Py) = 55— 2 e (1.4 0l
2B PR
( 0 7 9Ny )

_ (=" 'B(0x Ny)
~ 2y/B(0 N,)B(0x 9;N,)

(1+0(7)) (G €Ny,

%
P = ) e

_ B(0xkN,)
B 0 « N,
o(5 & 5)

Remark. The expression in the right-hand side of (6.10) does not depend on FP;.

B(o *x  O;N,

+O(|7]) (j €Ny and k ¢ N,). (6.10)

Lemma 6.3. Suppose that 7 = B(0* N,,) = 0. Then

B(o k N,,)
_ B(OxkN,) 0« N,
B
0 « N,

due to the Jacobi identity (2.9) for J = Np. There exist the unique signs €y, (k € Ny,)
such that

i fi(P) >0 (j€Ny)
and
erfu(P) >0, erfu(Pj) >0 (j €Ny and k ¢ N,).
Then ey, fx(z) are all positive inside APy Py ... P,.

For an arbitrary n dimensional vector z(®) := 0,...,0,zp,...,2,) satisfying 0 <

|z(P)| < ry,, where [2(P)| = | [x2 + -+ 22, we denote by L,+x®) the affine subspace
parallel to L, with displacement 2P When we set

BNZ, — {x(P) |O < ‘z(P)| < TNP},



for the vector (P e By, the cross section of Dy, (en,) by Lp—|—a:(p) defines the family
of nonempty pseudo (p — 1)-simplices AP; ... P,(z(”)), which are given by

APy ... Py(z?P)) = Dy, (en,) N (Ly + ) = Dy, (en,) N "z @),
where ¢ is the natural projection defined by
LR 5 R™PHL o= (2, 2y) @) = (Xps -y ). (6.11)

For 2(P) € By, one sees that AP, ... P,(z®) is a pseudo (p — 1)-simplex with the
p vertices Py (z(P)), ..., Py(x®)), where each vertex P;(z(P)) € L, + 2P satisfies the
simultaneous equations (6.9) restricted on L, + z(P). For each j € N, the point
Pj(2®) € L, + ™ is automatically determined as one of two solutions of (6.9) on
L, + 2 that continuously converges to P; € L, as |2(P)| — 0.

The n-dimensional domain Dy, (en,) defined by (6.4) coincides with the disjoint

union of the pseudo (p — 1)-simplices AP ... Py(2), i.e.,
Dn,(en,) = || AP Pa). (6.12)

a:(p)EBNp

Since the natural projection ¢ defined by (6.11) induces the fibration v: Dy (en,) — By,
with the fibre . =1(2®)) = AP, ... P,(z")) above 2P} € By,, (6.12) indicates that
the domain Dy, (en,) is regarded as a fibre space.

Lo + 23

Ly

For an arbitrary h > 0 let fj(x1,...,2p—1;h) (1 < j < m) be functions on L, ~
RP~! specified by

fj(xl,...,zp_l;h) = fj($1,...,xp_1,0,...,0) +h2

In particular, from (6.2), for z(®) € By, the functions f;(z1,...,zy—1;|z®)|) coincide
with f;(z) if 1 < j <p, i.e., we have
fj(xl? sy Tp—13 |x(p)‘) = fj(l‘la sy Tp—1, 0,..., 0) + ‘x(p)|2 = fJ(m) (613)

for 1 < j < p. We remark that the n-dimensional domain Dy, (en,) is also described



by the equations
eifi(@r, . ap;2®) 20 (1<5<p).
B(0* Np) corresponding to the defining equations
fiwy, . ap_1sh) =0 (1<j<p)

on L, is denoted by B(0 * N,;h). This is obtained from the original B(0 x N,) by
replacing 7"]2» with 7"]2» —h2(1<j<p),ie.,

B(0* Ny; h) := B(0x N,)

2 2 52
ri =Ty —h
(1<j<p)

For j € N, we also define B(0 * 9;N,; h) := B(0 * 9;N,)

e LY
(1<j<p)
Then by direct calculation we have the following.
Lemma 6.4. One has the equalities
B(0% Ny;h) = B(0x N,) +2h*B(0N,), (6.14)
B(0%x 0;Np; h) = B(0%0;N,) +2h*B(00;N,) (j € Np).
Here we define the pseudo (p — 1)-simplex with the p vertices Py (h), ...
L, as

AP)lf)l)(h) = {(1’1,...,33;0—1) ELP|8jfj(x17--~7xp—1;h) ZO (1 S] Sp)}7

aPP(h’) in

which is nonempty if 0 < h < rn,. For 2@ e BN if |w(p)| = h, then we have
APlpp( ) AP .. (h) CL
APy ...P,(h) and B(0* N,; h) will be used later in the proof of Theorem 6.5.

We now state our main theorem of this section.

Theorem 6.5. Suppose 1 <p<n-+1. Let

In,m(Np) ::/ Hf] J Wn, Izz,m(Np) ::/ H{E]fj } i Wn-
DNP<ENP>] 1 DNp<8Np>j 1 (6 15)

Then In,m(Ny) = (ITj%, €, )I’ m(Np). If T = B(0xN,) tends to 0, the n-dimensional
domain Dy, (en,) shrinks to the point P given as (6.8), and the following asymptotic
formula holds true:

n—p41

m (N +1)
Ly m(Np) = T( )\ n n+pj__1 H{é“]fg ( H {erfr(P)} + O(|T|))
k=p+1
{(=1)P~1B(0x Np)}ntr—t
x \/2n+2(p—1){(_1)pB(0 Np)}n ?Zl{(_l)pB(O*aij)} (1 + O(|T|))7

as T — 0, where ¢ f;(P;) and fi(P) are given by



i fi(P5)

_ BO<0:J\2)N (1+0(7)) = 2\/(3 0)”]; f(?o**f\ggiv)(1+0(f|))>o
QB<0J8N> T a<i<w

0k N

B P
fu(P) = Béo*ksze) = - <0(0*NJ)V” ) #0  such that ey fr(P) >0
B(o « NZ) ’ (p+1<k<m).

Proof. Since Theorem 6.5 for p = n + 1 is equivalent to Theorem 5.2, which was
already proven, we assume 1 < p < n below. Since the coefficients of the functions
fi(x) (p+1<j < m) are all independent of 7 = B(0 x N,,), under the genericity
conditions the functions f;(z) (p+1 < j < m) are continuous on the neighborhood
of x = P. In particular we have

m m

II {eefe@p* = ] {eafu(P)}* +O(r) (= 0), (6.16)

k=p+1 k=p+1

where fi(P) = fu(&1,...,6p-1,0,...,0) and &1, ...,&, are explicitly given as (6.6)—
(6.7). On the other hand, by definition (6.13) shows

fi(x) = filxr, ...,y s [2P]) for 1<j<p. (6.17)
From (6.16) and (6.17) the integral (6.15) is then expressed as

I;L,m(Np) = H{ngg Lls-nesTp—1; ‘m(p)| }/\ H {ewfi(P }A’“+0(\T|)
D

NplENp) j=1 k=p+1
According to Fubini’s theorem, (6.12) reads
[' (Np)
p
/ dx(p)/ wp,ln{sjfj(xh...,xp,l;|x(” ( H {exfr(P)}* +O(|T|)>
By IAPLLPy(?) G=1 k=p+1

where dz®) := dz, - Ndzry, and w,_1 = dxy A --- Adxp_y. For this expres-
sion of I} .. (N,), we apply the change of integration variables by z® = hn =
r(0,...,0, 171, ooy Nn—p+1), where h > 0 and |n| =1, i.e.,

Tp-14j =hn; (1<j<n—p+1), where h>0 and [n| = \/77% ot =1
Then we have

dz'?) = dx, A -+ Adx, = K" "Pdh A dwp,—p,
where dw,,_, denotes the volume form of the n — p dimensional unit sphere U,,_, :=
{n=(m,.-.,—p+1) | In| = 1}, which is explicitly given as

n—p+1

dwp,_p = Z (=1 tpdny A+ Adnj—1 Adnjsr A A dn—pia
j=1



In particular, the volume of the unit sphere U,_,, is known to be

/ dw = 727{“5“
R
We also have |2®)| = |hn| = h and By, = [0,7n,] X U,—p. Since the functions

fj(xla"'axp—l;lx(p)D = fj(xla"'7xp—l;h) (1 SJS m)

are all independent of n € U,,_,,, we therefore obtain

p
R Ay Y | (C )
(0.7, Un—p AP..Py(h) j=1
(H{ekfk P+ 0(r)

_p-',-l

TNp P
= / dwn_p X / dhhnip/ wp_ll_[{é‘jfj(l'l,...,.’ﬂp_l;h)}Aj
U, 0 AP...P,

n—p »(h) =1 m

% (I fertuP) +O(1r)

e n—5+1 N, P k=p+1
= W/ dhhnf”/ wp | [{eifi @, apo1s h) P
(== Jo APy Py(h) j=1
< (IL{esPP +00rD).  (618)

k=p+1
. B(0* Np;h) — B(0x Np)  B(0x0;Np;h) — B(0x0;Np)
S have h? = . £ = L due t
ince we have 2B(0N,) 2B0G,N,) ue to
Lemma 6.4, using 0 < h? < 7’]2\,17 = —B(0* N,)/2B(0 N,,) we obtain
0 < _ B(0x Np;h) - ~ B(0xNp)
- B(ON,) — B(ON,)
and
0< B(0* 9;N,;h) — B(0x9;N,) - ~ B(0*Np)
B B(00;Np) B B(0N) ’
so that
08 N,

In particular, 7 — 0 implies B(0 * N,;h) — 0 and B(0 * 0;Np; ) — B(O*aij).
Then, we can apply Theorem 5.2 to the integral over the domain AP, ... P,(h) in
(6.18) as follows:

/AP () ; H{5ny T1,...,Tp-1;h ( H {erfr(P }Ak+0(|7'|)>wp 1

k=p+1
(Aj+1)
:P(+H{5jfﬂ (T e + 0(1r))
k=p+1
. (—=1)P~H{B(0 % Np; h)}P~1 (1+0(|B(0*Np;h)\))

VEDPBEO D BON) - T, BO*9;N,i )



H )\ +1 p m

- F(Z—/\ﬂ) H it ( T P + (i)
x (—1)P~{B(0* Np; h)}P~* 1+ 0(7)), (6.19)

V(P22 {BON,) ) TT7_, B(0* 9;N,)
where € f;(P;(h)) is written as
Py 0) = L B )
2 /B(ON,)B0*0,N,: h
_ (=07 1B(O*Np7h)
 2y/B(ON,)B(0*9;N,)
Applying (6.19) and (6.20) to (6.18), we have

) (1 + O(|B(0 % Ny; h)l))

(14 0(7])). (6.20)

I’;L,m(NP)
oot [T TG+ 1) )P=1B(0 % N,; h) A
TTEELD Jy TS A 1) ]1:[1{2\/3 (ON,)B( o*aN)<1+O(|T|))}
P (1P B0 Nysh)r!
<k1_£+{1 S |))\/(_1)p23(p_1){B(0 Np)}p=t H§:1 B(0*9;Ny))
« (1+0(|7])) h»Pdh. (6.21)

The integral with respect to h reduces to the beta integral as follows. By change of
variable h = ry /s (0 < s < 1), using (6.14) in Lemma 6.4 and (6.5), we have

TNp »
[0 B Ny v
0

1
- %{(_1)1)—13(0 * N, }i=1 Mﬂ’—lr}s—f’*l/ §"FT (1 — 5)Zim Mitelgg
? 0

DD N +D) o per .
T g R DT B« N e
T(SZET(SP_ A +p) (—BO#N,)\ )
= p J7n+ +1 ( ) ) {<_1)p_1B(0*Np)}Zj:1 )\j+p_1-

Applying (6.22) to (6.21), we therefore obtain

, T (A +1) & (—=1)P"1B(0x N,,) &
In,m(Np) - F( ?:1 )\j + n+§+1) j]:II{Z\/B(ONp)B(O*aij)(l +O(|T))}

n—p+1

. (1P IBOx Ny e
2 {1 BO N, T { (P BO*;N, )}
( I enir }MO(M)) (1+0(I7))).

k=p+1

This completes the proof. |



(1]

(10]
(11]

(12]

REFERENCES

K. Aomoto, On the structure of integrals of power product of linear functions, Sci. Papers
College Gen. Ed. Univ. Tokyo 27 (1977), 49-61.

K. Aomoto and M. Kita, Theory of hypergeometric functions, Springer Monogr. Math. Springer-
Verlag, Tokyo, 2011, xvi+317 pp.

K. Aomoto and Y. Machida, Some problems of Hypergeometric integrals associated with
hypersphere arrangement, Proc. Japan Acad. Ser. A Math. Sci. 91 (2015), no 6, 77-81.

K. Aomoto and Y. Machida, Hypergeometric integrals associated with hypersphere arrange-
ments and Cayley—Menger determinants, Hokkaido Math. J. 49 (2020), 1-85.

[arXiv:math. DG/1709.09329]

D. Fotiadi, M. Froissart, J. Lascoux and F. Pham, Applications of an isotopy theorem, Topology
4 (1965), 159-191.

I. M. Gelfand, M. M. Kapranov and A. V. Zelevinsky, Discriminants, resultants, and multi-
dimensional determinants, Math. Theory Appl. Birkhduser Boston, Inc., Boston, MA, 1994,
x+523 pp.

M. M. Kapranov, B. Sturmfels and A. Zelevinsky, Chow polytopes and general resultants, Duke
Math. J. 67 (1992), 189-218.

J. Leray, Un complément au théoréeme de N. Nilsson sur les intégrales de formes différentielles &
support singulier algébrique, Bull. Soc. Math. France 95 (1967), 313-374.

S. Mizera, Status of Intersection Theory and Feynman Integrals, MathemAmplitude 2019
(Padova, Italy); Intersection Theory & Feynman Integrals, PoS (MA2019) 016. Published on
Feb 15, 2022. [DOI: https://doi.org/10.22323/1.383.0016]

P. Orlik and H. Terao, Commutative algebras for arrangements, Nagoya Math. J. 134 (1994),
65-73.

P. Orlik and H. Terao, Arrangements of hyperplanes, Grundlehren Math. Wiss. 300, Springer-
Verlag, Berlin, 1992, xviii+325 pp.

F. Pham, Formule de Picard—Lefschetz généralisées et ramification des intégrales, Bull. Soc.
Math. France 93 (1965), 333-367.

KAZUHIKO AOMOTO

DEPARTMENT OF MATHEMATICS,

NAGOYA UNIVERSITY,
NAGOYA 464-8602 JAPAN

Email address: aomoto@math.nagoya-u.ac.jp

MASAHIKO ITO

DEPARTMENT OF MATHEMATICAL SCIENCES,

UNIVERSITY OF THE RYUKYUS,
OKINAWA 903-0213 JAPAN

Email address: mito@sci.u-ryukyu.ac.jp



